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Abstract: Irrational fishing strategies have endangered numerous fish species. The density-dependent
harvesting strategy has emerged as one of the potent approaches to address this issue. In this paper, we
formulate a fishery management model incorporating the Beddington-DeAngelis functional response
and delayed stage structure. The prey population is seasonal birth and impulsive nonlinear harvesting at
distinct times. Initially, we show the positivity and the uniform boundedness of solutions in the system.
By the comparison theorem of impulsive differential equations, we obtain the global attractivity
conditions for the predator-extinction periodic solution. Sufficient conditions for the persistence of
the system are derived via constructing the Lyapunov functions and applying other analytical methods.
The numerical simulations demonstrate our findings and indicate that impulsive effects, impulsive
period and maturation delay have significant influences on the dynamical behaviors of the system.
These results provide certain theoretical guidance for sustainable fisheries.
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1. Introduction

Abundant biological resources constitute the material basis for the development of human society
and fall into three major categories: animal (especially fishery resources), plant and microbial
resources. During industrial civilization, ecological balance has been severely damaged due to one-
sided pursuit of economic growth and unrestrained exploitation of biological resources. This has led
to widespread environmental pollution, loss of biodiversity and more frequent extreme weather events.
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Given these situations, the sustainable development has become global consensus and prompts us to
focus on more efficient and eco-friendly resource control strategies.

The ocean, covering approximately seventy percent of the earth’s surface, serves as an important
source of diverse minerals and marine products. In recent decades, due to overfishing and
environmental pollution, many fish populations have declined drastically and are at even greater risk
of extinction. For example, the Yangtze finless porpoise, the red stingray from the Xijiang River Basin
in Guangxi and the bluefin tuna are listed as endangered species. To predict the population variations
under external environmental changes and human disturbances, mathematical models have received
extensive attention in population ecology. Among these, ordinary differential equations (ODE) are
frequently employed to describe continuous-time population dynamics and reveal the inherent laws of
interspecific interactions and have been applied in other research fields [1, 2]. To date, many scholars
have conducted extensive modeling research on the dynamic properties of fishery populations subject
to fishing and environmental perturbations [3–5], among which the harvest is one of the indispensable
factors to be considered. Zhang [6] established a reaction–diffusion–advection model with a variable
habitat for predator and fully characterized the global dynamical behavior of the system for Holling
type I and II functional responses. Bo, Lv and Liu [7] constructed a fishery predator-prey system
considering stage structure and additional food and given the threshold of additional food required to
maintain the permanence as well as the optimal harvesting strategy. Zhou [8] focused on an aquaculture
model with impulsive harvesting and nonlinear density-dependent stocking and portrayed the dynamic
transition from predator extinction to prey-predator coexistence using the stroboscopic map, Floquet’s
theory and bifurcation analysis. Constrained by resource conditions and population size, continuous
harvesting is overly idealistic in practical production. Furthermore, the impact of fishing activities
on fish populations is usually instantaneous. Therefore, in this paper, we will employ impulsive
differential equations to describe fishing behavior, which is more reasonable and reliable.

With the development of mathematical models for ecology, an increasing array of factors need to
be incorporated to improve realism, such as interspecific interactions, stage structure and seasonal
birth pulses. Most organisms exhibit distinct physiological traits across life cycle stages and are
thus commonly divided into immature and mature stages [9–11]. For instance, juveniles depend on
parental care and neither hunt nor reproduce. It takes certain time for juveniles to grow into adults (i.e.
maturation delay) and juveniles may die due to various causes during this period. In stage-structured
models without maturation delays, it is often assumed that immature individuals develop into adults at
a constant rate, while the developmental duration required for this process and the potential mortality
are neglected. For stage-structured models without time delay, it is commonly assumed that immature
individuals develop into adults at a fixed rate, with the requisite developmental duration and potential
mortality rates overlooked in the process. In nature, no organism can survive in isolation. A variety
of complex interspecific interactions, including competition, mutualism, predation and parasitism, are
commonly observed. In particular, the predator–prey relationship remains a central research focus
in ecological studies [12, 13]. The functional responses serve as the bridge to better understand the
complex predator-prey relationship, which express that each predator can harvest the number of prey
per unit time. Arditi [14] and Huisman [15] mentioned “prey-dependent” type functional responses,
who argued that the predation rate is mainly related to the prey density.However, predatory activities
are affected not only by prey density but also by predator density in reality. In 1975, Beddington [16]
and DeAngelis [17] independently proposed the Beddington-DeAngelis (B-D) functional response
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resembling the Holling-II type [18], which incorporates an additional term that renders it more
consistent with real-world scenarios [19–21]. In addition, taking the seasonal birth into account is
necessary in the model of this paper. For the mandarin fish, it typically engages in mass spawning
when water temperatures rise moderately. Given that its breeding period is considerably shorter
than its overall life cycle, we can regard the reproductive behavior as a pulsed process. Quan [22]
systematically considered transient and nontransient pulse births and incorporated pulsed stocking and
harvesting of prey to establish a system with multiple pulse effects, finding that a larger pulse birth
intensity is more conducive to prey proliferation and predator persistence.

In light of the aforementioned factors, we are going to build a delayed stage-structured fishery
management model incorporating the B-D functional response, impulsive birth and nonlinear
harvesting at various moments. The particular model will be set forth in Section 2. Then, we will
introduce and attest the crucial lemmas and theorems needed for the subsequent analysis in Section 3.
For section 4, the sufficient conditions leading to the global attractivity of the periodic solution in which
the predator population goes extinct and the system’s persistence are presented. In Section 5, numerical
simulations serve to validate the outcomes and explore the influence of several vital parameters on the
system. In closing, Section 6 provides a brief conclusion.

2. Model formulation

Researchers employ mathematical parameters to characterize population traits (growth, death,
competition) and establish population dynamics models to describe how population density changes
over time. Harvesting behavior is a major focus in fishery-related modeling and is usually abstracted as
either continuous or impulsive harvesting for analysis. Ling and Wang [23] studied the predator-prey
model with continuous harvesting:

ẋi = xi f (xi) − yig(xi, yi) − h,

ẏi = h [g(xi, yi), v] yi,
(2.1)

where xi and yi denote the quantity of prey and natural enemy population, respectively. f (xi) = 1 − xi

is expressed as the natality of prey population and g(xi, yi) = 1 − e−rxi corresponds to the Ivlev-type
functional response. The per-capita growth rate for predator is defined as h[g(xi, yi), yi] = εg(xi, yi)− β.
Here, β signifies the individual death rate of predator as well as ε stands for the transformation
efficiency from food into offspring. Moreover, h is non-negative and indicates the rate of harvesting or
removal.

However, numerous factors, such as the limited reproductive capacity and resources required for
fishing, make the continuous harvesting infeasible in practical operation. Therefore, some scholars
have employed impulse differential equations to analyze the dynamic properties of populations with
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harvesting behavior. Notably, Jiao [24] proposed the model given below:

dx j(t)
dt
= x j(t)(a − bx j(t)) − βx j(t)y j(t),

dy j(t)
dt
= kβx j(t)y j(t) − dy j(t),

 t , (n + k)T̂ , t , (n + 1)T̂ ,

x j(t+) = (1 − µ1)x j(t),
y j(t+) = (1 − µ2)y j(t),

 t = (n + k)T̂ , n = 1, 2, . . . ,

x j(t+) = x j(t) + µ,
y j(t+) = y j(t),

 t = (n + 1)T̂ , n = 1, 2, . . . ,

(2.2)

where x j(t) and y j(t) denote the population sizes of the prey and predator at time t. µ1 and µ2 ∈ (0, 1)
stand for the harvesting rate of the prey X j and the predator Y j at t = (n + k)T̂ , respectively. µ > 0
indicates the number of the prey X j released at t = (n + 1)T̂ . For the specific definitions of other
parameters, one can refer to [24].

Wu [25] hypothesized that the life cycle of prey population (pest) can be divided into two stages
based on physiological features and established a pest control model integrating delayed stage structure
and impulsive nonlinear release for natural enemies, which provides assistance for the biological
control of pests:

dx∗11(t)
dt

= ax∗21(t) − θx∗11(t) − ae−θτx∗21(t − τ),

dx∗21(t)
dt

= ae−θτx∗21(t − τ) − dx∗21(t) −
βx∗21(t)y∗(t)
1 + µx∗21(t)

− d1(x∗21(t))2,

dy∗1(t)
dt
=

kβx∗21(t)y∗1(t)
1 + µx∗21(t)

− cy∗1(t),


t , nT̂ ,

x∗11(t+) = x∗11(t),
x∗21(t+) = x∗21(t),

y∗1(t+) = y∗1(t) +
hmax

1 + ξy∗1(t)
,

 t = nT̂ ,

(2.3)

where x∗11(t), x∗21(t) and y∗1(t) signify the population quantities of the juvenile pest, adult pest and natural
enemy in the rice crop field, respectively. Here, θ stands for the mortality rate, and a represents the
natality of the immature pest. The term ae−θτx2(t−τ) denotes the individuals maturing from immaturity
to adulthood. Further details can be found in [25].

In this paper, we consider impulsive nonlinear harvesting similar to the nonlinear control strategy
for integrated pest management proposed by Li [26],

f (t, xr) = −
δxr(t)

xr(t) + h
.

When the pest population xr(t) is extremely small, almost no pesticide is required. As the pest
population increases, the spraying intensity rises correspondingly, eventually becoming saturated and
stopping further increase. Here, h ≥ 0 and 1 > δ > 0 denote the half-saturation coefficient and the
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maximal fatality rate on the pest.
Drawing on the above discussion, we assume that the prey population is seasonally born and

is subjected to periodic nonlinear harvesting, and accordingly split the life cycle of the predator
population into two major stages for exploration. That is to say, the delayed stage structure, impulsive
birth, and pulse nonlinear harvesting are introduced into the predator-prey system featuring the
Beddington-DeAngelis functional response:



dx(t)
dt
= −µx(t) −

βx(t)y2(t)
1 + αx(t) + cy2(t)

,

dy1(t)
dt
=

kβx(t)y2(t)
1 + αx(t) + cy2(t)

− dy1(t) − kβe−dτ x(t − τ)y2(t − τ)
1 + αx(t − τ) + cy2(t − τ)

,

dy2(t)
dt
= kβe−dτ x(t − τ)y2(t − τ)

1 + αx(t − τ) + cy2(t − τ)
− d1y2(t) − d2y2

2(t),


t , (n + l − 1)T, t , nT,

x(t+) = (1 + p)x(t),
y1(t+) = y1(t),
y2(t+) = y2(t),

 t = (n + l − 1)T,

x(t+) =
(
1 −

λmaxx(t)
δ + x(t)

)
x(t),

y1(t+) = y1(t),
y2(t+) = y2(t),

 t = nT.

(2.4)

The initial condition of system (2.4) is as follows:

(ψ∗1(κ), ψ∗2(κ), ψ∗3(κ)) ∈ C+ = C
(
[−τ, 0],R3

+

)
ψk(0) > 0, k = 1, 2, 3. (2.5)

Here, x(t), y1(t) and y2(t) denote the population quantities of prey, juvenile and adult predator,
respectively. The juvenile predators require a fixed time τ to mature into adults. During the immature
stage, individuals neither hunt nor reproduce, and experience no competitive interactions and may
die from natural or external factors. In addition, the prey population reproduces at a birth rate p at
t = (n + l − 1)T and is harvested at moment t = nT (0 < l < 1, n ∈ Z+). It is evident that λmax x(t)

δ+x(t) → 0 as
x(t) → 0 and λmax x(t)

δ+x(t) → λmax as x(t) → ∞. In other words, the harvesting intensity is dependent on the
density of the prey population. The detailed parameter descriptions of the system (2.4) are shown in
Table 1.
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Table 1. Biological interpretations of parameters in system (2.4).

Parameter Biological implication Dimension
µ Mortality rate of prey time−1

β The predation rate time−1

α Half-saturation constant biomass−1

c Half-saturation constant biomass−1

k Conversion efficiency of prey to juvenile predator biomass
d Mortality rate of juvenile predator time−1

d1 Mortality rate of adult predator time−1

τ Maturation delay time
d2 Intraspecific competition rate of adult predator biomass−1time−1

T Impulsive period time
p Birth rate of prey −

λmax Maximum harvesting effort −

δ Half-saturation constant biomass

We simplify system (2.4) to gain the following system:

dx(t)
dt
= −µx(t) −

βx(t)y2(t)
1 + αx(t) + cy2(t)

,

dy2(t)
dt
= kβe−dτ x(t − τ)y2(t − τ)

1 + αx(t − τ) + cy2(t − τ)
− d1y2(t) − d2y2

2(t),

 t , (n + l − 1)T, t , nT,

x(t+) = (1 + p)x(t),
y2(t+) = y2(t),

 t = (n + l − 1)T,

x(t+) =
(
1 −

λmaxx(t)
δ + x(t)

)
x(t),

y2(t+) = y2(t),

 t = nT,

(ψ∗1(κ), ψ∗3(κ)) ∈ C+ = C([−τ, 0],R2
+) ψi(0) > 0, i = 1, 3.

(2.6)

3. Preliminaries

Suppose F(t) = (x(t), y1(t), y2(t))T is the solution to system (2.4). Let F : R+ × R3
+ → R+ be

piecewise continuous and of class C1 on ((n− 1)T, (n+ l− 1)T ]×R3
+ and ((n+ l− 1)T, nT ]×R3

+ for all
n ∈ N, and lim(t,x)→((n+l−1)T+,X) F(t, x) = F((n + l − 1)T+, X), lim(t,x)→(nT+,X) F(t, x) = F(nT+, X) exist.
The smoothness properties of f ∗1 , which represents the mapping corresponding to the right part of the
first three equations of system (2.4), guarantee the global existence and uniqueness of the solution for
system (2.4).

Definition 3.1. Model (2.6) is deemed permanent if there exists a compact region D ⊂ intR2
+ with

the property that all solutions (x(t), y2(t)) of model (2.6) ultimately enter and stay within region D for
enough large t.
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Lemma 3.2. Suppose the following inequalities hold [27]:
D+F(t, x) ≤ f (t, F(t, x)), t , (n + l − 1)T, t , nT,

F(t, x(t+)) ≤ ψ(F(t, x)), t = (n + l − 1)T,
F(t, x(t+)) ≤ ϕ(F(t, x)), t = nT.

(3.1)

Here, the function f : R+ × R+ → R is continuous on the intervals ((n − 1)T, (n + l − 1)T ] and
((n+l−1)T, nT ]. For any n ∈ N, lim(t,x)→((n+l−1)T+,y) f (t, x) = f ((n+l−1)T+, y), lim(t,x)→(nT+,y) f (t, x) =
f (nT+, y) exist. Additionally, ψ, ϕ : R+ → R+ are non-decreasing functions. Let h(t), defined on [0,∞),
be the maximal solution of the scalar impulsive differential equation

Ḣ(t) = f (t,H(t)), t , (n + l − 1)T, t , nT,

H(t+) = ψ(H(t)), t = (n + l − 1)T,
H(t+) = ϕ(H(t)), t = nT,

H(0+) = H0.

(3.2)

Then, if F(0+, x0) ≤ H0, it follows that F(t, x) ≤ h(t) for all t ≥ 0.

Lemma 3.3. Suppose p, q, and τ are positive constant. x∗(t) > 0 is the subsequent delayed differential
equation’ solution:

dx∗(t)
dt
= px∗(t − τ) − qx∗(t), ϕ∗(κ) ∈ C([−τ, 0],R+), ϕ∗(0) > 0.

(i) When p < q, limt→∞ x∗(t) = 0.
(ii) When p > q, limt→∞ x∗(t) = +∞.

Theorem 3.4. For t > 0, the solutions of system (2.4) under the starting condition (2.5) take on positive
values.

Proof. First, we demonstrate that x(t) > 0 holds for t ∈ (0, T ]. Owing to the solution’s existence and
uniqueness, by the first equation of system (2.4), we can infer

x(t) = x(0+) exp
(
−

∫ t

0
µ +

βy2(ζ)
1 + αx(ζ) + cy2(ζ)

dζ
)
> 0, t , lT, t , T. (3.3)

Thus,
x(lT+) = (1 + p)x(lT ) > 0,

and

x(T+) =
(
1 −

λmaxx(T )
δ + x(T )

)
x(T ) =

(
1 −

λmax exp(ϑ)x(0+)
δ + exp(ϑ)x(0+)

)
exp(ϑ)x(0+) > 0,

where ϑ = −
∫ T

0
µ + βy2(s)

1+αx(s)+cy2(s)ds. Hence, x(t) is positive for t ∈ (0, T ]. Then, due to x(T+) > 0, we
further derive that x(t) > 0 within the interval t ∈ (T, 2T ]. By analogy, the x(t) is positive for t > 0.

Now, our goal is to verify that y2(t) > 0 when t > 0. Assume there is a t0 that satisfies y2(t0) = 0
and t0 = inf{t > 0 : y2(t) = 0}. Moreover, by plugging t0 into the third equation of system (2.4), we
obtain

ẏ2(t0) = kβe−dτ x(t0 − τ)y2(t0 − τ)
1 + αx(t0 − τ) + cy2(t0 − τ)

> 0. (3.4)
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There exists a enough small ε > 0, making ẏ2(t0 − ε) > 0 valid as well. Nevertheless, according to the
specification of t0, ẏ2(t0 − ε) ≤ 0 holds, which leads to a contradiction. Thus, y2(t) > 0 is true for t > 0.

Before testifying that y1(t) > 0 for t > 0, it needs to be pointed out

y1(kτ) =
∫ kτ

(k−1)τ
kβed(ς−kτ) x(ς)y2(ς)

1 + αx(ς) + cy2(ς)
dς, k = 0, 1, 2, . . . . (3.5)

We next present the subsequent equation:

U̇(t) = −dU(t) − kβe−dτ x(t − τ)y2(t − τ)
1 + αx(t − τ) + cy2(t − τ)

, U(kτ) = y1(kτ). (3.6)

Through a simple calculation, we acquire

U(t) = e−d(t−kτ)
[
U(kτ) −

∫ t

kτ
kβed(ζ−(k+1)τ) x(ζ − τ)y2(ζ − τ)

1 + αx(ζ − τ) + cy2(ζ − τ)
dζ

]
. (3.7)

It can be readily shown that U((k + 1)τ) = 0. We observe that if U(t) denotes the solution of Eq (3.6)
and y1(t) satisfies the second equation within system (2.4), then y1(t) > U(t). Given that U(t) is
strictly decreasing, we further conclude that y1(t) > 0 for t ∈ [kτ, (k + 1)τ]. Thereby, the positivity is
demonstrated.

Consider the following model:
ġ(t) = −µg(t), t , (n + l − 1)T̂ , t , nT̂ ,

g(t+) = (1 + p)g(t), t = (n + l − 1)T̂ ,

g(t+) =
(
1 −

λmaxg(t)
δ + g(t)

)
g(t), t = nT̂ .

(3.8)

To begin with, the specific expression of solution of model (3.6) for t ∈
(
(n − 1)T̂ , nT̂

]
is as follows:

g(t) =

g((n − 1)T̂+)e−µ(t−(n−1)T̂ ), t ∈ ((n − 1)T̂ , (n + l − 1)T̂ ],

g((n + l − 1)T̂+)e−µ(t−(n+l−1)T̂ ), t ∈ ((n + l − 1)T̂ , nT̂ ],
(3.9)

which results in the stroboscopic map

g(nT̂+) = (1 + p)e−µT̂ g((n − 1)T̂+)
1 − λmax(1 + p)e−µT̂ g((n − 1)T̂+)

δ + (1 + p)e−µT̂ g((n − 1)T̂+)

 . (3.10)

Let gn = g(nT̂+) and ω̂ = (1 + p)e−µT̂ > 0, we can obtain

gn = ω̂gn−1

(
1 −

λmaxω̂gn−1

δ + ω̂gn−1

)
≜ F(gn−1). (3.11)

When ω̂ < 1, then the equation (3.11) has a trivial equilibrium point g∗1 = 0, which is local stability
since ∣∣∣∣∣dF(g)

dg

∣∣∣∣∣
g=g∗1

= (1 + p) exp(−µT̂ ) = ω̂ < 1.

AIMS Mathematics Volume 11, Issue 6, 15797–15816.



15805

Moreover, Eq (3.11) has another positive fixed point g∗2 =
δ(1−ω̂)

(1−λmax)ω̂2−ω̂
, which is locally stable attributed

to ∣∣∣∣∣dF(g)
dg

∣∣∣∣∣
g=g∗2

=

∣∣∣∣∣∣ω̂2(1 − λmax) − 2ω̂(1 − λmax) + 1
ω̂λmax

∣∣∣∣∣∣ < 1,

where ω̂ > 1 and λmax > 1 − 1
ω̂

.
During the following discussion, we will demonstrate the equilibrium point g∗ of Eq (3.11) is global

asymptotic stability, provided that the below-stated conditions are met:
(a) if g∗ > g > 0, we have g∗ > F(g) > g;
(b) if g > g∗, we have g > F(g) > g∗.

With regard to

Ḟ(g) =
(1 − λ)ω̂3g2 + 2(1 − λ)δω̂2g + δ2ω̂

(δ + ω̂g)2 > 0, (3.12)

it is clear that g∗ > F(g) as g∗ > g > 0. Subsequently, we can derive that Ġ(g) = −λmaxδω̂
2

(δ+ω̂x)2 < 0 by
defining G(g) = F(g)/g. It is not difficult to find F(g) > g under the condition that g∗ > g > 0.
Similarly, when g > g∗, we can conclude that g > F(g) > g∗. Thus, the statements (a) and (b) are
fulfilled, and then fixed points g∗1 and g∗2 of Eq (3.11) are globally asymptotically stable.

Theorem 3.5. Let ω̂ = (1 + p) exp(−µT̂ ). When ω̂ < 1, model (3.8) admits the trivial periodic
solution g̃1(t) = 0, which is globally asymptotically stable. On the other hand, if ω̂ > 1 and λmax >

1 − 1
ω̂

, model (3.8) possesses another positive periodic solution g̃2(t). This solution is also globally
asymptotically stable, and its explicit expression is presented as follows:

g̃2(t) =


(

δ(1 − ω̂)
(1 − λmax)ω̂2 − ω̂

)
e−µ(t−(n−1)T̂ ), t ∈ ((n − 1)T̂ , (n + l − 1)T̂ ],

(1 + p)
(

δ(1 − ω̂)
(1 − λmax)ω̂2 − ω̂

)
e−µ(t−(n−1)T̂ ), t ∈ ((n + l − 1)T̂ , nT̂ ].

(3.13)

Theorem 3.6. The solution in system (2.4) is uniformly bounded.

Proof. Defining Vr(t) = kx(t) + y1(t) + y2(t) for t , (n + l − 1)T and t , nT , we gain

D+Vr(t) + qVr(t) = −k(µ − q)x(t) − (d − q)y1(t) − (d1 − q)y2(t) − d2y2
2(t)

≤ −(d1 − q)y2(t) − d2y2
2(t)

≤ Q,

where q = min{µ, d} and Q = (d1 − q)2/4d2.
When t = (n+ l−1)T , by taking the first equation of system (2.4) into account, we can obtain ẋ(t) ≤

−µx(t). Next, we establish the subsequent model:
ḣ1(t) = −µh1(t), t , (n + l − 1)T, nT,

h1(t+) = (1 + p)h1(t), t = (n + l − 1)T,

h1(t+) =
(
1 −

λmaxh1(t)
δ + h1(t)

)
h1(t), t = nT.

(3.14)
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By Theorem 3.5, model (3.14) admits a positive periodic solution with global asymptotic stability,

h̃1(t) =


(

δ(1 − ω)
(1 − λmax)ω2 − ω

)
e−µ(t−(n−1)T ), t ∈ ((n − 1)T, (n + l − 1)T ],

(1 + p)
(

δ(1 − ω)
(1 − λmax)ω2 − ω

)
e−µ(t−(n−1)T ), t ∈ ((n + l − 1)T, nT ],

(3.15)

where ω = (1+ p) exp(−µT ). From the comparison theorem, there exists a enough small ε1 > 0 and an
integer T1, which let x(t) ≤ h1(t) ≤ h̃1(t) + ε1, t > T1. In particular, x((n + l − 1)T ) ≤ a = δ(1−ω)

(1−λmax)ω2−ω
,

we obtain

Vr((n + l − 1)T+) = Vr((n + l − 1)T ) + kpx((n + l − 1)T )
≤ Vr((n + l − 1)T ) + kpa.

For t = nT , Vr(t) satisfies:

Vr(nT+) = Vr − k
λmax

1 + δx(nT )
≤ Vr(nT ).

Combining these, we derive that:

Vr(t) ≤ Vr(0+)e−qt +
Q
q

(1 − exp(−qt)) + kpa
exp(−q(t − T )) − e−q(t−nT )

1 − eqt

→
Q
q
+

kpa
exp(qT ) − 1

, t ∈ ((n − 1)T, nT ], n→ ∞.

It follows that Vr(t) is uniformly bounded. In light of the delineation of Vr(t), there has to be a positive
number M such that x(t) ≤ M/k, y1(t) ≤ M, and y2(t) ≤ M as t is sufficiently large. Thus, the
boundedness has been proved.

4. Major results

4.1. Global attraction predator-extinction periodic solution

Theorem 4.1. Assume L1 =
d1

kβη∗1e−dτ > 1, in which η∗1 = (1+ p)
(

δ(1−ω)
(1−λmax)ω2−ω

)
e−µlT . Under this condition,

the predator-extinction periodic solution (x̃2(t), 0) possesses globally attraction.

Proof. For L1 > 1, we can have d1 > kβ(η∗1 + ε1)e−dτ. From Theorem 3.5 and the prior proof, We can
infer that

x(t) ≤ h̃1(t) + ε1 = x̃2(t) + ε1, t ∈ ((n − 1)T, nT ], n > T1.

Thus,

x(t) ≤


δ(1 − ω)

(1 − λmax)ω2 − ω
+ ε1, t ∈ ((n − 1)T, (n + l − 1)T ],

(1 + p)
(

δ(1 − ω)
(1 − λmax)ω2 − ω

)
e−µlT + ε1, t ∈ ((n + l − 1)T, nT ],

(4.1)
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then we have x(t) ≤ η1 = (1 + p)
(

δ(1−ω)
(1−λmax)ω2−ω

)
e−µlT + ε1, t ∈ ((n − 1)T, nT ], n > T1.

Considering the second equation in the model (2.6), we gain that ẏ2(t) ≤ kβe−dτη1y2(t − τ)− d1y2(t),
while defining the relevant comparison equation

h2(t) = kβe−dτη1h2(t − τ) − d1h2(t), t > (n − 1)T + τ, n > T1. (4.2)

Since d1 > kβη1e−dτ, we have limt→∞ h2(t) = 0 according to Lemma 3.3. Hence, there exist a enough
small ε2 > 0 and a positive integer T2 > T1, so that y2(t) ≤ ε2 holds for all t > T2.

Taking it into the first equation in model (2.6), we can derive ẋ(t) ≥ −(µ + βε2)x(t) when t > T2.
Then, there must be x(t) ≥ h̃3(t) for t ∈ ((n− 1)T, nT ] with n > T2, where h̃3(t) is only positive periodic
solution of 

ḣ3(t) = −(µ + βε2)h3(t), t , (n + l − 1)T, nT,

h3(t+) = (1 + p)h3(t), t = (n + l − 1)T,

h3(t+) =
(
1 −

λmaxh3(t)
δ + h3(t)

)
h3(t), t = nT.

(4.3)

Explicitly,

h̃3(t) =


(

δ(1 − ω1)
(1 − λmax)ω2

1 − ω1

)
e−µ1(t−(n−1)T ), t ∈ ((n − 1)T, (n + l − 1)T ],

(1 + p)
(

δ(1 − ω1)
(1 − λmax)ω2

1 − ω1

)
e−µ1(t−(n−1)T ), t ∈ ((n + l − 1)T, nT ],

(4.4)

where µ1 = µ + βε2 and ω1 = (1 + p)eµ1T . For t > T3 > T2, x(t) ≥ h̃3(t) − ε3. Letting ε2 → 0, then we
can infer x(t) ≥ x̃2(t) − ε3.

Based on the foregoing discussions, it can be deduce that (x(t), y2(t)) converges to (x̃2(t), 0)
as t approaches infinity. The predator-extinction periodic solution of model (2.6) exhibits global
attractivity. Thus, the justification comes to an end.

4.2. The uniform permanence

Theorem 4.2. Assume L2 =
d1

kβη∗2e−dτ (1 + α(M/k) + cM) < 1, in which η∗2 =
(

δ(1−ω2)
(1−λmax)ω2

2−ω2

)
e−µ2lT . Under

this condition, then model (2.6) is permanent.

Proof. Rewrite the second equation in the model (2.6) as:

ẏ2(t) = kβe−dτ x(t)y2(t)
1 + αx(t) + cy2(t)

− d1y2(t) − d2y2
2(t) − kβe−dτ d

dt

∫ t

t−τ

x(s)y2(ζ)
1 + αx(ζ) + cy2(ζ)

dζ.

Defining

W(t) = y2(t) + kβe−dτ
∫ t

t−τ

x(ζ)y2(ζ)
1 + αx(ζ) + cy2(ζ)

dζ, (4.5)

and computing the derivative of W(t), we can gain

Ẇ(t) = kβe−dτ x(t)y2(t)
1 + αx(t) + cy2(t)

− d1y2(t) − d2y2
2(t). (4.6)
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Choosing ε∗1 > 0 small enough such that kβ(η∗2−ε
∗
1)e−dτ

1+α(M/k)+cM > d1, we assume ȳ2 > y2(t) for t > T ∗1 .
Accordingly, we obtain x(t) > −(µ + βȳ2)x(t) with regard to the first equation of model (2.6).
Furthermore, We take into account the subsequent system:

ḣ4(t) = −(µ + βȳ2)h4(t), t , (n + l − 1)T, nT,

h4(t+) = (1 + p)h4(t), t = (n + l − 1)T,

h4(t+) =
(
1 −

λmaxh4(t)
δ + h4(t)

)
h4(t), t = nT,

(4.7)

and its globally asymptotically stable periodic solution is

h̃4(t) =


(

δ(1 − ω2)
(1 − λmax)ω2

2 − ω2

)
e−µ2(t−(n−1)T ), t ∈ ((n − 1)T, (n + l − 1)T ],

(1 + p)
(

δ(1 − ω2)
(1 − λmax)ω2

2 − ω2

)
e−µ2(t−(n−1)T ), t ∈ ((n + l − 1)T, nT ],

(4.8)

where µ2 = µ + βȳ2 and ω2 = (1 + p)e−µ2T . Hence,

x(t) >


(

δ(1 − ω2)
(1 − λmax)ω2

2 − ω2

)
e−µ2lT , t ∈ ((n − 1)T, (n + l − 1)T ],

(1 + p)
(

δ(1 − ω2)
(1 − λmax)ω2

2 − ω2

)
e−µ2T , t ∈ ((n + l − 1)T, nT ].

(4.9)

That is to say x(t) > η2 =

(
δ(1−ω2)

(1−λmax)ω2
2−ω2

)
e−µ2lT − ε∗1 for t ∈ ((n − 1)T, nT ], n > T ∗2 > T ∗1 .

Let ym = mint∈[t0,t0+τ] y2(t) > 0, and we discover that y2(t) ≥ ym holds for all t > t0 > T ∗2 . Then,
we verify the fact by deriving a contradiction. There must be a T0 such that y2(t) ≥ ym within the
interval t ∈ [t0, t0 + τ + T0], and y2(t0 + τ + T0) = ym. By continuity, the derivative at this point
meets ẏ2(t0 + τ + T0) ≤ 0. Nevertheless, Theorem 3.6 and the second equation of model (2.6) show

ẏ2(t0 + τ + T0) = kβe−dτ x(t0 + T0)y2(t0 + T0)
1 + αx(t0 + T0) + cy2(t0 + T0)

− d1y2(t0 + τ + T0) − d2y2
2(t0 + τ + T0)

≥

(
kβe−dτη2

1 + α(M/k) + cM
− d1 − d2ȳ2

)
ym

> 0.

This is contradictory, so y2(t) ≥ ym for t > t0. Similarly,

Ẇ(t) ≥
(

kβe−dτη2

1 + α(M/k) + cM
− d1 − d2ȳ2

)
ym > 0, t > t0.

Given that W(t) is continuous on the interval [0,+∞) and the collection of points at which W(t) is
not differentiable is countable, it can be inferred that W(t) tends to infinity as t → ∞. This contradicts
the uniform boundedness of W(t). As a result, the original assumption is not valid. From this, we can
further infer two scenarios: (i) y2(t) ≥ ȳ2 for sufficiently large t; (ii) y2(t) fluctuates around ȳ2 when t is
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sufficiently large.
We define m1 = min

{
ȳ2
2 , ȳ2e−(d1+d2 M)(T+τ)

}
, with the aim to demonstrate that y2(t) ≥ m1 for sufficiently

huge t. In case (i), the conclusion can be easily obtained. For case (ii), assume t1 and t2 are sufficiently
large moments satisfying y2(t1) = y2(t2) = ȳ2 and y2(t) < ȳ2 when t ∈ (t1, t2). If t2 − t1 ≤ T + τ, since
ẏ2(t) ≥ −(d1 + d2M)y2(t), it follows that y2(t) ≥ m1 in the interval [t1, t2]. Thus, if t2 − t1 > T + τ, we
own y2(t) ≥ m1 for t ∈ [t1, t1 + T + τ]. Hence, by strictly adhering to the reasoning line in the proof of
the preceding claim, we can deduce that y2(t) ≥ m1 in the interval [t1, t2]. Therefore, y2(t) ≥ m1 holds
for all t in all possible situations. It should be noted that the definition of m1 is independent on the
solution of model (2.6).

By virtue of Theorem 3.6 and the initial equation in the model (2.6), it is straightforward to obtain
that x(t) ≥ −(µ + βM)x(t). Evidently, when n is sufficiently large, we get

x(t) ≥
(

δ(1 − ω3)
(1 − λmax)ω2

3 − ω3

)
e−µ3lT − ε∗ = m2, t ∈ ((n − 1)T, nT ], (4.10)

where µ3 = µ + βM, ω3 = (1 + p)e−µ3T and ε∗ is small enough.
To summarize, we arrive at the conclusion:

D = {(x(t), y2(t)) | m2 ≤ x(t) ≤ M/k, m1 ≤ y2(t) ≤ M} ,

represents a compact and bounded region. This region maintains a positive distance from the coordinate
hyperplanes. All solutions of model (2.6) will eventually enter D and remain within it indefinitely.
Thus, the demonstration is concluded.

From the above derivations, we obtain a critical threshold for the permanence of system (2.6).
Rearranging the threshold expressions yields the feasible parametric constraints for coexistence of the
two species, as summarized in Table 2.

Table 2. The critical threshold of key parameters ensuring the persistence of model (2.6).

The conditions for persistence

L2 < 1 L2 =
d1

kβη∗2e−dτ

(
1 +

(
α

k
+ c

)
M

)

λmax < λ
∗
max λ∗max = 1 −

kβδ(1 − w) exp(−µlT − dτ) − δ(1 − w)
(
α

k
+ c

) kpd1

exp(qT ) − 1

w2

(
d1 +

(
α

k
+ c

)
d1

Q
q

) +
1
w

τ < τ∗ τ∗ = −
1
d

ln
d1

(
1 +

(
α

k
+ c

)
M

)
kβη∗2

c < c∗ c∗ =
kβη∗2 exp(−dτ) − d1

d1 M
−
α

k

5. Numerical simulation and discussions

To further explore the theoretical findings, numerical simulations will be performed subsequently.
We choose a set of fixed parameter values as follows:

µ = 0.3, α = c = 0.1, β = 1.2, k = 0.8, d = d2 = 0.3,
d1 = 0.2, δ = 0.5, p = 1.6, l = 0.3, x(0) = y1(0) = y2(0) = 0.2.
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Choosing T = 2.5, τ = 0.8, and λmax = 0.35, all the requirements of Theorem 4.2 are met and
L2 = 0.8102 < 1. That is to say, model (2.6) is permanent (Figure 1).

(a) Time-series depicting the prey
population x(t)

(b) Time-series depicting the mature
predator population y2(t)

(c) Phase portrait of the permanence

Figure 1. The permanence of model (2.6) at µ = 0.3, α = c = 0.1, β = 1.2, k = 0.8, d = d2 =

0.3, d1 = 0.2, δ = 0.5, p = 1.6, l = 0.3, τ = 0.8,T = 2.5, λmax = 0.35, and L2 = 0.8102 < 1.

To analyze how the harvesting intensity influences model (2.6), we adjust the maximum harvesting
effort λmax from 0.35 to 0.8 while keeping all other parameters unchanged. The requirements of
Theorem 4.1 are fulfilled (L1 = 1.0360 > 1), meaning the prey population persists in the long term
and the predator tends to extinction. In addition, the outcome stays consistent under different initial
value conditions in Figure 2(c). This is not inconsistent with the realistic ecological laws. Excessive
harvesting of high-value fish often starves their natural enemies leading to a sharper population decline.
Take Carcharodon carcharias for instance: its survival and reproduction rely heavily on sufficient prey,
among which the Trachurus capensis serves as a primary food source. Overfishing of Trachurus
capensis has driven the rapid decline of Carcharodon carcharias. In turn, following the sharks’
depletion, the Trachurus capensis also dropped markedly. Therefore, overfishing not only damages
biodiversity but also hinders the sustainable development of fisheries.

(a) Time-series depicting the prey
population x(t)

(b) Time-series depicting the mature
predator population y2(t)

(c) Phase portrait of the
predator-extinction periodic solution

Figure 2. The globally attractive periodic solution (x̃2(t), 0) of model (2.6) at µ = 0.3, α =
c = 0.1, β = 1.2, k = 0.8, d = d2 = 0.3, d1 = 0.2, δ = 0.5, p = 1.6, l = 0.3, τ = 0.8,T =
2.5, λmax = 0.8, and L1 = 1.0360 > 1.

Let T = 3, τ = 0.8 and λmax = 0.35. According to Theorem 4.1, we can infer that the predator-
vanishing periodic solution of model (2.6) possesses global attraction, as shown in Figure 3. Evidently,
an extended pulse period breaks the coexistence state of the two populations.
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(a) Time-series depicting the prey
population x(t)

(b) Time-series depicting the mature
predator population y2(t)

(c) Phase portrait of the
predator-extinction periodic solution

Figure 3. The globally attractive periodic solution (x̃2(t), 0) of model (2.6) at µ = 0.3, α =
c = 0.1, β = 1.2, k = 0.8, d = d2 = 0.3, d1 = 0.2, δ = 0.5, p = 1.6, l = 0.3, τ = 0.8,T =
3, λmax = 0.35, and L1 = 1.5464 > 1.

Exploring the influence of maturation delay on the system’s dynamic behavior constitutes another
critical analysis dimension. We change τ from 0.8 to 5.2 without altering other parameters and find that
the predator population in model (2.6) tends to extinction (Figure 4). This is because juvenile fish that
require a long maturation period are more vulnerable to complex environmental fluctuations, which
reduces their survival rate. As a result, the maximum adult recruitment rate (kβe−dτ) may fall below
the adult mortality rates (d1, d2), leading to population extinction.

(a) Time-series depicting the prey
population x(t)

(b) Time-series depicting the mature
predator population y2(t)

(c) Phase portrait of the
predator-extinction periodic solution

Figure 4. The globally attractive periodic solution (x̃2(t), 0) of model (2.6) at µ = 0.3, α =
c = 0.1, β = 1.2, k = 0.8, d = d2 = 0.3, d1 = 0.2, δ = 0.5, p = 1.6, l = 0.3, τ = 5.2,T =
2.5, λmax = 0.35, and L1 = 1.0370 > 1.

Afterwards, we further investigate the bifurcation parameter diagram to analyze how the pulse effect
impacts the dynamic behavior of model (2.6). We analyse the impact of maximum pulsed harvesting
intensity λmax as the bifurcation parameter on the dynamics of model (2.6) (Figure 5). It can be seen
that λmax is a valuable parameter that governs the transition of model (2.6) from the chaotic state to T-
periodic solution. When λmax is small, the system exhibits rich and complex dynamical features; as this
parameter gradually increases, the system converges to a positive periodic solution, which implies that
prey and predator populations achieve coexistence.

Next, we select the birth rate p of prey population as the bifurcation parameter to explore its
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influence on dynamic properties. Fix a set of parameters: µ = 0.3, β = 4, α = 0.65, c =
0.3, k = 0.12, d = 0.3, τ = 0.3, d1 = 0.2, d2 = 0.3, δ = 4, λ = 0.8, l = 0.3, T = 1 and
x(0) = y1(0) = y2(0) = 1.5, and the corresponding bifurcation picture can be seen in Figure 6. We
can observe from Figure 6 that the fishery management model shows complex dynamic features as
a bifurcation parameter p varies. When p is relatively small, the prey and predator populations go
extinct simultaneously; as p increases slightly, the system converges to positive periodic solution,
enabling the two populations to coexist. With further increases in p, the system transitions to a chaotic
regime; as p continues to increase, the system settles into a new positive periodic solution, restoring
coexistence between the two populations.

(a) Bifurcation picture of x(t) for the bifurcation
parameter λmax

(b) Bifurcation picture of y2(t) for the bifurcation
parameter λmax

(c) The phase portrait at λmax = 0.16 (d) The phase portrait at λmax = 0.9;

Figure 5. The bifurcation diagram of model (2.6) at µ = 0.35, β = 3, α = 0.15, c = 0.3, k =
0.6, d = 0.3, τ = 5, d1 = 0.2, d2 = 0.3, δ = 3, p = 2, l = 0.3, T = 1, x(0) = y1(0) =
y2(0) = 1.5, and 0 < λmax < 1.
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(a) Bifurcation picture of x(t) for the bifurcation
parameter p

(b) Bifurcation picture of y2(t) for the bifurcation
parameter p

(c) The phase portrait at p = 4.5 (d) The phase portrait at p = 5.8

Figure 6. The bifurcation diagram of model (2.6) at the µ = 0.3, β = 4, α = 0.65, c =
0.3, k = 0.12, d = 0.3, τ = 0.3, d1 = 0.2, d2 = 0.3, δ = 4, λ = 0.8, l = 0.3, T = 1, x(0) =
y1(0) = y2(0) = 1.5, and 0 ≤ p ≤ 6.

6. Conclusions

As an important industry related to food security, ecological stability, and the livelihoods of
numerous practitioners, fisheries have received widespread attention regarding their sustainable
development. Implementing scientific and effective fishery management strategies not only meet the
current demands but also ensure the continuous enrichment of fishery resources in the future. To
achieve this objective, our primary focus is to explore a fishery management model incorporating
delayed stage-structure for predator populations, along with impulsive nonlinear harvesting and pulse
birth for prey populations. Initially, we verify the non-negativity and uniform boundedness of the
system’s solutions. In Section 4, we further demonstrate the existence and global attraction of the
predator-vanish periodic solution, as well as the system’s persistence. Through numerical simulations,
we confirm the accuracy of the theoretical findings. In addition, we discover that higher harvesting
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intensity λmax, longer pulse period T , or increased maturation delay τ can disrupt the system’s
stability and drive predator population to extinction. Moreover, we notice that impulsive birth rate
p and maximum harvesting intensity λmax can influence the system’s dynamic characteristics, giving
rise to phenomena like chaos. Thus, the improper interventions can bring about a shift from the
coexistence of two populations to the disappearance of the predator population, which leads to an
ecosystem imbalance. In fishery management, capping harvesting intensity below the critical tolerance
threshold is fundamental to population stability. Scientific alternation of fishing and moratorium
periods enables fish stocks adequate time to recover. Targeted conservation of commercially valuable
juvenile fish reduces unnecessary early-life mortality and sustains adult recruitment. By maintaining
population abundance within a balanced range to ensure long-term viability, we can achieve sustainable
development of fisheries.

In future research, we will adopt rigorous mathematical methods to further explore potential
biological mechanisms, such as fear effects, refuge effects, and spatial diffusion, to construct population
dynamic models that better reflect realistic ecological contexts. Furthermore, exploring the scientific
regulation of fishing intensity, fishing cycles, and moratorium strategies via mathematical models also
holds important research value and practical significance.
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