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1. Introduction

With the swift progression of engineering and science, a class of hybrid stochastic delayed systems
(HSDSs) has found extensive utilization across diverse fields, such as circuit systems, option price
forecasting, and virus models (see, e.g., [1-3]). In particular, stochastic delayed systems with Markov
switching require simultaneous consideration of continuous states and discrete events (also referred
to as modes). Sudden changes in parameters or structures can lead to stochastic switching, which is
commonly modeled using continuous-time Markov chains to characterize such abrupt variations (see,
e.g., [4-6]). In addition, Wu et al. [7] considered the input-to-state stability and integral input-to-state
stability of stochastic delayed systems with Markovian switching and external inputs by adopting the
multiple Lyapunovlike function and Lyapunov—Krasovskii functional approaches.

Furthermore, the coefficients of certain HSDSs fail to meet the linear growth condition, but exhibit
polynomial growth. Consequently, these systems are termed highly nonlinear HSDSs (HNHSDSs). In
recent years, the stability of HNHSDSs has been extensively studied (see, e.g., [8-10]), along with
research on the relevant control strategies in both continuous and discrete time (see, e.g., [11-13]).
For instance, Dong et al. [11] focused on a class of highly nonlinear stochastic differential delay
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equations driven by Lévy noise and Markovian chain, where the drift and diffusion coefficients satisfy
more general polynomial growth condition. Zhao et al. [12] discussed the existence and boundedness
of unique global solutions for highly nonlinear switched stochastic systems with time delays under
deterministic switching signals. Song et al. [13] investigated an unstable hybrid stochastic differential
equation with time-varying delays whose coeflicients satisfy certain polynomial growth conditions,
and aim to design a time-varying-delay feedback control to stabilize the resulting closed-loop hybrid
stochastic differential equation.

In practical applications, some stochastic systems evolve based on current states, past states, and the
values of state derivatives at past instants. Neutral hybrid stochastic delayed systems (NHSDSs) serve
as prevalent models for these practical systems, including neural networks, population ecology, and
elasticity problems(see, e.g., [14—16]). In recent decades, a substantial body of theoretical research on
NHSDSs has been developed. These studies have motivated numerous scholars to not only investigate
the oscillatory behavior of systems (see, e.g., [16,17]), but also systematically analyze various types of
stability, such as pth moment stability (see, e.g., [18,19]) and almost sure stability (see, e.g., [20-22]).
Furthermore, for neutral highly nonlinear hybrid stochastic delayed systems (NHNHSDSs), stability
under different control strategies has been examined (see, e.g., [23-25]). In [23], the stabilization of
highly nonlinear stochastic delay systems with neutral terms was achieved via the design of a discrete-
time feedback control law. In [24], periodically intermittent feedback control was applied to stabilize
a given unstable highly nonlinear neutral stochastic system with Markovian switching. In [25], the
stabilization was studied for a class of neutral stochastic delay differential equations driven by time-
changed Lévy noise (including large and small jumps) and Markov processes via delayed feedback
control. In [26], the stability analysis of highly nonlinear neutral stochastic delay differential equations
driven by G-Brownian motion was conducted via delayed feedback control.

It is well known that the impulsive effect, due to its capacity to effectively characterize abrupt
dynamic changes, is frequently utilized as a control scheme for control inputs (see, e.g., [15,27,28]).
In particular, reference [15] only considers current-state-dependent impulses and investigates the pth
moment exponential stability. Meanwhile, as the impulsive control theory has continued to evolve,
impulsive systems with time delays have increasingly emerged as a prominent focus for many
scholars. Such systems are described as the mixed impulsive effects which depend on both the current
and historical states. Consequently, both the current state and the state at impulsive instants are
dependent on historical information, thus forming a class of impulsive systems with delay-dependent
characteristics. Lately, numerous methods have been introduced to process delayed impulsive, such as
the Lyapunov method, the Razumikhin technique, and the average impulsive interval approach (see,
e.g., [29-31]). For example, Lu et al. [31] studied the exponential stability of random impulsive
delayed nonlinear systems with multiple randomly delayed impulses by adopting several analytical
tools, including the average random impulsive estimation, average impulsive delay, average delay
time, and Lyapunov-based techniques. Zhang et al. [32] investigated the stability of highly nonlinear
hybrid stochastic delayed systems subject to multiple periodic delayed impulses by constructing
comparison functions and utilizing the average impulsive interval approach.

It is noted that research regarding the stability of NHNHSDSs subject to delayed impulses remains
limited. Inspired by the above discussions, the NHNHSDSs subject to delayed impulses (i.e.,
system (2.1) investigated in this paper incorporates delayed impulses that depend on past states,
thereby generalizing the impulsive system in [15] where impulses only depend on the current state.
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Moreover, we establish the more general /th moment asymptotic stability (/th MAS) and almost sure
asymptotic stability (a.s. AS). The contributions of this paper are as follows:

(i) The system model discussed herein constitutes a further extension of the models derived in the
works [6,12,29]. As far as we know, this is the first effort to integrate high nonlinearity, neutral terms,
stochastic perturbations, Markov switching, and delayed impulses into a unified framework.

(i) For the first time in such systems, we employ the Borel-Cantelli lemma and a proof by
contradiction to establish almost sure convergence, without constructing a comparison system, thus
reducing conservatism.

(7ii) In numerical simulations, by comparing the dynamic behaviors of the Lotka—Volterra model
under no impulse, periodic impulses, and aperiodic impulses, the mechanism by which historical
dependence induced by time delay and neutral terms leads to persistent oscillations is revealed, and it
is verified that both periodic and aperiodic impulses can effectively stabilize the system.

The rest of this paper is organized as follows: Section 2 introduces the model of NHNHSDSs with
delayed impulses and several foundational assumptions; Section 3 proves the stability of NHNHSDSs
with delayed impulses; Section 4 substantiates the validity of the main theorem through two examples;
and Section 5 provides the conclusions of this paper.

Notations: Let R" denote the n-dimensional real space with the Euclidean norm || - ||
N ={0,1,2,...} and R* = [0, +00). For any constant a and b, a V b = max{a, b}. PC([-9,0];R")
means the family of piecewise continuous functions from [-9,0] to R*, and norm
lEl] = sup_g- <o I€(s)| for & € [-9,0]. The complete probability space (Q,.7, {Z )21, P) 1s equipped
with a filtration {.%,}, which satisfies the normal conditions. On this space, an m-dimensional
standard Wiener process B(f) and a right-continuous Markov chain r(¢) are defined, with r(#) being
independent of B(f). S = {1,2,...,s0} is a state space of r(¢), and the generator is given by
IT = (¥ij)soxso» Where y;; > 0 fori # jand y; = — 3 4, vi; for each i € S. For a constant [/ > 2, define
L;ZO([—{?, 0], R") as the set of .%,-measurable random variables &: [-9,0] — R” that are piecewise
continuous and satisfy the condition E||£||' < co.

2. Model description and preliminaries

In this paper, the following NHNHSDSs with delayed impulses are considered:

dlu(t) — A(u(t — 90)), t, r(1)] = f(u(t), u(t — Ke)), t, r())de + o(u(t), u(t — ), t, r(t))dB(t), t # t,
u(te) = L(u(ty), u(t, —9())), k €N,
u(ty +0) = &,0 € [-93,0],r(t)) = rp € S,

(2.1)
where the initial condition (£,7)) € Lf%([—ﬁ, 0];R") x S. A(,-,-) is a neutral item that satisfies
A(0, t,i) =0. The drift coefficient f: R" X R" Xx R* x § — R”" satisfies f(0,0,,7) = 0 for V¢ > 1. The
diffusion coefficient o: R* X R* X R* x § — R™" satisfies 07(0, 0, t,i) = 0 for Vt > t,. In this paper,
we let tp = 0. 9(f): Rt — [0, 4] is a differentiable time-varying delay with dd(¢)/dt < 9 < 1 (where
constant 3 > 0). I, R” x R" x 8 — R” denotes the delayed impulse function. To avoid the occurrence
of Zeno behavior, we assume the impulse times {f;};cn form a strictly increasing sequence with
limy_,. #; = oo and satisfy 0 < 9 < #;, — #;,_; for all k > 1. For simplicity, let ii(f) = u(t) — A(z(¢), t, (1)),
and z(¢¥) = u(t — 9(1)), and z(¢) = u(r — 29(2)).
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We need to impose some assumptions about functions f and o of system (2.1).

Assumption 2.1. ([12]) For any u, z, i1, 7 € R", d > 0, there exists a constant L; > 0 that satisfies the
following:

\fu,z,0,0) = f(a, 2,1, DIV lo(u, 2, 1, 1) — o (, 2,1, D) < Lg (lu —a + [z = 2]), 2.2)

wherei € S, [ul V |a| V |zl V |Z| £ d, and t > 0. Moreover, for (u,z,t,i) € R" X R" X R* X §, there exist
positive constants L and 0;(i = 1, ..., 4) that satisfy the following:

|fCu, z, 8, DI < L(lul + |zl + |ul" +1217),
lo(u, 2, £, DI < L(lul + |z] + [ul® + 2%, (2.3)

where 01 > 1,0, > 1,i =2,3,4.

In system (2.1), the growth of the drift coefficient f and the diffusion coefficient o is characterized
by the exponents o; (i = 1, ...,4). When 0 < g; < 1 (i = 1, ...,4), the growth of the system coeflicients is
slower than linear. Finite-time explosion does not occur, and the system can be handled by linearization
methods. Therefore, this case is not discussed in this paper. The condition o; > 1 ensures that the drift
term contains a genuinely superlinear nonlinearity, which is essential to apply the Khasminskii-type
condition (i.e., Assumption 2.3) to counteract the potential explosive effect of higher-order diffusion
terms. Meanwhile, the conditions p; > 1 (i = 2,3,4) prevent the delayed argument or the diffusion

coeflicients from growing too rapidly, thereby guaranteeing that system (2.1) remains highly nonlinear
while still allowing the establishment of stability criteria via Lyapunov methods.

Assumption 2.2. ([33]) For k € N, there exist positive constants y . and Y, which satisfy

()" < xalu)l + wilulty — 96 (2.4)
and
iug()(k tY) =p<l, (2.5)

where u € (0, 1).

Remark 2.1. y; and ¥, represent the magnitudes of the impulsive effects exerted by the current state
and the past state at t;, respectively. This indicates that the impulsive jumps simultaneously depend on
both the current and historical states, thus making the model more general than traditional impulsive
systems that solely rely on the current state. The condition u < 1 ensures that the overall effect of the
impulsive sequence is stabilizing; however, it is merely sufficient and can be relaxed to a more general
average contraction condition, which will be a focus of our future work.

Remark 2.2. Inequality (2.2) and the polynomial growth condition, as opposed to the linear growth
condition, are satisfied by system (2.1). Therefore, a Khasminskii-type condition is required to ensure
the existence and uniqueness of a global solution for system (2.1) and to prevent its finite time
explosion. The following example compares the two cases o; = 1 (linear growth) and o; > 1 (high
nonlinearity) for i = 1, ..., 4, and illustrates why the condition o; (i = 1, ...,4) in this paper necessitates
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the use of the Khasminskii-type condition to guarantee the system’s stability. Consider the following
one-dimensional stochastic differential equation:

du = (u — ’)dr + u*dB(7),

where the drift term contains —u® (corresponding to 0 = 3 > 1), and the diffusion term is u®

(corresponding to 03 = 2 > 1). This is a highly nonlinear system. If the term —u® is omitted and only
udt + u>dB(t) remains, the solution may explode in finite time. However, the negative higher-order
term —u’ effectively counteracts the superlinear growth of the diffusion term, thus preventing
explosion.

Conversely, when all exponents are reduced to 1, the system degenerates to the following linear
case:

du = (u — u)dt + udB(t) = udB(?),

whose solution is the geometric Brownian motion u(t) = u(0) exp (—%t + B(t)). In this case, no finite-
time explosion occurs, and the mean-square stability only depends on the parameters.

Assumption 2.3. ([23]) For (u,z,t,i) € R" X R" X R* X S, assume that there exist a constant a; € R
and positive constants a,, as, and ay with az > a4 satisfying

1
[ > (5(71 +01+1) V(2001 Vo2 V03V 04)),
h>4(01VorVesVoes)—or—1 (2.6)

and -1
(1, i) f(u, z,1,0) + — oz, D> < ayliif* + aal2* — sl + ay 7 (2.7)

Assumption 2.4. ([22]) For any t > 0, u,it € R", i € S, assume that there exisits a constant 0 < j <
1 A u that satisfies the following:

|ACu, t,0) — A, 1, D] < jlu — al. (2.8)

We define an operator LW associated with (2.1) as follows:

1
LWz, 1,0) =W, 1,0) + W@t 1, 0)f (.21, + > trace |0 (.2, 1, )Wt 1, Dor(u.2,1,0)|

50
+ D Wi 2.1, j), (2.9)
=1
— W — (W W w — ("W
where W, = o Wy = (Z)ul’ FPERREE (')un)’ and W, = (5“i5"1)n><n'

For the convenience of the reader, we cite the Ito formula [8]: with the operator LW defined in
Eq (2.9), the process W(ii(t),t,r(t)) is an Ito process on t > 0 that satisfies the following stochastic
differential:

dW(a(r), t, r(t)) = LW((t), z(1), t, r(1)) dt + dM(1),

where M(t) is a continuous local martingale with M(0) = 0 (the explicit expression of M(t) is not
utilized in this paper and is therefore omitted here).
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Lemma 2.1. (/34]) Let Assumption 2.4 hold; for anyl > 1, (u,t,i) € R"XR* XS, jis the same as that
in Assumption 2.4, and the following inequalities hold:

=A@ < 1+ ) (Il + jl2l')

and
= AR > (1= )™ (lul' = Szl

Theorem 2.1. Let Assumptions 2.1-2.4 hold. For any initial value(&, ry), system (2.1) possesses a
unique global solution (u(t),r(t)). In addition, with this initial value, u(t) exhibits almost surely
continuous sample paths on [ty, t;,1) and

sup Elu()|' < oo (2.10)
te[-9,T]

forall T > 0.

Proof. For any (u,t,i) € R" x R* x S, set W(ii,t,i) = |i(t)!. When 0 < t < t;, system (2.1) with
the initial value (&, ry) reduces to an impulsive-free neutral highly nonlinear hybrid stochastic delayed
system. Following the approach in [13,35], it can be deduced that the solution (u(?), (¢)) of system (2.1)
is unique on the interval [0, ;). Furthermore, (u(¢), r(¢)) exhibits continuous sample paths on 0 < ¢ <
almost surely, and
sup Elu(r)|' < oo.
te[-,t1)

When 1 = 1, u(t;) = I (u(t]), u(t; — 9(t;))). By Assumption 2.2, the following can be obtained:

sup Elu(n)| < .
te[-9.111

For 1 <t < 1,, the solution (u(?), r(t)) continues to exhibit continuous sample paths on [#, #;) almost
surely, and

sup Elu(r)|' < oo.
1€]11,12)

When t = 1, u(ty) = L(u(ty), u(t; — 9(t;))). Then, using Assumption 2.3 again, the following can
be obtained:

sup Elu(r)]' < oo.

t€[1,12]
The proof is completed by iterating this process. For brevity, we omit these detailed derivations. 0O
3. Main results
In this section, with the aid of the stochastic theory and several important inequalities, we first
establish a theorem on the H, stability of the solution about system (2.1). Subsequently, we obtain the

[th MAS for the solution about system (2.1), and finally prove that the solution is a.s. AS.
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Theorem 3.1. Let Assumptions 2.1-2.4 hold and there exist constants ¢, (where k = 1,...,6) that
satisfy the following:

04> fﬁ* f,g’ (3.1)

where
@1 = lay(1= 7+ (1= 2)a(1 + Y,

@y = [lay g+ 2+ (1 =2)pax](1 + ),
@3 = 2a5)(1 + )7,

L -2 i
@4 = las(1 — P! - T“(l + ),
B (l-2) B (h—1+2) B
os = lasy(1— )" + T‘”(l R e L
(h-1+2)x _
0 = mm— DT (it (3.2)

h
Then, for any initial value & € C([-9,0];R"), [ > 2, the solution u(t) of system (2.1) satisfies

f Elu(t)l'dt < oo (3.3)
0
and .
f Eli(t)|'dt < oo. (3.4)
0
Proof. Set a Lyapunov function V(u, z, ¢, i) by the following:
V(u, z.1,i) = @@ + c®(), (3.5)
where t
O(r) = f u(l'dz
1-9(t)
and

¥2 }
¢ > max i —oj, — 1.
{8011_19

By Assumption 2.3 and the generalized It6 formula, we can obtain the following:
2ol <lla(ol-2 [T -1 .
Lla@)| <la()| [u O f(u(®), z(0), 1, r(1)) + Tl(f(u(r),z(t)’t’ )
<t @@ + aala@f2EOF - aslaol + aslaol o).

Applying Young’s inequality, we can derive the following:

[-2
[

2y e [-2
a1z < Tlu(t)lh +

. 2

()l + YIZ(I)II,

h—1+2
n

li@()| )z <

RO
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It follows that

I(h=1+2)ay

ol + -

0. (3.6)

L)' < Hay + (= Dasl i@ + 20 - [la3 - w]

Moreover, consider the time derivative of ®(#), which yields the following:

do .
% = u(@)l' = (1 = @)z

< lu@)l' = (1 =Dzl (3.7)
Using Lemma 2.1, we have the following:
LV(u,2,1,0) < (¢1 + @)l + [z = c(1 = D) + @3l2(D) = palu(OI" + @slzOI" + @elzI", (3.8)
where ¢, (k = 1,...,6) are as given in (3.2). We can further deduce that

sup E|LV(u,z,t,i)| < co.

0<t<o0
By applying It6 formula, it gives the following:
0<EV(u,zt1i)
< V(u(0), z(0), 0, r(0)) + E£[£V(u(§),Z(§),§, r({)d¢ (3.9
for t € [0, #;). By combining (3.8), we can obtain the following:
0<EV(u,zt,i

< V(u(0),2(0),0,(0)) + Efo [@1 @I + @212 + 3N = @aluOI" + @slz(OI" + %IZ({)Ih] dz,

where @, = ¢, +¢ > 0, § = ¢, — c(1 — D) < 0. Notice that

f 1 0 A
Ef Z(O)I'de < = (E f |M(§)|ld§+Ef |M(§)|ld§)
0 1-9 -3 0

t 1 0 t
E f Z2(Q)'d¢ < ~(E f uQl'd +E f |u(§)|ld§).
0 1-9 29 0

Furthermore, an analogous derivation is applied to |z(¢)|" and |Z(¢)|". Then, it can be deduced that

and

Im@x%ﬂSCHﬂJH%MWM—%fEMﬂ%L (3.10)
0 0

where B
- ®2 @3 ®s ("3
a=q + =+ = b =p4— = — =,
PTT ST 1-d “TTTE 1-9

and C| is a constant.
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Recalling (3.9) yields the following:

t t
b f Elu{l"dd < C, + af Elu({)'dZ.
0 0
From (2.10), there exists a positive constant M that satisfies the following:

sup Elu(t)| < M.

t>—15

Then, we use the mathematical induction to demonstrate that the inequality

fo " Blu(0"d¢ < oo

holds for all i € N.
By combining (3.12), we have the following:

!
a f Elu())|'dl < aMt
0
for t € [0, ;). Then, let t — ¢;; by utilizing (3.11), we can obatin the following:
1
b f Elu()|"ds < Cy + aMt,.
0

Thus, .
f Elu()'dZ < o.
0

Now, assume that (3.13) holds for any i < m, i.e.,

fo " Blu()'dZ < oo.

(3.11)

(3.12)

(3.13)

(3.14)

Then, for ¢ € [t,, t,,+1), we will prove that inequality (3.13) holds. At ¢ = ¢,, using Assumption 2.2

and Eqgs (3.12) and (3.14), it follows that

fo "Btz = fo " Elu()"d + f " B¢ < .

m

When ¢ € [t,,, t,,+1), there exist contants C,,;; > 0, kK € N which satisfy the following:

0 <EV(u,zt,i

<Cpi1 +a f Elu(0)|'df - b f Elu(0)|"de,

m tm

where C,,,; > 01is a constant. Thus,

b f Elu(Q)I'd{ < Cps1 +a f Elu()l'dZ.

m tm
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Similar to the discussion above, let t — f,,.1; it can be inferred that

tm+l
bf E|u({)|hd{ < Cm+l + aM(tm+l - tm)-
Im

Therefore,
t;n+l
f Elu()|"d¢ < oo.
Im

Moveover, we can easily obtain the following:

fo " Buords = fo " EBlu()dg + f " Blu@)l'd < .

When i — oo, we have #; —» co. When i is infinite, just let 7;,; — oo, that is, 7, — oo, which yields the
following:

f Elu()|"dt < 00, VYh>13>2.
0

Therefore, we have the following:

f Elu(t)|'dt < co.
0

In addition, it can be shown that

fo Oz sz“( fo Wz + / fo |u<§—ﬁ(4>)|’d§)

0 f
<) [ otac+ 2+ [ worac

holds for any ¢ > 0, which can be further inferred that

f Blia()|'dt < co.

0
This completes the proof. O

Remark 3.1. Generally, we cannot obtain (3.16) from (3.3) and (3.4). To obtain the asymptotic
properties, it is necessary to impose an additional condition, as demonstrated in (3.15).

Theorem 3.1 establishes that the solution u(f) satisfies (3.3). However, this integrability condition
alone does not guarantee that Elu(f)/' — 0 as t — oco. In addition, information on the growth rate of
Elu(t)|' is required. To obtain the /th MAS, we impose a stronger condition on the drift and diffusion
coeflicients.

Theorem 3.2. Let Assumptions 2.1-2.4 hold. For any (u,z,t,i) € R" X R" X R* X 8, there exists a
positive constant K that satisfies the following:

[-1
i’ (1,0)f (u, 2, 1,0) + TIU(M,Z, t, DI < Ko(lal* + |zP). (3.15)
Then, for any initial value & € C([—9,0];R"), system (2.1) can be realized as the Ith MAS (1 > 2) if

tlim Elu(n)|' = 0. (3.16)
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Proof. First, we prove that
lim Elai(r)' = 0. (3.17)
t—00

Suppose (3.17) is false; then, there exists an € > 0, a impulse subsequence {#; }.en such that
te,+1 > 1, + 20, and for any m € N, Elii(t )|' > 3e.
From Theorem 2.1, we have

> [ swotd < [ Buwofa <o,

m=0 km -2 0

which means )
km

lim Elu(0)'d¢ = 0.

m—oo tem -28

Therefore, there must be some m > 0 such that

r E
Elu |ld < -
f,km_m O < e+

holds for m > m.
Noting that, for any m > my and t € [#;, — I, 1,1, we can obtain the following:

Elii(t,)I' - Blal' < (Blitt, ' - Bl )I') + (Bl )l - Bla)l'). (3.18)
From Theorem 2.1, there exists a positive constant M, that satisfies the following:

Elii(tg,)' < My,  BE(#,) < My,

m

Next, using (3.12) and Lemma 2.1, it can be derived as follows:

Elii(ty,,)I' = Elai(t, )" <1 + ) Elulti, ) + jElz(ti,)I) = (1 = p Elus I = Bl )l
<(1+ )" (o, Bluteg )N+ v, Bl )I' + jEla(z;, )

m

— (1= D" Elu I = JElz( )N
<(K; + Ky)My, (3.19)

where K; = (1+ ) "'u—(1 - and K> = (1 + ) '(u+ )+ (1 = ))""'j. Then, take (K, + K»)M; < €,
which implies
Bla(n,, ) - Ela(i )l < e. (3.20)

Using 1t6 formula and Lemma 2.1 leads to the following:

t

lom -1
[bIEla(s;, )" = Bla()| <E f la()|? (aT(of(u(o,z(g),(, HO) + —~lo (@), 20, & r)IF | d¢
<KoE f MBI (P + 2(OP)de
<KoE. f " 20 - DIE@! + 201 | de
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<2'Ko(1+ )"'E f " (W@ + 121 de

I

<Kyl 4 )'E f " Qe

Tom =29

<e. (3.21)
Combining (3.19)—(3.21) into (3.18) results in the following:
Eli(s,)|' - Ela(0)|' < (Ki + K2)M; + €.

Thus we obtain EJii(z)|' > Elit(tkm)ll — (K| + K;)M| — € > €, and then

00 i Tk +1 had _
f Elii(t)|'dt > Z f Eli(t)'dt > Z 2F€ = oo,
0 m=0 m=0

Tk
which contradicts the result in (3.4).
From Lemma 2.1, it is true that

Elu()|' < ;_Elﬁ(t)ll + JElu(r = 90)I".
(1=t

)

Taking both sides as t — oo yields

lim sup Elu(?)|' < 7lim sup Elu(?)[",

t—o0 [—o0
and thus (3.16) holds. O

Remark 3.2. Instead of constructing a comparison system, we prove Theorem 3.1 by contradiction,
thereby utilizing the inherent correlations among system states at different times to establish a
contradiction. Compared to the traditional comparison principle, this approach simplifies the
analytical process and reduces the conservatism of the theoretical criteria.

Remark 3.3. Equivalent to the linear growth condition, condition (3.15) is naturally satisfied by many
stochastic systems with globally Lipschitz coefficients. It should be noted that condition (3.15) is
stronger than condition (2.7), but to simplify the proof process of Theorem 3.2, the derivation from
condition (2.7) to condition (3.15) is omitted. In the next theorem, a.s. AS of the solution is established
without condition (3.15).

Theorem 3.3. Let Assumptions 2.1-2.4 hold. For any initial value & € C([-9,0]; R"), system (2.1) can
be achieved a.s. AS if
limu(t) =0 a.s. (3.22)

t—00

Proof. From Theorems 2.1 and 3.1, when [/ = 2, we have the following:

f ) Elu(0)*d¢ < oo,  lim Elu(r)]* = 0. (3.23)
0 t—o00
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Using It6 formula, it can be derived as

w(t) = u(ty) + | f(d),2(0), £, r(£)dd + f o (u(), 2(£), ¢, r(£)dB(0)

Im Im

for t € [t, tir1), kK = 1,2, ..,m (m € N), which implies

() =AG(0) + it + f FO+ f (OB(Q)

m

D) + (ulty) — Azltn)) + f A + f F(OABQ),

Im

where f({) = f(u(£),2(), £, (D), o)) = o(u(d), 2({), £, r({)) for simplicity.

The inequality (a+b+c+d)* < 4(a*+b*+c*+d?) and mathematical expectation gives the following:
E( sup |u<r>|2) <4E ( sup |A(z(r)>|2) + 4B (|u(tn) — Atn))P)

I <t<tp+1 In<t<tp+1
' 2
f f(OHd¢ ) + 4E[ sup
Im

+ 4E[ sup
I <t<tp+1
Now, by Assumption 2.4, we can obtain the following:

b <t<tmi1

2
) . (3.24)

f o (£)dB({)

Im

E( sup IA(z(t))IZ)SfE( sup |z(t)|2). (3.25)

i <t<tpmi1 I <t<tpy+1

Using Lemma 2.1, we have the following:

E (|u(tw) = AG(EDIP) <(1+ DBlult)* + JBlz(t)I)
<2E|u(t,)I* + 2 jElz(tm)|2. (3.26)

By the Cauchy—Schwarz inequality, let # — ¢,,.1; then, the following is obtained:

2 ’ 2
)SEl sup (f If(f)ldé)l

<E l(tm+1 = In) f "ire )Izd{}

f(dL

tm

E| sup
i <t<tm+1

<(tmar — 1) f " BAOPAL. (3.27)

By the Burkholder—Davis—Gundy inequality and taking ¢ — t,,,;, we can get

4 2 tr:wl
fU(()dB({) ]S4f Elo(Q)Pd¢, (3.28)

Im

E[ sup

I <t<tmi1

where the It0 integral ft ' 0({)dB({) defines a continuous local martingale and zero for ¢ = ¢,,.
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Substituting (3.25)—(3.28) into (3.24) leads to the following:

E( sup Iu(t)lz) < 412]5( sup IZ(t)Iz) + 8Elu(t,)| + 8 JElz(t)

tht<[m+] tht<tm+l
-~

Fam -t [ EFOPA + 16 f " Blo)Pd

Im

< 41215( sup |z(l)|2) + 8Elu(t,) + 8 JBlz(t)

InSI<E,

+4LXT + 4) f " EuP + Bl )P, (3.29)

where

T = sup(tys1 — tw) < co.
meN

In addition, from Theorem 2.1 and the Fubini theorem, there exists a positive constant M, which
satisfies the following:
E( sup Iz(t)lz) <M, Blz(tn)|* < M,.
I <t<tp+1

Moreover, we obatin

f " Elu()Pds

3

tr;l+1
Elz()?d¢ < -
f HOPdL <

1 tt_n+]
~ E 2 ) *
< 1_19(1(3 . fo () dg) (330)

where o
Ks - f BRI,

Therefore, there exist constants K4, Ks > 0 which depend on L, T, 9, and 9, where

E( sup |u(t)|2) < 4,*M, + 8E|u(t,)* + 8 M,
b <t<tpm+1

t;:+1 1 tr_n+l
f Blu(Q)P + —— (K3 + f Elu(oﬁdé]]
tm 1-¢ 0

< KElultn)P + K f " Bu)Pde. (331)

Im

+4LXT +4)

For any € > 0, define the events as follows:
A1 = { sup |u(t)| > s} , meN.
I <t<tpy+1

By Chebyshev’s inequality and (3.31),

1 tm+l
P(Ane) < [K4Elu(tm)|2 + K f Elu(é“)lzd{]- (3.32)
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From (3.23), we can obtain the following:

5;+1
lim Elu(t,)* =0, lim Elu(&)|*d¢ = 0.

Im

Therefore, for any ¢ > 0, there exists N € N; for all m > N, it holds that

Elu(t, )P < 6. f " Blu)Pds < 6.

Choose

82

0= .
(K4 + Ks)(m + 1)2
Then, for m > N, it can be shown as follows:

K6 + Ks6 1
P(Aps1) < = .
(A1) &? (m + 1)?

Thus, we yield the following:

) N )
;)P(ﬂml) < ) P(Aw)+ ) (mi <

m=0 m=N+1

By the Borel-Cantelli lemma, it gives

P(lim sup A,,.41) = 0,

m—oo

that is, for almost all w € Q and all m + 1 > Q;(w), there exists Q(w) € N that satisfies

sup |u(t,w)| < e. (3.33)
tn<t<tpm+1
Now, we consider impulse instants ¢ = t,,,; by (3.33), we know for almost all w € Q, there exists
0;,(w) € N that satisfies
lu(t, w)| < e.

For m sufficiently large enough, it can easily obtain ., > 9, and t,, —9(z,,) > tg, (). Then, it follows
that
lu(t,,

> @) <& |u(r,

m+l

N, ), w)| <&
Using Assumption 2.2, for all m > Q,(w), it is easy to obtain
utsrs O < Y [y s O+ Yl = 9(1,,0)), O < s,
with

Sup(Xm+1 + l//m+1) =M < 1,

meN

that is, for all m > Q,(w), it is true that
1
lu(tps1, W) < p'e.
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Therefore, for almost all w, there exists Q(w) = max {Q;(w), O>(w)}; for all # > 1y, it yields the
following:
1
lu(t,w)l < u’e < e.

Since the positive constant ¢ is arbitrary, and lim,,_,., t,, = o0, it can be derived as follows:
lim u(t, w) = 0. (3.34)
>0

This completes the proof. O

Remark 3.4. Instead of constructing a comparison system, we prove Theorem 3.3 by contradiction,
thereby utilizing the inherent correlations among system states at different times to establish a
contradiction. Compared to the traditional comparison principle, this approach simplifies the
analytical process and reduces the conservatism of theoretical criteria.

Remark 3.5. In [23-25], the stability of NHNHSDSs was discussed, with stability primarily achieved
through controller design. Specifically, Huang et al. [15] investigated the stability of NHNHSDSs
under impulsive effects. However, the impact of delayed impulses on NHNHSDSs warrants further
investigation. Therefore, this paper systematically analyzes the stability of NHNHSDSs subjected to
delayed impulses. To visually demonstrate the differences between this paper and the existing results
in terms of key features, Table I provides a detailed comparison.

Table 1. Comparison table this article with [6,12,15,22,29].

This paper [6] [12] [15] [22] [29]
Neutral term v v v
High nonlinearity v v v
Markovian switching v v v v v
Time-varying delay v v
Delayed impulses v v
Borel-Cantelli lemma v v
Almost sure asymptotic stability v v v v

4. Numerical examples

This section presents two numerical examples with the state space S = {1,2} to demonstrate the
validity and effectiveness of the theoretical results.

Example 4.1. Consider the following NHNHSDSs with a delayed impulse:

dlu(t) — A(u(t — H2)), t,r(1)] = f(u(t), u(t — ), t, r(¢))dt + o(u(t), u(t — 3()), t, r(t))dB(t), t + t,
u(ty) = 0.9u(t,) + 0.05u(t, —9t,)), k €N,

4.1)
-1 1
4 -4
fu,z,t,1) = =3u—2u®> +0.372°, o(u,z,,1)=03wm+z), At 1) =0.1z
flu,z,6,2) = —u—u® +0.22°, ou,z,t,2)=02w+2), Azt,2) =005z

with generator 11 = [ ], 9(r) = % - %cos t,
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Then, it is straightforward to show that j = 0.1, 9 =2, 9 = 0.5 < 1, | = 7. For simplicity, we let
-1
H(t, i) =i (t,i)f(u,z,1,0) + — oz, DI,

It directly follows that

H(t, 1) <-231u* +0.692% — 1.775u* + 0.2457*,
H(1,2) < —0.735u + 0.2657% — 0.9125u4* + 0.15257".

Therefore,
H(t,i) < — 0.735u* + 0.69z* — 0.9125u* + 0.2457",
where a; = —0.735, a; = 0.69, a3z = 0.9125, and a, = 0.245 with az > a4. For n € N, the impulsive
perturbations are given by t;.1 — t, = h, where constant h > 0.

Figure 1 compares the dynamic behaviors of system (4.1) with impulse intervals 7 = 2, 3, 4. Subplot
(a) verifies the /th MAS and a.s. AS. Subplot (b) shows the stochastic switching of Markovian modes,
which is independent of the impulse interval. Subplot (c) confirms that the state at impulse instants
satisfies the contraction condition ¢ < 1 in Assumption 2.2. The results demonstrate that a smaller
impulse interval leads to a faster convergence rate and smaller fluctuations.

2y

1.5

S

i

1 e Y

ERY w\ g
0

N,

»05 1 1
0 1 2 3 4 5 6 7 8
Time ¢
(a)
3 T T T T T
—h=2
——h=3
= [ICTI (T IO e
“ 11 1NN
0 1 1 1 1 1
0 2 4 6 8 10 12
Time ¢
(b)
O =2
O h=3
~1 h=4
50 © o o o o o o o
1 1
0 2 4 6 8 10 12
Time ¢
(c)

Figure 1. (a) State trajectories of system (4.1); (b) switching signals of Markov chains of
system (4.1); (c) state trajectories of system (4.1) at impulsive instants.

Example 4.2. Consider the following stochastic Lotka—Volterra population model with impulsive
effects, which is primarily used to characterize the evolution of biological populations under the
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combined influence of environmental noise and historical population density delay effects:
u() (0.5 — 6> (1) + 0.31%(t — 9(1))) dt + 0.2u*(t — 9())dB(0), i = 1,

u(t) (0.8 — 212(F) + 0.6u3(t — 0@))) dt + 0.3u%(t — 9(1)dB(®), i = 2,
u(ty) = 0.2u(t;) + 0.1u(r; — 9(;)), k €N,

dlu(t) — 0.15u(t — 9(1)] = {

(4.2)

_13 _31] 9(t) = 0.2(1 — cos 1.5¢).

Take | = 10. Following a similar approach as in Example 4.1, we calculate that

with generator 11 =

H(t, i) < 0.86u° + 0.067% — 1.4525u* + 0.84757%,

where a1 = 0.86, a, = 0.06, a3 = 1.4525, and oy = 0.8475 with a3 > aa.

Figure 2 depicts the state trajectories of system (4.2) without impulse control. Affected by time
delay and neutral terms, the current rate of change of the system relies excessively on historical states,
thus leading to the continuous amplification of cumulative deviations, which further induces sustained
oscillations and a failure to approach the equilibrium point, thus exhibiting instability. This instability
arises from the introduced historical dependence, which may cause the current population change rate
to be excessively influenced by past states, thus leading to oscillations.

13 T T T T

0.9 -

0.3 —

0.1 1 1 1 1
0 10 20 30 40 50

Time t

Figure 2. State trajectories of system (4.2) without impulse.

Figure 3 illustrates the dynamic behaviors of system (4.2) under a periodic delayed impulse control.
Subplot (a) shows a rapid convergence to zero with oscillations completely suppressed. Subplot (b)
demonstrates robust mode switching. Subplot (c) shows that the states at impulse instants quickly
decay and satisfy u = 0.3 < 1. Compared with Figure 2, periodic delayed impulses achieve strong
stabilization at low cost, thus highlighting the necessity of policy interventions.

Although theoretical analyses typically assume that a delayed impulsive control has fixed impulse
intervals, it is often difficult to precisely maintain equidistant impulses in practical engineering systems.
Therefore, we consider applying aperiodic delayed impulsive control(ADIC) to system (4.2).
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Time t

(a)

SN I i

0 L L 1 1 1 1 L L
6 7 8 9 10

Time t

(b)

Time ¢

(c)

Figure 3. (a) State trajectories of system (4.2); (b) switching signals of Markov chains of
system (4.2); (c) state trajectories of system (4.2) at impulsive instants.

Figure 4 demonstrates that the ADIC achieves a much faster convergence rate than the periodic
delayed impulsive control. This is mainly attributed to its shorter impulse intervals and more frequent
control actions, which accelerate the decay of system states. In practical engineering, impulse
moments can be flexibly arranged, and shorter intervals in the initial stage can effectively improve the
convergence efficiency. The proposed control scheme possesses superior engineering applicability.

0.09

0.06

0.03

Time ¢

(a)

0 1 2 3 4 5 6 7 8 9 10
Time ¢

(b)

Time t

(c)
Figure 4. (a) State trajectories of system (4.2) under ADIC; (b) switching signals of Markov

chains of system (4.2) under ADIC; (c) state trajectories of system (4.2) under ADIC at
impulsive instants.
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Remark 4.1. In recent decades, most studies on Brownian motion-driven stochastic Lotka—Volterra
population models mainly focused on cases without impulses or time delays (see, e.g., [15, 36, 37]).
Differently, this paper first simultaneously considers system (4.2) subject to time-varying delays,
neutral terms, and delayed impulses. We further investigate its stability under impulse-free, periodic
delayed impulse, and aperiodic delayed impulse cases, which effectively extends the analytical
approaches and applicable scenarios of such models.

5. Conclusions

This paper examined the stability of a class of HHNHSDS with delayed impulses. Unlike previous
models, the derivatives of the states in NHNHSDSs here depended on past states, and the states at
impulsive instants also rely on historical information. Furthermore, by employing the idea of the
comparison principle, the Borel-Cantelli lemma, and stochastic analysis techniques, we derived
sufficient conditions for /th MAS and a.s. AS of the discussed system. This paper adopted a
finite-state, constant-coefficient Markov chain as the basic framework. Future work will further
extend to semi-Markov switching, time-varying, or infinite-state switching, and consider delayed
impulses with multi-order or distributed delays, as well as more complex systems such as those with
an event-triggered impulsive control.
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