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Abstract: Groups of nilpotency class 2 and exponent p (with p odd) admit concrete coordinate models
governed by alternating Fp-bilinear commutator data, a viewpoint central in both the structure theory
of p-groups and algorithmic approaches to isomorphism testing and related problems. Motivated by
decomposition primitives in computational group theory and by rank-based filters used in modern
isomorphism pipelines, we introduce the commutator-constrained factorization problem: given g ∈ G
and a target commutator value h ∈ [G,G], count and construct pairs (x, y) with xy = g and

[
x, y

]
=

h. In an explicit bilinear-data input model, we show that the decision, counting, and search variants
reduce to solvability of a single linear system Tw(u) = h over Fp, where Tw: u 7→ b(u,w) is the
contraction map determined by the V-projection w of g. When solvable, the solution set S(g, h) is
exhibited as an explicit torsor for ker(Tw)×W, yielding a closed counting formula and a certified witness
construction by elementary linear algebra. We derive exact secondary laws: a complete description
of the attainable commutator set H(g) = im(Tw), an exact uniformity law over attainable values,
and a factor-swap bijection relating S(g, h) to a shifted product constraint. Finally, we define rank-
profile polynomials PG(t) =

∑
w∈V trank(Tw), prove isomorphism invariance, and extract further invariants

(radical size, extremal attainable-set size) directly from counting oracles. The odd-prime hypothesis is
made explicit throughout: the centered coordinate law uses the scalar 1/2 ∈ Fp, whereas characteristic
two requires a cocycle or quadratic-refinement formulation. We also record coordinate-invariance,
conversion costs from power-commutator input, sparse implementation refinements, and limitations of
the rank-profile invariant.
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1. Introduction

Computational group theory develops algorithmic methods for finite groups represented by
permutations, matrices, polycyclic data, or Cayley tables; standard references include [1, 2]. For finite
p-groups, a large part of practical computation is driven by structural input that permits certified
reductions to linear algebra, especially in low nilpotency class and bounded exponent settings [3–5].
This structural viewpoint has become increasingly important in the complexity-theoretic study of the
group isomorphism problem: broad advances for many group orders [6] coexist with longstanding
barrier cases. Among these barrier cases, Rosenbaum [7] broke the nlog n barrier for solvable-group
isomorphism. Subsequently, Rosenbaum [8] gave improved generator-enumeration bounds for
p-group isomorphism. More recently, Sun [9] obtained faster isomorphism algorithms specifically for
p-groups of class two and exponent p. Related work in allied areas includes the study of
Boas–Buck–Sheffer polynomials and quasi-monomiality by Wani and Nisar [10], and fractional
calculus aspects of special polynomials by Khan and Wani [11]. Further contributions in allied
directions include advances on q-Hermite–Appell polynomials by Zayed et al. [12], and degenerate
bivariate Appell polynomials by Wani et al. [13].

A key reason for the prominence of this class is an explicit coordinatization in terms of alternating
bilinear maps (often presented as alternating matrix spaces) that goes back to Baer and related work
on central extensions [14, 15]. In modern algorithmic language, this correspondence links
isomorphism testing for class-two exponent-p groups to isometry and pseudo-isometry problems for
alternating matrix tuples [9, 16, 17], and it connects naturally to extension/cohomology strategies for
group isomorphism [18]. Implementations and theory for specialized subclasses also emphasize
bilinear-map structure, adjoint algebras, and tensor-product symmetries [19, 20]. Related algorithmic
themes include efficient computations in nilpotent groups under compressed encodings [21] and
equation-solving problems in nilpotent groups [22, 23]. The word factorization also appears in
matrix-factorization approaches to network analysis, including constrained symmetric nonnegative
matrix-factorization with deep autoencoders for community detection [24]; the present use is
group-theoretic and concerns products inside a nilpotent group subject to a prescribed commutator
constraint.

Remark 1.1. The contribution of the paper lies in isolating a small algebraic primitive whose output
contains more than a solvability certificate. The bilinear commutator map is a standard object in the
theory and algorithms of class-two exponent-p groups; here, it is used to derive, in one unified
statement, the exact decision criterion, exact cardinality, full torsor parametrization, uniform
distribution over attainable commutator values, and rank-profile data recoverable from counting
access. These secondary laws are the main structural content of the formulation and make the
primitive directly usable as a counting and sampling subroutine.

This paper isolates a concrete exact-counting primitive inside the class-two exponent-p regime that
interacts cleanly with bilinear commutator structure. Given g ∈ G and a desired commutator target
h ∈ [G,G], we study constrained factorizations g = xy with

[
x, y

]
= h. The central observation is

that, under bilinear-data coordinatization, the constraints collapse to a single linear equation over Fp

involving a contraction map Tw derived from the V-projection of g. This yields closed formulas, explicit
parametrizations of the full solution set, and certified constructions suitable for direct implementation.
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Throughout, p denotes an odd prime and Fp denotes the field with p elements. We consider finite
groups G satisfying:

• G is a p-group of nilpotency class 2;
• G has exponent p.

Let W: = [G,G] and let V: = G/[G,G]. Lemma 2.1 gives Fp-vector space structures on V and W. The
commutator induces an alternating Fp-bilinear map

b : V × V → W, b(x̄, ȳ) =
[
x, y

]
.

We adopt an explicit bilinear-data input model (Definition 2.4) that records structure constants for
b relative to fixed bases, aligning with matrix-space viewpoints used in contemporary isomorphism
algorithms [9, 16, 17] and with classical extension-theoretic perspectives [18, 25].

Remark 1.2. The fixed bases in this model are an input representation rather than an additional group-
theoretic assumption. A change of ordered basis in V and W replaces the tensor of structure constants
by the corresponding GL(V)×GL(W) transform, whereas statements involving im(Tw), ker(Tw), ranks,
torsors, attainable sets, and the polynomial PG(t) remain intrinsic. Thus the coordinates serve the same
role as matrices for a linear map: They enable computation, whereas the resulting assertions are basis
independent.

Contributions. We introduce the commutator-constrained factorization problem and show that, in the
bilinear-data model for class-two exponent-p groups, the decision, counting, and witness-construction
tasks reduce to solvability of a single linear system Tw(u) = h over Fp, where Tw is the contraction map
u 7→ b(u,w) determined by the V-projection w of the target product element g (Theorem 3.4). This
reduction yields a closed exact counting formula and an explicit certified parametrization of the entire
solution set as a torsor for ker(Tw) × W (Theorem 3.9), making the computational core elementary
linear algebra.

We then derive exact structural consequences for each fixed g: The attainable commutator setH(g)
is exactly the image im(Tw), its size is prank(Tw), and the commutator distribution across all factorizations
xy = g is uniform on im(Tw) (Theorems 3.6 and 3.7). We also establish a factor-swap law that transports
commutator-constrained factorizations of g to a shifted product constraint, with an explicit bijection
(Theorem 3.11).

Finally, we define rank-profile polynomials

PG(t) =
∑
w∈V

trank(Tw)

and prove that they are preserved under group isomorphism (Theorem 5.2); this yields a family of rank-
distribution invariants directly aligned with bilinear-map isometry perspectives [9, 20]. We extract
further invariant data from PG, including the radical size and the extremal attainable-set size, and
we provide certified complexity bounds for all required linear algebra in terms of d = dim V and
m = dim W (Theorem 4.1).

Organization of the paper. Section 2 develops the bilinear-data model and the associated class-two
exponent-p group law. Section 3 presents the commutator-constrained factorization problem, proves
the linear reduction theorem, and derives attainable-set, uniformity, torsor, and swap laws. Section 4
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records deterministic complexity bounds. Section 5 develops rank-profile invariants and oracle
recovery. Section 6 gives a worked Heisenberg example and basic verification checks, and Section 7
outlines extensions motivated by current algorithmic and structural directions in the area.

2. Preliminaries

2.1. Vector space structure and bilinearity

Lemma 2.1. Let G be a finite group of exponent p. Every abelian quotient of G is canonically an
Fp-vector space with addition induced by the group operation.

Proof. Let A be an abelian quotient of G. Exponent p implies ap = e for all a ∈ A, hence A is an
elementary abelian p-group. The map Fp × A → A given by (k, a) 7→ ak defines scalar multiplication
compatible with the abelian group law, and the axioms of an Fp-vector space follow from the rules of
exponents in an abelian group (see, e.g., [26, Ch. 2]). □

Lemma 2.2. (Alternating bilinear commutator map) Let G have nilpotency class 2 and exponent p,
and set W = [G,G] and V = G/W. Define

b : V × V → W, b(x̄, ȳ) :=
[
x, y

]
.

Then b is well-defined, alternating, and Fp-bilinear.

Proof. Well-definedness. Fix x̄, ȳ ∈ V and choose representatives x, y ∈ G. For any w1,w2 ∈ W, class 2
implies W ⊆ Z(G), hence w1,w2 commute with all elements. Compute:[

xw1, yw2
]
= (xw1)(yw2)(xw1)−1(yw2)−1

= xy w1w2 (w−1
1 x−1)(w−1

2 y−1)
= xy x−1y−1

=
[
x, y

]
.

Therefore, b(x̄, ȳ) is independent of representatives.
Alternating property. For any x ∈ G,

[x, x] = xxx−1x−1 = e,

hence b(x̄, x̄) = 0 in the Fp-vector space W.
Fp-bilinearity. Class 2 implies all commutators lie in Z(G), and the standard identities[

x1x2, y
]
=

[
x1, y

] [
x2, y

]
,

[
x, y1y2

]
=

[
x, y1

] [
x, y2

]
hold exactly (see, e.g., [26, Ch. 5]). Passing to V yields additivity in each variable. Exponent p yields[

xk, y
]
=

[
x, y

]k ,
[
x, yk

]
=

[
x, y

]k , (k ∈ Fp),

matching Fp-linearity under the vector space structure on W from (2.1). □
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2.2. Bilinear-data coordinatization

Remark 2.3. Scope of the bilinear model and the odd-prime hypothesis: For a class-two exponent-
p group with p odd, the passage from G to the pair (V,W, b) is the standard Baer/Lazard linearization
in this range. Because V = G/[G,G] and W = [G,G] are elementary abelian, a choice of vector-space
section s: V → G gives central coordinates, and the commutator is exactly the alternating bilinear map

b(u, v) = [s(u), s(v)].

After replacing the section by the centered one, the multiplication can be written in the form

(v,w)(v′,w′) = (v + v′,w + w′ + 1
2b(v, v′)),

which is the coordinate model used below. The scalar 1/2 is therefore a structural convenience available
in the odd characteristic. In characteristic two, the same commutator map is alternating with b(v, v) = 0,
yet the centered multiplication above cannot be formed by dividing by 2. A characteristic-two version
requires retaining a normalized 2-cocycle, and in exponent-4 variants one must also track a quadratic
square map. The present paper works in the odd-prime regime where the commutator data alone
determine the centered model and where the contraction equation Tw(u) = h gives the stated exact
formulas.

Equivalently, this bilinear-data model covers precisely the finite p-groups, for p odd, of nilpotency
class at most 2 and exponent p: Such groups are classified, after choice of central coordinates, by their
alternating commutator maps; see Jonah and Konvisser [14]. Thus Proposition 2.7 is used throughout
as a coordinate realization of this full odd-prime class.

Definition 2.4. (Bilinear-data input model) Fix an odd prime p. A bilinear-data instance consists of:

• Integers d,m ≥ 0;
• Vector spaces V � Fd

p and W � Fm
p with fixed ordered bases;

• An alternating bilinear map b: V × V → W given by structure constants

b(ei, e j) =
m∑

k=1

ck
i j fk (1 ≤ i < j ≤ d),

where (ei) is the basis of V and ( fk) is the basis of W.

Remark 2.5. (Basis changes) Let A ∈ GL(V) and C ∈ GL(W) be changes of basis. The coordinate
tensor b is replaced by b′(u, v) = Cb(A−1u, A−1v). For w′ = Aw, the corresponding contraction maps
satisfy T ′w′ = C ◦ Tw ◦ A−1. Hence rank(T ′w′) = rank(Tw) and C(im Tw) = im T ′w′ . All formulas below
are therefore intrinsic after translating coordinates by A and C.

Definition 2.6. (Radical and image of an alternating map) Given b: V ×V → W as alternating bilinear,
define

rad(b) := {v ∈ V : b(v, u) = 0 for all u ∈ V}, im(b) := span{b(u, v) : u, v ∈ V} ⊆ W.
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Proposition 2.7. (Group law from bilinear-data, with explicit commutator structure) Let (V,W, b) be a
bilinear-data instance with p odd. Define a binary operation on V ×W by

(v,w) · (v′,w′) :=
(
v + v′, w + w′ + 1

2 b(v, v′)
)
, (2.1)

where 1/2 ∈ Fp is the inverse of 2. Then G := (V ×W, ·) is a group of nilpotency class 2 and exponent
p. Moreover:

(1) The inverse is (v,w)−1 = (−v,−w).
(2) The commutator satisfies [

(v,w), (v′,w′)
]
= (0, b(v, v′)). (2.2)

(3) The derived subgroup is [G,G] = {0} × im(b).
(4) The center is Z(G) = rad(b) ×W.

Proof. Associativity. Let (v,w), (v′,w′), (v′′,w′′) ∈ V ×W. Compute using (2.1):(
(v,w) · (v′,w′)

)
· (v′′,w′′) =

(
v + v′, w + w′ + 1

2b(v, v′)
)
· (v′′,w′′)

=
(
v + v′ + v′′, w + w′ + w′′ + 1

2b(v, v′) + 1
2b(v + v′, v′′)

)
=

(
v + v′ + v′′, w + w′ + w′′ + 1

2b(v, v′) + 1
2b(v, v′′) + 1

2b(v′, v′′)
)
,

where the final step uses bilinearity of b. Similarly,

(v,w) ·
(
(v′,w′) · (v′′,w′′)

)
= (v,w) ·

(
v′ + v′′, w′ + w′′ + 1

2b(v′, v′′)
)

=
(
v + v′ + v′′, w + w′ + w′′ + 1

2b(v′, v′′) + 1
2b(v, v′ + v′′)

)
=

(
v + v′ + v′′, w + w′ + w′′ + 1

2b(v′, v′′) + 1
2b(v, v′) + 1

2b(v, v′′)
)
,

which matches the previous expression. Hence, · is associative.
Identity. Let e := (0, 0). Then,

(v,w) · e = (v + 0, w + 0 + 1
2b(v, 0)) = (v,w), e · (v,w) = (0 + v, 0 + w + 1

2b(0, v)) = (v,w),

as b(v, 0) = b(0, v) = 0 by bilinearity.
Inverse. Let (v,w)−1 := (−v,−w). Then,

(v,w) · (−v,−w) =
(
0, 0 + 1

2b(v,−v)
)
=

(
0, −1

2b(v, v)
)
= (0, 0),

as alternation gives b(v, v) = 0. A symmetric computation yields (−v,−w) · (v,w) = (0, 0).
Exponent p. For k ∈ {1, . . . , p}, prove by induction that

(v,w)k = (kv, kw),

where (kv, kw) denotes scalar multiplication in the Fp-vector spaces. The case k = 1 holds. Assume
(v,w)k = (kv, kw). Then,

(v,w)k+1 = (v,w)k · (v,w) = (kv, kw) · (v,w) =
(
(k + 1)v, (k + 1)w + 1

2b(kv, v)
)
.
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Bilinearity gives b(kv, v) = k b(v, v) = 0 since b(v, v) = 0. Hence,

(v,w)k+1 = ((k + 1)v, (k + 1)w).

For k = p, scalar multiplication by p is zero in Fp, hence, (v,w)p = (0, 0).
Commutator formula. Let x = (v,w) and y = (v′,w′). Using the inverse formula and associativity,

[
x, y

]
= xyx−1y−1 = (v,w) · (v′,w′) · (−v,−w) · (−v′,−w′).

First,

(v,w) · (v′,w′) =
(
v + v′, w + w′ + 1

2b(v, v′)
)
.

Multiply by (−v,−w):

(
v + v′, w + w′ + 1

2b(v, v′)
)
· (−v,−w) =

(
v′, w′ + 1

2b(v, v′) + 1
2b(v + v′,−v)

)
=

(
v′, w′ + 1

2b(v, v′) − 1
2b(v + v′, v)

)
=

(
v′, w′ + 1

2b(v, v′) − 1
2b(v, v) − 1

2b(v′, v)
)

=
(
v′, w′ + 1

2b(v, v′) + 1
2b(v, v′)

)
=

(
v′, w′ + b(v, v′)

)
,

using b(v, v) = 0 and alternation b(v′, v) = −b(v, v′). Finally, multiply by (−v′,−w′):

(
v′, w′ + b(v, v′)

)
· (−v′,−w′) =

(
0, b(v, v′) + 1

2b(v′,−v′)
)
= (0, b(v, v′)),

as b(v′, v′) = 0. This proves (2.2).
Derived subgroup and center. Equation (2.2) yields that every commutator lies in {0} × im(b),

and every element (0, z) with z ∈ im(b) arises as a commutator (0, b(u, v)) = [(u, 0), (v, 0)]. Hence,
[G,G] = {0} × im(b).

For the center, (v,w) ∈ Z(G) holds exactly when [(v,w), (u, a)] = e for all (u, a) ∈ G. Using (2.2),
this condition is

(0, b(v, u)) = (0, 0) for all u ∈ V,

equivalent to v ∈ rad(b). The w-coordinate is arbitrary because W is central under (2.1). Hence,
Z(G) = rad(b) ×W. □

Remark 2.8. (What changes in characteristic two) The formula (2.1) uses 1/2 and is tied to odd
characteristic. For p = 2, a central extension of V by W is described by a cocycle f : V × V → W with
commutator b(u, v) = f (u, v) − f (v, u), where subtraction equals addition in characteristic two. The
product constraint then contains the cocycle term f (u,w− u) rather than 1/2b(u,w− u), and the square
map may contribute extra data in exponent-4 settings. Thus, an analogous problem can be formulated,
but the clean contraction-only reduction of Theorem 3.4 belongs to the odd-prime centered model.
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3. Main results

This section formulates commutator-constrained factorization and develops the linear-algebraic
reduction, followed by exact attainable-set and uniformity laws, an explicit torsor parametrization of
all solutions, and a factor-swap bijection.

Definition 3.1. (Commutator-constrained factorization) Given a group G of class 2 and exponent p, an
element g ∈ G, and an element h ∈ [G,G], determine the set

S(g, h) := {(x, y) ∈ G2 : xy = g,
[
x, y

]
= h}.

The associated tasks are: decide emptiness of S(g, h), compute |S(g, h)| when S(g, h) is nonempty, and
construct a witness pair (x, y) when S(g, h) is nonempty.

3.1. Contraction maps

The commutator constraint is encoded linearly by fixing the second argument of b and viewing
u 7→ b(u,w) as a linear map.

Definition 3.2. (Contraction maps) Fix (V,W, b) and define, for each w ∈ V , the Fp-linear map

Tw : V → W, Tw(u) := b(u,w).

The next lemma records basic identities that will enter every subsequent counting and structure
statement.

Lemma 3.3. (Basic identities for Tw) For all w ∈ V:

(1) im(Tw) ⊆ im(b).
(2) rank(Tw) + dim ker(Tw) = dim V.
(3) w ∈ rad(b) holds exactly when Tw = 0.

Proof. Fix w ∈ V .

Proof of (1). By definition,

im(Tw) = {Tw(u) : u ∈ V} = {b(u,w) : u ∈ V}.

Every value b(u,w) belongs to the Fp-span of all commutator values {b(u′, v′) : u′, v′ ∈ V}, which is
precisely im(b) by (2.6). Hence, each element of im(Tw) lies in im(b), giving im(Tw) ⊆ im(b).

Proof of (2). The map Tw: V → W is Fp-linear, so the standard rank-nullity theorem for finite-
dimensional vector spaces applies:

dim V = dim ker(Tw) + dim im(Tw).

By definition, rank(Tw) := dim im(Tw), hence,

rank(Tw) + dim ker(Tw) = dim V.
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Proof of (3). By (2.6), the condition w ∈ rad(b) means

b(w, u) = 0 for all u ∈ V.

Because b is alternating, b(w, u) = −b(u,w) for all u, hence, the above condition is equivalent to

b(u,w) = 0 for all u ∈ V.

The last display is exactly the statement that Tw(u) = 0 for all u ∈ V , which is equivalent to Tw = 0
as a linear map. Conversely, if Tw = 0, then b(u,w) = 0 for all u, hence also b(w, u) = 0 for all u by
alternation, giving w ∈ rad(b). □

3.2. Decision, counting, and construction

We now show that all three tasks in (3.1) reduce to a single linear equation over Fp and admit closed
forms when solvable.

Theorem 3.4. (Linear reduction and closed counting formula) Let p be an odd prime, and let G =
(V ×W, ·) be the group from (2.7). Fix g = (w, c) ∈ V ×W and h ∈ W. Then:

(1) S(g, h) is nonempty exactly when the linear equation

Tw(u) = h (3.1)

admits a solution u ∈ V.
(2) If S(g, h) is nonempty, then

|S(g, h)| = pdim W pdim ker(Tw). (3.2)

(3) A witness pair can be constructed as follows: choose any u ∈ V solving (3.1), set v := w − u,
choose any a ∈ W, set b′ := c − a − 1/2h, and output x := (u, a) and y := (v, b′).

Proof. Write x = (u, a) and y = (v, b′) with u, v ∈ V and a, b′ ∈ W.
Step 1: Expand the constraints. By the group law (2.1),

xy = (u, a) · (v, b′) =
(
u + v, a + b′ + 1

2b(u, v)
)
. (3.3)

By the commutator formula (2.2), [
x, y

]
= (0, b(u, v)). (3.4)

Thus xy = g = (w, c) and
[
x, y

]
= h are equivalent to the system

u + v = w, (3.5)
b(u, v) = h, (3.6)

a + b′ + 1
2 b(u, v) = c. (3.7)

Step 2: Reduce to a single linear equation in V. From (3.5), v = w − u. Substitute into (3.6):

b(u,w − u) = h.
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Bi-linearity gives
b(u,w − u) = b(u,w) − b(u, u).

Alternation yields b(u, u) = 0, hence,
b(u,w) = h,

which is precisely Tw(u) = h.
Therefore, solvability of the original system is equivalent to solvability of (3.1), proving (1).
Step 3: Count solutions when solvable. Assume (3.1) has a solution u0. The full solution set in V is

the affine coset
u0 + ker(Tw),

so the number of admissible u equals |ker(Tw)| = pdim ker(Tw). For each such u, the value v = w − u is
determined. Equation (3.7) becomes, using (3.6),

a + b′ + 1
2h = c,

hence,
b′ = c − a − 1

2h.

Each choice of a ∈ W yields exactly one b′ ∈ W, so the number of admissible (a, b′) equals |W | =
pdim W . Multiplying the independent counts yields (3.2), proving (2).

Step 4: Construct a witness. The explicit construction in (3) satisfies u + v = w and b(u, v) =
b(u,w − u) = b(u,w) = h, and it enforces a + b′ + 1/2h = c by direct substitution. □

3.3. Attainable commutators and uniformity laws

The next results describe exactly which commutator values can occur in factorizations xy = g and
show that, among attainable values, the distribution is uniform.

Definition 3.5. (Attainable commutator set for a fixed g) Fix g ∈ G. Define

H(g) := {h ∈ W : S(g, h) is nonempty}.

Theorem 3.6. (Attainable set and its cardinality) Let g = (w, c) ∈ G. Then,

H(g) = im(Tw) ⊆ W, |H(g)| = prank(Tw).

Proof. By Theorem 3.4(1), S(g, h) is nonempty exactly when the linear equation Tw(u) = h is solvable.
This holds exactly when h ∈ im(Tw). Hence,H(g) = im(Tw).

Because Tw: V → W is Fp-linear, im(Tw) is an Fp-subspace of W of dimension rank(Tw), hence, its
cardinality equals prank(Tw). □

Theorem 3.7. (Exact uniformity across attainable commutators) Fix g = (w, c) ∈ G. For each h ∈ W,

|S(g, h)| =

pdim W pdim ker(Tw), h ∈ im(Tw),

0, h < im(Tw).

Equivalently, the commutator values across all factor pairs (x, y) with xy = g form a uniform
distribution over the attainable set im(Tw).
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Proof. The stated piecewise formula is Theorem 3.4(2) combined with Theorem 3.4(1). Uniformity
follows because the value pdim W pdim ker(Tw) is constant for all h in im(Tw). □

Corollary 3.8. (Partition identity) Fix g = (w, c) ∈ G. Then,∑
h∈W

|S(g, h)| = |G| = pdim V+dim W .

Proof. By (3.7), the sum over h ∈ W reduces to the sum over h ∈ im(Tw), giving∑
h∈W

|S(g, h)| = |im(Tw)| · pdim W pdim ker(Tw) = prank(Tw) · pdim W pdim ker(Tw).

Rank-nullity (Lemma 3.3(2)) gives rank(Tw) + dim ker(Tw) = dim V , hence, the product equals
pdim V+dim W = |G|. □

3.4. Torsor parametrization of the full solution set

Beyond cardinalities, one can parametrize all solutions explicitly, which is useful for a certified
generation of witnesses and for deterministic enumeration strategies.

Theorem 3.9. (Explicit torsor structure) Let g = (w, c) ∈ G and h ∈ W. If S(g, h) is nonempty, fix one
solution u0 ∈ V to Tw(u) = h. Define a map

Φ : ker(Tw) ×W −→ S(g, h)

by, for (k, a) ∈ ker(Tw) ×W,

Φ(k, a) :=
(
xk,a, yk,a

)
, where xk,a := (u0 + k, a), yk,a := (w − u0 − k, c − a − 1

2h).

Then, Φ is a bijection. In particular, S(g, h) is a torsor for ker(Tw) ×W.

Proof. Assume S(g, h) is nonempty and fix u0 with Tw(u0) = h.
Step 1: Φ(k, a) ∈ S(g, h) for all (k, a). Let k ∈ ker(Tw) and a ∈ W. Set u := u0+k and v := w−u0−k,

so that u + v = w in V . Compute the commutator using (2.7):[
xk,a, yk,a

]
= (0, b(u, v)).

Because v = w − u, bilinearity and alternation give

b(u, v) = b(u,w − u) = b(u,w) − b(u, u) = b(u,w).

Next,
b(u,w) = b(u0 + k,w) = b(u0,w) + b(k,w) = Tw(u0) + Tw(k).

Here, Tw(u0) = h by choice, and Tw(k) = 0 because k ∈ ker(Tw). Hence, b(u, v) = h, so
[
xk,a, yk,a

]
= h.

For the product, use (2.1):

xk,a yk,a = (u, a) · (v, c − a − 1
2h) =

(
u + v, a + c − a − 1

2h + 1
2b(u, v)

)
= (w, c),
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since b(u, v) = h. Therefore, Φ(k, a) ∈ S(g, h).
Step 2: Φ is injective. Suppose Φ(k, a) = Φ(k′, a′). Then the first factors coincide:

(u0 + k, a) = (u0 + k′, a′).

Equality in V ×W yields u0 + k = u0 + k′ and a = a′, hence k = k′.
Step 3: Φ is surjective. Let (x, y) ∈ S(g, h) with x = (u, a). By Theorem 3.4(1), Tw(u) = h. Because

also Tw(u0) = h, subtraction yields

Tw(u − u0) = Tw(u) − Tw(u0) = h − h = 0,

so k := u − u0 ∈ ker(Tw). With this k and the given a, the definition of Φ produces

xk,a = (u0 + k, a) = (u, a) = x.

The equations xy = g and the explicit form in Theorem 3.4(3) forces

y = (w − u, c − a − 1
2h) = yk,a.

Thus, (x, y) = Φ(k, a), proving surjectivity. □

3.5. Refined counting with additional constraints

The next theorem fixes the V-coordinate of the first factor and isolates the remaining degrees of
freedom, which is useful in constrained sampling and in deterministic witness generation.

Theorem 3.10. (Fixed first factor in V-coordinates) Fix g = (w, c) ∈ G and h ∈ W. Fix also u ∈ V.
Define

Su(g, h) := {(x, y) ∈ S(g, h) : x = (u, a) for some a ∈ W}.

Then:

(1) Su(g, h) is nonempty exactly when Tw(u) = h.
(2) If Su(g, h) is nonempty, then |Su(g, h)| = pdim W .
(3) In the nonempty case, every a ∈ W yields a unique pair in Su(g, h) via

x = (u, a), y = (w − u, c − a − 1
2h).

Proof. Fix u ∈ V and set v := w − u. For any a ∈ W and any b′ ∈ W, the conditions xy = g and[
x, y

]
= h are equivalent to (3.5)–(3.7) from the proof of (3.4). With v = w − u fixed, the commutator

constraint becomes b(u, v) = h. Using v = w − u,

b(u, v) = b(u,w − u) = b(u,w) − b(u, u) = b(u,w) = Tw(u),

since b(u, u) = 0. This proves (1).
Assume Tw(u) = h. Then Eq (3.7) becomes a + b′ + 1/2h = c, hence b′ = c − a − 1/2h, giving

existence and uniqueness of b′ for each a ∈ W. Therefore |Su(g, h)| = |W | = pdim W , proving (2)
and (3). □
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3.6. Factor-swap law

Swapping factors converts the product constraint by a central commutator shift; the next theorem
records the precise bijection.

Theorem 3.11. (Swap bijection with shifted product constraint) Let g ∈ G and let h ∈ W = [G,G].
Define gh := g · (0,−h) ∈ G. Then, the swap map σ: G2 → G2, σ(x, y) = (y, x) restricts to a bijection

σ : S(g, h) −→ S(gh,−h).

In V ×W coordinates, if g = (w, c) then gh = (w, c − h).

Proof. Fix (x, y) ∈ S(g, h). Then xy = g and
[
x, y

]
= h. In a class-two group, commutators lie in the

center, and the standard identity
yx = xy ·

[
x, y

]−1

holds exactly. Using
[
x, y

]
= h, this yields

yx = g · h−1.

In the additive W-coordinate used throughout, h−1 corresponds to −h, hence, g · h−1 = g · (0,−h) = gh.
Also, [

y, x
]
=

[
x, y

]−1

holds in any group, hence,
[
y, x

]
= −h in W-coordinates. Therefore (y, x) ∈ S(gh,−h).

Conversely, applying the same computation to a pair in S(gh,−h) shows that swapping returns a
pair in S(g, h). Hence, σ is a bijection between the two sets. □

Remark 3.12. (Meaning and use of the shifted element gh) The element gh = g · (0,−h) is obtained
from g by multiplying by the inverse of the prescribed central commutator. In coordinates, this leaves
the abelianized component w ∈ V fixed and shifts only the central coordinate from c to c−h. The swap
law is therefore a controlled central translation: The factor order is reversed, the commutator target
changes from h to −h, and the product is adjusted by the central commutator forced by the original
pair. Algorithmically, this gives an immediate reuse principle. Any solver, enumerator, or sampler for
S(g, h) can be transported to one for S(gh,−h) without resolving a fresh linear system, since Tw and its
row-reduced data are unchanged.

4. Algorithmic complexity

The next theorem records certified complexity bounds for the linear algebra underpinning decision,
counting, and witness construction.

Theorem 4.1. (Deterministic polynomial-time algorithm) Fix a prime p and a bilinear-data instance
(V,W, b) with dim V = d and dim W = m. Given g = (w, c) ∈ V × W and h ∈ W, one can decide
whether S(g, h) is empty, and when S(g, h) is nonempty, compute |S(g, h)| and construct a witness pair,
using:

• O(d2m) arithmetic operations in Fp to assemble a matrix representing Tw.
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• O(min{d,m}2 max{d,m}) arithmetic operations in Fp to solve Tw(u) = h and compute dim ker(Tw)
via Gaussian elimination.

Proof. Let (e1, . . . , ed) be the fixed basis of V and write w =
∑d

j=1 ω je j. For each i,

Tw(ei) = b(ei,w) =
d∑

j=1

ω j b(ei, e j).

The structure constants b(ei, e j) for i < j determine the full set of b(ei, e j) using alternation:

b(e j, ei) = −b(ei, e j), b(ei, ei) = 0.

Computing each Tw(ei) ∈ W � Fm
p requires O(dm) field operations, repeating for i = 1, . . . , d gives

O(d2m) operations to assemble the m × d matrix of Tw.
Gaussian elimination over Fp solves Tw(u) = h and yields dim ker(Tw) with the stated arithmetic

complexity. If the system is solvable, Theorem 3.4(3) provides a witness by evaluating vector additions
in V and W and multiplying by 1/2 ∈ Fp. □

Remark 4.2. (Sparse and structured implementation) The dense assembly bound O(d2m) is a worst-
case arithmetic bound for explicit structure constants. If the alternating tensor is stored sparsely, let
ν(b) be the number of nonzero triples (i, j, k) with i < j and ck

i j , 0. For a fixed vector w =
∑

j ω je j,
assembling Tw only requires triples incident to indices j with ω j , 0. Hence the assembly cost is
O(νw), where

νw := #{(i, j, k) : ck
i j , 0, ωi , 0 or ω j , 0} ≤ ν(b),

plus vector additions in W. For many queries, one may precompute and cache the matrices
corresponding to the contractions against basis vectors, then form Tw as a linear combination and
reuse row-echelon forms for repeated w or for vectors lying in the same symmetry orbit of the tensor.
Over Fp the arithmetic is exact, so implementation issues are modular reduction, memory locality,
sparse storage, and bit complexity for large p, rather than floating-point stability.

Remark 4.3. (Conversion from power-commutator or polycyclic input) Suppose the input is a
consistent power-commutator presentation adapted to a class-two exponent-p group, with noncentral
generators x1, . . . , xd projecting to a basis of V and central generators z1, . . . , zm giving a basis of
W = [G,G]. Relations of the form

[xi, x j] = z
c1

i j

1 · · · z
cm

i j
m , (1 ≤ i < j ≤ d)

are exactly the structure constants of b. Reading all such relations costs O(d2m) field operations in
dense form, or O(ν(b)) if the relators are sparse. If the supplied polycyclic sequence is not already split
into quotient and derived generators, one first computes the elementary abelian quotients G/[G,G]
and [G,G] by linear algebra over Fp and then expresses the pairwise commutators in the chosen central
basis. With n total generators and collection cost Ccol per commutator, this preprocessing is bounded by
O(n2Ccol) group-collection operations plus polynomial-time row reduction over Fp. Once the bilinear
tensor has been extracted, all results of the paper apply unchanged.
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5. Rank-profile invariants and recovery from counting

This section formalizes rank-distribution invariants arising from the family of contraction maps and
shows how counting access recovers these invariants.

Definition 5.1. (Rank-profile polynomial) Let G = (V×W, ·) arise from (V,W, b). Define the polynomial

PG(t) :=
∑
w∈V

trank(Tw) ∈ Z[t],

where Tw(u) = b(u,w).

Theorem 5.2. (Isomorphism invariance of the rank-profile polynomial) If G1 and G2 arise from
bilinear-data instances (V1,W1, b1) and (V2,W2, b2) via (2.7), and if G1 � G2 as groups, then

PG1(t) = PG2(t).

Proof. Let φ: G1 → G2 be a group isomorphism. Since φ preserves commutators, it induces Fp-linear
isomorphisms

φ̄ : V1 = G1/[G1,G1]→ V2 = G2/[G2,G2], φW : [G1,G1]→ [G2,G2].

For x̄, ȳ ∈ V1,
φW

(
b1(x̄, ȳ)

)
= b2

(
φ̄(x̄), φ̄(ȳ)

)
,

because both sides equal the image of
[
x, y

]
under φ.

Fix w ∈ V1 and define w′ := φ̄(w) ∈ V2. For any u ∈ V1,

φW
(
T (1)

w (u)
)
= φW

(
b1(u,w)

)
= b2

(
φ̄(u),w′

)
= T (2)

w′
(
φ̄(u)

)
commutes and the vertical maps are isomorphisms. Therefore, rank(T (1)

w ) = rank(T (2)
w′ ). As w ranges

over V1, w′ = φ̄(w) ranges over all of V2, hence, the multiset of ranks is preserved, implying PG1(t) =
PG2(t). □

Remark 5.3. (Distinguishing power and limitations) The polynomial PG(t) is an isomorphism
invariant, and it records the rank distribution of all one-argument contractions of the commutator
tensor. Its information content is deliberately coarse: It records how large the attainable sets can be
and how frequently each contraction rank occurs, while it discards the relative positions of the
subspaces im(Tw) ⊆ W, the incidence geometry among kernels, and the full orbit data of the
alternating tensor under GL(V) × GL(W). Thus PG(t) is best used as a fast filter or certificate of
distinction when the polynomials differ.

A counting argument also shows that completeness cannot hold uniformly. For fixed (d,m), the
number of possible rank-profile polynomials is at most (pd + 1)min{d,m}+1, since the coefficients are non-
negative integers summing to pd. Meanwhile, the vector space of alternating maps

∧2 V → W has
size pm(d

2), and the group GL(V) × GL(W) has size at most pd2+m2
. Hence, the number of isomorphism

classes of such tensors is at least
pm(d

2)−d2−m2
.

For large enough d and m, this lower bound exceeds the number of possible rank-profile polynomials,
so distinct isomorphism classes must share the same PG(t).
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The next theorem extracts additional invariant information directly from the rank-profile
distribution.

Theorem 5.4. (Radical size and extremal attainable-set size) Let G arise from (V,W, b), and let rmax :=
maxw∈V rank(Tw). Then:

(1) The constant term of PG(t) equals |rad(b)|, hence, dim rad(b) is determined by PG.
(2) The maximum attainable commutator-set size over all g ∈ G equals prmax .

Proof. (1). The constant term of PG(t) counts those w ∈ V with rank(Tw) = 0. A linear map has rank 0
exactly when it is the zero map, so rank(Tw) = 0 holds exactly when Tw = 0. By Lemma 3.3(3),
this holds exactly when w ∈ rad(b). Therefore, the constant term equals |rad(b)|. Since rad(b) is an
Fp-subspace, |rad(b)| = pdim rad(b), so dim rad(b) is determined by the constant term.

(2). For g = (w, c), Eq (3.6) gives |H(g)| = prank(Tw). Maximizing over g is equivalent to maximizing
over w ∈ V , so the maximum equals prmax . □

Theorem 5.5. (Recovery of rank data from attainable-set counting) Fix g = (w, c) ∈ G and define

N(g) := |H(g)| = |{h ∈ W : S(g, h) is nonempty}| .

Then
N(g) = prank(Tw).

Consequently, the polynomial PG(t) is determined by the multiset {N(g) : g ∈ G}.

Proof. The equality N(g) = prank(Tw) is (3.6). For recovery, the V-projection π : V×W → V is surjective
and each w ∈ V occurs as π(g) for exactly |W | choices of g. Hence the multiset {N(g) : g ∈ G} contains
each value prank(Tw) with multiplicity |W |, and therefore determines the multiset {rank(Tw) : w ∈ V},
hence, PG(t). □

6. Worked examples and verification checks

6.1. Heisenberg group

Let Hp be the order-p3 Heisenberg group, realized with

V = F2
p, W = Fp, b((a, b), (a′, b′)) := ab′ − a′b.

For w = (α, β) ∈ V , Tw(u) = det(u,w) is an Fp-linear functional. When w , 0, Tw has rank 1 and kernel
dimension 1. When w = 0, Tw = 0 has rank 0 and kernel dimension 2. Hence,

PHp(t) = t0 + (p2 − 1)t1.

For g = (w, c) and h ∈ W, Theorem 3.7 yields:

|S(g, h)| =


p1 p2 = p3, w = 0, h = 0,

0, w = 0, h , 0,

p1 p1 = p2, w , 0, h ∈ Fp.
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The partition identity Corollary 3.8 gives:∑
h∈Fp

|S(g, h)| =

p3, w = 0,

p · p2 = p3, w , 0,

matching
∣∣∣Hp

∣∣∣ = p3.

6.2. Explicit torsor in the Heisenberg case

The torsor parametrization can be written completely. Let g = ((α, β), c) and let h ∈ Fp. The
contraction equation is

Tw(a, b) = aβ − αb = h.

If (α, β) , (0, 0), this affine line has p solutions. For example, if α , 0, choose a free parameter r ∈ Fp

and write

ur =

(
r,

rβ − h
α

)
.

For each A ∈ Fp, the corresponding factor pair is

xr,A = (ur, A), yr,A =
(
(α, β) − ur, c − A − 1

2h
)
.

Thus, the p2 solutions form a torsor for ker(Tw) × Fp. If w = (0, 0), the attainable set is {0}; for h = 0,
every u ∈ F2

p and every A ∈ Fp give

x = (u, A), y = (−u, c − A),

which gives p3 solutions.

6.3. A two-channel class-two example

Consider
V = F4

p = U1 ⊕ U2, W = F2
p,

where U1 and U2 have coordinates (a1, b1) and (a2, b2), respectively. Define

b((a1, b1, a2, b2), (a′1, b
′
1, a
′
2, b
′
2)) =

(
a1b′1 − a′1b1, a2b′2 − a′2b2

)
.

Write w = (w1,w2) with wi ∈ Ui. The map Tw has rank equal to the number of nonzero components
among w1,w2. Therefore,

PG(t) =
(
1 + (p2 − 1)t

)2
= 1 + 2(p2 − 1)t + (p2 − 1)2t2.

The attainable set for g = (w, c) has size

|H(g)| =


1, w1 = 0, w2 = 0,

p, exactly one of w1,w2 is nonzero,

p2, w1 , 0, w2 , 0.

For every attainable h ∈ H(g), the number of constrained factorizations is

|S(g, h)| = pdim W pdim ker(Tw) = p2 p4−rank(Tw).

This example illustrates how the rank-profile polynomial records a nontrivial distribution of attainable-
set sizes beyond the single-channel Heisenberg group.
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7. Conclusions and directions

Commutator-constrained factorizations admit a complete exact solution in class-two exponent-p
groups under bilinear-data encoding. Decision, counting, and witness construction reduce to solving a
single contraction equation Tw(u) = b(u,w) = h over Fp, and the full solution set is an explicit torsor
for ker(Tw) × W, yielding closed formulas and certified procedures. The attainable commutator set
H(g) = im(Tw) and the uniformity law across attainable values supply refined structural information
for each fixed product constraint xy = g. The swap law further relates constrained factorizations
across centrally shifted product constraints, enabling controlled transformations and reuse of computed
contraction data. Rank-profile polynomials and their derived invariants provide isomorphism-invariant
rank distributions aligned with modern reductions of class-two exponent-p isomorphism to alternating
matrix tuple isometries [9,16,20]. The polynomial PG(t) is a useful fast invariant, with explicit radical
and extremal-attainability information, and its rank-only nature makes it a filter rather than a complete
classification invariant.

Several extensions motivate further study. Input models beyond explicit bilinear structure
constants, such as power-commutator and polycyclic presentations, motivate certified conversions to
bilinear-data, connecting to practical group libraries and p-group generation methods [3, 5].
Rank-profile invariants suggest integration as a filtering stage inside isomorphism pipelines developed
for the barrier case (see [6, 8, 9]). Enriched constraints involving additional algebraic predicates
beyond a single commutator target link naturally to equation-solving problems in nilpotent
groups [22, 23] and to extension/cohomology-based isomorphism strategies [18].
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