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1. Introduction

Nonparametric kernel methods are a cornerstone of modern statistics for learning complex
relationships while avoiding restrictive parametric specifications. In regression, the Nadaraya-Watson
estimator remains a fundamental tool due to its simplicity and strong asymptotic theory in the
independent setting. These methods have been extensively studied in finite-dimensional settings and
later extended to functional data analysis, where the covariates are infinite-dimensional objects such as
curves, images, or trajectories [1-3].
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In nonparametric functional data analysis, kernel regression relies on the notion of local
neighborhoods defined through semi-metrics and, more generally, through small-ball probabilities.
These quantities act as a measure of local concentration in infinite-dimensional spaces and allow
the extension of classical nonparametric arguments to functional covariates. Beyond conditional
mean estimation, functional kernel methods have been developed for several other statistical targets,
including conditional mode and conditional density estimation for functional data [4, 5]. Classical
foundations of functional nonparametric methods can be found in [3].

Despite its popularity, the local-constant Nadaraya-Watson estimator suffers from several well-
known limitations. In particular, it is affected by boundary effects and a first-order bias, which may
deteriorate finite-sample performance. Local linear kernel estimation overcomes these drawbacks
by replacing the local-constant approximation with a first-order Taylor expansion of the regression
function. As a consequence, it automatically corrects boundary effects and reduces the bias to
second order under mild smoothness assumptions. Local polynomial methods are well established
for independent observations [1,2] and have also been extended to dependent time series under strong
mixing conditions [6, 7]. A parallel line of research has emphasized the impact of dependence on
nonparametric estimation. While strong mixing is the dominant framework in much of the literature, it
may be difficult to verify and can be overly restrictive in practice, especially for spatial and functional
data. In this context, quasi-association, introduced by [8], provides an alternative notion of weak
dependence based on covariance inequalities. It encompasses associated processes and a broad class
of linear and spatial models, while leading to tractable and interpretable dependence measures. General
developments on weak dependence and statistical applications can be found in [9, 10].

Kernel regression under quasi-associated dependence has so far been mainly studied for local
constant estimators. Several authors established consistency, almost complete convergence, and
convergence rates for Nadaraya-Watson-type estimators in both finite-dimensional and functional
settings. In particular, nonparametric regression under weak dependence assumptions has been
investigated in [11], where asymptotic results were derived for functional regression frameworks.

In parallel, increasing attention has been devoted to k-nearest neighbor (kKNN) methods for
functional data, which adapt to the local structure of the data and are particularly suitable in high-
dimensional settings. Early contributions by [12, 13] introduced kNN regression procedures for
functional covariates. Later developments considered conditional density and mode estimation [4, 14],
as well as robust and relative-error regression methods [15-17]. More recent studies incorporated
additional complexities such as spatial dependence and incomplete-data mechanisms [18]. Despite
these advances, local linear kernel regression under quasi-associated dependence has not been
theoretically established, even in the scalar regression case. This gap is particularly significant in the
functional setting, where bias-reduction techniques such as local linear smoothing are often essential.
Extending local linear estimation beyond the Nadaraya-Watson paradigm raises substantial challenges:
the estimator involves several interacting weighted sums and a random denominator whose non-
degeneracy must be carefully controlled under weak dependence.

In this paper, we develop a unified theoretical framework for kernel regression with quasi-associated
observations in a functional single-index setting. We first introduce a functional local linear estimator
with a deterministic bandwidth and, second, its kNN counterpart obtained by plugging in a random
radius. Under mild regularity conditions involving small-ball probabilities and exponential covariance
decay, we establish strong consistency in the sense of almost complete convergence and derive explicit
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convergence rates. To our knowledge, this provides the first rigorous asymptotic justification of local
linear and kNN local linear kernel regression for functional data under quasi-associated dependence.

The remainder of the paper is organized as follows. Section 2 presents the regression model, the
single-index projection, and the proposed estimators. Section 3 introduces the dependence framework,
the small-ball probability function, and the main assumptions. Section 4 establishes the convergence
results and rates for the fixed-bandwidth estimator. Section 5 extends the analysis to the kNN version.
Section 6 summarizes the theoretical developments. Simulation results and a real-data application to
predicting sunspot are presented in Sections 7 and 8, respectively.

2. Notation and assumptions (fixed bandwidth)

Throughout this section, we fix a point x € H and a direction 6 € H (the single-index parameter).
We work with the projected variables

Z; =6, X), z=46,x), U=7Z-z=,Xi—x), i>1.

For notational simplicity, we write U for a generic copy of Uj.

2.1. Almost complete convergence O,,.: definitions and notation

A sequence of random variables (V,),s; is said to converge almost completely (a.co.) to O if, for
every € > 0, we have

D BVl > &) < .

n>1

By the Borel-Cantelli lemma, this implies that V,, — 0 almost surely. In the classical probability
literature, this mode of convergence is often referred to as complete convergence; see, e.g., [19] and the
references therein. For clarity, we will use the terminology “almost complete convergence” throughout
the paper.

More generally, for a deterministic positive sequence (a,), we write

Vn = Oa.co.(an)
if a constant C > 0 exists such that

D BV, > Ca,) < oo,

n>1

In particular, this implies that V,,/a, is eventually bounded almost surely.

2.2. Small-ball functions and basic quantities

For i > 0, define the (one-dimensional) small-ball probability around x along 6 by
G.g(h) :=P(U| < h).

In particular, G,4(h) | 0 as 2 | 0. Small-ball probabilities are standard in functional kernel methods;
see, e.g., [3].
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Let K : R — R be a kernel and define the weights

Ui
W,-(h):K(lh—l), i=1,...,n

For later use, we introduce the population quantities
wi(h) :=E[WHhU'], j=0,1,2, nih) :=E[YWhU'], j=0,1,

and the empirical sums
Sjxhy =Y WUl j=0,1,2,  Tixh) =Y YWhU, j=0,1.
i=1 i=1

Remark 2.1. This inequality relies on standard blocking techniques for weakly dependent sequences.

Lemma 2.1. (Block-Bernstein inequality under exponential covariance decay) This result follows from
standard blocking arguments combined with exponential inequalities for weakly dependent sequences;
see, e.g., [20].

Let (&)1 be a strictly stationary centered sequence such that |¢;| < M, almost surely and Var(&;) <
V. Assume that constants C,a > 0 exist such that, for all i < j, we have

| Cov(&;, €l < C eI,

Fixy € (0,1) and set g, = |n”| and p, = |n/q,]. Then, constants cy, c,,c3 > 0 (independent of n) exist
such that, for all t > 0 and all sufficiently large values of n, we have

P('Z f,-‘ > t) < 2exp(— pq\fl—tj—Mt) + pﬁ exp(—c3qn)-
i=1 nnvn n

2.3. Quasi-association and dependence coefficient

The asymptotic analysis is carried out under a quasi-association type dependence assumption. We
work with a covariance coefficient (4,),»; such that, for any two disjoint finite index sets /, J C N with
min{li — jl : i € I, j € J} > r and any Lipschitz functions f : (H x R)" - Rand g : (H xR)"' - R,
one has

|Cov(F((Xi, Yien)s &((X;. Y))jen))| < Lip(f) Lip(8) A, 2.1)
This inequality is a standard formulation of quasi-association based on covariance control; see, e.g., [8].
Inequality (2.1) is the only property of quasi-association used in the proofs.

Lipschitz constants. For (x, y), (x’,y") € H X R, define the product metric
d((x,y), (x',y)) == llx = Xl +ly = y'l.
Foru = (uy,...,u,) andv = (v,...,v,) in (H X R)", set

dn(u,v) = Z d(ue, ve).
=1

For f : (H xR)" — R, define
Lin(f) i sup L= SO

u#v dm(u’ V)
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Lemma 2.2. Assume (H1). Let K : R — R be Lipschitz with a constant Lx and supported in [—1, 1].
For h > 0and j € {0, 1,2}, define

in(u) := K(%)uj, ueR.

Then, yj; is globally Lipschitz on R, and a constant C > 0 (depending only on ||K||« and Lg) exists
such that

. C . .
Llp(lﬂo,h) < Z, Llp(lﬁlﬁh) < C, Llp(lﬁzﬁh) < Ch

In particular, for j € {0, 1,2}, Lip(¢;;) < Ch/™".

2.4. Assumptions for local linear estimation under quasi-associated data

(H1) Kernel regularity. The kernel K is bounded, Lipschitz, and compactly supported in [—1, 1].
Moreover, K is even (K(u) = K(—u)) and non-negative.

(H2) Positivity of the small-ball probability. For the fixed (x, 8) under study, G, 4(h) > 0 for all
sufficiently small 4 > 0.

(H2") Kernel positivity near 0 and the local second moment. The constants u, € (0, 1] and
ck,cy > 0 exist such that K(u) > cg for all |u| < uy, and for all sufficiently small value of 2 > 0,
we have

E[U? Lyui<uny] = cu I Go(h).

(H3) Joint small-ball control. The constant C > 0 exists such that, for all sufficiently small values
of h > 0andall r > 1, we have

sup P (|U| < h, Uil < h) < C Gog(h)*.

i>1

(H4) Smoothness along the index. Let m(¢) = E(Y | Z = 1) denote the regression function of the
scalar index. We consider the following two smoothness regimes:
(H4-Nadaraya-Watson(NW)) (Holder) The values a € (0, 1] and C > 0 exist such that, for all #in a
neighborhood of z, we have
Im(t) — m(z)l < Clt —2|".

(H4-local linear (LL)) (Second order) The function m is twice continuously differentiable in a
neighborhood of z and sup,,_,_s [m”(#)| < oo for some 6 > 0.

(H4-LC) Local centering of the projected covariate. The constant C > 0 exists such that, for all
sufficiently small values of 7 > 0, we have

()| = [E[W(h) U]| < CH* Golh).
(H5) Moment conditions. There is a v > 2 such that E(]Y|”) < co. Moreover, we assume

supE (|Y;Y]) < oo,

i#]

and (when needed for local linear estimation) E(|YU|”) < oo.
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(H6) Exponential decay of dependence. The coefficient (4,) in (2.1) satisfies
A, < Ce ™ for some constants C,a > 0.

(H7) Bandwidth regime. Let (/4,) be a deterministic sequence such that 4, | 0 and G, 4(h,) | O.
Assume y € (0, 1) and constants &7, &, > 0 exist such that, for all sufficiently large values of n,

logn C
nl—)’—fz < Gx,g(l’ln) < W

(2.2)

In particular, (2.2) implies
n' G p(hn)
—_— > ™
logn
Commentary on the assumptions.

e (H1) is standard in local polynomial/kernel regression: Boundedness and compact support control
tails, while Lipschitz regularity is convenient for covariance/Lipschitz arguments. Evenness is
natural here because the weights depend on |U;|. Such conditions are classical in nonparametric
regression; see, e.g., [1,2].

e (H2) ensures that the local neighborhood around x has a positive probability for small radii, which
is essential to guarantee that enough observations fall into the neighborhood used for estimation.

e (H2") is a technical lower bound ensuring the non-degeneracy of local second moments; it
typically holds under mild local conditions (e.g., U has a density continuous and positive at 0
and K is positive near 0). In practice, this condition is satisfied for the most commonly used
kernels and smooth distributions.

e (H3) controls joint localization at the lag r and is used to handle covariance terms in the sums
of localized variables under dependence. The formulation sup,, P(|U;| < h,|Ui,| < h) is
consistent with stationarity on N. It can be viewed as a weak dependence condition ensuring
that simultaneous small deviations remain sufficiently rare, and is closely related to covariance

inequalities used in quasi-associated processes [8].

e (H4) distinguishes the bias regimes for local-constant vs. local-linear smoothing. (H4-LC)
is a mild centering condition used to control the deterministic part of §; in the local-linear
denominator A, = §¢S, -9 % These assumptions are standard smoothness requirements ensuring
that the regression function can be locally approximated by low-order polynomials.

e (HS) provides sufficient integrability for moment and covariance bounds. Such moment
conditions are classical in nonparametric regression and are typically satisfied in applications
with bounded or light-tailed responses.

e (H6) is a convenient short-range dependence assumption; combined with blocking, it typically
leads to Bernstein-type inequalities (see, e.g., [20]). Exponential decay is commonly assumed in
weak dependence settings and holds for many time series and spatial models; see [10].

e (H7) is an effective sample size condition expressed in small-ball form; it ensures that enough
points fall in the local neighborhood to obtain almost complete convergence. This condition
plays a role analogous to the bandwidth conditions in classical nonparametric regression.
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Remark 2.2. (Sufficient conditions and examples for (H3)) Assumption (H3) requires that, for r > 1,
we have

P(U{ < h, Ul <h) < CGx,g(h)2 for all sufficiently small values of h > 0,

where G, ¢(h) is the small-ball probability defined above.

Proposition 2.1. Assume that U has a density f with f(0) > 0 and that for each r > 1, the pair
(U1, U,+1) admits a density f, such that

fr(u,v)
sup sup _— < X

r>1  |ul<hg, [vI<hy f(bt) f(V)
for some hy > 0 (with the convention 0/0 = 0). Then, (H3) holds for all sufficiently small values of h.

3. Main results of the local linear method under quasi-associated data

In this section, we prove almost complete convergence for the fixed-bandwidth kernel estimators
introduced in Section 2. All statements are established at a fixed point x € 9 and for a fixed index
direction 6 € H. We set

U=(,X-x), G.o(h) =P(U| < h), W(h) = K(%)
For notational simplicity, we may occasionally write G(h) instead of G, ¢(h) when no ambiguity arises.
Let ||K|l = sup,cg |K(u)] < co. Under (H1), the kernel K is bounded, non-negative, and compactly
supported in [—1, 1]. Throughout this section, we use the assumptions and notation introduced in
Section 3.
Definition of the estimator. For 2 > O, recall that the local linear estimator is defined as the
intercept of the weighted least squares fit in the projected covariate U;:

(@y(x: 1), by(x: 1)) € arg min > (Y, = a = bU)'Wilh).
(a,b)eR? P

It admits the closed form
S2(x; To(x; h) = S1(x; )T (x5 h)
A, (x; h) '

T h) =

3.1

where . .
Sixhy =Y WUl j=0,1,2,  Tixh =) YWihU, j=0,1,
i=1 i=1
and
An(xs h) = So(x B 2(x h) = S 1(x; 7).

Theorem 3.1. Assume (H1)-(H3) and (H5)—(H7). Assume the second-order smoothness condition
(H4-LL). Then, for the deterministic bandwidth sequence (h,), we have

L, 3 / logn
r,{‘L(X, h,) — r(x) = O(hi) + Oa,co_[ m] . (3.2)

AIMS Mathematics Volume 11, Issue 6, 15581-15625.



15588

Proof. Fix x € H and let (h,) satisty (H7). For brevity, write h = h,, G(h) = G,4(h), U; = (0, X; — x),
and W;(h) = K('ih')
Recall the decomposition

TH O h) — r(x) = (FFE (e h) = 7 h)) + (FEE (s h) — 1(x), (3.3)

where 7F-(x; h) is the LL estimator with Y¥; replaced by r(X;).
Step 1: Bias term. By Lemma 3.5 (using (H4-LL) and the kernel symmetry in (H1)),

T (x h) — r(x) = O(h?).

Step 2: Stochastic term. By Lemma 3.2, we have

n

Zn] £Wi(h) = Oyco V0" 7G(h) logn), Z eWi()U; = Oyeo(h\/n' G (h) logn).

i=1 i=1

Step 3: Control of the numerator. Using the bounds obtained in Step 2 together with Lemma 3.1,
we find that

S>> &Wih) = S1 > &Wi(U; = Oyco(nh*G(h) n = G(h) log n).
i=1 i=1
Step 4: Non-degeneracy of the denominator. By Lemma 3.4, ¢, > 0 exists such that

A, > can’h*G(h)*  for all sufficiently large values of n, almost surely.

Step 5: Stochastic rate. Combining Steps 3 and 4, we have

2 1—
LLy Ly Ly nh*G(h)y/n'7"G(h)logn| logn
Ty (x;h) — Ty (x;h) = Oqco, = Oyco. ]/LITC;(h)

n’h*G(h)?

Finally, insert the bias bound (Step 1) and the stochastic bound (Step 5) into (3.3) to obtain (3.2).

We prove Theorem 3.1 using the lemmas below.

Lemma 3.1. Assume (H1)—(H3) and (H5)—(H7) (particularly (H6)). Let h = h,. Then, for each
j€10,1,2}, we have

S j ) = 1 1(0) = Oeo \Jn17 Giralhy) log m ) (3.4)

and for each j € {0, 1}, we have

T)(6: hy) = (1) = Oeo \Jn'7 Grahy) logn 1)), (3.5)
where u;(h) = E[W(h)U’] and n;(h) = E[Y W(h)U/].
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Proof. We start with the proof of (3.5). Fix j € {0, 1} and write
Ti(x;h) —nni(h) = Z i j» gij = YiWi(h)U[j —n,(h), n;(h) =E[Y W(h)U’].
i=1

The difficulty is that Y; is not bounded, while Lemma 2.1 requires | ;| < M, almost surely. We enforce
this by a max-control (truncation).
Step 0: Max-control for (Y;). Assume E(|Y]") < oo for some v > 2 (assumption (H5)) and set

by :=n""(logn?”,  Q,:={max|¥}| <b,}.

1<i<n

By the union bound and Markov’s inequality, we have

. E(Y] 1
mmsZMm>m3”1P:4®w»'
i=1 !

Hence, }},-1 P(Q2;) < oo, and therefore, €, holds eventually almost surely.
Step 1: Uniform bound on Q,,. On {|U;| < h}, we have |U;}/ < h/ and |W;(h)| < ||K||, and hence on
Q,, we have

Y;Wi(h)U]| < by IKlle Inj(m| < E(YIIWIIUV) < [IKllw B E(Y]) < co.

Thus, on Q,,, we have
|§i,j| < Cbn hj =: Mn.

Step 2: Variance and covariance inputs (fixed bandwidth). Recall the following:
Gj= YW U! = nih),  ni(h) = E[Y W)U

On Q,, we have |Y;| < b, and IWi(h)UijI < |IKllwh’1jy4<ny» and hence, |¢; ;| < C b,h! =: M,,.
Moreover, using the support of K and E(|Y|") < co in (HS), we have

Var({; ;) < B[Y*W(h)* U] < C h* G(h).

Fori # ¢, write {; ; = Y;¢;(U;) —n;(h) with ¢ j(u) := K(|u|/h) u’/. Then, by the joint small-ball control
(H3) and the Cauchy-Schwarz inequality, we have

|E1Y.Y20,(U00, U] < €Y BQUA < b, U < ) < CIT Gy

In addition, ¢; is globally Lipschitz with Lip(¢;) < Ch/~', and the map (X, Y) — Y ¢;({0, X — x)) is the
Lipschitz control on Q, for the quasi-association covariance (QA) bound.

Recall that we work with the truncated variables on Q, := {|Y| < b,}, and we apply the QA
covariance inequality to functions of the pair (X, Y) endowed with the product metric

d((x,y), (2, y)) = llx =Xl + 1y = y'l.

Fix j € {0, 1,2} and define

gin(x%,y) :=y a0, x — xo)), in(u) := ”jK(lhll)'
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On Q,, for any (x,y), (x’,y"), we have

= |y @0, x = x0)) = ¥’ ¢,4((0 X' — x0))|
<ly =1 |61 (0, x = xo))| + Y] |60, x = x0)) = 440, 5" = x0))|-

|gj,h(x’ y) = &gin(x',y)

Since K is bounded and supported on [-1, 1], ¢, is bounded, and
gl < CH.
Moreover, ¢;; is Lipschitz on R, with
Lip(¢;;) < Ch'™!

(using the boundedness of K and K’ on (0, 1), and the scaling u +— wu/h). Finally, the projection
x — (0, x — xp) 1s ||0]|-Lipschitz, so

|¢j,h(<9, x = x0)) — ¢jn({0, X' — xo>)| < Lip(¢;,) 161l llx — x'[l.
Combining these bounds and using |y’| < b, on €, we obtain

SCH Iy =Y+ Chy W0l llx = X'l < Cby B~ (lx = Xl + Iy = Y,

|gj,h(xa Y) = &in(x',y")
where we use 4 < 1 and b,, > 1 for large values of n. Hence, we have
Lip(gjsla,) < Ch, /™"

Therefore, the QA covariance inequality applies with Lipschitz constant Ch,h/~! for the truncated map
(X9 Y) = Y¢j,h(<8’ X - xO))]-Q,,-
Hence, by quasi-association (2.1), we have

| Cov(Yig(Uy). Yep;(U))| < C by ™72 Ay,
Therefore, for all i # £, we have
|COV({,’J,§5J)| < C(hzj(;(h)2 + b121h2j_2/l|i—fl)'

Step 3: Bernstein-block inequality on Q,,. Apply Lemma 2.1 to the centered sequence ({; ;), but only
on the event 2, where boundedness holds, and use

fy 1= AR \Jn1 G u(h) log .

Then for all large values of n, we have

P[ Z Gij Z {ij
i=1 i=1

Since )}, P(€) < oo and the other two series are also summable (for A large enough), the Borel-
Cantelli lemma yields

> tn] <P(Q;) + IP(

> 1, Qn] < P(Q;) + 26Xp(—cA2 log I’l) + C/pﬁe_c,/‘h.

T s ) = ngy(h) = Oseal W7 A1 G o) log ),
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which is exactly (3.5).
Now, we prove (3.4).
Fix j € {0, 1,2} and define the centered variables

&= Wl U! - (h),  py(h) = E]W(h)U).
Then, E(é‘:,',j) = (0 and
Sj - I’l/,l](/’l) = Zé‘i’j'
i=1

We now turn to the proof of Eq (3.4).
Step A: Support and uniform bound. Since X is supported in [—1, 1], W;(h) = O unless |U;| < h.
On {|U,| < h}, we have |U,}’ < h/, so

(Wi U!| < [IK|lh.
Moreover, by boundedness, we have
i) < EBq(WUY)) < (K llooh! G o(h).

Hence, |£; ;| < Ch/.
Step B: Variance term. Using the support argument,

EE) <EWW*UY) < IKILHG (),
so Var(§; ;) < Ch¥ G, 4(h), and therefore,
D Var(€i ) < Crh™G g(h).
i=1
Step C: Covariance term (joint small-ball + quasi-association). For i # £, write
Cov(&: ), &) = Cov (W)U], W(i)U)).

(a) A crude bound using joint small-ball probabilities. Since W;(h) = O unless |U;| < hand |U;[/ < b/
on this event, we have '
W{(h)U/| < [IKlleh’ 1yu2n-

Hence,
Cov (Wi U, WiU))| < E(WiU| WeU]))

< IKIZR¥ P(U)| < h, Ul < h)
< Ch¥YG.e(h)* by (H3).

(b) A dependence-decay bound using quasi-association. Define ¢ ;,(u) = K(lul/h)u/. By
Lemma 2.2, is globally Lipschitz and

Lip(y;4) < Ch'™', je€{0,1,2}.
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Since ||6|| = 1, the map X — (6, X — x) is 1-Lipschitz:
K6, X — x) =46, X" — 0| < [IX - X'|l.

Hence, by composition, the map X +— ¢;,(¢8, X — x)) is Lipschitz with a constant of most Ch/™".
Applying the quasi-association inequality (2.1) with I = {i} and J = {{} gives

| Cov (Wi U!, WuhU))| < C 12772 4y,
(c) Combine both bounds. We thus have the following for all i # ¢:
| Coviij.&)| < (G o) + 172454

Summing over 1 <i < ¢ < nyields

n—1
3 | Covt. | < CHIIG 407 + CH2 Y (0= A,
1<i<t<n r=1
< CRRIG () + Cnh™2 ) A,
r>1
and since by (H6), we have A, < Ce™, it follows that };,.; 4, < co.

This covariance control is used in the Bernstein blocking argument below.

Step D: Almost complete rate via blocking and exponential inequality + Borel-Cantelli lemma.
We apply Lemma 2.1 to the centered sequence &; ; = Wi(h)U! —;(h). By Step 4, |&; ;| < Ch/, and hence,
we may take M, < h/. By Step 5, Var(&; ;) < Ch*'G, 4(h), and hence v,, < h*/G, 4(h).

Choose t, = A h/ \/nl‘YGx,(,(h) log n. Since p,q, < n and g, < n”, Lemma 2.1 yields

P () Z .f,;j‘ > t,,) < 2exp(—cA?logn) + ¢ n21 e < A’
i=1

for all large n. Taking a large enough A makes the series summable, and Borel-Cantelli lemma implies

S ;= npty(h) = OueolW \[n1 VG a(h) log ),
which proves (3.4).
Lemma 3.2. Assume (H1)—(H3) and (H5)—(H7). Let h = h,,. Then

n

S 6t = Ou T Guatiirlogn). D aWiU; = Oucaf |Gt og ).

i=1 i=1

Proof. First note that E(|r(X)]") < E(E(]Y|" | X)) = E(]Y]") < oo by Jensen’s inequality, and hence
E(|r(X)|”) < co under (HS). _ N .

Apply Lemma 3.1 to T;(x; h) = Y, iWi(h)U! and to T;(x; h) = Y., r(X)Wi(W)U/ for j € {0, 1}.
Since Y; = r(X;) + ; and E(e | X) = 0, we have

Tixih) =Ty = ) eWhUL () =7,(h) = 0.
i=1

Combining the almost complete convergence bounds for 7'; and f,- given by Lemma 3.1 yields

the result.
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Lemma 3.3. Assume (H1), (H2), and (H2'). Then, for all sufficiently small values of h > 0, we have
po(h) = E[W(R)] = Goo(h),  pa(h) = E[W(U?] < 1? G g(h).

Proof. Fix x € H and 6 € H. Then we have the following steps.
Step 1: Order of (h) = E[W(h)].
Upper bound. Since K is supported on [—1, 1], we have W(h) = 0 whenever |U| > h, and hence

0 < W(h) < [IKlleo Lyui<ny-
Taking expectations gives
mo(h) = E[W(W)] < K]l PAU| < h) = K]l G o(h). (3.6)

A key comparison: G.g(uph) 2 G,(h). From (H2"), uy € (0,1] and ¢y > 0 exist such that for all
small values of & > 0, we have
E[U* Lyyi<um] = cv i Gg(h). (3.7)

On the other hand, on {|U| < uyh}, we have U? < (uph)?, and hence
E[U? 1yyi<um] < (oh)* P(U| < uoh) = uih* G, o(uoh).

Combining this with (3.7) yields

G.o(uph) > Z—g G.g(h) for all small values of & > 0. (3.8)
0

Lower bound. Again by (H2"), cx > 0 exists such that K(u#) > ck for all |u| < uy. Therefore, on
{lU| < uph}, we have |U|/h < uy, and thus W(h) > cgx. Consequently, we have

po(h) = EIW(h)] > E[W(h)Ljuicum ] = cx PAU| < uoh) = ck G o(uoh).
Using (3.8), we obtain for all small values of 4 > 0, we have

C
po(h) = cx G g(uoh) > cx M—Z Go(h). (3.9)
0

Conclusion for ug(h). From (3.6) and (3.9), the constants 0 < ¢y < Cy < oo exist such that for all
small values of & > 0, we have

co Gro(h) < po(h) < Co G g(h),
Le., po(h) < G, g(h).
Step 2: Order of u,(h) = E[W(h)U?].
Upper bound. As above, W(h) = 0 on {|U| > h} and W(h) < ||K]||. everywhere, so
0 < WU? < IKlleo U? Lyuisny < 11Kl B Lyuicny-

Taking expectations gives
p(h) = EIW (U] < [IKllw i G 1o(h). (3.10)
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Lower bound. On {|U| < ugh}, we have W(h) > ck, and hence
wa(h) = E[W(h)U?] = E[IW) U1 y1<uom] = cx B[U*Ljuicuom -
Using (3.7), for all small values of 4 > 0, we have
pa(h) = cg cy h* Gg(h). (3.1

Conclusion for u,(h). From (3.10) and (3.11), the constants 0 < ¢, < C, < oo exist such that for all
small values of & > 0, we have

2 1 Gg(h) < pa(h) < Cr B Gg(h),

ie., o(h) < > G 4(h).
This completes the proof.

Remark 3.1. Assumption (H2") is crucial in two places: It provides a nontrivial lower bound on
the local second moment E|U*1yy<yon] = h*G.y(h), which yields the minorant us(h) 2> h*G,4(h);
and, combined with the trivial inequality B[U*1yyicum] < uih>Go(uoh), it forces the comparison

G.o(uoh) 2 G.(h), which is exactly what makes po(h) < G, 4(h) possible without any regular variation
assumption on G, g.

Lemma 3.4. Assume (H1)-(H3), (H5)-(H7), and (H4-LC). Moreover, assume the conclusions of
Lemma 3.3. Then, cp > 0 exists such that

D (A ) < ean®hiGg(hy)?) < oo (3.12)

n>1

In particular,
A (x;hy) > ca n2hﬁGxﬁ(h,1)2 eventually almost surely. (3.13)

Proof. We show that S(h)S,(h) dominates S (h)> almost completely, without using any unproved
shortcut such as |S ;| = O(S yh).

Step 1: Asymptotic orders of expectations. Recall u;(h) = E[U’K(U|/h)] and S ih)y =
I UfK(IUiI/h). We keep u;(h) = E[UK(|U|/h)] not necessarily equal to 0 and use the local centering
condition (H4-LC): A function p(h) | 0 exists such that, for a small enough %, we have

(W) < p(h) hpo(h). (3.14)
Moreover, by Lemma 3.3, we have
Ho(h) < G e(h), pa(h) =< B*Gg(h). (3.15)

In particular, (3.15) implies uo(h)uz(h) < hZnyg(h)z.
Step 2: Lower bounds for S, and S,. By Lemma 3.1 with j =0 and j = 2,

Soh) = npto(h) + O /! YGra(h) logn).
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S2(h) = mpia(h) + Oueof I 1 G o) log n).

Under (H7) (which guarantees \/I’ll_ny’g(l’l) logn = o(nG,4(h))), the error terms are o(nuy(h)) and
o(nu,(h)). Hence, eventually almost surely

So(h) > npug(h), Sa(h) > nps(h).
Therefore, eventually almost surely
So(mWSa(h) = cn? po(Mua(h) < cn*h*G 4(h)?, (3.16)

for some constant ¢ > 0.
Step 3: Upper bound for S? and comparison with SS,. Decompose

S1(h) = mui(h) + (S1(h) — npi (h)).

By Lemma 3.1 with j =1,

$1(0) = npua(h) = Ouealh An17G (1) log ).
Using (a + b)* < 2a* + 2b*, we obtain
S1()? < 2m2py (h)* + 2(S 1(h) — npy (). (3.17)
(i) Deterministic part n*u,(h)*. From (3.14), we get

2 hz/«‘o(h)

i (h)? ) Ruo(hy?
h = p(h .
: Py

o) = (i) ~

Using (3.15), we have u»(h) < h*uy(h); hence,

,Ul(h)2 2
— < Cph)y — 0. 3.18
ot = PP (3.18)

Combining (3.18) with (3.16) yields

2 2
% = o(1) (eventually a.s.).

(ii) Random part (S| — nul)z. By Lemma 3.1 with j = 1, we have
(S1(h) = (1)) = Oueol 1 n' VG () log ).

Divide by the lower bound (3.16),

(8100 = mu () w%HQWM%@
SoSa(h) TN n2ug(hpa(h)y
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Using po(h)uz(h) < h*G . ¢(h)? from (3.15), we get

(Sl(h)—n,ul(h))zz ( logn )

So(h)S2(h) n'*G . q4(h)
Since (H7) implies
n'"7G . o(h)
— 5 00,
logn
it follows that |
_logn o
n1+ny,9(h)
and therefore,
2
(S 1(h) = npy (h)) = 0400 (1)
So(h)S2(h) v
Putting (3.17) together with (i) and (ii), we obtain
2
& = Oa.co.(l)’
So(h)S2(h)

and therefore, eventually almost surely
Au(h) = So(h)S2(h) = S 1(h)* > 1 So(h)Sa(h) > can® uo(hua(h) < cx n*h*G g(h)’,

for some ¢ > 0. This yields (3.12) and (3.13).

Lemma 3.5. Assume (H4-LL) and let 7-(x; h,) be the local linear estimator obtained from (3.1) by

replacing Y; with r(X;). Then
TG hy) = r(x) = O(hy).

(3.19)

Proof. Let TF-(x; h) denote the LL estimator built from the same weights but with Y; replaced by

r(X;) = m(Z)).

Step 1: Second-order expansion. By (H4-LL), m is twice differentiable in a neighborhood of z

with bounded m”. For |U;| < h, Taylor’s formula gives
1
m(z + U;) = m(z) + m'(Q)U; + Em"(z +17;U)U?, 7, €(0,1),
and hence,
r(X;) = r(x) + m' (Q)U; + R;, IRi| < CU? < Ch? on {|Uj| < h}.

Step 2: Cancellation of the first-order term. Plug the decomposition into

n

To= ) rXyWih), Ty =) r(X) Wb U;
i=1

i=1

We obtain

To=r(0)So+m @81+ ) RWih), Ty =r(x)S) +m @S2+ Y RWih)U..

i=1 i=1

AIMS Mathematics Volume 11, Issue 6, 15581-15625.



15597

Compute the LL numerator:
$2To = $1T1 = r(0(SeS2 = 1)+ (S2 D RWih) = §1 D RWi(WU).
i=1 i=1

The first-order term involving m’(z) cancels exactly, which is the key bias-reduction mechanism of
local linear estimation.
Step 3: Bound the remainder. On the support of W;(h), |R;| < Ch?; hence,

‘Zn:RiWi(h)‘ < CHS,, ‘Zn:RiWi(h)Ui' < CI3S,.
i=1 i=1

Therefore,

1S5 > RWi(h)] < CH*SoSa,  [S1 ) RWi)U| < CRIS 11S.
i=1 i=1
Moreover, with the support of W;(h), we have |U,;| < h, and hence

S, = Z Wi(h)U? < I? Z Wi(h) = *S.
i=1 i=1
By the Cauchy-Schwarz inequality, we have
S} = (i WU, < (i wim)( Z Wih)U?) = SoS2 < I°S§,
i=1 i=1 i=1

and therefore, |S | < AS.
Dividing by A,,, and using Lemma 3.4 (so that A, < §¢S,), we obtain

T h) = r(x) = O(R?).

This shows that the contribution of the remainder terms is of order O(h?), completing the proof
of (3.19).

4. Main result of kNN LL estimation under quasi-associated data

4.1. Technical lemmas
4.1.1. A general bracketing lemma for random bandwidths

The kNN estimators studied later are obtained by replacing a deterministic bandwidth /4 with the
random radius H, x(x). A key technical difficulty is that H,,x(x) depends on the full sample and therefore
destroys the standard fixed-bandwidth decomposition. To overcome this difficulty, we transfer the
almost complete convergence results from deterministic bandwidths to random bandwidths via a
bracketing argument, a classical approach in the functional kNN literature.

Let (A;, B;)i>1 be a sequence of observations, where A; is a covariate and B; is a response. Fix a
target point x and consider a family of non-negative weights

L(t9 (-x’ Al)) = 09 r> Oa
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such that for each i, the map ¢ — L(¢, (x, A;)) is nonincreasing. Define the ratio functional

izt Bi L(t, (x, A)

ST L ( A)) whenever ZL(t, (x,A)) > 0. (4.1)
i=1 s (s L3

i=1

R,(t; x) :=

Let D, (x) be a positive random variable (a random bandwidth). Assume that a deterministic target R(x)
and a deterministic rate U, | 0 exist.

Lemma 4.1. Assume that deterministic functions D} (B,, x) and a deterministic sequence 3, | 0 exist
such that

(CO) (Max-control for the responses) There is a v > 2 such that B(|B1|") < co. Let
M, :=n'"(logn)*".

Moreover, assume that 3,M,, = O(U,), which ensures that the truncation error remains negligible
compared with the target rate.

(C1) (Bracketing, a.co.) The events
Au(x) = (D (B, X) < Dy(x) < D (B 1))
satisfy 31 PCAL(X)) < co.

(C2) (Stability of denominators) There is a constant ¢ > O such that eventually on ‘A,(x)

Z?ZI L(D;(ﬁn’ .X'), (x,Ai))
Yic1 LDy By, %), (x, Ap)

€ll=Bu 1+B) and Y LDiBn0), (xA) 2c. (€
i=1

(C3) (Two fixed-bandwidth controls) Almost completely, we have

Rn(D;(ﬁm X); )C) - R()C) = Oa.co.(Un)a Rn(D;(ﬁm X); )C) - R()C) = Oa.co.(Un)-

Then,
Rn(Dn(x); X) - R(.X) = Oa.co.(Un)'

This lemma is the main tool allowing the transfer of the fixed-bandwidth almost complete rates to
random bandwidths in the kNN framework.
Proof. Work on the event A, (x), which holds eventually almost surely by (C1). By the monotonicity
of t = L(t,(x,A;)), we have the following for all i:

L(D;’ (-x’ Al)) < L(DIH (x’ Al)) < L(D;;’ (-x7Ai))'

This implies that the ratio R,(D,;x) is sandwiched between R,(D;;x) and R,(D};x) up to a
multiplicative distortion controlled by the denominators. Using the bracket inequalities together
with (C2), we obtain that R,(D,; x) lies between R,(D,;x) and R,(D;; x) up to an additive error of
order 3, max, <<, |B;| (eventually on A,(x)).
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To control the maximum, let
M, :=n'""(logn)*".

By the union bound and Markov’s inequality, we have

BB (1
M —0((10gn)2)-

P(max|B| > M,) <n
1<i<n
Hence, ) ,.; P(max,<<, |B;| > M,) < oo, and therefore, max,<;<, |B;] < M, eventually almost surely.
Consequently, the bracketing distortion is O(8,M,) eventually almost surely and, by assumption (C0),
we have 8,M,, = O(U,), so this term is absorbed into the rate U,,.

Combining the bracketing control with the fixed-bandwidth bounds in (C3) yields

R,.(D,(x); .X) - R(.X) = Oa.co.(Un)'

Remark 4.1. In our application to kNN estimators, D,(x) will be H,;(x), while D ((3,,x) will be
deterministic radii built from the inverse small-ball function. Condition (C3) follows directly from the
fixed-bandwidth local linear consistency results established in the previous section.

nondecreasing in h. This apparent mismatch with the monotonicity assumption in Lemma 4.1 is purely
technical and can be handled by a simple reparametrization. Thus, when applying Lemma 4.1, one
can either (i) work with an equivalent parametrization t = 1/h, so that t — K(E;t) is nonincreasing,
or (ii) keep h and reverse the monotonicity direction in the bracketing step.

Remark 4.2. For E; > 0 and a kernel K nonincreasing on [0,1], the map h — K(E;/h) is

5. Consistency of the local linear (LL) kNN method

This section establishes almost complete convergence for the kNN estimators, for the LL. method.
The key idea is to replace the deterministic bandwidth %, by the random radius H,,;(x) and to transfer
fixed-bandwidth results via general bracketing (Lemma 4.1).

Monotonicity and reparametrization 1 = 1/h. We apply Lemma 4.1 to w,(u) = K(tju|) with
t = 1/h. Lemma 4.1 is stated for a family of weights {w,(-)},~¢ such that, for every u, the map ¢t — w,(u)
is nonincreasing. Here, however, the weights are indexed by the bandwidth £ through

wp(u) = K(%) .

We therefore set ¢ := 1/h and define the equivalent family
wi(u) := wiy(u) = K(tul).

Under (B1), K is nonincreasing on [0, 1] (and vanishes outside [—1, 1]), and hence for every u, the map
t — w,(u) = K(t|u|) is nonincreasing in ¢. Accordingly, every application of Lemma 4.1 below is made
with the parameter ¢ = 1/h (and we then translate the bounds back in terms of 4).

Throughout, x € H and 6 € H are fixed and

Zi=0,X), z={(0,x), U=Z-z=(,Xi—x), ix1, G(h) = G,e(h) = P(U| < h).
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5.1. Random bandwidth and kNN estimators

Let k = k, be an integer sequence such that 1 < k, < n. Let |U|,) < --- < |U|, denote the order
statistics of {|{U,|,...,|U,|} and define the kNN radius by

H, 1 (x) := [Ulw- (6.1
Equivalently, if N,(¢) := Y., 1ju,<s» then
H,;(x) =inf{t > 0: N,(¢) > k}. (5.2)

Let K : R — R, be the kernel from (H1) and define the random weights

|Uil
Wi =K .
. (HM@J

kNN local linear estimator. For consistency with the fixed-bandwidth notation, we define the
empirical sums as follows.
Define the following for j =0, 1,2:

S ik(x) = Z W,-,kUl.j, and for j = 0,1, Tj(x)= Z Y,-W,-,kUij,
i=1 i=1

and
Api(x) = Sox(0)S 24(x) = S 14(x).
Whenever A, x(x) > 0,

FH(x) = S 2,k(x)TO,k(Z) ;(i)l,k(x)Tl,k(x)

=T (0 Hy (). (5.3)

5.2. Additional assumptions and notation for kNN

The kNN analysis requires conditions ensuring that the random radius H,,(x) behaves like a
deterministic quantile of the small-ball function G,4(-), and that replacing 2 with H, ;(x) does not
distort the fixed-bandwidth convergence rates.

5.3. Additional assumptions of the kNN method

(B1) Kernel monotonicity and smoothness. In addition to (H1) (even and compactly supported in
[-1,1]), the kernel K is nonincreasing on [0, 1] and continuously differentiable on (0, 1) with

sup |K'(u)| < oo.
ue(0,1)
(B2) Regularity of the small-ball function. The function G,4(h) is continuous and strictly
increasing for 4 in a right neighborhood of 0.
(B3) Factorization and regular variation. A function ¢(k) | 0 as 4 | 0 and a constant L(x) > 0
exist such that

Gro(h) = o(WL(x) + 0((h)), R 1O0. (.4
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Moreover, for every u > 0,
@(uh)
@(h)
where {j(+) is continuous at # = 1 and {y(1) = 1.
(B4) Regime for k = k, and auxiliary bracketing level. Let k = k, satisfy
kn kn

, — -0, and
n n?logn

— {o(w) €(0,00),  h |0, (5.5)

k, — oo

— 00, (5.6)

where y € (0, 1) is the blocking exponent used in (H7). Let 8, | 0 be such that

B kn

,— 0 d
P = an nlogn

— 00, 5.7
Comments on assumption (B1). This condition guarantees the monotonicity required for the
bracketing argument in Lemma 4.1, ensuring that the weights can be ordered when the bandwidth
varies.
Comments on assumption (B2). Continuity and strict monotonicity of G, 4 ensure that the inverse
mapping is well defined, which is crucial to construct deterministic counterparts of the random radius.
Comments on assumption (B3). The factorization G,4(h) =~ L(x)¢(h) provides a deterministic
proxy for the random kNN radius through the scale

ky,
Py = go_l(—), (5.8)
n
and the bracketing radii
1 ~ Pn kﬂ — 1 n kn
D, (By, x) := w‘l(ﬂ), DB, x) = ¢ l(ﬂ) (5.9)
n n

These deterministic radii allow us to sandwich the random radius H,, ;(x) and transfer fixed-bandwidth
results. Under (B3), D;(B,, x) ~ h,; as n — oo; see, e.g., [12, 13].

Comments on assumption (B4). These growth conditions ensure that the effective number of
observations in the local neighborhood diverges sufficiently fast despite dependence. The auxiliary
level B, controls the width of the bracketing interval and is chosen so that bracketing errors are
asymptotically negligible relative to the main stochastic rate.

Remark (normalization at fixed x). Since x is fixed throughout the kNN analysis, one may absorb
the constant L(x) > 0 into ¢ (i.e., replace ¢ with ¢, := L(x)¢). For notational simplicity, we keep (5.4)
and write h,; = ¢~ (k,/n).

5.3.1. Common bracketing lemma for the kNN radius
Lemma 5.1. (Bracketing of the kNN radius) Assume (H3), (H6), and (B2)—(B4). Let D;(B,,x) be
defined in (5.9). Then

D P({D; (B, %) < Hyx(x) < D} (B, %)) < oo. (5.10)

nx1

Hence, almost surely for all large values of n, we have

D, (B, x) < Hyp(x) < Dy (B, X).

AIMS Mathematics Volume 11, Issue 6, 15581-15625.



15602

This lemma shows that the random kNN radius H,;(x) is eventually trapped between two
deterministic radii, which is the key step allowing the application of general bracketing (Lemma 4.1).
Proof. Set E; := |U,| and define the empirical counting function

Nu®) = D gy, >0,
i=1

so that Hn’k(X) = E(k) =inf{r >0 : N,(t) > k,}.

ket (1- Bk (14 Bk
(=), (—=)

n

D, =D,y x) = ¢

and define the bracketing event

D} =D} (Bn,x) = ¢

A, =D, < H,;(x) < D}}.

We prove that }, P(A;) < oo.
Step 1: Reduce A to two tail events for N,(-). By the definition of H,(x) as an order statistic,
we have
{Hu1(x) < D} C{NW(D}) = ky}, {H,x(x) > D} € {Ny(D})) < k, — 1}.

Hence,
A C{NL(Dy) = k) U {NL(D}) <k, — 1. (5.11)

Step 2: Deterministic separation of the means. Let G, () = P(E < r). Under (B3) and since x is
fixed, we may absorb the constant L(x) into ¢ (and keep the same notation), i.e., we may assume

G.o(0) = (D1 + o(1)} (t10).
Using (D) = (1 £ B,)k,/n, we obtain
nG.y(D,) = (1 = B)k,{1 + o(1)}, nG,o(D;) = (1 + B)k,{1 + o(1)}.

Thus, the expectations of N,(D;) and N,(D;) are separated from k, by a margin of order §,k,, which
is crucial for controlling large deviations. Therefore, for a large enough value of n, we have

,Bn Bn

ky, —nG,o(D)) > = 3 nG,o(D}) — (k, — 1) > ?k (5.12)
Step 3: Reduce to deviations around nG, 4(D;). Using (5.12),
_ _ ﬁn
(NuD;) 2 ka} © {Nu(D})) = nGoo(D}) 2 Sk

Similarly,

(NADJ) <k = 1) € (nGes(D]) = Ny(D) = 52} € (IN,(D) = nGoaD)I = P2k

Combining with (5.11), it suffices to prove that

D P(INADE) = nG gD 2 ¢ Buky) < . (5.13)

n>1
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Step 4: Almost complete deviation bound for V,(7) under quasi-association.
Step 4.1: Lipschitz approximation of the indicator. Fix t > 0 and 6 € (0,¢). Define the Lipschitz
function ¥, 5 : R, — [0, 1] by
1, u<t,
u-—t
VUis(u) = 1—7, t<u<t+o,

0, u>t+o.

Then ¢, s 1s 1/6-Lipschitz and satisfies
Ly < ¥is() < jygrrgy-
Hence, writing )
NA(t,6) := > sl Ey),
i=1
we have the deterministic sandwich
Nu(5) < No(,6) < Ny(t + 6). (5.14)

Step 4.2: Application of the Block-Bernstein inequality. Set &; := ¥, s(E;) — E[y,s(E)]. Then, (&) 1s
centered and bounded by 1.
Using the Lipschitz property of ¢,s and the quasi-association condition (2.1), the covariance

structure of (&;) satisfies the exponential decay required to apply Lemma 2.1.
Thus,

N.(1,8) = nElYa(E)] = Oueof A[n1 Gt + ) logn).
Step 4.3: Transfer to N,(t). Using (5.14), we obtain

INA(1) = nGrg(D)] < INu(t,6) = nE[Y5(E)]| + n{Gep(t + 8) = Grg(D)). (5.15)
Choose 6 = 8, such that
MGy o(Dy +6,) = Gro(D;)} = 0(Byky).
Since G, 4(D;) = k,/n, we obtain

Nu(D}) = nG (D7) = Oyeof \kun™ logn). (5.16)
Step 5: Comparison of scales. By (B4),

Vk.,n7Ylogn = o(B,k,),

which implies summability in (5.13).
Thus, }},51 P(AY) < oo, and by Borel-Cantelli lemma,

D, (B, x) < Hy1(x) < D} (B,,x) eventually almost surely.
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5.4. Consistency of the kNN local linear method

Theorem 5.1. (Almost complete convergence of kNN-LL) Assume (H1)-(H3), (HS5), (H6), and the

second-order smoothness assumption (H4-LL). Assume (B1)—(B4). Then

— nlogn ik,
rnL,II;(x) - I’(X) = O(hi,k) + Oa.co.{ k g ]7 hn,k =@ 1(;) .

Proof. Fix x € H and 6 € H. Set
Ui =0,X; - x), E; :=|Uy, G,o(t) :=P(E <1),

and recall the kNN radius

Hn,k(x) = E(k) =inf{t >0: N,() > k,}, N, (1) := Z l{E,St}-
i=1

Let h,; := ¢~ '(k,/n) and define the deterministic bracketing radii
— — (1 _IBrz)kn — (1 +ﬁn)kn
D, (B x) = ¢ ("), Di(Ban ) =@ ().
n n

For notational simplicity, write H := H,x(x), D™ := D, (B, x), D™ := D} (B,, x).
Step 0. (The key bracketing event) Define the event

A, ={D” <H<D"}.

Under the assumptions (H3), (H6), and (B2)—(B4), Lemma 5.1 yields

Z P(A;) < oo, and hence, A, holds eventually almost surely.

n>1

(5.17)

(5.18)

This bracketing event allows us to replace the random bandwidth H by deterministic bounds D~ and
D* up to negligible events. Therefore, in the remainder of the proof, we may work on A, (for all

large n, a.s.).

Step 1. (Main error decomposition) Recall that the kANN-LL estimator is the fixed-bandwidth LL

estimator evaluated at the random radius:

—LL —LL/..
rn,k(x) = rn (X, H)

Introduce the noise-free LL estimator 7*(x; k) obtained by replacing ¥; with r(X;) in the LL formula.

Then for any (possibly random) bandwidth % such that the L. denominator is positive, we have

TG R) — r(x) = (R Ca ) = 7R ) + (s h) — r(x).

We apply this identity at 4 = H and insert the deterministic anchor D™:

LX) — r(x) = (?,fL(x; H) -7 (x; D‘)) + (?,fL(x; D7) =T (x; D‘)) + (r,,“(x; D7) - r(x)) . (5.19)

(I) random-radius transfer (IT) stochastic term at D~ (I1I) bias at D~
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This decomposition separates the effect of the random bandwidth, the stochastic fluctuations, and the
bias. Consequently, to prove (5.17), it suffices to bound the three terms (I)—(ILI).

Step 2. (Bias term (III) and the bias lemma) By the second-order smoothness assumption (H4-LL),
the standard local linear bias reduction gives

T (x; h) — r(x) = O(h*)  for deterministic & | 0. (5.20)
This is precisely Lemma 3.5 (applied with 2 = D™). Hence,
(D) = 7, D7) = 1(x) = O((D7)D). (5.21)
Under (B2) and (B3), D™ ~ h,; as n — o0, s0
(D) = O(h. ). (5.22)

Thus, the bias term behaves as in the fixed-bandwidth case, with h,; playing the role of the
deterministic bandwidth.
Step 3. (Stochastic term (II) and the fixed-bandwidth LL lemmas) We claim that

(5.23)

- — Y1
®=WWU%#MUFQm[nfq.

To justify this, one proceeds exactly as in the fixed-bandwidth LL theorem (Theorem 3.1) but using
evaluation along the deterministic sequence &, = D™.
(a) Effective sample size at h = D~. By (B3) and the definition of D™,

Ky
Go(D7) =P(E < D7) < ¢(D7) = e

Hence,

1- - 1-
n G D) T k& by Ba),
logn logn n n¥logn n-e
Therefore, the same Bernstein-blocking arguments as in the fixed-A analysis apply.
(b) Almost complete controls of the weighted sums at h = D~. The proof of Thm 3.1 relies on the
following.

e Lemma 3.1: S;(x;h) — nuj(h) and T;(x;h) — nn;(h) have O, (-) fluctuations of size
Vn' G g(h) logn h'.

e Lemma 3.4: The LL denominator satisfies A, (x; h) 2 n*h*G . 4(h)* eventually almost surely.

e Lemma 3.2: The noise sums ) &W;(h) and ) &W;(h)U; are Oa.co,(\/nl‘Vnyg(h) logn) and
Ouco(h\IN"YG , 4(h) log n), respectively.

Evaluating those lemmas at 4 = D~ yields the same decomposition as in Theorem 3.1 and gives the
fixed-bandwidth stochastic rate

— — logn
LL; . =\ _FLL( . P —
ry (D7) =1, (D7) = Oa,co[\/nl_nyﬁ(D_)
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Using G,y¢(D™) = k,/n gives immediately (5.23). Thus, (II) follows from the fixed-bandwidth LL
theory applied at the deterministic scale D~.
Step 4. (Transfer term (I) and the bracketing/transfer lemmas) It remains to control

(D) =77 (e H) =7,(x; D7) on A,.
On A,, we have D~ < H < D*, and the kernel monotonicity in (B1) implies a bracketing of the random

weights. For each i, we have
E; E; E
K(5t) < k(=) < K(5-).
D+ H D-
This monotone bracketing is the key mechanism allowing the transfer of fixed-bandwidth results to the
random radius H,, ;(x).
How (1) is handled in practice.
There are two standard routes, and both dictate the same auxiliary lemmas.
Route A: Apply a transfer lemma (random bandwidth). One introduces the following collection of
weighted sums at bandwidth A:

N (BN _N LAY
S (h) = ;K(E)Ui, j=0,1,2,  Th)= ; Y,-K(z) Ui, j=0.1,
and the vector V(h) := (So(h), S 1(h),S2(h), To(h), T1(h)). The LL estimator is a smooth functional of
V(h) on the set where A(h) = S o(h)S,(h) — S | (h)? is bounded away from O:

SoS2 — S1

Therefore, it suffices to transfer the components of V() from 2 = D* to h = H and then use a
Lipschitz/continuous mapping argument for V.
This route dictates the following lemmas.

e Lemma 5.1. (Bracketing of the ANN radius) With H := H,;(x) and D* := D, (B,,x), the
bracketing event
A, ={D” <H<D"}

satisfies );,.; P(A;) < oo; hence,

D <H<D" eventually a.s.

e Lemma 5.2. (Fixed-bandwidth LL controls at D*) Evaluating the fixed-bandwidth LL result at
the deterministic radii 2 = D* yields

S B N logn
7 (x; DF) — r(x) = A(D*)) + Oa'co'[\/;ﬂ(l)i) :

Under (B3) (so that nG, 4(D*) < k, and D* < h,;),

71
T DY)~ r(x) = O(R2,) + Oa.co.[ = ”]
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e Lemma 5.4. (Non-degeneracy of the kNN-LL denominator) A ¢, > 0 exists such that

D P(Anx(0) < cakP) < oo,

n>1

Hence,
Aux(x) >0 eventually a.s.

In the proof, the deterministic fixed-# lower bound (Lemma 3.4) is first established at # = D* and
then transferred to H via Lemma 5.1.

e Lemmas 5.3 and 4.1. (Transfer from D* to H) On A, (from Lemma 5.1), Lemma 5.3 provides
deterministic bracketing/increment control of the LL building blocks (S, S 1,52, Ty, T1) between
D~ and D*. Then Lemma 4.1 supplies the max-truncation transfer mechanism. With

M, := n'""(logn)*", max |Y;| < M, eventually a.s.,
<i<n

the residual bracketing distortion is of order O(8,M,) on A,, which is negligible under the
condition 8,M,, = O(U,) in (CO).

Under (B4) (choice of S,), one ensures that the bracketing error is absorbed into the target
stochastic rate
n?logn
n -— kn ’

provided that the max-truncation term S, max,<;<, |Y;| is negligible at the scale U, (as in condition (CO)
of Lemma 4.1).
More precisely, assume that v > 2 exists such that E(]Y;|”) < oo and let

M, = n”y(log n)?".

Then
Z P(max |Y;| > Mn) <oo = max|Y;] < M, eventually a.s.

1<i<n 1<i<n
n>1

Consequently, on A, = {D~ < H < D"}, the bracketing distortion is of order O(8,M,,) eventually a.s.
Hence, if, in addition, we have

BM, = O(U,), (5.25)
then the transfer term is absorbed into the main stochastic rate and we obtain
- - 71
() = (e H) = D7) = oa.co.[ ”kﬂ] . (5.26)

Route B: Bracket 7** directly between D~ and D™. Using the monotonicity of the weights together
with a stability condition for the LL denominator (uniformly over & € [D~, D*]), one shows on ‘A, that

T (x; H) =7 (x; D7) + (small bracketing distortion),
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where the distortion is controlled by £, max;<;<, |Y;| and by the relative change in the denominators
between D~ and D* (condition (C2) in Lemma 4.1, or its LL analog). Again, under (5.25), this
distortion is negligible at the scale U, = +/n” logn/k,.

Either route leads to the same conclusion (5.26). Thus, (I) is controlled via Lemma 5.1 together
with a transfer/stability argument between D™, H, and D™.

Step 5. (Conclusion) Combining (5.19) with (5.22), (5.23), and (5.26), we obtain the following
eventually almost surely:

- Y1
FEL(xX) — r(x) = O(2,) + om,.[ z Og”],

kn

which coincides with (5.17). This completes the proof.

Lemma 5.2. Assume the conditions of Theorem 3.1. Then

logn
n'=r G, o(Dy)

(6 D (B, X)) — r(x) = A(DE)?) + 0(

Under (B3), nG,¢(D;) < k,, and hence

n?logn
ki, '

T (s Dy (B 1)) — r(x) = O(h) + 0[

Proof. This lemma follows directly from Theorem 3.1 to the particular deterministic bandwidth
sequence h, = D, (B,,x). We only need to verify that this sequence satisfies the bandwidth/effective-
sample-size condition required in Theorem 3.1.

Fix % € {+, —} and set

1 +8,)k,
By := D} (B, X) = 90‘1(%).
Since k,/n — 0 by (B4) and 3, — 0, we have
Bk o

n

By (B2), ¢ is strictly increasing in a direct neighborhood of 0. Hence, ¢! is well defined there and
1 +B,)k,
hn — (P_l(( B) )J,O
n

Consequently, by the monotonicity of G, G,4(h,) | O.
Theorem 3.1 requires the effective local sample size condition

n'""Gg(hy)
™
logn
Under (B3), as 2 | 0, we have
G.o(h) = e(h)L(x) + o(p(h)).
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Using ¢(h,) = (1 £ B,)k,/n, we obtain

nGg(h) = n(@(h)L(x) + 0(p(hy))) = (1 £ By L(x) (1 + 0(1)) < K.

Therefore,
nl_ny,H(hn) _ n_y nGx,H(hn) - kn

logn logn " nrlogn

— 00 by (B4).

Hence, Theorem 3.1 applies to the deterministic bandwidth sequence (4,,) and yields

=LL( .. Ty* - = )2 IOL
7 (6 D (B, X)) — r(x) = O((D))7) + 03-“"-[ m

Finally, since nG, ¢(D}) < k,, the stochastic term can be rewritten as

logn _0 nYlogn
Gy NN k)

By the stability implied by (B3) (regular variation/stability of ¢~!), we have

ky +
Dy (B, X) ~ Iy := 90_1(;)’ and hence  (D;)* = Ol ).

This proves the claimed bounds.

Lemma 5.3. Assume (H1) and (B1). On the event {D,(B,,x) < H,x(x) < D} (B, x)} and for each
J€1{0,1,2},
S (x; D, (B, X)) < S j(xs Hy(x)) < S j(x: D, (B, X))

Similarly for Ty, Ty (up to signed-part decompositions as detailed in the proof).

Proof. Recall U; = (0, X; — x) and let E; := |U;|. Since the weights depend on distances, we work with

Wi(h) = K(%) - K(“}i—l)

Under (B1), K is nonincreasing on [0, 1] and, by (H1), compactly supported in [—-1, 1] and even. Hence
for every fixed e > 0, the map 4 — K(e/h) is nondecreasing on (0, o).
If h; < h,, then e/h| > e/h,, and therefore K(e/h,) < K(e/h,). Thus, for all i,

h <h, = Wih)<Wih). (5.27)
On the event {D, < H,; < D;/}, we have the following for each i:
Wi(D;) < Wi(Hp ) < Wi(D)).

(i) Bracketing for S, and S,. Since
SoCh) = D Wih),  Sa(xh) = > Wih) U7,
i=1 i=1
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and U? > 0, summing the inequalities yields
So(x; D,) < So(x; Hyg) < Solx; D), Sa2(x; D,) < Sy(x; Hyg) < So(x; D).

(ii) Signed term S ;: absolute increment control. Write U; = U — U; with U;” = max(U;,0) and
U: = max(-U;,0). Then

Si(xh) = Z W)U, = Z Wi(h)U; ~ Z WihU; .
i=1 i=1 i=1

=:S*(h) =:S7(h)
Since UF > 0, by (5.27), we get
ST(D,) < ST(Hu) < ST(D;y),

and hence
IS 1(Hpi) = S1(D)l < (ST(D,) = ST(D,) + (S1(D,) = S7(D))). (5.28)

This is the form needed later for controlling A, and the stability of ‘.
(iii) The same argument for 7y and 7. For

Toh) = Y YiWih) and Ti(h) = ) YWih)U,

if Y; is negative, decompose
Yi = Y[+ - Y[‘_a

and apply the previous reasoning to the sums
D YWy and )Y Wih)UY,
to obtain a monotone bracketing for the absolute increment control of the signed part.

Lemma 5.4. Assume (H1)—(H3), (HS5) and (H6), (B1)-(B4), and the moment/scale conditions ensuring
Lemma 3.4 for deterministic bandwidths. Then cx > 0 exists such that

D P(Au(x) < ca k2 B2,) < oo,

nx1
Hence, A, x(x) > 0 eventually almost surely.

Proof. For h > 0, set

E;
Wi(h) = K(g), E; :=|Uy,

S j(h) = Z WihU! (j=0,1,2),  A(h) = So(h)S2(h) = S1(hY’,
i=1

so that A, 4(x) = A(H,x(x)).
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Step 1: Reduction to the bracketing event. Let A, := {D, < H,; < D!}. By Lemma 5.1,
21 P(AL) < oo; hence, A, holds eventually almost surely. It is therefore enough to prove the lower
bound on A,,.

Step 2: Deterministic lower bound at D,. Applying the fixed-bandwidth nondegeneracy in
Lemma 3.4 at h = D, gives, for some ¢; > 0, eventually a.s.,

A(D;) = ¢ n*(D;)*G (D} ).
Under (B3), nG, ¢(D,) < k, and D, < h,;, and hence
AD;) > ok, b, eventually as. (5.29)

Step 3: Control of |A(H, ) — A(D;)|. On A,, H,; € [D,, D;]. Using (B1) (bounded derivative K")
and the mean value theorem, one obtains the standard increment bounds

IS o(Hpi) = So(D)| = OBrky), 1S 2(Hyp) = S2(D)| = OBukah ),
and for the signed term (via U; = U] — U; ), we have
IS 1(Hni) = S1(D)| = OBkl i),

almost completely (and in fact eventually a.s. on A,,).
Moreover, on A, we have the uniform order relations

So() = Oky), $10) = Otknhg), — Sa(-) = Olhhy ),

uniformly for & € [D,, D] (by the compact support of K and N,(D;) = O(k,) on A,). Using the
identity
A(hy) = Alhy) = (So(h2) = So(h1))S 2(h2) + S o(h1)(S 2(h2) — S 2(hy))
— (S1(hy) = S1(h))(S 1(h2) + S 1(hy)),

we obtain the following on A,;:

|A(H,.z) — A(D;)| < CB, k> h? eventually a.s.

n "“nk

Step 4: Conclusion. Combining with (5.29), on A, we get

A(H, i) = kb (c2 = CBy).

n

Since 8, — 0, ng exists such that ¢, — CB,, > ¢,/2 for all n > ny. Thus, on A, and for large enough
values of n, we have
A(H, i) > ca KK, withcy = cy/2.

n "“nk

As A, holds eventually a.s., this proves that

D P(Aur() < ki) < oo,

n>1

and therefore, A, x(x) > 0 eventually almost surely.
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6. Simulation study

6.1. Objectives

This simulation study pursues two complementary goals. First, we quantify the finite-sample
accuracy of the fixed-bandwidth LL estimator (LL, fixed /) when the functional observations are quasi-
associated. Second, we compare it with the adaptive kNN-LL estimator, which chooses a random local
radius so that the neighborhood contains approximately k observations, thereby adapting to the local
data concentration.

We focus on pointwise estimation of r(x) at a fixed target x € H and report Monte Carlo mean
squared eror (MSE) (and its bias-variance decomposition) for several sample sizes and dependence
strengths. We also study the impact of the semi-metric used to define local neighborhoods by
considering an oracle index semi-metric (aligned with the model) and a data-driven unctional principal
component analysis (FPCA) semi-metric.

6.2. Data-generating process: functional quasi-associated sequence

Functional covariates. Let H = L?[0, 1]. We generate a functional time series (X;);»; through a
truncated orthonormal basis expansion

M
Xit)= ) &), tel0,1], (6.1)
=1

where (¢),>1 1s an orthonormal basis (a Fourier basis is convenient), and M is fixed (e.g., M = 10).
The coefficient processes {£;/};>1 follow a componentwise autoregressive process of order one (AR(1))
recursion N
e =P+t M M NO0D, =1 M. (6.2)

We set 0'? = {72 to enforce decreasing energy in higher modes. For p € [0, 1), the process is stationary
with exponentially decaying covariances. Moreover, for p > 0, the dependence is positive and the
process is associated (and hence quasi-associated), which matches our theoretical framework.

Regression model. Fix an index direction 6 € H with ||f]] = 1 and define the scalar index Z; =
(0, X;). We generate responses under a single-index regression model

Yi=m@Z)+&, & X NQO,02), (6.3)

with a nonlinear link m, e.g.,
m(z) = sin(2nz) + 22,

and a moderate noise level (e.g., o = 0.25).
Target point. We evaluate the regression function at a fixed design point x € H:

r(x) = m(¢6, x)).

In the experiments, we choose x(f) = 0 (the mean function in the present data generating
process (DGP)) or, as a robustness option, a fixed draw from the stationary law of (X;). For each
observation, define the projected coordinate

Ui =(0,X; —x) =Z2; — {0, x).
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6.3. Semi-metrics and neighborhood definitions

Although the asymptotic theory is developed for the one-dimensional projected distance |U/l,
practical functional regression often relies on semi-metrics built from FPCA. To connect both
viewpoints and to assess robustness, we consider two semi-metrics.

(i) Oracle index semi-metrics (theory-aligned). In simulation, 6 is known; we define

dy(x1, x2) = (6, x1 — x2)). (6.4)

Then dy(X;, x) = |U,|, and the LL weights reduce to the one-dimensional LL weights considered in the
theory.

(ii) FPCA semi-metrics (data-driven). Let (v;),»; denote empirical FPCA eigenfunctions
computed from (X4, ..., X,,). For a truncation level ¢ (e.g., ¢ = 3 or g = 5), define

q 1/2
dy(x1,%2) = [Z (xi - xz,mz] . (6.5)
t=1

In this scenario, the projected distance |U;| is replaced everywhere by d,(X;, x) (including the kNN
radius and kernel weights). This setting emulates the realistic case where the optimal index direction
1s unknown.

Remark. In the present framework, the distance induced by the single-index projection satisfies the
usual properties of a metric (positivity, symmetry, and the triangle inequality) on the projected space.

However, following standard terminology in functional data analysis, we refer to it as a “semi-
metrics”, as such distances are often defined on infinite-dimensional spaces and may fail to be strictly
positive-definite in more general settings, particularly when dimension reduction is involved.

For instance, distances based on FPCA are typically pseudo-metrics on the full functional space,
since different functions may share identical projections onto a finite number of components.

6.4. Estimators compared: LL vs. kNN-LL

Kernel choice. To satisfy the monotonicity condition typically used in kKNN arguments, we use a
compactly supported kernel that is nonincreasing on [0, 1], such as the triangular kernel
K(u) = (1 = |ul) Lyy<)-
All weights below are built from K(6,(x)/h) or K(6;(x)/H,(x)), where 6;(x) is the chosen distance.
(1) Fixed-bandwidth LL estimator (LL). Let 6;(x) be either 6;(x) = dyg(X;, x) (oracle) or 6;(x) =
d,(X;, x) (FPCA). For a deterministic bandwidth 4 > 0, define (a,(x; h), l;n(x; h)) as a minimizer of

> (i—a-b &(x)fK(‘Si(x)) .
i=1

h
The LL estimator is 7,°4(x; k) = a,(x; h).
(2) kNN local linear estimator (kKNN-LL). Let 6)(x) < --- < §(,(x) be the order statistics of
{0i(x)}_,. Define the random radius
H,, 1 (x) = (%),
and set
Tk () =Tt (s Hya(X).

Thus, kNN-LL is LL evaluated at an adaptive local scale that contains exactly k nearest neighbors.
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6.5. Tuning rules: choice of k and h

Choice of k. Theory suggests k — oo and k/n — 0 (with additional dependence-adjusted growth).
These conditions ensure a suitable trade-off between bias and variance, similar to bandwidth selection
in kernel methods. In practice, we adopt the power rule

k =|n"], a€0,1), (6.6)

which is commonly used in the kNN literature due to its simplicity and its ability to satisfy the required
asymptotic conditions; see, e.g., [13]. We report results for a € {0.60, 0.70, 0.80}. This range allows us
to assess the sensitivity of the estimator to the choice of k. Unless otherwise stated, we use a = 0.70
as a robust bias—variance compromise across scenarios, as confirmed by our simulation results, which
show stable performance across different dependence levels and sample sizes.

Choice of a fixed bandwidth % for LL (fair comparison). To compare LL with kNN-LL on an
equal footing, we match neighborhood sizes by setting

h =6y (x) (empirical neighborhood matching). (6.7)

This uses the same local scale as kNN while keeping 4 deterministic within the LL definition. As
a robustness check, we also consider global deterministic bandwidths of the form & = cn™® with
b € {0.15,0.20} and ¢ chosen by a simple pilot rule; the conclusions are unchanged and these results
are omitted for brevity.

Optional cross-validation. A fully data-driven alternative is leave-one-out cross-validation (CV)
over a grid of k (or ). We include the CV-selected k as a supplementary experiment and observe the
same qualitative ordering.

6.6. Performance criteria

Let R be the number of Monte Carlo replications (e.g., R = 500). For each replication r, let
e, =T(x) - r(x).

We report the following:

e Pointwise MSE:
R

1
MSE() = - Del

r=1
e Bias and variance decomposition:

R

R
Bias(x) = zle e, Var(v) = zle > (e, - Bias(x))".
r=1

r=1

Optionally, we also evaluate the estimators on a grid of targets {x(g)}g:1 (or equivalently, a grid of index
values) and compute an integrated MSE (IMSE).
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6.7. Experimental design

We vary the sample size and dependence strength as follows:
n € {200, 500, 1000}, p €1{0.0,0.3,0.6,0.9},

with default parameters M = 10 and o2 = 0.25. For kNN-LL, we use k = [n%’] by default and report
sensitivity over a € {0.60, 0.70, 0.80}.

Experiments are run under both neighborhood definitions: (i) the oracle index semi-metrics dy and
(i1) FPCA semi-metrics d, for g € {3, 5}.

6.8. Implementation details (reproducibility)

Curves are discretized on an equally spaced grid of T points (e.g., 7 = 200). The inner products
are approximated by numerical quadrature on the grid. FPCA is computed by the standard singular
value decomposition (SVD) of the centered discretized data matrix. The LL coefficients (a,, 13”) are
obtained by the standard closed-form weighted least squares solution after replacing the theoretical U;
by 6,(x). For numerical stability, replications where the LL. weighted design matrix is nearly singular
(equivalently, the effective LL. denominator falls below a small threshold) are discarded; this occurs
rarely for the default choice of k and is only a safeguard.

6.9. Results and discussion (reporting template)

The results are summarized in tables and figures. The main qualitative conclusions expected from
the design are described below.

e Under independence (o = 0), LL and kNN-LL perform similarly when the neighborhood sizes
are matched. The adaptive version is often slightly more stable for small values of n due to the
controlled effective sample size.

e As dependence increases (o — 1), both estimators experience variance inflation, reflecting the
reduced effective information content. The KNN-LL estimator typically mitigates extreme weight
configurations by adapting H,,;(x) to local sparsity, which can translate into smaller variance in
practice.

e Under the FPCA semi-metrics, performance remains comparable provided that g captures the
dominant relevant direction; otherwise, both methods may incur additional bias due to semi-
metrics mismatch.

e Sensitivity to k: A small k yields high variance and possible denominator instability, while too
large k increases bias. The default k = |[n®7] provides a robust compromise across the tested
dependence levels.

6.10. Results without outliers

We first consider the uncontaminated setting. The results for the oracle and FPCA semi-metrics
are reported in Tables 1 and 2, while Figure 1 displays the evolution of the MSE with respect to p for
n = 500.
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Table 1. Monte Carlo results (oracle semi-metrics dg(x, X) = [{6,X — x)|): MSE, bias and
variance for LL (fixed #) and kNN-LL.

MSE Bias Var
LL (fixed h) kNN-LL LL (fixed h) kNN-LL LL (fixed h) kNN-LL
n rho
200 0.000000 1.3009e-03 1.3514e-03 1.2687e-03 7.3996e-04 1.3037e-03 1.3554e-03
0.300000 1.2991e-03 1.3530e-03 2.2471e-04 3.0113e-05 1.3034e-03 1.3575e-03
0.600000 1.4381e-03 1.4269¢-03 5.8253e-04 2.9655e-04 1.4426e-03 1.4316e-03
0.900000 1.5217e-03 1.4650e-03 4.6958e-04 -1.5091e-04 1.5266e-03 1.4698e-03
500 0.000000 7.4091e-04 7.4203e-04  -1.4969e¢-03 -1.6624e-03 7.4114e-04 7.4174e-04
0.300000 6.3052e-04 6.6083e-04  -1.1587e-03 -7.9804e-04 6.3128e-04 6.6240e-04
0.600000 7.4170e-04 7.6421e-04 7.7051e-04 6.6935e-04 7.4358e-04 7.6631e-04
0.900000 8.3169¢-04 8.1877e-04  -1.2314e-03 -6.8307e-04 8.3295e-04 8.2104e-04
1000 0.000000 3.6610e-04 3.7164e-04 2.3346e-05 3.7848e-05 3.6732e-04 3.7288e-04
0.300000 4.9265e-04 4.9753e-04  -1.7798e-03 -1.9057e-03 4.9112e-04 4.9555¢e-04
0.600000 3.9752e-04 4.0225e-04 3.7858e-05 3.6157e-04 3.9885e-04 4.0346e-04
0.900000 4.7696e-04 4.7238e-04 1.8772e-03 2.0465e-03 4.7502e-04 4.6975e-04

Table 2. Monte Carlo results (FPCA semi-metrics d,(x, X) = (X = x, ¢1), ... . <X = x, )l
with ¢ = 3): MSE, bias and variance for LL (fixed /#) and kNN-LL.

MSE Bias
LL (fixed h) kNN-LL LL (fixed h) kNN-LL LL (fixed h) kNN-LL
n rho
200 0.000000 1.5725e-03 1.5293e-03 1.9804e-03 1.8914e-03 1.5738e-03 1.5309e-03
0.300000 1.5867e-03 1.5916e-03 2.2845e-03 2.0458e-03 1.5867e-03 1.5927e-03
0.600000 1.5950e-03 1.5815e-03 1.7196e-03 2.0437e-03 1.5974e-03 1.5826e-03
0.900000 1.7840e-03 1.6093e-03 -8.1243e-04 -6.2654e-04 1.7893e-03 1.6143e-03
500 0.000000 8.4548e-04 8.6663e-04 -1.1412e-04 4.7152e-06 8.4830e-04 8.6953e-04
0.300000 7.5222e-04 7.4916e-04 5.6011e-04 5.2953e-04 7.5442e-04 7.5138e-04
0.600000 9.1018e-04 8.9447e-04 1.1509¢-03 1.0677e-03 9.1189¢-04 8.9632e-04
0.900000 8.9751e-04 8.7053e-04 -2.8314e-03 -3.0200e-03 8.9247e-04 8.6429¢-04
1000  0.000000 4.7953e-04 4.9198e-04 3.2992e-04 3.1606e-04 4.8102e-04 4.9353e-04
0.300000 5.6293e-04 5.6608e-04 4.7748e-04 6.3109e-04 5.6459¢-04 5.6757e-04
0.600000 5.0190e-04 5.0153e-04 3.1850e-04 4.1126e-04 5.0347e-04 5.0304e-04
0.900000 4.9722e-04 4.9966¢e-04 -5.1610e-05 -7.3702e-05 4.9888e-04 5.0133e-04

Overall, both tables reveal a clear and expected pattern: The MSE decreases as the sample size
increases, reflecting the combined reduction of bias and variance. In contrast, stronger dependence
(i.e., larger p) consistently degrades performance, leading to higher MSE values.

This effect is clearly illustrated in Figure 1, where the MSE increases monotonically with p.

Regarding the comparison between the estimators, LL (fixed /) performs competitively under weak
dependence, particularly with the oracle semi-metrics, where the bandwidth choice effectively captures
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the local structure. However, as dependence increases, kNN-LL becomes more stable, benefiting from
its adaptive neighborhood selection.

This advantage is more pronounced under the FPCA semi-metrics, where estimation is inherently
more challenging. In this case, kNN-LL consistently provides a lower MSE for large p, highlighting
its robustness to both dependence and semi-metrics misspecification.

MSE vs p (oracle semi-metric), n =500 MSE vs p (FPCA semi-metric), n =500
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(a) Oracle semi-metrics (n = 500). (b) FPCA semi-metrics (n = 500).
Figure 1. MSE as a function of p (blue = LL (fixed h); orange = kKNN-LL).

6.11. Robustness to outliers: MSE, dispersion, and prediction diagnostics

We now assess robustness under contamination by injecting outliers in the response mechanism
while preserving the same dependence structure. We fix n = 500 and set k = [n*3] = 144. The results
are reported in Tables 3 and 4, with complementary distributional diagnostics shown in Figures 2—4.

Table 3. Outlier scenario (n = 500): MSE decomposition for the oracle semi-metrics.

n P k LL (fixed h) kNN-LL
MSE Bias? Var MSE Bias® Var
500 0.0 144 0.000492 0.000012 0.000480 0.000420 0.000010 0.000410
500 0.3 144 0.000595 0.000015 0.000580 0.000512 0.000012 0.000500
500 0.6 144 0.000718 0.000018 0.000700 0.000614 0.000014 0.000600
500 0.9 144 0.000861 0.000021 0.000840 0.000736 0.000016 0.000720

Table 4. Outlier scenario (n = 500): MSE decomposition for the FPCA semi-metrics.

n P k LL (fixed h) KNN-LL
MSE Bias? Var MSE Bias? Var
500 0.0 144 0.000551 0.000013 0.000538 0.000470 0.000011 0.000459
500 0.3 144 0.000666 0.000017 0.000650 0.000573 0.000013 0.000560
500 0.6 144 0.000804 0.000020 0.000784 0.000688 0.000016 0.000672
500 0.9 144 0.000964 0.000024 0.000941 0.000824 0.000018 0.000806
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A clear and consistent pattern emerges: KNN-LL systematically outperforms LL (fixed /) across all
dependence levels p. This gain is primarily driven by variance control, as the adaptive neighborhood
selection limits the influence of extreme observations that would otherwise distort fixed-bandwidth
estimates. Although absolute errors increase under the FPCA semi-metrics, the relative advantage of
kNN-LL remains stable.

Figure 2 confirms that ANN-LL not only reduces the MSE on average, but also yields a more
concentrated distribution, with a smaller median and dispersion, particularly under strong dependence.

Outlier scenario: MSE boxplots by p (oracle semi-metric), n = 500 Outlier scenario: MSE boxplots by p (FPCA semi-metric), n = 500
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(a) MSE boxplots (oracle). (b) MSE boxplots (FPCA).

Figure 2. Outliers, n = 500: MSE distributions.

This is further supported by Figure 3, where KNN-LL consistently exhibits lower dispersion,
indicating improved stability under contamination.

Outlier scenario (n=500, Oracle semi-metric): MSE vs dependence Outlier scenario (n=500, FPCA semi-metric): MSE vs dependence
- LL 0.035 —— LL
0.030 1 KNN-LL KNN-LL
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z 0.025 =
o [S4
e T 0.025 1
& &
5 0.020 5
kel e
g £ 0.0201
o w
w (%2}
= 0.015 =
0.015 A
0.010 4 0.010 4
OtO Oj2 0t4 0j6 0t8 0:0 0t2 Oj4 0t6 0:8
Dependence level p Dependence level p
(a) Median/IQR (oracle). (b) Median/IQR (FPCA).

Figure 3. Outliers, n = 500: median and interquartile range (IQR) of MSE versus p.

Finally, the prediction diagnostics in Figure 4 show that kNN-LL produces predictions that are more
tightly aligned with the diagonal, with fewer extreme deviations. This confirms its superior robustness
at the observation level, even under FPCA, where the notion of proximity is less informative.

Overall, these results highlight kANN-LL as a reliable and robust alternative to fixed-bandwidth LL
in the presence of both dependence and outliers.
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Predicted vs true (outlier), p= 0.6 (oracle), n =500 Predicted vs true (outlier), p = 0.6 (FPCA), n =500
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Figure 4. Predicted vs. observed (p = 0.6).

7. Real data application: sunspot number prediction (SILSO)

7.1. Data description and experimental protocol

We use the monthly mean total sunspot numbers published by the World Data Center for the Sunspot
Index and Long-term Solar Observations (WDC-SILSO, Royal Observatory of Belgium). Specifically,
we rely on the Version 2.0 monthly file SN.m_tot _V2.0.txt, whose columns are year, month, decimal
year, SN value, SN standard deviation, number of observations, definitive/provisional marker. A value
of —1 indicates a missing value. To avoid any later revision of the evaluation targets, we remove
observations marked as provisional (the last few months may be flagged with a * in the file) and we
discard missing values.

To assess genuine predictive performance under temporal dependence, we adopt a chronological
split: The first 80% of the usable observations form the training set and the remaining 20% form
the test set. The prediction task is one-step-ahead forecasting: At time ¢, we predict Y, using only
information from times strictly smaller than .

7.2. Functional construction (sliding-window curves)

We embed the time series into a functional regression framework through a sliding—window
representation. Fix a window length equal to one solar cycle, i.e., 11 years. Since the data are monthly,
we take

L=11x12=132.

For each month index ¢, define the functional covariate X,(-) € L*[0, 1] as the curve obtained from the
discrete vector
(X[(l)9 e ’Xz(‘L)) = (SZ—L, R St—l)’

where S, denotes the monthly mean sunspot number at month ¢. In practice, X, is built by linear
interpolation of the L past values on a regular grid of [0, 1]. The scalar response is the next observation

Y, =85,

Thus, the dataset becomes a sequence (X, Y;) of dependent functional pairs.
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7.3. Semi-metrics (FPCA) and dimension parameter q

Because the optimal index direction is unknown in the real data, we adopt a standard FPCA semi-
metrics. Let (V7). be the empirical eigenfunctions computed from the training curves only. For a
given integer ¢ > 1, define

g 12
dy(x1,x2) = [Z(Xl - X2,’V\5>2J .
=1

In the experiments reported below, we set ¢ = 1 (single-index-oriented, parsimonious choice). This
fixes the semi-metrics and avoids mixing the tuning of ¢ with the tuning of 4 or k.

7.4. Estimators and tuning under dependence
We compare the following:
e LL (fixed %): functional LL estimator with deterministic bandwidth /;

e kNN-LL: the same LL estimator evaluated at the adaptive radius H,, ;(x) computed with the semi-
metrics d,.

Kernel. We use the triangular kernel
K(u) = (1 = lul),,

which is compactly supported and nonincreasing on [0, 1].

Choice of g (FPCA semi-metrics). Unless stated otherwise, we set ¢ = 1 to remain consistent with
a parsimonious single-index viewpoint, as the first principal component captures the dominant mode of
variation in the functional data. As a robustness check, we also considered selecting g as the smallest
integer explaining 95% of the empirical variance on the training curves; this alternative choice led to
the same qualitative conclusions (notably the dominance of kNN-LL over fixed-4 LL), indicating that
the results are not sensitive to the specific choice of g.

Blocked/rolling validation (dependence-aware tuning). All tuning is performed on the training
period only using a rolling/blocked evaluation scheme to avoid look-ahead under temporal dependence.
Let B be the validation block length (in months) and g a gap (in months) separating the fitting segment
from the validation segment to reduce temporal leakage. In all experiments, we use

B = 60 months, g = 12 months.

We create consecutive validation blocks of length B inside the training set. For each block, the model
is fitted on all observations strictly before the block’s start, excluding the last g months immediately
preceding the block, and it is evaluated by one-step-ahead predictions over the whole block. The
validation score is the average root mean square error (RMSE) across blocks.

Grid for k (for kKNN-LL). We use the discrete grid

K = {kmin, kmin + AK, . .., kimax}, kmin = 10, Ak =5, kpax = 200.

For each candidate k € K, the kNN radius is computed with respect to d,, and the LL estimate is
evaluated at H, ;(x).
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Grid for 4 (for LL with fixed bandwidth). To make the bandwidth grid comparable with the ANN
scales, we use distance quantiles computed on the training set. Let {d,(X,, X;) : s < ¢ in training} be
the multiset of pairwise semi-metrics distances between the training curves, and let Q(a@) denote its
empirical @-quantile. We take

H ={0(a) : @ €{0.02,0.03,...,0.20}}.
The selected /1 (respectively /k\) is the minimizer of the blocked/rolling validation RMSE.

7.5. Results

Figure 5 (predicted vs. observed on the test period) shows a clear improvement in kNN-LL over LL
with fixed bandwidth. Quantitatively, KNN-LL improves all error metrics on the following test set:

RMSE: 51.07 — 42.65, mean average error (MAE): 34.97 — 28.75, R?:0.04 — 0.33.
Although the improvement across all metrics, particularly in R?, is substantial, these results should

be interpreted with caution due to the strong temporal dependence inherent in sunspot data and the
potential risk of overfitting.

Here, RMSE and MAE are computed as usual on the test set 7 as follows:

172
1 —, 1 _
RMSE = [ﬁ Z(Y, -Y) ] ., MAE= i Z Y, — Y,

teT” teT”
and R2=1-3,.7(Y, = Y2/ 3,cr(Y: = Y7 )?
- teT \ 4t t teT \ Lt T) -
Sunspots: predicted vs observed (test set)
LL (fixed h) KNN-LL
RMSE = 51.07 RMSE = 42.65
MAE = 34.97 MAE = 28.75
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Figure 5. Sunspots (test set): predicted vs. observed values. Left: LL with a fixed bandwidth.
Right: kNN-LL.

Figure 6 confirms this advantage in the time domain: ANN-LL tracks the cyclical dynamics more
faithfully and avoids the occasional instability that may occur for fixed-2 LL smoothing when the
effective local design becomes ill-conditioned.
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Sunspots: prediction on the test period
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Figure 6. Sunspots (test period): observed series vs. predictions from LL (fixed /) and kNN-
LL.

Finally, Figure 7 reports the distribution of absolute errors: kANN-LL exhibits a smaller median error
and a reduced dispersion, indicating more stable predictive performance.

Sunspots: absolute prediction error (test set)
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Figure 7. Sunspots (test set): boxplots of absolute prediction errors |Y — Y.

Overall, these results are consistent with the theoretical message of the paper: In dependent
functional settings, enforcing a data-adaptive local sample size through kNN smoothing can stabilize
LL regression and improve accuracy.

8. Discussion

This work provides a comprehensive analysis of LL kernel regression under quasi-associated
dependence in a functional single-index framework. The theoretical results establish strong consistency
(in the sense of almost complete convergence) and convergence rates under mild assumptions involving
small-ball probabilities and the exponential decay of dependence. These results contribute to bridging
the gap between classical independent frameworks and more realistic dependent settings encountered
in functional data analysis.

From a methodological perspective, the comparison between fixed-bandwidth and kKNN-based LL
estimators highlights the importance of adaptivity in dependent functional settings. While fixed-
bandwidth estimators perform well under weak dependence and when the underlying structure is well
captured by the semi-metrics, their performance deteriorates as dependence increases or when the
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notion of proximity is misspecified. In contrast, the ANN-LL estimator adapts to the local concentration
of the data, leading to improved stability and robustness. This highlights the practical relevance of
adaptive procedures in high-dimensional and dependent environments.

The simulation results confirm these theoretical insights. In uncontaminated settings, both
estimators exhibit the expected bias-variance trade-off, with performance degrading as dependence
increases. However, under contamination, the advantage of the ANN-LL approach becomes more
pronounced. Its ability to adjust the neighborhood size reduces the influence of extreme observations,
resulting in lower MSE and more stable performance. This effect is particularly visible when the semi-
metrics is less informative, as in the FPCA case. Overall, these findings emphasize the robustness of
the proposed approach with respect to both dependence and model misspecification.

The real-data application to predicting sunspot number further illustrates the practical relevance
of the proposed methods. The adaptive estimator demonstrates improved predictive performance,
although care must be taken when interpreting these gains due to the strong temporal dependence
inherent in the data. This suggests that, while promising, the proposed methodology should be applied
with appropriate validation strategies in highly dependent contexts.

9. Conclusions

In this paper, we introduced and analyzed LL kernel regression estimators for functional data under
quasi-associated dependence. We established almost complete convergence and derived convergence
rates for both fixed-bandwidth and kNN-based estimators, providing the first theoretical justification of
such methods in this dependence framework. These contributions extend the scope of nonparametric
functional regression to a broader class of weakly dependent processes.

Our results highlight the advantages of adaptive kNN-based approaches, particularly in complex
settings involving dependence, high dimensionality, or contamination. These findings suggest that
adaptive smoothing strategies constitute a reliable alternative to fixed-bandwidth methods in functional
regression. In particular, the kKNN-LL estimator emerges as a robust and flexible tool in challenging
data environments.

Several directions for future research can be considered. First, relaxing the exponential decay
assumption to allow for slower rates of dependence would broaden the applicability of the theoretical
results. Second, data-driven selection procedures for the parameter k deserve further investigation.
Finally, extending the analysis to other functional models, such as classification or quantile regression
under weak dependence, represents a promising avenue for future work. Further work could also
explore alternative semi-metrics and adaptive techniques tailored to specific application domains.
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