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Abstract: Constrained Newtonian fluids containing reacting pollutants flowing through porous media
were modeled using a continuum theory of mixtures approach, accounting for viscous linear and
quadratic drag terms. The work considered very low pollutant concentrations and similar mass
densities for the fluid and all the pollutant constituents. These constituents may undergo chemical
reactions among themselves, but they do not react with the fluid constituent. In this case, equal
velocities for the pollutant constituents and the fluid constituent may be assumed. A solid constituent
(the porous matrix, rigid and at rest), an inert gas (to account for the mixture’s compressibility), an
incompressible fluid (the fluid constituent), and N pollutant constituents compose the mixture. The
model encompasses the mass equations for the fluid constituent and the N-pollutant constituents, as
well as the fluid constituent’s momentum balance. The Glimm scheme, associated with an operator-
splitting technique, was used to advance in time. The complete solution to the associated Riemann
problem was presented. The numerical results show the evolution of the fluid constituent’s velocity
and saturation, and the pollutant constituents’ concentrations in the mixture for selected initial data,
accounting for Darcy and Forchheimer drag terms, and chemical reactions among the pollutants. The
novelty lies in the combination of linear and quadratic drag terms with simple chemical reactions
among the pollutants, the use of a new constitutive relation for pressure (accounting for kinematic
constraints), and a new protocol for the Glimm scheme.



15766

Keywords: constrained flows through porous media; chemical reactions; Glimm’s scheme; operator-
splitting; mixture theory
Mathematics Subject Classification: 35L65, 76599

1. Introduction

Flows through porous media are relevant to engineering applications and are adequately described
by a mixture theory viewpoint (see [1] and the references therein).

There is a wide variety of transport phenomena in porous media applications that are
environmentally relevant, many of them involving chemical reactions [2,3], such as capturing and
storing atmospheric carbon dioxide, or the penetration of chemicals into the soil. There may be
contaminants present in groundwater flows migrating through the aquifers [4,5]. Regarding oil and gas
applications, transport in porous media is relevant for simulating oil reservoir flow, natural gas
production, or enhanced oil recovery [4,6]. Further applications include drying, filtration, agricultural
land drainage, mass transfer through membranes, geothermal energy harvesting and management, and
even fuel cells, in which electricity and heat are generated by electrochemical reactions originating
from hydrocarbon fuels and oxidants flowing through porous media [7,8].

Aiming to represent polluted fluid flows through porous media, a subject of broad engineering
applications, this work studies the unsaturated flow of an incompressible Newtonian fluid containing
suspended pollutants (which react chemically with one another). The mixture consists of a fluid
constituent and N-pollutant constituents embedded in an almost rigid porous matrix, represented by
the solid constituent. The unsaturated porous matrix is subject to a unilateral constraint that allows
ultra-small, controlled supersaturation of the matrix.

The continuum theory of mixtures departs from the concept of superposed continuous constituents
of a given mixture (so that each spatial point of the mixture is occupied, simultaneously, by all the
constituents of the mixture) under a macroscopic description, being endowed with apparent
thermomechanical independence, thus requiring additional terms, internal source terms, absent in a
classical continuum mechanical description, to account for the interaction among the constituents [9-11].
This approach requires that the conservation equations be satisfied by all constituents of the mixture
and by the mixture as a whole [9,12,13]. The mechanical model is built by combining conservation
equations with systematically proposed constitutive hypotheses [14-16].

Flows through porous media have presented many important developments in recent years.
Examples are magnetohydrodynamic flows, considered by Abdelsalam et al. [17] and Bhatti et al. [18].
The former solved the complex partial differential equations that model fluid flow and heat transfer,
including similarity transformations and the homotopy perturbation method, while the latter used Lie
symmetry and Chebyshev spectral techniques to solve the resulting problem. The magnetized
nanofluid flow saturated in a non-Darcian medium was considered by Bhatti et al. [19], using
Buongiorno and Arrhenius models, and employing Von Karman’s methodology and a generalized
differential quadrature technique in the solution.

A mixture of N+3 constituents is considered: a porous medium at rest (the solid constituent), an
inert gas with very low density (included to allow the compressibility of the mixture), a Newtonian
fluid (from now on called the fluid constituent) flowing through the porous medium, and N pollutants
suspended in the mixture. The pollutants react among themselves but not with the fluid and have mass
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densities of the same order of magnitude as the fluid’s. Assuming small concentrations for the pollutant
constituents leads to the assumption that their velocities are approximately equal to the main liquid’s
velocity (the fluid constituent), which, in turn, is approximately equal to the velocity of the mixture.
So, the balance equations to be satisfied are the mass balances for the N pollutant constituents and for
the fluid constituent. In contrast, the fluid constituent must satisfy the momentum equation. (Note that
the solid constituent is assumed to be almost rigid and at rest, and the gas constituent has negligible
density.)

This work could be regarded as a sequence of da Gama et al. [20] and Martins-Costa et al. [21].
The former reviews constrained hyperbolic flows through porous media, employing a constitutive
equation for the pressure, a non-negative function of saturation with a continuous, increasing first
derivative. The problem remains hyperbolic even at very small supersaturation, resulting in only a tiny
deformation of the porous matrix. The nonlinear hyperbolic problem is simulated by Glimm’s method,
and the complete (exact) solution of the associated Riemann problem (employed to build the Glimm
scheme) is presented. In [21], the mechanical model yields a non-linear, non-homogeneous hyperbolic
problem that is simulated by combining the Glimm scheme with an operator-splitting technique,
separating the time-evolving part from the purely hyperbolic one. It is important to note that these
works considered a mixture of three constituents, and the non-homogeneous terms in [21] account for
linear and quadratic drag terms.

In the present work, there are N+3 continuous constituents because N pollutant constituents are
reacting among themselves, and the numerical model for the resulting N+2 equations also combines
Glimm’s scheme with operator-splitting to deal with linear and quadratic drag terms and the pollutants’
mass variation resulting from the chemical reactions. This work’s originality lies in applying operator-
splitting to handle the mass-variation terms arising from chemical reactions among the pollutants, as
well as in a variant of the Glimm scheme that involves several random choices at each time step.

2. Mechanical model

The mechanical model for isothermal unsaturated flow of a pseudo-mixture (composed of an
incompressible Newtonian fluid and N pollutants) through a porous matrix within a mixture theory
approach considers N+3 continuous constituents. The almost rigid porous matrix, represented by the
solid constituent (at rest) and the negligible mass density gas constituent (included to consider the
mixture’s compressibility), do not need to satisfy mass and momentum balance equations. The pseudo-
mixture must satisfy them exclusively, representing the so-called fluid constituents and the pollutant
constituents. Also, since the concentration of all the N pollutants suspended in the pseudo mixture is
small and their mass density is of the same order of magnitude as the main liquid, the mass balance must
be satisfied by N pollutant constituents (that react among themselves, but not with the fluid constituent)
and by the fluid constituent. In contrast, the momentum balance must be satisfied by the fluid constituent
only. It should be noted that the N pollutant constituents’ velocities are approximately equal to the fluid
constituent velocity. For convenience, first, the pollutant concentration in the mixture w; is defined,
considering the main fluid density for an incompressible continuum medium pg, the i-th pollutant
density in the mixture p;, and the porosity &, which we define as

A

O, =——.
%0, 2.1)
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In this case, the balance equations—fluid constituent mass and momentum balances and the N
pollutant constituents mass balances [9,11,12] are given by

op; .
%+dlv(pfvf) =0,

ov ., )
P [a_;Jr (grad vy ) Vf} =divT, +m, +p,g, (2.2)

%+div(a).vf)=r,., i=1,N,

where 7; represents the mass generation rate of the i-th pollutant constituent. The gravitational effects
will be neglected in this work.

Note that the saturation 1, given by the ratio between the fluid fraction ¢ and the porous matrix
porosity € (measured under a continuum mechanics viewpoint) cannot surpass unity, but a tiny
supersaturation is allowed in this work, provoking a tiny porous matrix deformation. We propose an
“enlarged” saturation, ¢, given by

¢ satisfying t//:£:&<l+é, 0 <<eg, (2.3)

E+0 E &Py g

¢:

where § is a very small positive constant.

The partial stress tensor acting on the fluid constituent Ty is assumed to be proportional to the
pressure and to the strain rate tensor acting on the fluid constituent [22], but Allen [23] stated that the
normal stresses were dominant, leading to a constitutive assumption of Ty being proportional to the
pressure acting on the fluid constituent p:

T, =-pl, p=/(p). (24)

The force m; represents a momentum source acting on the fluid constituent due to its interaction
with the remaining constituents of the mixture. It represents the drag force, given by a linear term
depending on the fluid constituent velocity, usually known as the Darcy term, a quadratic term also
depending on the square of the fluid constituent velocity, known as the Forchheimer term [21,24,25],
and a term attempting to model the capillary forces effect under a mixture theory viewpoint, accounting
for the strong dependency of unsaturated flows on saturation and the saturation gradient [22,26,27].
Note that the solid constituent is at rest, the gas constituent has negligible mass, and the pollutant
constituents’ velocity is assumed to be equal to the fluid constituent velocity vy, so the dependency is
on the velocity vy and not on the relative velocity. The source m; is

&'D &’ & F

ad Vo, with y, = ad

mf:_71§02Vf_72§02‘vf‘vf_ (2-5)

Pr
where uy represents the fluid viscosity, F is the Forchheimer number, K is the porous matrix

specific permeability, and the variable D is a diffusion coefficient. All variables are measured under
a continuum mechanics approach.
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In Eq (2.5), the first two terms represent the drag force. The former is usually known as the Darcy
term (exhibiting a linear dependency on the fluid constituent velocity) and the latter as the Forchheimer
term (exhibiting a quadratic dependency on the fluid constituent velocity). Their influence on the flow
will be considered by varying their coefficients y; and y,, respectively. The last term aims to
represent the effect of capillary forces and is absent in saturated flow.

We suppose that all variables depend solely on the time ¢ and on the coordinate of the flow
direction x, and make the velocity in the flow direction v = u. Also, we assume the absence of body
force terms in the flow direction and a convenient relation for the pressure, which is

P, #EDp, o9 _op

) (2.6)
ox K ox Ox

The system may be written as

op 0

ik =0
o a7 =0
B 8 . .
5 (ou) (o’ +p)=—y@u=rgluu, with p=p(g), (2.7)

%+£(a)iu)=ri, i=1,N.
ot Ox

Note that the saturation ¢ and pollutant concentrations w; are always positive variables.
Without loss of generality, from Eq (2.6) on, we consider ¢ a dimensionless time (the original time
divided by one second) and x a dimensionless position (the original position divided by one meter).

It should be noted that combining very low concentrations of pollutant constituents with densities
of the same order as the fluid constituent (forming the pseudo-mixture) is a simplifying assumption,
with some limitations. However, to the best of our knowledge, a problem combining Darcy-
Forchheimer drag terms with pollutant generation in a mixture theory context has not been previously
addressed. Besides, a constrained functional relationship between pressure and saturation ensures that
the problem always remains hyperbolic and preserves its physical meaning.

This work considers numerical simulations with three pollutant constituents. If the rate of a

pollutant constituents’ mass generation depends linearly on the pollutant concentrations, 1; = 7; (w j),

the last equation in Eq (2.7), representing the pollutant constituents’ mass conservation, would give
rise to the following system (with the simple linear pollutant constituents’ mass generation rate
proposed in this work):

90, O ()= 0oy 0

o @) o o o) = e

0 0 0 0

g;z + (o) :i or a“t’ (o) =—po,, (2.8)
dw, 0 (r+n) 90, O -

00, o=, [T L low)=am o
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Note that although only three pollutants are considered in the simulations of this work, the
complete exact solution of the associated Riemann problem (presented in the Appendix) is valid for
any number of pollutants N. Also, the pollutants react among themselves but do not react with the fluid
constituent or with the solid constituent that represents the porous matrix.

At this point, the kinematic constraint should be addressed. Physically, the quantity of
incompressible fluid contained in a pore cannot have a volume larger than the pore’s volume. To ensure
that, the pressure p and the “enlarged” saturation ¢ defined by Eq (2.3) should satisfy the following
limits:

lgllp = 400 and plggo(pzl' (2.9)

Taking (2.3) and (2.9) into account, the following constitutive relation for the pressure is

considered:

3

4

P=ﬁ(¢)=m-

(2.10)

Note that Eq (2.10) satisfies the conditions imposed by Eq (2.9), as well as the kinematic
constraints. So, this proposed relation accounts for the kinematic constraint.

3. Numerical methodology

Equation (2.7) represents a nonlinear, non-homogeneous hyperbolic system. The numerical
simulation combines Glimm’s scheme to simulate the homogeneous portion of the hyperbolic operator
with an operator-splitting procedure to deal with the non-homogeneous portion present in the last three
equations of Eq (2.7), explicitly presented in Eq (2.8), as well as the Darcy and Forchheimer terms
shown in the constitutive relation for the momentum source my presented in Eq (2.5).

Glimm’s system marches on time, employing the solution to a certain number of Riemann
problems (which can be chosen in advance). The complete (closed) solution for the associated
Riemann problem is presented in the Appendix.

3.1. The implementation of the Glimm method

The semi-analytical Glimm method [28,29] approximates initial value problems by advancing
from a given time instant t,, to the subsequent one ¢, ;, employing a chosen number of associated
Riemann problems. First, the arbitrary initial condition (a function of the position) is approximated by
piecewise constant functions, selected using a randomly chosen number &, such that

f(x)= f(xj + GAx) = constant,

for xj<x<xj+Ax=x

3.1
Ax=x;,—x G-

10 i’

with 6 being a random number in the interval (—1/2, + 1/2). From this random selection, a step
function is constructed, which allows the use of the exact solution of the associated Riemann problem
(see the Appendix).
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In the sequence, the associated Riemann problem with a step function as the initial condition is
solved for each two consecutive intervals. Note that when the approximation at the time ¢, is
obtained, a new random choice must be made. To guarantee the absence of interaction between
adjacent Riemann problems, ensuring uniqueness, the Courant-Friedrichs-Lewy (CFL) [30] condition
must be satisfied. In other words:

Ax (3.2)
Lo <—F/—/—+¢,

2[00
in which |A|y4x represents the maximum propagation speed, considering all the associated Riemann
problems.

For every two consecutive intervals, a Riemann problem can be constructed, whose solution is
previously known, centered on each of the x;’s. Considering same-width steps, the j-th Riemann
problem, which will provide the approximation for the instant 7., is given by the combination of the
homogeneous associated part of Eq (2.7) with the initial conditions, namely:

op 0
= =0,
o o
0 o, , ) P
- - =0 — —
at(cﬂu)+ax(¢u +p)=0, p=p(p) T
3.3

99, 0 (wu)=0, i=13, (3-3)
ot Ox

ou,) , —o<x—x,<0, t-t =0,
(p.u,0,)= ( )“"' ’ i=1,3.

(go,u,a)l.)j, 0<x-x,<o, t-t =0,

The initial conditions stated in the last equations of Eq (3.3) could be conveniently expressed as

v(x,0)=v"(x) with v=|gp, u,@]T, i=1,3,
((Pu”u%)a —o<x<0, t=0, (3.4)

:>VO X)= ¢>u>a)i =
() ( ) ((DR,uR,CO,-R), O<x<oo, t=0.

The spatial domain is discretized into computational cells defined by real intervals of equal width
Ax, centered at x;. For each spatial interval, the left and right extremes are given, respectively, by

X, X —— X, x +%; j=12M -1, (3.5)

j-12 = 7’ jHn =

The initial condition is replaced by a piecewise-constant function constructed via a random-
choice procedure. In other words, the initial condition is approximated by a function consisting of 2M
constant parts with equal width. This procedure gives rise to 2M — 1 Riemann problems, each one

centered at a point x;, with the left state given by v;* and the right state given by v/ ;. The number
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M is chosen in such a way that, at the extremes of the whole interval, v(x,0) = v(x,t).
The solution evolves from the information at the time ¢,, to a subsequent time instant given by
tne1 = t, + At, with At > 0.

The pairs v/* and v/}, define the states on the left and on the right for the local Riemann

problem centered in x; (with an available exact solution).

The solution advances from time ¢,, totime t,,; = t,, + At satisfying the CFL condition.

In the sequence, using a random number 6 within the interval (—1/2,1/2), the solution of the
Riemann problem j gives rise to a new step function as follows:

. 1
v (HAx + xj) v'"\ = constant, for x e (xj ,xjH) if 0<6<—,
n+l

v = (3.6)
N (GAx + xj) V_';” = constant, for x € (x_H ,xj) if —% <0<0,

at the time ¢"*1.

Olivier and Gronig [31] stated that the momentary repetition of the signal of the random number &
might provoke errors in the positions of shock or rarefaction waves. For instance, this could be
observed in the case of an always positive or a consistently negative number 6. To avoid this problem,
four distinct sequences are considered in this work when implementing the Glimm scheme, aiming at
minimizing any error in the positions of shocks or rarefaction waves. In each time step from ¢, to
tn+1, four different solutions are obtained from Glimm’s method, all of which are considered in the
same spatial interval. The first one originates from the sequence, which is called {486,}. It is denoted

by (vj"“)i and given by

(Vrlzi} )1+ v (HnAx + xj) = constant, for x € (xj X i ) if 06, < %,
(3.7)
(V;%+1 )1 _ ! (Qle + xj) = constant, for x € (xj_] ,xj) if —% <6, <0.

J o),
The second solution uses the sequence called {—6,,}, the mirrored image of the sequence {+6,,}.

It is expressed by (v}”l)i and given by

(V;’.+1 )1 =vy"! (HnAx + xj) = constant, for x € (xj_l ,xj) if 0<-6 < l,

( nit ) _ ol _ . 1 (3.8)
Vi )7 =V (Qle + xj.) = constant, for x € (xj ,xjH) if — 5 <-6,<0.

The third and fourth solutions are obtained analogously from the sequences labeled {+86,,} and
their symmetric sequence labeled {—8,,}. They are expressed respectively by
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(V’j’ﬂ)i = V”“(GﬂAx+xj):constant, forxe( )lf0<¢9 <%

n+l 2 n+l (39)
(Vj )+=V (GnAx+xj):constant, forxe( )zf——<9 <0,
(V’;H)i :V”+1(49,1Ax+xj):constant, forxe( )zf0< -0, <l
2 (3.10)

(Vﬁ})i :V"+1(«9,1Ax+xj):constant, forxe( )zf—5< -6, <0.

j+1

Finally, a solution independent of the 8,, sign is obtained from the average (arithmetic mean),
considering the four previously obtained solutions:

g (v )l +(v) :(V'}H )2 +(v)") | G.11)

It should be noted that the Glimm method [28, 29] preserves the magnitude and the position of
the shocks. The solution, considering four concomitant random choices at each time advance,
presented in Eq (3.11), avoids possible errors in the positions of shock or rarefaction waves [31], thus
enhancing the precision already ensured by the Glimm scheme.

3.2. The operator splitting-scheme

The operator-splitting procedure is required to deal with the nonlinear non-homogeneous
system associated with Eq (2.7). First, departing from the time instant t,, a time advance is made
using the Glimm method previously described, considering the homogeneous associated system
given by Eq (3.13) until the time instant t,,; is reached and the solution independent of the 8,
sign is given by Eq (3.11). This could be associated with a “prediction” step. In the sequence, the
approximation for the functions ¢, u, and w; at the time instant t,,; is considered as an initial
condition and a new time advance from t, until t,,, using the same time interval At =t,, 4 —t,
used for approximating the system by the Glimm method. This “correction” step would be performed
with the following system:

=0, — =m, m=—yQu—y,p |ulu
p at((ﬂu) 1nQ'u—7,0"|
00 iz,

ot

8

- e, (3.12)
ot

Oow,

= — a)’

Py Po,

ow

a—;zaa)l+ﬁa)2
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The result obtained from Eq (3.12) is an approximation at the time instant ¢,,,. In the sequence,
a new random choice is required.

The protocol described requires that the time interval t,,; — t,, be sufficiently small to allow
the simultaneous effects to be treated as sequential ones. In these cases, the product (t,4; — t,)7;
must be sufficiently small to allow the operator-splitting procedure.

The system described in Eq (3.12) is approximated by a Euler scheme for time advancement.
Since the function ¢ is time-independent, the approximation is given by

o, =9, -
(o, ), =(ol,Ju, +(m, )t =2.) (3.13)
ol =ol, +(5], )t -1), =13

The results obtained from Eq (3.13) are the numerical approximations of the results for the
variables (¢,u,w;) at the time instant ¢, 4.

Note that a global validation of the previously described methodology was performed with the
mass conservation equations: First, the mass of the fluid constituent is conserved at every time instant
(with an uncertainty of less than 1%). The simple model adopted for the pollutant constituents allows
that a reaction between two constituents, given their concentrations w; and w, at the initial instant,
gives rise to a certain amount of a third constituent w5 (with zero concentration at the initial instant)
at subsequent time instants. So, this also allows verification of the mass conservation equations for all
three pollutant constituents (with an uncertainty of less than 1%) at every time instant.

In addition, the cases presented in Figures 1-5, considering a = f = y; = y, = 0.0, were
simulated. These results were compared to the exact solution provided in the Appendix, lending strong
support for validating the numerical results.

4. Numerical results

Figures 14 present some results, illustrating a direct comparison between the initial condition
and the concentration of the suspended constituents at each instant of time, taking into account the
effects of the Darcy (proportional to the y; coefficient) and Forchheimer (proportional to the y,
coefficient) drag terms, presented in Eq (3.12), for selected instants of time, on saturation, velocity,
and concentrations w;, w,, and wj3. The dotted lines (associated with the variables w;, w,, and
w3), whenever present, indicate the initial condition, for comparison purposes, at each instant of time.

Figure 1 considers a constant value for the saturation (¢ = 0.6), a step function for the fluid
constituent velocity (u = +1 for x < 0 and u = —1 for x > 0), and distinct constant values for
the pollutants’ concentration (w; = 0.3, w, = 0.2, and w3 = 0), as well as a zero-friction factor
(1 = y2 = 0.0), so that the behavior is only affected by the high reaction rate among the pollutants
with a = f# = 0.05.

Figure 2 considers the same initial conditions employed in Figure 1, but now the friction is
accounted for, with y; = y, = 0.5. The same high reaction rate among the pollutants (&« = = 0.05)
used in Figure 1 was used, allowing us to verify the very strong effect of the Darcy and the Forchheimer
terms, the friction terms, in all considered parameters. This influence is even more pronounced in
pollutant concentrations.
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Figure 1. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations

(w1, w5, w3) for a = =0.05 and y; =y, = 0.0.
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Figure 2. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations

((l)l, 0)2, (l)3) fOl‘ a = ﬁ = 0.05 and )/1 = yZ = 0.5.
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In Figure 3, the initial data consists of a step function for the saturation (with ¢ = 0.5 for x <
0 and ¢ =0.2 for x > 0), zero velocity for the fluid constituent, and the same pollutants’
concentration used to sketch Figures 1 and 2 (¢ = f = 0.05). Like in Figure 1, the friction is neglected
(y1 =72 = 0.0) and the dotted lines (associated with the variables w;, w,, and w3) indicate the
initial condition, for comparison purposes, at each instant of time. This interesting feature allows the
qualitative evaluation of mass conservation.
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Figure 3. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations
(w1, w5, w3) for «a = =0.05 and y; =y, = 0.0.

Figure 4 used the same initial data as in Figure 3, as well as the same concentration coefficients
w; and w, (a = = 0.05). However, positive drag coefficients were considered for both the linear
(Darcy) and quadratic (Forchheimer) terms, with coefficients y; =y, = 1.0.

Comparing Figures 3 and 4, the strong influence of this positive drag is evident. It should be noted
that it is a very high-drag situation (y; = y, = 1.0) combined with a high pollutants’ reaction rate (¢ =
f = 0.05). The drag influence, particularly on the pollutants’ concentrations, is much stronger than in
Figures 1 and 2.

Figure 5 considers the same initial data previously employed in Figures 3 and 4, as well as the
same concentration coefficients w; and w, (a = f = 0.05), but an enormous value for the positive
drag term: (y; = y, = 5.0), which is five times greater than the value used in Figure 4.

The radical influence of this drag term on the distributions of all variables underscores the
robustness of the numerical methodology employed in this work. The influence on the fluid constituent
velocity is enormous.

The drag has a certain “damping” effect on the distributions of all variables.
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Figure 4. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations

(wq, Wy, w3) for a = =0.05 and y; =y, = 1.0.
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Figure 5. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations

((l)l, 0)2, (l)3) fOl‘ a = ﬁ = 0.05 and )/1 = yZ = 5.0.
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Figures 618 consider initial constant pollutants’ concentrations with w; = 0.3, w, = 0.2, and
w3 = 0. Also, the coefficient of the pollutants’ mass generation term is a = = 0.05, in all cases.
The initial value for the fluid constituent velocity is given by a jump function obeying: u=+1.0 for
x <—=0.5, u=0.0 for —0.5<x <+40.5, and u = —1.0 for x > 4+0.5. The black dotted lines,
associated with the three pollutants, indicate the initial conditions to facilitate easier comparison of the
pollutants’ concentration evolution over time (for Figures 6—13). The red dotted lines in the saturation
graphs indicate the maximum saturation value (¢, 4x = 1.0), which is never exceeded.

Figure 6 presents the evolution of saturation ¢, fluid constituent velocity u, and the pollutants’
concentrations w;, w,, and ws, and neglecting both viscous drag terms, so that y; =y, = 0.0. The
initial condition, illustrated in the first five diagrams on the upper left, assumes a constant saturation
(¢ = 0.6) and step functions for the fluid constituent velocity.
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Figure 6. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations
(w1, w5, w3) for «a = = 0.05 and y; =y, = 0.0, with step functions for the initial
velocity.

Figure 7 presents the evolution of saturation ¢, fluid constituent velocity u, and the pollutants’
concentrations w;, w,, and w3, with the same initial conditions used to obtain Figure 6, but
accounting for both linear (Darcy) and quadratic (Forchheimer) drag terms with the positive values
Y1 =72 =05

Figure 8 presents the evolution of saturation ¢, fluid constituent velocity u, and the pollutants’
concentrations w;, w,, and w3, for a = f = 0.05 and neglecting drag terms with y; =y, = 0.0,
considering as initial data distinct step functions for saturation (with ¢ = 0.9 for x < —0.5, ¢ =
0.6 for —0.5 < x < +0.5, and ¢ = 0.3 for x > +0.5) and fluid constituent velocity. The results
indicate that the saturation reaches the limit value, @4y = 1.0, at all considered time steps (except
for the initial condition), as illustrated by the red dotted line.
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Figure 7. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations
(w1, w5, w3) for a = = 0.05 and y; =y, = 0.5, with step functions for the initial

velocity.
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Figure 8. Evolution of saturation ¢,
(w1, w,, w3) for «a = =0.05 and y;

initial saturation and velocity.
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Figure 9 uses the same initial data as in Figure 8, but accounts for Darcy and Forchheimer viscous
drag terms by using the same coefficients used in Figure 7. It can be noted that the dissipation provoked
by the drag terms does not allow the dissipation to reach its maximum value at any time instant. The
saturation never reaches the red dotted line. Comparing Figures 8 and 9, it can be observed that the
drag terms induce a certain dumping effect.
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Figure 9. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations
(w1, w5, w3) for &« = = 0.05 and y; =y, = 0.5, with distinct step functions for the
initial saturation and velocity.

Figure 10 presents the evolution of saturation, fluid constituent velocity, and the concentrations
of three pollutants, for &« = f = 0.05, neglecting both viscous drag terms, with y; =y, = 0.0. The
initial data consider distinct step functions for saturation (with ¢ = 0.9 for x < 0 and ¢ = 0.3 for
x > 0) and for the fluid constituent velocity. The behavior is analogous to that observed in Figure 8,
where, when viscous drag is neglected, the maximum saturation is reached along the saturation
evolution. All curves (except for the initial datum) reach the value @y 4x = 1.0 during the saturation
progression.

Figure 11 is obtained using the same initial data as Figure 10, but it accounts for linear and
quadratic drag coefficients y; = y, = 1.0. Note that this positive coefficient is twice that used in
Figure 9, accentuating the viscous dissipation due to the drag terms. Nonetheless, the saturation reaches
its maximum value (given by @u4x = 1.0) at the time t = 2.50, the second depicted time instant,
just after the initial data. As expected, there is a fierce dissipation in the fluid constituent velocity u
and in the pollutants’ concentrations w;, w,, and ws;.
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Figure 10. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations
(w1, w5, w3) for &« = = 0.05 and y; = y, = 0.0, with distinct step functions for the
initial saturation and velocity.
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Figure 11. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations
(w1, w5, w3) for a = =0.05 and y; =y, = 1.0, with distinct step functions for the
initial saturation and velocity.
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Figure 12 exhibits the evolution of saturation ¢, fluid constituent velocity u, and the pollutants
concentrations w;, w,, and ws, and neglecting Darcy and Forchheimer drag terms y; =y, = 0.0.
The initial data considers the same step function for velocity, but there is an initial jump for the
saturation (¢ = 0.3 for x < —0.5, ¢ = 0.9 for —0.5 <x < +0.5, and ¢ = 0.3 for x > +0.5).
In this case, even neglecting the friction (drag), the saturation never reaches the red dotted line

(Pmax = 1.0).
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Figure 12. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations
(w1, w5, w3) for «a = = 0.05 and y; =y, = 0.0, with step functions for the initial
velocity and an initial jump for the saturation.
Figure 13 exhibits the evolution of saturation ¢, fluid constituent velocity u, and the pollutants’
concentrations w;, w,, and ws, accounting for Darcy and Forchheimer drag-term coefficients y; =
¥, = 1.0. The initial data is the same as that employed in Figure 12. Comparing Figures 12 and 13,
the meaningful influence of linear and quadratic drag is evident. It can be easily observed in Figure 14,
with Figures 12 and 13 superposed.

Figure 15 depicts the evolution of saturation ¢, velocity u, and the pollutants’ concentrations
w1, Wy, and ws, for a = = 0.05, with the same step functions for initial velocity considered from
Figure 9 on and an initial jump for the saturation (¢ = 0.4 for x < —0.5, ¢ = 0.9 for —05<x <
+0.5,and @ = 0.4 for x > +0.5). Note that this initial jump is not exactly the same as that employed
in Figures 12 and 13. Although the Darcy and Forchheimer friction factors are neglected, the red dotted
line (@p4x = 1.0) is never attained.

Figure 16 uses the same initial conditions employed in Figure 15, but accounts for linear (Darcy)
and quadratic (Forchheimer) drag terms. The presence of friction allows observation of dissipation
throughout the evolution of all variables.
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Figure 13. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations
(w1, w5, w3) for «a = = 0.05 and y; =y, = 1.0, with step functions for the initial
velocity and an initial jump for the saturation.
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Figure 14. Superposition of Figures 12 (y; =y, =0.0) and 13 (y; =y, =1.0) to
visualize the influence of the viscous drag terms.
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Figure 15. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations
(w1, w5, w3) for a = =0.05 and y; =y, = 0.0, with step functions for the initial
velocity and an initial jump for the saturation.
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Figure 16. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations
(w1, w5, w3) for a = =0.05 and y; =y, = 1.0, with step functions for the initial
velocity and an initial jump for the saturation.
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Figure 17 is analogous to Figure 16, with the same initial conditions, a = f = 0.05, but the drag
terms are five times greater than those in Figure 16, with very large drag coefficients: y; =y, = 5.0.

t=00.00 t=02.50
1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
@ 1 @ @, @, @ ﬂ 7] @ @, 2
0.5 0.0 0.5 0.5 0.5 0.5 0.0~——05 . 0.5 0.5
0.0 -1.0 0.0 0.0 0.0 0.0 -1.01 0.0 0.0 0.0
0.0 x 0.0 x 0.0 X 0.0 X 0.0 x 0.0 x 0.0 x 0.0 x 0.0 X 0.0 X
1=05.00 t=07.50
1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
7 ﬂ u @ o a ® ﬂ 7 @ o @,
0.5 0.0~—0.5 0.5 0.5 0.5 0.0~——0.5 0.5 0.5
! - n n A— ' ~
0.0 -1.0 0.0 0.0 0.0 0.0 -1.0 0.0 0.0 0.0
0.0 x 0.0 x 0.0 x 0.0 X 0.0 X 0.0 x 0.0 x 0.0 x 0.0 X 0.0 X
t=10.00 t=12.50
1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
7 ﬂ U 0} @, @, 7 ﬂ u 0} @, @,
0.5 00— 05 0.5 0.5 0.5 0.0—— 0.5 0.5 0.5
0.0 -1.0 0.0 00" 10.0 0.0 -1.0 0.0 0.0t ___"10.0
0.0 x 0.0 x 0.0 X 0.0 X 0.0 X 0.0~ 0.0 x 0.0 X 00 X 00 X
t=15.00 t=17.50
1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
@ ﬂ ] o} @, @ 7 ﬂ U ) @, @,
0.5 0.0—0.5 0.5 0.5 0.5 0.0— 0.5 0.5 0.5
0.0 -1.0 0.0 0.0 0.0 0.0 -1.01 0.0 0.0 0.0
0.0 x 0.0 x 0.0 X 0.0 X 0.0 x 0.0 x 0.0 x 0.0 x 0.0 X 0.0 X

Figure 17. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations
(w1, w5, w3) for a = =0.05 and y; =y, = 5.0, with step functions for the initial
velocity and an initial jump for the saturation.

Comparing Figures 1517, it can be noted that such a high friction term as the one used in Figure 17
led to almost stagnant velocities. Moreover, very low velocities have a small influence on the behavior of
the pollutant constituents.

Figure 18 considers a distinct jump in saturation (¢ = 0.4 for x < —0.5, ¢ = 0.95 for
—0.5<x < +0.5, and ¢ = 0.4 for x > +0.5), the same step function for the velocity, and a =
f = 0.05. The drag terms are neglected (y; = y, = 0.0). In this case, the jump in the initial condition
reaches a higher value, and the maximal admissible saturation, given by the red dotted line, is attained
for all considered time steps after the initial data, in this case, without Darcy and Forchheimer drag.

Figure 19 employs the same initial data used in Figure 18, but includes the linear and quadratic
drag terms, given by y; =y, = 1.0. Comparing Figures 18 and 19, the dissipation along with the
evolution of all considered variables can be observed.

The mechanical response of the main fluid deserves a separate special remark. When the velocities
decrease as x increases, there is a tendency for an increasing saturation, since the fluid is being
“compressed” and, therefore, a pressure increase is observed. On the other hand, if the velocities increase
as x increases, the tendency is a decrease in pressure and, consequently, in saturation. This behavior is
easily observed in figures showing a velocity jump. However, this effect becomes less evident when there
are drag forces (y; # 0.0 or y, # 0.0), since these drag forces play the role of a momentum sink.

It is also remarkable that saturation jumps lead to severe alterations in motion. The cases in which the
initial velocity is zero everywhere allow us to observe, explicitly, the saturation jump originating a motion.
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Figure 18. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations
(w1, w5, w3) for a = =0.05 and y; =y, = 0.0, with step functions for the initial
velocity and an initial jump for the saturation.

t=00.00
1.0 1.0 1.0 1.0 1.0
P t } h (ty
0.5 0.0 0.5 0.5 0.5
0.0 -1.00 0.0 0.0 0.0
0.0 x 0.0 x 00 X 0.0 x 0.0 x
1=05.00
1.0 1.0 1.0 1.0 1.0
@ ﬂ t @] iy (e
0.5 0.0n—"40.5 0.5 0.5
nr ‘ﬂ "'r ‘“ e
0.0 -1.0 0.0 0.0 0.0
0.0 x 0.0 x 00 X 0.0 X 00 x
t=10.00
1.0 1.0 1.0 1.0 1.0
P /_\ H a2 ty 2
0.5 0.0r—"10.5 0.5 0.5
I R DS B S
0.0 -1.0 0.0 0.0 0.0
0.0 x 0.0 x 00 x 0.0 X 0.0 X
1=15.00
1.0 1.0 1.0 1.0 1.0
@ /_\ t @ ay (e,
0.5 0.0r——"10.5 0.5 0.5
] i !
0.0 -1.0 0.0 0.0 0.0
0.0 x 0.0 x 00 X 0.0 x 00 x

t=02.50
1.0 1.0 1.0 1.0 1.0
P ﬂ I @ @, i,
0.5 0.0f+— |05 [ 1 ]0F 0.5
¥ M 1 L
0.0 -1.0 0.0 0.0 o.o0—
0.0 x 0.0 x 0.0 X 0.0 X 0.0 X
t=07.50
1.0 1.0 1.0 1.0 1.0
@ ﬂ i G @, ax,
0.5 0.0~—"0.5 0.5 0.5
At IA— A
0.0 -1.0 0.0 0.0 0.0
0.0 x 0.0 x 0.0 x 0.0 X 0.0 X
t=12.50
1.0 1.0 1.0 1.0 1.0
@ f\ t i (ty o}
0.5 0.0r-—+0.5 0.5 0.5
(N "L—\N
0.0 -1.0 0.0 0.0 0.0
0.0 x 0.0 x 0.0 X 0.0 XY 0.0 X
t=17.50
1.0 1.0 1.0 1.0 1.0
@ /‘\ i ] o ax
0.5 0.0 0.5 0.5 0.5
= —~ IS——
0.0 -1.0 0.0 0.0 0.0 i
0.0 x 0.0 x 0.0 X 0.0 X 0.0 X

Figure 19. Evolution of saturation ¢, velocity u, and the pollutants’ concentrations
(w1, w5, w3) for a = =0.05 and y; =y, = 1.0, with step functions for the initial
velocity and an initial jump for the saturation.
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It is important to highlight the strong dependence of concentrations on saturation results. A small
variation in saturation can lead to significant increases or decreases in the concentrations of all
pollutant constituents. There is also an indirect influence on the velocity distribution, since velocities
affect concentrations and concentrations affect velocities. This effect could be partially justified by the
behavior of the Riemann invariants. From the definition of the i-th pollutant concentration in the
mixture w;, presented in Eq (2.1), this strong dependence would be expected.

5. Conclusions

This work used a mixture theory approach to simulate a nonlinear, non-homogeneous hyperbolic
system that represents constrained flows containing suspended pollutants through porous media. The
pollutants react chemically with one another, giving rise to a mass generation rate term for each
pollutant mass balance. In addition to chemical reactions among the pollutant constituents, linear and
quadratic drag terms (usually called Darcy and Forchheimer terms) are present in the momentum
source term (for the fluid constituent). The influence of these two drag terms is very relevant in real
engineering problems, specifically in this case, when the fluid flowing through the porous matrix can
be viewed as a pseudo-mixture of a (main) fluid constituent and N pollutant constituents.

The numerical simulation used a variant of the Glimm method that accounts for the influence of the
sign of the random number, considering four completely independent evolutions, each of them with its own
randomly chosen number, making an average of four evolutions to reach the result of the Glimm scheme
for a given time step, giving rise to more accurate positions for shocks and rarefaction waves. The Glimm
method marches in time using a previously chosen number of Riemann problems. Once this approximation
is reached, the same time step is used to implement an operator-splitting procedure. So, the Glimm scheme
was combined with an operator-splitting scheme to solve the non-homogeneous system.

The constitutive relation for pressure as a function of the saturation allows a tiny, controlled
supersaturation. Besides, it allows one to obtain an explicit closed-form expression for the Riemann
invariants. The complete (exact) solution for the associated Riemann problem is presented in the
Appendix. The combination of the Glimm method with an operator-splitting technique is a reliable
tool for describing the transition from unsaturated to saturated flow (and vice versa) using the same
numerical methodology. This tool preserves the problem’s hyperbolic nature, ensuring physically
consistent results (see [20]). The influence of linear and quadratic drag terms is clearly evident in all
variables (saturation, fluid constituent velocity, and concentrations of three pollutants) for the
simulated polluted flow through a porous matrix.

Finally, we would like to emphasize that we have proposed a new constitutive relation embedding
a kinematical constraint (so that the saturation meaning was preserved without losing the hyperbolic
structure), we have accounted for both linear and nonlinear drag terms in the interaction force (in
addition to the advective term, mandatory for unsaturated flows), and we have accounted for
chemical interactions among the pollutant constituents, using a simple constitutive assumption. We
have also employed a new protocol for the Glimm scheme, using four random choices at each time step,
thereby increasing the precision already ensured by the Glimm scheme for the shock positions.

Regarding future developments of this research, the first step would be to consider more realistic
chemical reactions that account for stoichiometry. Subsequently, the restriction to very low pollutant
levels could be disregarded, allowing higher concentrations. Next, the problem could be considered in
multiple dimensions.
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Appendix

Associated Riemann problem

The homogeneous portion of Eq (2.7) may be conveniently expressed as

5 o ) 0 1 0 5
Sloulsaslou|=0. A= powt 2w 0 i=lm with p=—L oA
o, * o, —oul/p ol/¢ u (1-9)

and the Cauchy problem is such that
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op 0 0 0 :
L= (gu)=0, (w)+5(¢u2 +(’)—J=0,

ot Ox ot 3(]—(p)3

ow. O

i T oy = A2
az+ax(w’”) 0 (A2

(¢L>uL5a)iL)a —OO<x<0, t:()a .
(p.u.,) = i=1ln.

(CDR)uRﬂa)jR)j 0<X<OO, t:O’

Problem (A.2) is a Riemann problem, and its solution (in a generalized sense) depends solely on
the ratio x/t. Using the similarity variable n = x/t, the homogeneous portion of Eq (2.7) may be
represented as

—x/t 1 0
s do 0
i 4—u2 2u—x/t 0 d(w) =0]. (A.3)
(1_(/)) dw, 0
—uw, | ¢ o /o u-x/t) l

To satisty Eq (A.3), either ¢, u, and w; are constantor 1 = A, with 1 being the eigenvalue of
A and (do,d(pu),dw;)T being the eigenvector of A. The eigenvalues of the matrix A in
increasing order are given by

=u-—- 4 =U an =U .
A= (l_q))z,ﬂa , and A4 +(1_¢)2 (A.4)

Note that the eigenvalues A; and A; presented in Eq (A.4) are unbounded. This is essential for

ensuring the unilateral constraint lin}p = +oo, presented in Eq (2.9).
(p—)

The eigenvectors are obtained by substituting for A; the ratio x/t in Eq (A.3), so that

1 .
I > d@+u = constant and — = constant,
(1-9) @
. . 1 Q
Associated with 4, < or dp+ + A, = constant, (A.5)
[I (1-0) (1—40)2}
1
+ A, = constant,
(1-9)

u = constant and ¢ = constant,

Associated with
v ﬂz{: A, = constant, (A-6)

AIMS Mathematics Volume 11, Issue 6, 15765-15796.



15792

Q.
> d@+u = constant and — = constant,
(1-9) @

Associated with 4, < or {J’ (1 1 )2 do+ (1 ¢ )2]+/13 = constant, (A.7)
—Q —Q

+ A, = constant.

1
(1-p)

Note that, due to the eigenvectors expressed in Eq (A.4), ¢.. = ¢, and u,, = u,.

The functional relation between the pressure and the saturation, ¢, stated in Eq (2.9), ensures
that 2p’ + @p'" > 0. In consequence, along a 1-rarefaction and along a 3-rarefaction, the saturation is
such that

1

«/constant \/ (”L -2 + ﬂ“

1 1 .
p=1- |-———=1- = — 3-rarefaction.
constant —77 (1 - ¢) — A1

Since the velocity is constant except for rarefactions 1 and 3 (1, = u = constant), there is no 2-
rarefaction. If the following relation is verified:

— l-rarefaction,

(A.8)

Pr 1
Up —Uy 2 I\/; S Up—up = 7T 2|a (A.9)
oL (I-¢:) (1-¢)
then the solution is 1-rarefaction/2-contact shock/3-rarefaction, given by
@, —0<N<A,
5 1/2
1- {( (DL) +A'IL } ’ 2’1L<77<Z1*7
5 -1/2
1_{(1_¢R) _ﬂ'jR-’_n} H ﬂ'j*<77<ﬂ3R:
Pr> g ST <0,

(l_goL)il—i_uL_{( (DL)i +/1IL }1/2’ 2‘|L<77<]v1*a
U= U, A.<n<li,, (A.11)
—(1—%)71+MR+{(1—<0R)72—/13R+77}U2, Ay <1< Ay

Up, Ap <1<,
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270 _OO<77£21L9

%{1_{(1—%)‘2 + 4, —77}_”2}, Ay <1 <Ay

o, = (A.12)
Ol <n<i,,
Dr
N _12
—’{1—{(1—(0R) 2’31%‘”7} s A < <Ay,
D
Op, Ap SN <00,
with
2 1 1
¢*=1_ 1 1 9 u*:uL;uR 2 2
( + +uL—uRj (I=p.) (1-¢x) (A.13)
l-p, 1-¢,
and

(DL (0* (0* gDR
= - > « — Uy — B  — *+ > d = t——.
B T e (e S M TS

It should be noted that discontinuous solutions must satisfy the entropy conditions to be called
shocks: any two states are connected by a discontinuity if and only if they cannot be connected by a
continuous function [32-34]. Also, the Rankine-Hugoniot jump conditions [30,35,36] must be satisfied.

The solution is 1-shock / 2-contact shock / 3-shock when the following relation is verified:

11 9, P
R U S— || ——— T = T |- A.15
e \/(%a ¢’Lj[3(1_(0L) 3(1_¢’R) j ( :

This is given by

@, —o<n<s,
D=4 @, S1<77<S39 (A16)

P> 83 <17 <0,

U, —o<n<s,

o S <N <S$;, (A.17)
Up, 83 <1} <O,

u=q u
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Wy, —O<n<s,
w,-*=w,-L(uL_S1), s <n<u,
o = (. =)
i (1t —53)
a)i**:a)jR—: u*<77<S3,
(. —s,)
W, 83 <1] < 0.

This includes the intermediate values ¢, and u, obtained from

11 A ?,
u,—u, =— || ——— - » P <@,
' \/(@ ¢*j(3(1—¢*)3 3(1-¢,) )

11 O 2
U~y = || ——— - . PR <.
! \/(co* §0R](3(1—¢R)3 3(1-9.) ) "

The shock speeds are given by

u,—ou U, —Q,u
slz—¢** %L, s, =u,, and S3=—(/)RR P4,

q)* _¢)L q)R _¢*

These speeds must satisfy the Rankine-Hugoniot jump conditions, given by

[pu] _[o*+p] [on]

o]  [eu]  [o]

When the following relation is verified:

1 1 3 3
_ (___j ?L - Pr | <up—u, <
gDR ¢L 3(1_¢L) 3(1_¢R)

then the solution is 1-rarefaction/2-contact shock/3-shock, given by

1 1
- ) (0 >¢ 5
(1_(01%)2 (1_¢L)2 o

@, —0o<nN<A,,
, _12
1_{(1_¢L) +2‘IL_77} s AL <n <A,

w*) /11*£77<S39
P> 83 <11 <0,

Ur, _Oo<77£21u
o , 12
(1_(0L) +ML_{(1_¢L) +2‘IL_77} A< <A,

u,, A,<n<s,,
Up, §;<1]<00,

(A.18)

(A.19)

(A.20)

(A21)

(A.22)

(A.23)

(A.24)
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@y, —O<N<A,
a)[L ) -1/2
_1_{(1_¢L) +)“IL_77} B 21L<77</11*9
@1
a)j: wj*ZMJ /11*377<u*9
?r
u,—=S
0)[**:@[}?(}3—3)9 M*<77<S3,
(. —s5)
D> 3 <1} <0,

with ¢, and u, obtained from the following system:

1

1
u*_uL= D ¢L>¢*9

1_¢L 1_¢*

11 Pk A
U~y =, [ —=— - . P <P
! \/{co* ¢RJ{3(1—¢R)3 3(1-¢.) i

Finally, if the relation below is verified:

1 1 3 3
_ (___] ?, - Pr S <ugy—u, <
¢R (DL 3(1_¢L) 3(1_¢R)

1 1

(1_(”1%)2 (1-9.)

2

then the solution is 1-shock/2-contact shock/3-rarefaction, given by

Or»
.,

D>

u,,

u

* 9

—®<77<Sl,
S1<77Sﬂ2*’

1—{(1—%)72 — g +77}71/2> Ay <1 < Ayps

/13Rg77<009

—OO<77<51,
S1<77SAS*7

_(1_¢R)71 +uR+{(1_¢R)72_2’5R +77}1/2> A, << Ay,

Uy, Ayp<1H<00,
Wy, —OLT]<S,
a)i*:a)iLEZL_j;, s, <n<u,,
|
W, =
| a)l**:a)iREZR_?)), u, <n<s,,
x93
O, S; <1 <0,
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with ¢, and u, obtained from

11 @’ 0 J
u*—uL=— (___J[ - ) (pL<(p*5
\/(& 2. )\3(1-0.) 3(1-¢,) (A31)

1 1
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