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Abstract: This paper develops a designated-time adaptive tracking control strategy for nonlinear
systems subject to multiple sources of uncertainty, including output constraints, unmodeled dynamics,
and unknown disturbances. By incorporating an enhanced fuzzy logic system for parameter estimation
and a bounded command filtering approach, this work proposes a systematic tracking control scheme
that effectively avoids the issue of computational complexity explosion. To address the significant
uncertainties induced by constraints, an asymmetric barrier Lyapunov function is used for analysis and
design under the condition of known control coefficients. Furthermore, a controller constructed based
on an event-triggered mechanism ensures uniform boundedness and designated-time convergence of
all signals. The feasibility and effectiveness of the proposed control method are validated through a
practical application case.
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1. Introduction

Constraints as an inherent property of dynamical systems, universally restrict the evolution ranges
of their states, outputs, or inputs. Whether in mechanical, aerospace, or robotics domains, neglecting
these limitations may lead to system failure [1–3]. Therefore, developing control theories that
can actively handle and strictly adhere to constraints is of fundamental importance. To prevent
constraints from being violated, researchers have developed various strategies including reference
governors [4,5] and prescribed performance control [6–8], among which the barrier Lyapunov function
(BLF) approach has become a crucial tool for addressing constraint-related issues [9–11]. However,
the aforementioned control methods based on the assumption of constant constraints are difficult to
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directly apply to dynamic scenarios where constraint boundaries vary over time. To address this
theoretical gap, Tee et al. pioneered the extension of the classical BLF framework to the time-varying
domain, proposing an asymmetric BLF, which provides a key theoretical tool for handling time-
varying constraints [12–14]. Despite such significant progress, the control design problem for output-
constrained nonlinear systems which requires simultaneously addressing system nonlinearity, time-
varying characteristics, and strict output constraints still lacks systematic research. This underexplored
area constitutes the core starting point of the work presented in this paper. As is well known, traditional
backstepping often leads to the so-called “explosion of complexity” phenomenon, which complicates
controller design. Dynamic surface control (DSC), introduced in [15–17], addressed the numerous
constraints required for nonlinear systems but did not consider compensating for errors arising from
DSC, making it more difficult to achieve better control quality. The command-filtered backstepping
method effectively overcomes the accumulation of errors introduced by filter dynamics in traditional
designs by systematically incorporating an error compensation mechanism into the control structure,
thereby ensuring the stability of the closed-loop system and tracking accuracy [18–20].

Event-triggered mechanisms are an innovative control strategy whose core lies in updating control
signals only when the system state meets specific trigger conditions, thereby replacing the traditional
periodic time-triggered control approach [21–23]. Compared to time-triggered mechanisms that always
operate at fixed intervals, the event-triggered mechanism significantly enhances resource efficiency
by reducing unnecessary communication and computation. The event-triggered strategy is especially
well-suited for nonlinear systems operating under resource constraints [21, 24, 25]. Its principal
merit lies in the fact that control-signal updates are determined by real-time state variations, thereby
substantially lowering the rate of control actuation and the overall energy usage without compromising
system performance [26–28]. Hence, the event-triggered mechanism holds significant application
value in resource-sensitive systems such as unmanned aerial vehicles, the internet of things, and smart
microgrids, establishing itself as a key energy-saving technology in modern control engineering.

While finite-time and fixed-time control techniques [29–31] provide benefits such as a fast
convergence rate and enhanced robustness, the convergence duration remains dependent on the initial
state and predetermined parameters [32–34]. A key feature of the predefined-time stability framework
is that the settling time can be explicitly prescribed by adjusting control parameters. However, a
well-known challenge in its implementation is that controllers incorporating fractional power terms
are prone to singularity issues when differentiated. To tackle this, Tong et al. proposed a fuzzy-
based predefined-time control approach that incorporates hyperbolic tangent terms to address this
issue [35–37]. Building on earlier work, Sun et al. introduced designated-time control utilizing a
time-scale function, which offers a solution to the unbounded control magnitude problem in nonlinear
system predefined-time control, further progressing the development of such methods [38].

Despite significant progress in designated-time stability, a research gap remains in achieving
indicator constraints while addressing unmodeled dynamics. This has inspired our exploration in
this study: How to ensure that the event-triggered mechanism can effectively respond to changes in
system states while maintaining the stability of nonlinear systems, especially in the presence of output
constraints and unmodeled dynamics. In comparison with prior research, the key contributions of this
paper are summarized as follows:

(1) This study presents, for the first time, a designated-time control strategy for nonlinear systems
with multiple uncertainties such as asymmetric time-varying output constraints and unmodeled
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dynamics. In contrast to conventional finite-time and fixed-time control whose convergence time
relies on initial conditions, as well as most predefined-time control schemes that ignore output
constraints or unmodeled dynamics, the proposed framework innovatively combines the strengths
of existing finite-time and predefined-time control methods. It not only achieves designated-time
stability with a user-prescribed convergence time, but also significantly reduces the conservatism
of the settling time bound through structural optimization. Unlike existing results that can handle
only partial uncertainties at most, the proposed approach achieves a more balanced performance
among fast convergence, strong robustness, and constraint compliance.

(2) To handle complex uncertainties including unknown parameters and unmodeled dynamics, this
paper introduces an improved fuzzy logic system for online estimation. Different from traditional
backstepping-based fuzzy control that suffers from the “explosion of complexity”, a bounded
command filtering approach with an error compensation mechanism is incorporated. Compared
with conventional dynamic surface control and command-filtered backstepping that ignore
constraint effects or lack designated-time performance, the proposed composite scheme ensures
high approximation accuracy while systematically simplifying the controller structure. This
advantage makes the proposed method more feasible and practical in engineering applications
than existing adaptive fuzzy control methods.

(3) To address asymmetric time-varying output constraints, an asymmetric barrier Lyapunov function
is adopted for system analysis and design. Unlike most existing BLF-based control methods
that adopt static triggering or fail to ensure designated-time convergence, this work integrates
the constraint-handling mechanism with an event-triggered mechanism. Compared with
traditional periodic time-triggered control, the proposed approach reduces the communication
and computational burden significantly while strictly guaranteeing constraint satisfaction. As a
result, the designed controller achieves a unified co-design of constraint enforcement, designated-
time convergence, and resource efficiency, which is rarely realized in closely related works.

2. Problem statement and preliminaries

2.1. Preliminaries

Definition 1 [38]. The following nonlinear system is considered:

ẋ = s(x(t), t), (2.1)

where x represents the system’s state variable. The function s(x(t), t) possesses local Lipschitz
continuity with s(0, t) = 0.

(1) If there exists a connected set H (t0, x0) ⊂ Rn (containing the origin 0 ∈ H (t0, x0)) such that
for any given designated time instant T ∗a ∈ R+\{0} the solution x(t) of system (2.1) beginning from any
initial condition (t0, x0) ∈ R+ ×Rn is defined on [t0,∞), and remains within x(t) ∈ H (t0, x0) , ∀t ≥
t0 + Ta (x0, t0) , where the entry time Ta (x0, t0) = supx(t) inf{T s

a(x(t)) ∈ R+ | x(t) ∈ H (t0, x0) ,∀ t ≥
t0 + T s

a(x(t))} satisfies Ta (x0, t0) ≤ T ∗a for all (x0, t0) ∈ Rn ×R+, then H (t0, x0) is termed a designated
time attractive region within the designated time T ∗a .

(2) If there exists a connected set M (t0, x0) ⊂ Rn (containing 0 ∈ Rn) and a neighborhood
N (0, ε) of the origin (where ε > 0 is a sufficiently small constant normal number) such that M (t0, x0)
is designated-time attractive at the designated time T ∗a ∈ R+\{0}, and every system solution x(t)
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originating from the initial state x0 ∈ M (t0, x0) satisfies x(t) ∈ N (0, ε), ∀t ≥ t0 + T ∗a + Ts with
Ts ∈ R+ being a finite time, then the system (2.1) is said to possess designated-time stability.

Define the function µ(t) = µ1(t) + a, where t ∈ [t0,∞) and the constant a > 0 ensures that the
resulting controller is well-defined for all t ∈ [Tp + t0,∞). In addition, µ1(t) satisfiesµ1(t) > 0, t ∈ [t0, Tp + t0),

µ1(t) = 0, t ∈ [Tp + t0,∞),

and its derivative µ̇1(t) < 0 is bounded on [t0, Tp + t0).
Remark 1. Compared with conventional finite-time and fixed-time control [29, 33, 35],
achieving designated-time convergence under asymmetric time-varying output constraints poses more
complicated mathematical challenges. On one hand, finite-/fixed-time convergence depends on initial
conditions and cannot be preassigned explicitly, and it is difficult to be compatible with asymmetric
time-varying barrier Lyapunov functions for constraint enforcement; on the other hand, standard
predefined-time control usually involves fractional power terms, which easily cause singularity when
differentiating virtual control laws, and also suffers from unbounded control magnitude and large
conservatism of the settling-time bound. The time-scaling function µ(t) introduced in this paper can
effectively overcome the above drawbacks, which not only allows the convergence time to be explicitly
predefined by users and independent of initial states, but also avoids fractional power structures
to eliminate differentiation singularity and unbounded control magnitude. Meanwhile, it can be
naturally integrated with asymmetric time-varying barrier Lyapunov functions to achieve designated-
time stability and tracking under strict output constraints, and significantly reduce the conservatism of
the settling-time bound to realize a better balance between fast convergence and robustness.
Lemma 1 [39]. Defining the command filter∆̇i1 = ∆i2,

ϱ2∆̇i2 = − satεb{sig(ϱ∆i2)g} − satεb{sig(ϕg(∆i1, αi, ϱ∆i2))
g

2−g },

where ϱ > 0, 0 < g < 1.

ϕg(∆i1, αi,∆i2) = ∆i1 − αi +
sig(ϱ∆i2)2−g

2 − g
,

satγb(β) =

β, |β| < γb,

γb sign(β), |β| ≥ γb,

with αi being the continuous input signal, ∆i1 = α̃i being the output signal, and there exists ȷi > 0 such
that |∆i1 − αi| ≤ ȷi.
Remark 2. Compared to existing finite-time command filters such as those presented in [15, 18],
the filter designed in this paper introduces a composite structure combining a saturation function
satγb(·) and a specific power term sig(·)g, achieving two key improvements: First, when the initial
error is large or the signal changes rapidly, the filter can leverage its finite-time convergence property
to quickly track the input signal. Second, the saturation mechanism effectively limits the amplitude
of the filter’s internal states, thereby suppressing oscillations caused by excessive regulation. This
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design not only guarantees closed-loop stability within a finite time, but also enhances adaptability
to practical engineering challenges such as actuator saturation and nonsmooth dynamics, making it
particularly suitable for control scenarios that require high dynamic response while strictly avoiding
overshoot and oscillation.
Lemma 2 [40]. For o ∈ R and s > 0, there exists 0 ≤ |o| − o tanh( o

s ) ≤ 0.2785s.
Lemma 3 [12]. For |w| < 1, log 1

1−w2 <
w2

1−w2 holds.
Lemma 4 [41]. For ζ j ∈ R and 0 < r ≤ 1, we have (

∑n
j=1 |ζ j|)r ≤

∑n
j=1 |ζ j|

r ≤ n1−m(
∑n

j=1 |ζ j|)r.
Lemma 5 [42]. Given any continuous nonlinear function p(ς) defined on a compact set Ω, for
an arbitrary accuracy ε > 0, there exists a fuzzy logic system of the form ΓTS (ς) that satisfies
supς∈Ω |p(ς) − ΓTS (ς)| ≤ ε. Here, J > 1 is the number of fuzzy rules, Γ = [Γ1, . . . ,ΓJ]T is the
weight vector, and S (ς) = [S 1(ς), . . . , S J(ς)]T represents the vector of fuzzy basis functions. Each

basis function is defined as S l(ς) =
∏n

i=1 ψΨ̄l
i
(ςi)∑J

l=1(
∏n

i=1 ψΨ̄l
i
(ςi))

, where ψΨ̄l
i
(ςi) is typically chosen as a Gaussian

membership function.

2.2. Problem statement

Consider the single-link robotic manipulators with external disturbances and unmodeled
dynamics [43] (as shown in Figure 1). The system dynamic equation may be expressed as

Gq̈ +Zq̇ + Ψ sin(q) = u + τd, (2.2)

where q̇ indicates the angular velocity of the link, q represents the angular position, and the external
disturbance is provided by τdi. The mechanical inertia is G, the parameter Ψ = mgL represents the
product of the mass m, the gravitational acceleration g = 10N/kg, the damping coefficient is Z, and
the link length is L.

Figure 1. Single-link robotic manipulator.
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Now, (2.2) is written in the following form:
Ξ̇ = h(Ξ, ς),

dςi =
(
ςi+1 + Ψi(ς̄i) + τdi(Ξ, ς)

)
dt,

dςn =
(
u + Ψn(ς) + τdn(Ξ, ς)

)
dt,

y = ς1,

(2.3)

where ς̄i = [ς1, ς2, . . . , ςi]T ∈ Ri represents the vector of the first i states, the full state vector is
ς = [ς1, ς2, . . . , ςn]T ∈ Rn, u ∈ R is the control input, and y ∈ R is the system output. The output y(t)
is subject to asymmetric time-varying constraints kc1(t) < y(t) < kc2(t), with the constraint boundaries
kc1(t) and kc2(t) being differentiable functions that satisfy −kc1(t) , kc2(t). The unknown functionsΨi(·)
are smooth and satisfy Ψi(0) = 0, the terms τdi(·) denote external disturbances satisfying the Lipschitz
condition, h(·) is a smooth function, and Ξ represents the unmodeled dynamics of the system. This
formulation characterizes a class of nonlinear controlled plants with complex dynamics, incorporating
unmodeled dynamics, external disturbances, and asymmetric output constraints.
Assumption 1 [39]. For the reference signal yd(t) and its derivative ẏd(t), it is assumed that there
exist positive constants Kc1, Kc2, and Ȳ2, along with time-dependent bounds y

1
(t) and ȳ1(t) satisfying

y
1
(t) < ȳ1(t), such that the following inequalities hold:

Kc1 < kc1(t) < y
1
(t) ≤ yd(t) ≤ ȳ1(t) < kc2(t) < Kc2,

and
|ẏd(t)| ≤ Ȳ2.

Assumption 2 [44]. The disturbances τdi(Ξ, ς) are assumed to satisfy a growth condition expressed by
two nonnegative smooth functions τ̄di1(∥ς∥) and τ̄di2(∥Ξ∥), such that the following inequality holds for
each i:

|τdi(Ξ, ς)| ≤ τ̄di1(∥ς∥) + τ̄di2(∥Ξ∥).

Definition 2 [44]. A system described by Ξ̇ = h(Ξ, ς) is said to be exponentially input-to-state
practically stable (exp-ISPS) if there exists an exp-ISPS Lyapunov function V(Ξ), κ∞ functions
ψ3, ψ4, ψ5, and positive constants a1 and a2 such that the following conditions are satisfied:

ψ3(∥Ξ∥) ≤ V(Ξ) ≤ ψ4(∥Ξ∥),

∂V(Ξ)
∂Ξ

h(Ξ, ς) ≤ −a1V(Ξ) + ψ5(|ς1|) + a2.

Remark 3. The aforementioned assumptions and definitions collectively form the foundation for
the design and stability analysis of the control scheme proposed in this paper. Unlike existing
studies [45–47] which typically require bounded higher-order derivatives of the reference signal,
Assumption 1 adopted in this work only necessitates a bounded first-order derivative. This reduces
the prior requirements on the desired trajectory and enhances the practical applicability of the scheme.
The introduced time-varying bounds y

1
(t) and y1(t) explicitly ensure that the reference signal yd remains

consistently away from the time-varying constraint boundaries, providing a feasible tracking region for
output-constrained control. Assumption 2 decomposes the composite disturbance into a sum of smooth

AIMS Mathematics Volume 11, Issue 6, 15691–15715.



15697

functions depending on the measurable state ς and the unmodeled dynamics Ξ, respectively, offering
a structural basis for subsequent approximation and compensation using tools such as fuzzy logic
systems. Definition 2, which describes exponential input-to-state practical stability (exp-ISPS), serves
as a key and relatively relaxed stability framework for handling nonlinear systems with unmodeled
dynamics. Together, these conditions enable the method proposed herein to address the tracking
problem for complex nonlinear systems with unmodeled dynamics, asymmetric time-varying output
constraints, and composite disturbances under weaker assumptions.
Lemma 6. If the Lyapunov function V(Ξ) for the system Ξ̇ = h(Ξ, ς) satisfies Definition 2, for a
constant h̄, any initial conditions t0 ≥ 0, Ξ0 = Ξ(t0) and r(t0) = r0 > 0, any function Φ̄ such that
Φ̄(ς1) ≥ w̄(|ς1|), there exist a finite T1 = T1(ā1, r0,Ξ0) ≥ 0 and a function B(t0, t) ≥ 0 for t ≥ t0, and a
signal can be portrayed as

ṙ = −
h̄
µ

rp +
µ̇

µ
r + Φ̄(ς1) + d0, r(t0) = r0, (2.4)

where p ∈ (0, 1), such that B(t0, t) = 0 for t ≥ t0 + T1 and V(Ξ(t)) ≤ r(t) + B(t0, t).
Remark 4. Compared with standard predefined-time control methods [44, 46, 48], the proposed
designated-time control scheme based on the time-scaling function µ(t) can effectively resolve the
problem of unbounded control magnitude in conventional predefined-time approaches. Typical
predefined-time control schemes rely on fractional power terms in their controller and virtual control
design, which may lead to infinite control signals and singularity phenomena when performing repeated
differentiation in the backstepping framework. In contrast, the proposed designated-time strategy
removes fractional power terms and employs a smooth time-scaling structure µ(t) to achieve user-
prescribed convergence time without causing singularity or unbounded control signals. As a result,
the control signals remain uniformly bounded in the entire process, and the convergence time can be
explicitly preassigned independent of initial conditions, which provides a more practical and reliable
solution for constrained nonlinear systems with unmodeled dynamics and external disturbances.

Without losing generality, the equation Φ̄(ς1) = ς2
1ψ0(ς2

1) is used in which ψ0 ≥ 0 is a smooth
function.

This paper aims to design and implement an adaptive event-triggered tracking controller for
system (2.3). The controller must fulfill the following three key objectives: (i) ensuring the system
output tracks the reference signal yd within a designated time frame; (ii) guaranteeing that all closed-
loop signals remain uniformly bounded; and (iii) strictly maintaining the required output constraints at
all times.

3. Design procedures

3.1. Controller design

The controller design begins with the definition of an error trajectory. Let the tracking error be
δ1 = ς1 − yd, and define the subsequent error variables as δi = ςi − α̃i−1 for i = 2, . . . , n, where α̃i−1

denotes the output of a command filter and αi−1 is its input.
To mitigate the effects of filtering errors, a set of compensation error signals is introduced:

σk = δk − ξk, k = 1, . . . , n, (3.1)
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where ξk is a dynamically generated error compensation signal.
Since the functions Ψ̄i(ωi) are unknown, they are approximated using fuzzy logic systems (FLSs)

of the form:
Ψ̄i(ωi) = θT

i ϕi(ωi) + εi(ωi) (3.2)

where θi is the ideal weight vector, ϕi(ωi) is the fuzzy basis function vector, and εi(ωi) denotes the
approximation error, bounded by |εi(ωi)| ≤ ε̃i with ε̃i > 0. Let θ̂i be the estimate of θi, and define the
estimation error as θ̃i = θi − θ̂i.
Step 1: Based on Eq (3.1), the differential of the first compensation error signal is obtained as:

dσ1 = (ς2 + Ψ1 + τd1 − ẏd − ξ̇1) dt. (3.3)

An asymmetric time-varying barrier Lyapunov function (BLF) is then selected for the first step:

V1 =
µ(σ1)q

2
log

k2
C1

k2
C1 − σ

2
1

+

(
1 − q(σ1)

)
µ

2
log

k2
C2

k2
C2 − σ

2
1

+
µ

2m1
θ̃T

1 θ̃1 +
µ

2l1
φ̃2

1 +
r
l0
,

where the switching function is defined by

q(σ1) =

1, σ1 ≤ 0,
0, σ1 > 0.

In this function, m1, l1, and l0 are positive design constants. The term φ̃1 = φ1 − φ̂1 represents the
estimation error for an unknown parameter φ1, with φ̂1 being its estimate. The definition of φ1 will be
provided subsequently.

The design proceeds by introducing time-varying barrier boundaries defined as:

kC1 = yd + ξ1 − kc1, kC2 = kc2 − yd − ξ1.

These boundaries effectively translate the original asymmetric output constraints into a symmetric form
relative to the compensated error σ1.

To facilitate the analysis, a coordinate transformation is applied by defining the normalized error
variables:

ka =
σ1

kC1
, kb =

σ1

kC2
, k = qka + (1 − q)kb,

where q = q(σ1) is the switching function defined previously. This transformation consolidates the
two logarithmic terms in the original BLF. Consequently, the complex form of V1 is simplified to the
following compact expression:

V1 =
µ

2
log

1
1 − k2 +

µ

2m1
θ̃T

1 θ̃1 +
µ

2l1
φ̃2

1 +
r
l0
.

Using (3.3), V̇1 is given as

V̇1 =µγσ1(σ2 + ξ2 + α1 + (α̃1 − α1) + Ψ1 + τd1 − ξ̇1 − H − ẏd) −
µ

m1
θ̃T

1
˙̂θ1 +

µ̇

2m1
θ̃T

1 θ̃1 +
µ̇

2l1
φ̃2

1

+
µ̇

2
log

1
1 − k2 −

µ

l1
φ̃1 ˙̂φ1 +

ṙ
l0
,

(3.4)
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where
γ =

q
k2

C1 − σ
2
1

+
1 − q

k2
C2 − σ

2
1

,

and
H = q

σ1

kC1
(ẏd + ξ̇1 − k̇c1) + (1 − q)

σ1

kC2
(k̇c2 − ẏd − ξ̇1).

Building upon Assumption 2 and Lemma 2, the impact of the unknown disturbance τd1(Ξ, ς) on the
dynamics can be bounded as follows:

µγσ1τd1(Ξ, ς) ≤ µγ|σ1|τ̄d11(∥ς∥) + µγ|σ1|τ̄d12(∥Ξ∥), (3.5)

µγ|σ1|τ̄d11(∥ς∥) ≤ µγσ1τ̄d11(∥ς∥) tanh
(µγσ1τ̄d11(∥ς∥)

ϵ11

)
+ 0.2785ϵ11, (3.6)

where ϵ11 > 0 is a constant.
Furthermore, by employing Definition 2, Lemma 4, and Young’s inequality, the term involving the

unmodeled dynamics can be processed. This yields a refined upper bound:

µγ|σ1|τ̄d12(∥Ξ∥) ≤ µγ|σ1|τ̄d12
(
ψ−1

3 (r(t) + B(t))
)

≤ µγ|σ1|τ̄d12
(
ψ−1

3 (2r(t))
)
+ µγ|σ1|τ̄d12

(
ψ−1

3 (2B(t))
)

≤ µγσ1τ̄d12
(
ψ−1

3 (2r(t))
)

tanh
(
µγσ1τ̄d12

(
ψ−1

3 (2r(t))
)

ϵ12

)
+ 0.2785ϵ12 + µ

2γ2σ2
1 +

1
4
τ̄2

d12
(
ψ−1

3 (2B(t))
)
,

(3.7)

where ϵ12 > 0 is a constant.
Based on (3.5)–(3.7), (3.4) can be rewritten as

V̇1 ≤ µγσ1
(
σ2 + ξ2 + α1 + (α̃1 − α1) + Ψ1 + τ̄d1 − ẏd − ξ̇1 − H + µγσ1

)
+
µ̇

µ
V1 −

µ

m1
θ̃T

1
˙̂θ1 −

µ

l1
φ̃1 ˙̂φ1 +

1
l0

(
−

h̄
µ

rp + Φ̄(ς1)
)
+ R1,

(3.8)

where

τ̄d1(ς, γ, σ1, r) = τ̄d11(∥ς∥) tanh
(
µγσ1τ̄d11(∥ς∥)

ϵ11

)
+ τ̄d12

(
ψ−1

3 (2r(t))
)

tanh
(
µγσ1τ̄d12

ϵ12

)
,

and
R1 = 0.2785(ϵ11 + ϵ12) +

d0

l0
+

1
4
τ̄2

d12
(
ψ−1

3 (2B(t))
)
.

Notice the function Φ̄(ς1)
µγσ1l0

is discontinuous at σ1 = 0, and the function tanh2(µγσ1
λ1

) is introduced.
Therefore, one obtains

V̇1 ≤ γσ1

(
σ2 + ξ2 + α1 + (α̃1 − α1) + Ψ1 + τ̄d1 − ξ̇1 − H − ẏd + µγσ1

+
16
µγσ1

tanh2
(µγσ1

λ1

)Φ̄(ς1)
l0

)
−

µ

m1
θ̃T

1
˙̂θ1 −

µ

l1
φ̃1 ˙̂φ1

−
h̄

l0µ
rp +

µ̇

µ
V1 +

(
1 − 16 tanh2

(µγσ1

λ1

))Φ̄(ς1)
l0
+ R1.

(3.9)
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According to (3.2), Ψ̄1(ω1) = Ψ1(ς1, σ1, kC1, kC2) + τ̄d1(ς, γ, σ1) = θT
1 ϕ1(ω1) + ε1(ω1). And, using

φ1 = ε̄1 + γ1 > 0, V̇1 is given as

V̇1 ≤ µγσ1

(
σ2 + ξ2 + α1 + (α̃1 − α1) + θT

1 ϕ1 − ẏd − ξ̇1 − γ1 sign(ξ1) − H + µγσ1

+
16
µγσ1

tanh2
(µγσ1

λ1

)Φ̄(ς1)
l0

)
+
µ̇

µ
V1 −

µ

m1
θ̃T

1
˙̂θ1 −

µ

l1
φ̃1 ˙̂φ1

−
h̄

l0µ
rp +

(
1 − 16 tanh2

(µγσ1

λ1

))Φ̄(ς1)
l0
+ µγ|σ1|φ1 + R1.

(3.10)

Using Lemma 2, the following inequality is obtained:

µγ|σ1|φ1 − φ1µγσ1 tanh(
µγσ1

q1
) ≤ 0.2785q1φ1, (3.11)

subsequently, the virtual controller and adaptive laws are designed as follows:

α1 = −c1ξ1−
k1

µ2−pγ
p−1δ

2p−1
1 − θ̂T

1 ϕ1+ ẏd− Ỹ1(t)σ1−µγσ1− φ̂1 tanh
(
µγσ1

q1

)
−

16
µγσ1

tanh2
(
µγσ1

λ1

)
Φ̄(ς1)

l0
, (3.12)

˙̂θ1 =m1γσ1ϕ1 −
ι1
µ
θ̂1, (3.13)

˙̂φ1 =l1γσ1 tanh(
µγσ1

q1
) −

τ1

µ
φ̂1, (3.14)

ξ̇1 = −c1ξ1 −
k1

µ2−pγ
p−1ξ

2p−1
1 + ξ2 + (α̃1 − α1) − γ1 sign(ξ1), (3.15)

where ι1, τ1 are positive design parameters, and design parameters k1 > 0, q1 > 0. The exponent
p = 2n

2n+1 , with n ≥ 2 being a integer. Consider

Ỹ1(t) = max{|
k̇C1

kC1
|, |

k̇C2

kC2
|},

which results in the inequality

Ỹ1(t) + q
k̇C1

kC1
+ (1 − q)

k̇C2

kC2
≥ 0.

According to the fact θ̃T
1 θ1 ≤

1
2 θ̃

T
1 θ̃1 +

1
2θ

T
1 θ1 and φ̃1φ1 ≤

1
2 φ̃

2
1 +

1
2φ

2
1, substituting (3.11)–(3.15)

into (3.10) yields

V̇1 ≤
µ̇

µ
V1 − k1

(
log

1
1 − k2

)p
+ µγσ1σ2 −

h̄
l0µ

rp −
ι1

2m1
θ̃T

1 θ̃1 −
τ1

2l1
φ̃2

1 +
(
1 − 16 tanh2

(µγσ1

λ1

))Φ̄(ς1)
l0
+ R̄1, (3.16)

where R̄1 = R1 + 0.2785q1φ1 +
ι1

2m1
θT

1 θ1 +
τ1
2l1
φ2

1.
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Step i (2 ≤ i ≤ n − 1): By applying the error dynamics defined in (3.1), the differential of the ith
compensation error signal is derived as:

dσi = (ςi+1 + Ψi + τdi − ˙̃αi−1 − ξ̇i)dt. (3.17)

A Lyapunov function candidate Vi is then selected, constructed recursively as:

Vi = Vi−1 +
µ

2
σ2

i +
µ

2mi
θ̃T

i θ̃i +
µ

2li
φ̃2

i ,

where mi > 0, li > 0 are positive design constants. The term φ̃i = φi − φ̂i represents the parameter
estimation error, with φ̂i being the estimate of the unknown constant φi.

With the aid of (3.17), one obtains

V̇i ≤
µ̇

µ
Vi − k1

(
log

1
1 − k2

)p
+ µσi−1σi −

h̄
l0µ

rp −

i∑
j=2

k jσ
2p
j −

i−1∑
j=1

ι j

2m j
θ̃T

j θ̃ j −

i−1∑
j=1

τ j

2l j
φ̃2

j

+ µσi

(
kiσ

2p−1
i + ξi+1 + σi+1 + αi + (α̃i − αi) + Ψi + τdi − ˙̃αi−1 − ξ̇i

)
−
µ

mi
θ̃T

i
˙̂θi −

µ

li
φ̃i ˙̂φi +

(
1 − 16 tanh2

(µγσ1

λ1

))Φ̄(ς1)
l0
+

i−1∑
j=1

R̄ j.

(3.18)

Building on Assumption 2 and Lemma 2, the disturbance term can be bounded as follows:

µσiτdi(Ξ, ς) ≤ µ|σi|τ̄di1(∥ς∥) + µ|σi|τ̄di2(∥Ξ∥), (3.19)

µ|σi|τ̄di1(∥ς∥) ≤ µσiτ̄di1(∥ς∥) tanh
(
µσiτ̄di1(∥ς∥)

ϵi1

)
+ 0.2785ϵi1 (3.20)

with ϵi1 > 0.
Furthermore, by applying Definition 2, Lemma 4, and Young’s inequality, the term related to the

unmodeled dynamics is bounded as:

µ|σi|τ̄di2(∥Ξ∥) ≤ µ|σi|τ̄di2
(
ψ−1

3 (r(t) + B(t))
)

≤ µσiτ̄di2
(
ψ−1

3 (2r(t))
)

tanh
(
µσiτ̄di2

ϵi2

)
+ 0.2785ϵi2 + µ

2σ2
i +

1
4
τ̄2

di2
(
ψ−1

3 (2B(t))
)
,

(3.21)

with ϵi2 > 0.
Substituting the bounds from (3.19)–(3.21) into the expression for (3.18) yields

V̇i ≤
µ̇

µ
Vi − k1

(
log

1
1 − k2

)p
+ µσi−1σi −

h̄
l0µ

rp −

i∑
j=2

k jσ
2p
j −

i−1∑
j=1

ι j

2m j
θ̃T

j θ̃ j −

i−1∑
j=1

τ j

2l j
φ̃2

j

+ µσi

(
kiσ

2p−1
i + σi+1 + ξi+1 + αi + (α̃i − αi) + Ψi + τ̄di + µσi − ˙̃αi−1 − ξ̇i

)
−
µ

mi
θ̃T

i
˙̂θi −

µ

li
φ̃i ˙̂φi +

(
1 − 16 tanh2

(µγσ1

λ1

))Φ̄(ς1)
l0
+

i−1∑
j=1

R̄ j + Ri,

(3.22)
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where

τ̄di(ς, σi) =τ̄di1(∥ς∥) tanh(
µσiτ̄di1(∥ς∥)

ϵi1
) + τ̄di2(ψ−1

3 (2r(t))) tanh(
µσiτ̄di2

ϵi2
),

and
Ri = 0.2785(ϵi1 + ϵi2) +

1
4
τ̄2

di2(ψ−1
3 (2B(t))).

Similar to the approach outlined in (3.2), the combined term F(ωi) = Ψi(ς̄i, σi) + τ̄di(ς, σi, r) is
represented via a fuzzy logic system as F(ωi) = θT

i ϕi(ωi)+ εi(ωi), where ωi = (ς, σi, r). Following this
representation, the virtual controller and adaptive laws are designed as follows:

αi = − ciξi −
ki

µ2−pγ
p−1δ

2p−1
i − θ̂T

i ϕi + ˙̃αi−1 − µσi − σi−1 − φ̂i tanh
(
µσi

qi

)
, (3.23)

˙̂θi =miσiϕi −
ιi
µ
θ̂i, (3.24)

˙̂φi =liσi tanh
(
µσi

qi

)
−
τi

µ
φ̂i, (3.25)

ξ̇i = − ciξi −
ki

µ2−pγ
p−1ξ

2p−1
i + ξi+1 + (α̃i − αi) − γi sign(ξi), (3.26)

where φi = ε̄i + γi > 0, and qi > 0, ιi > 0, τi > 0.
Building upon Lemma 2, the following inequality holds:

µ|σi|φi − φiµσi tanh(
µσi

q1
) ≤ 0.2785qiφi,

combining this result with the designed control laws and adaptive mechanisms given in (3.23)–(3.26),
the time derivative of the Lyapunov function can be bounded as follows:

V̇i ≤
µ̇

µ
σi − k1

(
log

1
1 − k2

)p
+ µσiσi+1 −

h̄
l0µ

rp −

i∑
j=2

k jσ
2p
j

−

i∑
j=1

ι j

2m j
θ̃T

j θ̃ j −

i∑
j=1

τ j

2l j
φ̃2

j +
(
1 − 16 tanh2

(µγσ1

λ1

))Φ̄(ς1)
l0
+

i∑
j=1

R̄ j,

(3.27)

where R̄i = Ri + 0.2785qiφi +
ιi

2mi
θT

i θi +
τi
2li
φ2

i .
Step n: From (3.1), the differential of the final compensation error variable is derived as:

dσn = (u + Ψn + τdn − ˙̃αn−1 − ξ̇n)dt.

The overall Lyapunov function candidate for the nth step is chosen as:

Vn = Vn−1 +
µ

2
σ2

n +
µ

2mn
θ̃T

n θ̃n +
µ

2ln
φ̃2

n

=
µ

2
log

1
1 − k2 +

n∑
i=2

µ

2
σ2

i +

n∑
i=1

µ

2mi
θ̃T

i θ̃i +

n∑
i=1

µ

2li
φ̃2

i ,
(3.28)
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where mn > 0, ln > 0, φ̃n = φn − φ̂n, and φ̂n is the estimate of the unknown constant φn.
Following the recursive design procedure from the previous steps, the time derivative of Vn can be

bounded as:

V̇n ≤
µ̇

µ
Vn − k1

(
log

1
1 − k2

)p
−

h̄
l0µ

rp −

n−1∑
j=2

k jσ
2p
j −

n−1∑
j=1

ι j

2m j
θ̃T

i θ̃i −

n−1∑
j=1

τ j

2l j
φ̃2

j

+ µσn

(
σn−1 + knσ

2p−1
n + u + αn − αn + θ̂

T
nϕn − ˙̃αn−1 + µσn − ξ̇n − γn sign(ξn)

)
−

µ

mn
θ̃T

n
( ˙̂θn − mnσ

3
nϕn

)
−
µ

ln
φ̃n ˙̂φn + µ|σn|φn +

(
1 − 16 tanh2

(µγσ1

λ1

))Φ̄(ς1)
l0
+

n−1∑
j=1

R̄ j + Rn,

(3.29)

where

F(ωn) = Ψn(ς, σn) + τ̄dn(ς, γ, σn) = θT
n ϕn(ωn) + εn(ωn),

τ̄dn(ς, σn, r) =τ̄dn1(∥ς∥) tanh(
µσnτ̄dn1(∥ς∥)

ϵn1
) + τ̄dn2(ψ−1

3 (2r(t))) tanh(
µσnτ̄dn2

ϵn2
),

Rn = 0.2785(ϵn1 + ϵn2) +
1
4
τ̄2

dn2(ψ−1
3 (2B(t))),

and φn = ε̄n + γn with ωn = (ς, σn).
Following the recursive design framework, the virtual controller and adaptive laws are designed as:

αn = −cnξn −
kn

µ2−pγ
p−1δ2p−1

n − θ̂T
n ϕn + ˙̃αn−1 − µσn − σn−1 − φ̂n tanh

(
µσn

qn

)
, (3.30)

˙̂θn = mnσnϕn −
ιn
µ
θ̂n, (3.31)

˙̂φn = lnσn tanh
(
µσn

qn

)
−
τn

µ
φ̂n, (3.32)

ξ̇n = −cnξn −
kn

µ2−pγ
p−1ξ2p−1

n + (α̃n − αn) − γn sign(ξn), (3.33)

where cn, kn, qn, ιn > 0, and τn > 0 are design parameters.
Substituting the expressions from (3.30) and (3.33) into Inequality (3.29) yields the following bound

for the time derivative of the final Lyapunov function:

V̇n ≤
µ̇

µ
Vn − k1

(
log

1
1 − k2

)p

−
h̄

l0µ
rp −

n∑
j=2

k jσ
2p
j −

n∑
j=1

ι j

2m j
θ̃T

j θ̃ j −

n∑
j=1

τ j

2l j
φ̃2

j

+ µσn(u − αn) +
(
1 − 16 tanh2

(
µγσ1

λ1

))
Φ̄(ς1)

l0
+

n∑
j=1

R̄ j,

(3.34)

where the aggregated residual term is defined as R̄n = Rn + 0.2785qnφn +
ιn

2mn
θT

n θn +
τn
2ln
φ2

n.
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3.2. Event-triggered mechanism

To significantly improve the overall efficiency, a event-triggered mechanism is designed as follows:

ν(t) = −(1 + Θ(t))(ō tanh(
σnō
q0

) + αn tanh(
σnαn

q0
)), (3.35)

u(t) = ν(tk),∀t ∈ [tk, tk+1), (3.36)

tk+1 = inf{t > tk | |e(t)| > Θ|u(t)| + o(t)}, (3.37)

Θ̇ = −ρ1α
2
nΘ, 0 < Θ(0) < 1, (3.38)

ȯ = −ρ2α
2
no, o(0) > 0, (3.39)

where q0 > 0, ρ1 > 0, and ρ2 > 0, ō = o(t)
1−Θ(t) is an auxiliary error variable, and tk(k ∈ Z+) denotes the

update instant.
From the triggering condition, one can show that there exist bounded time-varying functions za(t)

and zb(t) satisfying |za(t)| ≤ 1 and |zb(t)| ≤ 1, such that the actual control input can be equivalently
expressed as

u(t) =
ν(t) − zb(t) o(t)
1 + za(t)Θ(t)

. (3.40)

Remark 5. Compared with the static event-triggered threshold that is fixed and cannot be adjusted
online, the proposed dynamic event-triggered mechanism with adaptive thresholds Θ(t) and o(t)
has obvious superiorities. A static threshold is fixed and cannot adapt to real-time changes of
system states, tracking errors, and virtual control signals, which may result in excessively dense
triggering and unnecessary waste of communication and computational resources, or excessively sparse
triggering and performance degradation. In contrast, the adaptive dynamic thresholds Θ(t) and o(t) are
constructed to be updated online according to the virtual control law αn, which can flexibly adjust
the triggering condition and realize a better trade-off between tracking performance and resource
utilization. Moreover, such a dynamic structure can effectively exclude Zeno behavior and ensure a
strictly positive lower bound for the inter-event intervals, which is more suitable for uncertain nonlinear
systems with asymmetric time-varying output constraints and unmodeled dynamics.

To conclude, the control block diagram is summarized as depicted in Figure 2.
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Figure 2. A schematic diagram of the overall control structure.

4. Main results

Theorem 1. Consider the nonlinear system (2.3) under Assumptions 1 and 2. By applying the
event-triggered control mechanism defined in (3.35)–(3.39), the following closed-loop properties are
guaranteed:
(I) All signals in the closed-loop system are uniformly bounded.
(II) The prescribed asymmetric time-varying output constraints are strictly satisfied at all times.
(III) The system output y tracks the reference signal yd within a designated time interval.
Proof. (I) Substituting the equivalent representation of the control input from Eq (3.40) into
Inequality (3.34) yields

V̇n ≤
µ̇

µ
Vn − k1

(
log

1
1 − k2

)p
−

h̄
l0µ

rp −

n∑
j=2

k jσ
2p
j −

n∑
j=1

ι j

2m j
θ̃T

i θ̃i −

n∑
j=1

τ j

2l j
φ̃2

j

+ µσn

(
ν(t) − zb(t)o(t)
1 + za(t)Θ(t)

− αn

)
+

(
1 − 16 tanh2

(µγσ1

λ1

))Φ̄(ς1)
l0
+

n∑
j=1

R̄ j.

(4.1)

Applying Lemma 2, the term involving the control input difference can be bounded as:
µσn( ν(t)−zb(t)o(t)

1+za(t)Θ(t) − αn) ≤ 0.557q0. Consequently, the time derivative of the Lyapunov function is further
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bounded by

V̇n ≤
µ̇

µ
Vn − k1

(
log

1
1 − k2

)p
−

h̄
l0µ

rp −

n∑
j=2

k jσ
2p
j

−

n∑
j=1

ι j

2m j
θ̃T

i θ̃i −

n∑
j=1

τ j

2l j
φ̃2

j +
(
1 − 16 tanh2

(µγσ1

λ1

))Φ̄(ς1)
l0
+ Γ,

(4.2)

with Γ =
∑n

j=1 R̄ j + 0.557q0.
To establish the boundedness of the error compensation signals ξi for i = 1, · · · , n, a composite

Lyapunov function candidate is defined as Vξ =
µ

2

∑N
i=1

∑n
j=1 ξ

2
i, j, whose derivative is

V̇ξ ≤
µ̇

µ
Vξ + µ

N∑
i=1

( n−1∑
j=1

(
ξi, j

(
−ci, jξi, j −

ki, j

µ2−p ξ
2p−1
i, j + ξi, j+1 + (α̃i, j − αi, j)

)
− li, j sign(ξi, j)

)
+ ξi,n

(
−ci,nξi,n −

ki,n

µ2−p ξ
2p−1
i,n − li,n sign(ξi,n)

))
.

Under the given conditions, specifically, the bounded mismatch between the filter output and the virtual
control law, |α̃i, j−αi, j| ≤ Ξi. j, and the application of Young’s inequality to handle cross terms, ξi, jξi, j+1 ≤
1
2ξ

2
i, j +

1
2ξ

2
i, j+1, the derivative can be further bounded as:

V̇ξ ≤
µ̇

µ
Vξ −

aξ0

µ
V p
ξ −

aξ1

µ
Vξ − aξ2V

1
2
ξ ≤

µ̇

µ
Vξ −

aξ0

µ
V p
ξ , (4.3)

where the positive constants are defined as aξ0 = min{2pci,1, . . . , 2pci,n}, aξ1 = min{2(wi,1 −
1
2 ), . . . , 2(wi,n −

1
2 )}, and aξ2 = min{2|li, j − Ξi, j|, 2li,n}. Applying (3.1), the ξi are bounded.

(i) When σ1 < S λ1 , Lemma 5 gives the inequality(
1 − 16 tanh2

(µγσ1

λ1

))
≤ 0,

which, together with Inequality (4.2), leads to

V̇n ≤
µ̇

µ
Vn − k1

(
log

1
1 − k2

)p
−

h̄
l0µ

rp −

n∑
j=2

k jσ
2p
j

−

n∑
j=1

ι j

2m j
θ̃T

j θ̃ j −

n∑
j=1

τ j

2l j
φ̃2

j + Γ.

Using the algebraic inequality

|y|d|z|c ≤
d

d + c
ϑ |y|d+c +

c
d + c

ϑ−
d
c |z|d+c,

and applying Lemma 4, we further obtain the bound

V̇n ≤
µ̇

µ
Vn − τd1

(1
2

log
1

1 − k2 +

n∑
i=2

1
2
σ2

i +

n∑
i=1

1
2mi

θ̃T
i θ̃i +

n∑
i=1

1
2li
φ̃2

i

)p
+ Q2

=
µ̇

µ
Vn −

Q1

µ
V p

n + Q2,

(4.4)
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where
Q1 = min

{
1, 2pk j, τ

p
j , ι

p
j
}

( j = 1, . . . , n),

and
Q2 = Γ + 2(1 − p)p

p
1−p + (1 − p)

( p
a1

) p
1−p
.

From Inequality (4.4), the boundedness ofσi, θ̃i, φ̃i (i = 1, . . . , n) is established. Because θ̃i = θi−θ̂i

and φ̃i = φi − φ̂i, the boundedness of the estimates θ̂i and φ̂i follows directly. Finally, recalling the
definitions of the tracking error δi in (3.1), the compensation error σi, and the boundedness of the
compensation signals ξi, we conclude that δi and ςi remain bounded. Hence, all closed-loop signals are
uniformly bounded.
(ii) Case where σ1 ∈ S λ1 . This case indicates |σ1| ≤ 0.2554λ1, i.e., σ1 is bounded. Using the
boundedness of ξ1 and (3.1), it follows that δ1 is also bounded. From (3.1), ς1 is bounded. Thus, a
constant S > 0 can be chosen such that (1− 16 tanh2(µγσ1

λ1
)) Φ̄(ς1)

l0
≤ S . Following a reasoning analogous

to case (i), we obtain V̇n ≤ −Q1V p
n + Q̄2 where Q̄2 = Q2 + S . Then, (I) is proved.

(II) From (I), it has been shown that V̇n ≤
µ̇

µ
Vn −

Q1
µ

V p
n + Q2 when σ1 < S λ1 , or V̇n ≤

µ̇

µ
Vn −

Q1
µ

V p
n + Q̄2

when σ1 ∈ S λ1 . For the subsequent analysis, the more general inequality V̇n ≤
µ̇

µ
Vn −

Q1
µ

V p
n + Q̄2 is

considered when σ1 ∈ S λ1 .
Next, we verify the validity of statement (III) by examining two distinct cases.

Case I: For t ∈ [t0, t0 + Tg), according to Lemma 2, the Lyapunov function satisfies Vn(t) ≤ D̄µ(t),
where D̄ is a positive constant. Consequently, at the instant t0 + Tg, we have Vn(t0 + Tg) ≤ D̄a = M̄,
with M̄ being arbitrarily small. Similarly, the derivative of the compensation-error Lyapunov function
obeys V̇ξ ≤

µ̇

µ
Vξ for t ∈ [t0, t0 + Tg). Applying Lemma 2 again guarantees the boundedness of all

compensation signals ξi (i = 1, . . . , n), i.e., |ξi| ≤ Mi for some constants Mi.
Since Vn ≤ D̄µ(t), the inequality

µ(t)
2

log
1

1 − k2 ≤ D̄µ(t),

holds, which yields

|k| ≤
√

1 − e−2D̄ < 1. (4.5)

This directly implies −kc1(t) < σ1(t) < kc2(t).
By the definitions of kc1(t) and kc2(t), the above inequality passively ensures that the output always

satisfies the prescribed constraints kc1(t) < y(t) < kc2(t).
Furthermore, from Inequality (4.5) and the error definition (3.1), the tracking error δ1(t) = y(t)−yd(t)

enters a small compact set

P = { δ1(t) | −(Kc1 + M1) < δ1(t) < Kc2 + M1 }

within the designated time interval [t0, t0 + Tg). In summary, by appropriately choosing the design
parameter v, the quantities |ξi(t)|, |σi(t)|, Vξ(t), and Vn(t) all converge to a small, globally attractive
neighborhood within the pre-assigned time Tp. Hence, the boundedness of all closed-loop signals is
guaranteed.
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Case II: When t ∈ [t0 + Tg,∞), once δ1(t) enters the compact set P within the designated time Tp,
Inequality (4.4) guarantees that it will remain in P for all subsequent time t ≥ Tg. From (4.4), we
obtain the differential inequality

V̇n(t) ≤ −
Q1

a
V p

n (t) + Q̄2.

For any constant b ∈ (0, 1), Lemma 2 yields a finite settling time

T ∗ =
a

(1 − p)bQ1

(
Vn(t0 + Tg)1−p −

( aQ̄2

(1 − b)Q1

) 1−p
p

)
> 0.

Hence, the total convergence time is Ts = t0 + Tg + T ∗. Following the reasoning in [26], it can
be shown that all signals in the closed-loop system remain recursively bounded. The same conclusion
holds when the alternative bound

V̇n ≤
µ̇

µ
Vn −

Q1

µ
V p

n + Q2

is satisfied (i.e., when σ1 < S λ1).
It is essential to highlight that the designed control scheme effectively avoids Zeno behavior, as

demonstrated in the following proof.
Proof. The objective is to show the existence of a constant t0 > 0 such that the inter-execution interval
is bounded below by t0, i.e., tk+1 − tk ≥ t0 for every positive integer k.

During the interval t ∈ [tk, tk+1), the control input is held constant, u(t) = ν(tk), and consequently
u̇(t) = 0. Defining the measurement error as ℓ(t) = ν(t) − u(t), its time derivative satisfies

d|ℓ(t)|
dt
= sign(ℓ(t)) ℓ̇(t) ≤ |ν̇(t)|. (4.6)

The derivative ν̇(t) exists and is bounded because ν(t) is constructed from bounded system signals. Let
ν̄ be an upper bound for |ν̇(t)|.

At the triggering instant tk+1, the error reaches the adaptive threshold, i.e.,

lim
t→tk+1

|ℓ(t)| = Θ(t)|u(t)| + o(t),

while at the previous update time tk, we have ℓ(tk) = 0. Integrating inequality (4.6) over [tk, tk+1) yields

|ℓ(tk+1)| ≤ ν̄ (tk+1 − tk).

Combining the two expressions for |ℓ(tk+1)|, we obtain

Θ(t)|u(t)| + o(t) ≤ ν̄ (tk+1 − tk),

which directly implies

tk+1 − tk ≥
Θ(t)|u(t)| + o(t)

ν̄
≡ t0 > 0.

Since the threshold parameters Θ(t) and o(t) are positive and the control signal u(t) is bounded, the
lower bound t0 is strictly positive. Hence, Zeno behavior is excluded.
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5. Simulation example

Example 1. As an illustrative application, consider a robot manipulator system modeled by (2.2).
Incorporating unmodeled dynamics and external disturbances, the system can be expressed in the
following form:


Ξ̇ = −Ξ + 0.6ς2

1 + ς2,

dς1 = ς2 dt,

dς2 =
(
u − 10 sin(ς1) − 2ς2 + 0.15Ξ cos(ς1ς2)

)
dt,

y = ς1,

(5.1)

where G = 1,Z = 2, and mgl = 10.

For simulation purposes, the initial conditions, reference signal, and output constraints are selected
as follows: ς(0) = [0.2,−1.1]T , (ξ1(0), ξ2(0)) = (0.2, 0.3), (∆11(0),∆12(0)) = (−1,−0.2), θ̂1(0) =
(0.2, 0.2, 0.5, 0.6, 0.1), θ̂2(0) = (0.3, 0.7, 0.8, 0.5, 0.8), φ̂1(0) = 0.2, φ̂2(0) = 0.4, Θ(0) = 0.3, β(0) = 0.3,
yr = 0.6 sin(t) + sin(0.5t), kc1 = 0.6 sin(t) + sin(0.5t) − 0.3 − 0.8e−t and kc2 = 0.6 sin(t) + sin(0.5t) +
0.18 + 1.2e−2t).

The simulation incorporates the following design parameters: c1 = 2, c2 = 3, k1 = 0.08, k2 =

0.08, l0 = 2, p = 0.8, q1 = 1, q2 = 1, γ1 = 0.01, γ2 = 0.01, q0 = 0.6, ρ1 = 0.01, ρ2 = 0.01, ϵ = 0.12,
m1 = 1,m2 = 1, ι1 = 1, ι2 = 1, τ1 = 1, τ2 = 1, l1 = 6, l2 = 13.

The outcomes are described in Figures 3–10. Figure 3 illustrates the trajectories of the output
signal y and the desired signal yd under the constraints kc1 and kc2 using the proposed scheme, along
with the corresponding tracking error. Figure 4 shows the curve of the control input u under the
dynamic event-triggered mechanism described in this paper, while Figure 5 illustrates the sequence
of trigger time intervals under this mechanism, confirming that the system effectively avoids the Zeno
phenomenon. Figure 6 shows the curve of the control input u under the traditional static event-triggered
mechanism, while Figure 7 displays the sequence of trigger time intervals under the traditional static
event-triggered mechanism, confirming that the dynamic event-triggered mechanism is more effective
at conserving communication resources. As observed in Figure 3, the output y successfully tracks the
desired signal yd within the designated time, and the state variable ς1 remains within the prescribed
constraint region. Furthermore, Figure 8 presents the convergence behavior of the tracking error, and
Figures 9 and 10 depict the trajectories of the compensation signal and the adaptive laws, respectively,
both of which are ultimately bounded.

AIMS Mathematics Volume 11, Issue 6, 15691–15715.



15710

0 5 10 15 20
Time(Sec) 

-3

-2

-1

0

1

2

3

S
ta

te
 v

a
ri
a
b
le

s

k
c1

k
c2

y
d y

Figure 3. Trajectory of output
signal under the proposed strategy.
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event-triggered control.
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6. Conclusions

This paper develops a designated-time adaptive tracking control scheme for strict-feedback
nonlinear systems with asymmetric time-varying output constraints, unmodeled dynamics, and external
disturbances. Three main contributions are summarized as follows. First, different from conventional
finite-time and predefined-time control, the proposed time-scale function based designated-time
framework achieves arbitrarily preset settling time independent of initial conditions, reduces the
conservatism of convergence time bounds, and eliminates the singularity and unbounded control
magnitude drawbacks caused by fractional power terms. Second, fuzzy logic systems are utilized
to approximate system unknown dynamics, and combined with bounded command filtering to avoid
the complexity explosion problem in backstepping design. Third, by integrating an asymmetric
time-varying barrier Lyapunov function into dynamic event-triggered control, the proposed method
ensures output constraint satisfaction and greatly saves communication and computational resources.
Theoretical analysis and simulation results verify the effectiveness and superiority of the scheme in
tracking accuracy and transient performance. Furthermore, the applicability and inherent limitations
of the method are discussed. Future work will extend this framework to nonlinear systems with full-
state constraints, actuator faults, and non-strict-feedback structures, and improve robustness against
complex noise and disturbances for practical robotic and industrial applications.
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