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Abstract: We investigated the existence of boundary blow-up solutions for a slightly subcritical
semilinear elliptic problem posed in a smooth bounded domain of R"” with n € {4, 5, 6}. We constructed
solutions that have a nonzero weak limit while simultaneously blowing up at a boundary point. This
behavior stands in contrast to the well-known compactness properties on manifolds without boundary
for small dimensions, where such weak convergence would force strong convergence. Our construction
shows that, in low dimensions, the presence of a boundary allows blow-up and residual mass to coexist.
Moreover, we identified the precise boundary points where this concentration occurs. The results are
proved by means of delicate asymptotic estimates of the gradient of the associated Euler—Lagrange
functional.
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1. Introduction and main results

In this paper, we construct some boundary blowing up solutions with residual mass of the following
slightly subcritical Hénon type problem:

—Au = Kluff'""*u inQ
(Pe) { = 0 on 0Q,

where Q is a smooth bounded domain in R", n > 3, £ is a real positive parameter, p + 1 = 2n/(n — 2)
is the critical Sobolev exponent for the embedding Hé (Q) — L"*(Q), and K is a C3-positive function
on Q.

Problem (P,) is a classic model in nonlinear analysis, with applications spanning several fields,
including nonlinear optics [12, 18] and conformal geometry (see [15]) and the references therein).
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For ¢ = 0, the variational problem associated with (P,) lacks compactness. Many papers have
investigated conditions on the function K and the domain Q under which (P,) admits a positive solution
w, for example; we refer the reader to [7] for the case K = 1 and to Theorem 1.4 of [17] for nonconstant
K. For € > 0, much work has been devoted to studying this problem; in particular, many blowing up
solutions (as € — 0) are constructed. These solutions blow up at some precise points in Q; see; for
example, [8, 13, 14,23]. In [8], the authors studied (P,) with K = 1 and they introduced a new method
to construct some positive solutions of (P,). They reduced the existence of solutions to solving a finite
dimensional system. This method is used in many perturbed noncompact problems and it has become
standard. For example, one can see [3,4,9,16,23].

For K = 1, an important result (proved by R. Schoen [25]) gives the following alternative: Let u,
be a family of positive solutions of (P,). Then the following hold

¢ In one case, the solutions u, converge weakly to a positive solution w of (Py). In this case, they
have to be L*-bounded and, therefore, they converge strongly to w.

o Alternatively, they blow up. In this case, they have to converge weakly to 0. Moreover, the blow-
up points have to be in Q and isolated simple (see [19] for the definition). Conversely, in [8], the
authors constructed solutions which blow up at k points y;, - -, y; in  (satisfying some precise
assumptions).

When K is a positive function (not a constant), the problem is an extension of the prescribing scalar
curvature problem which is introduced for the compact manifolds (M, g) without boundary. Notice that
the prescribing scalar curvature problem on (M, g) is given by

n—2

(SC)  —Au+cRu=Ku', u>0 inM (withe, := pro 1)),

where R, is the scalar curvature of (M, g). Assume that K has only nondegenerate critical points with
AK # 0 and let (S C,) be the perturbed problem (by taking p — ¢ instead of p, with & being small). For
a family of positive solutions (u,) of (S C,) which converges weakly to a positive function w, we have
the following.

e If n <5, then u, has to converge strongly to w; therefore, it is an L*-bounded solution.

e If n > 7, we have the following alternative: Either u, converges strongly to w, or u. blows
up. In the second case, the blow-up points are isolated and simple and they belong to the set
{ve M :VK(y) = 0and AK(y) < 0}; see [19].

However, concerning the problem (P,), in [5], Aubin showed that any concentration point in 9
of a sequence of solutions has to satisfy 0K/dv > 0 (see Proposition 6.44). Hence, assuming that
0K/dv < 0 on 0Q, the blow-up points are in Q. However, taking Q to be the ball B(O, 1) and taking
K = |x|” with y > O (which implies that dK/dv > 0 on 0Q), in [13], the authors showed that the ground
state solution blows up at a point a € dCQ2. Notice that the ground state solution converges weakly to
0. In addition, blow-up solutions at multiple isolated simple boundary points were constructed in [20].
Lastly, in [9, 14, 16], the authors constructed some solutions u, (which are the sum of many bubbles)
that blow up at the same point y € d€Q. This point is characterized as a critical point of K; := Kyo
with (0K/0dv)(y) > 0. This result is very important, since it shows that y is not an isolated simple

blow-up point. Hence, a new phenomenon appears for the problem (P,) compared with the problem
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(S C.). These constructed solutions converge weakly to zero. A natural question arises: Is it possible

to get a similar result with a residual mass, i.e., when u, converges weakly to a positive function w?

For a compact manifold without boundary, the answer is negative for the small dimensions n < 5. The

aim of this paper is to prove that for the small dimensions n € {4, 5, 6}, we are able to construct some

solutions which converge weakly to a positive function w and blow up at some points at the boundary.
To be more precise, for a € R” and 4 > 0, let

/l(n—Z)/Z

(1 + 2|x — a?)-2/2° with ¢g := (n(n = 2))" 2", (1.1)

0ar(Xx) :=co

These functions are the positive solutions of the Yamabe problem on R" for n > 3, i.e., these functions
satisfy

n+2
~ASap =0} in R
Since 6, ¢ Hy(Q), we introduce its projection, denoted Pd,;, onto this space. This projection Pd,; is
defined by the following, for a € Q:

n+2

—AP(SQ’) = —Ada’/] = (53 in Q, and Péa,/l = 0 on 0Q. (12)

Our first result deals with one blow-up point £ € 9Q), and our aim is to construct some solutions u,
having the form

N
U, = w+ Z Pé,, a, + P
i=1
such that lima; . = & for each i, where w is a nondegenerate solution of (Py).

We remark that for w = 0, the authors in [14] constructed positive blowing-up solutions at a
boundary point y € 0 that converge weakly to 0, using the projection Pd,, as a bubble. Their
result is restricted to dimensions n < 6. This result was extended in [9] to dimensions n > 7 by using a
more refined bubble, denoted ?5“, 1, Which allows better control of the remainder terms. However, this
refined bubble requires more delicate expansions. Consequently, we believe that our result also holds
for n > 7, provided that one uses F;Sa, 1 instead of P¢, ;. In this paper, we focus on n € {4, 5, 6} because
for these low dimensions, the blow-up phenomenon with residual mass does not occur on compact
manifolds without boundary. Hence, our result reveals a genuinely new phenomenon. By contrast, for
higher dimensions n > 7, the coexistence of a residual mass and bubbles has already been established
for compact manifolds without boundary [2].

To introduce our results, let us define the following function:

_ 2S n= 2
Fng O syn) = (nzm-zn/(" > Z Z - ykl” Z 2K(§ )D (Kig)(E) i, i), (1.3)

i=1 k#i

defined in X := {(y1,--- ,yn) € (T;»«ﬁQ)N :yi # yjif i # j}, and where S, c¢3, and 7 are defined by

2
_ 2n/(n-2) _n- 2 nm-2) M p L
CO f (1 + |y|2)” < n CO Rr (1 + |y|2)n+l Y ( . )

8ne; 0K (n=2)/2
((l’l - 2)28,K(£*) Ov Fd ))
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We point out that similar Hamiltonian-type functions arise in characterizing the location of
concentration points for mean field type-equations in mathematical physics and for Euler equations
in fluid dynamics. The relevance of such vortex-type problems to Yamabe-type equations was first
discovered by Thizy and Vétois [22] and Pistoia and Vaira [21].

Our result can then be stated as follows.

Theorem 1.1. Let n € {4,5,6}, w be a positive nondegenerate solution of (Py) and & € 0Q be a
nondegenerate critical point of Ko satisfying

0K
E(f*) >0, (1.5)

where v is the outward normal vector field on Q2. In addition, for each N € N\ {0}, we assume that Fy .-
has a nondegenerate critical point (y],-- -, y}). Then, there exists gy > 0 such that for each £ € (0, &),
there exists solution u, of (P,) satisfying

N
U=+ ) Pby i, + e, (1.6)

i=1

with ||¢.|| — O as € tends to 0 and

e D < Zl < gDy i, (1.7)
gV gy —aj < MV iz j> 1, (1.8)
cie <dip = d(a;,0Q) < e Vi1, (1.9)
eI < gy, — ) < eV >, (1.10)

’7

where ¢ and ¢{’ are some positive constants.

Furthermore, for eachi € {1,---, N}, it holds: b; := & "*V/"*(g, . — £*) converges to y:.

We remark that Eq (1.10) implies that the points ;. converge to £&* € 0Q as € — 0; therefore,
& is a blow-up point of u,. Furthermore, it is not an isolated simple blow-up point (see [19] for the
definition).

The positivity assumption on w is necessary, since we aim to construct positive solutions of (P,),
and thus their weak limit must be positive. On the other hand, the nondegeneracy assumption on
w 1s generic: By perturbing the function K slightly, one can obtain a new function K for which the
corresponding solution becomes nondegenerate.

Remark 1.1. (1) Observe that if the point £ satisfies
D*(Kg)E)(x,x) >0 V¥ x#0,

it follows that for each N € N, Fy ¢ goes to —co when the point (yy,- -+ ,yy) goes to the boundary
of X; therefore, the function Fy ¢ achieves its maximum, which implies the existence of a critical
point of Fy ¢.

(2) For an example where Fyg- possesses a nondegenerate critical point, we refer the reader to
Proposition 4.2 of [1].
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We next consider the case of multiple blow-up points on 0€, for which we obtain the following
results.

Theorem 1.2. Let n € {4,5, 6}, w be a positive nondegenerate solution of (Py) and let &, - - , &, in 0Q
be nondegenerate critical points of Kyq satisfying the same assumptions as & (in Theorem 1.1). Then,

foreach Ny,--- ,N,, in N\ {0}, there exists &y > 0 such that for each € € (0, &), there is a solution u,
of (P,) satisfying
N N
us =w+ Z Péal,i.é:v/ll,i,s +eeot Z Péam,i,s’/lm,i,s + ¢8’ (11 1)
i=1

i=1
with [|¢,|| — 0 and for each k < m, the points a; ;. converge to & as & tends to 0. Moreover, for each
k=1,---,m, the points a; ;. and the speeds A; ;. satisfy the properties in (1.7)—(1.10).

Remark 1.2. Theorems 1.1 and 1.2 are stated for n € {4,5,6}. Nevertheless, we believe that they
remain valid for n = 3. The main difficulty lies in improving the estimate of the odd part of the error
term. Section 5 deals with the odd component (x—a)y. of the error term for k > 2 (see Lemmas 5.3-5.6).
To extend our results to the case n = 3, we would need to study the case k = 1, which requires more
delicate estimates. We plan to return to this challenging estimates in future work.

The proof of our results relies on a Lyapunov—Schmidt reduction. Specifically, we seek a solution u,
of the form given in (1.6) (for Theorem 1.1) and (1.11) (for Theorem 1.2), where the function ¢ lies in
an infinite-dimensional space. By deriving a precise expansion of the associated variational functional
I, (defined in (2.1)) with respect to ¢, we establish the existence of a function ¢ that extremizes I, in
this infinite-dimensional setting. The remaining parameters of the solution are then determined through
a detailed analysis of the expansion of the gradient VI.. This approach, introduced in [8], has become
standard and hinges on the accurate expansion of VI.. The main challenges in the present work are the
following.

e Controlling the contribution of the function w in these expansions;

e Controlling the contribution of the function ¢;

e Handling the interactions between bubbles whose concentration points are close to one another
and ultimately converge to the same boundary point.

It is worth noting that in previous applications of this method, the term ||¢||*> is typically small
compared with the leading-order terms in the expansions. In our setting, however, this is not the case
(see Remark 4.1). Nevertheless, we observed that in the integrals where this issue arises, we can refine
the analysis by exploiting certain oddness properties. This motivates the study of the odd part of ¢, as
detailed in Section 5.

Finally, we remark that classical blow-up analysis methods often depend on delicate pointwise C°-
estimates and the use of Pohozaev identities. The presence of the function w significantly complicates
such an analysis. In contrast, the approach adopted here circumvents these classical techniques, relying
instead on precise expansions of the scalar products of /I, with carefully chosen test functions adapted
to the bubbles under consideration. In addition, compared with the case w = 0 studied in [9, 14],
the presence of a nonzero function w in the ansatz for the desired solution introduces many additional
integrals that must be controlled. In the setting of compact manifolds without boundary or of interior
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blow-up solutions, the function w is bounded below by a positive constant. In our situation, however, w
vanishes on 0€2 and the concentration points a; lie close to the boundary. Consequently, for any x near
the boundary, w(x) ~ cd(x,dQ). This fact plays a crucial role in our analysis, allowing us to control
the contribution of w in all integrals where it appears (see, for example, Lemma 4.1 below).

Our paper is organized as follows. In Section 2, we introduce some basic tools. Section 3 is devoted
to reducing the problem to a finite dimensional problem where we prove the existence of a function
¢ minimizing the functional I, with respect to the infinite dimensional variable. The expansion of the
gradient of the variational functional /. is given in Section 4. To improve some results presented in
Section 4, we will study the odd part of the remainder function ¢ in Section 5 and we improve the
expansion of the gradient of /. (with respect to the concentration point ;) in Section 6. Finally, we
prove the theorems in Section 7. We end the paper by some useful results in the Appendix.

2. Basic tools

First, we notice that
2 172 1
vy:=| Vu-Vv and |l :=( | [VuP) for u,v e H\(Q)
Q Q

are the standard scalar product of Hé () and its associated norm.
Second, we note that (P,) is a variational problem; that is, its solutions are the critical points of the
following functional:

1 1
I(u) := 5||u||2 T fg KlulP*'™® for ue Hy(Q). (2.1)

Easy computations imply that I, is a differentiable functional on H,(€2), and we have
(VI (), hy = (u, h) - f lulP~ " uh foreach u,h € H)(Q). (2.2)
Q

While the functional I, is standard, a broader methodological perspective on constructing variational
principles is provided by the so-called semi-inverse method [26]. This technique offers a systematic
way to derive a variational functional directly from the field equations, which may find applications in
other physical contexts where no obvious Lagrangian exists.

Now, recall that the projection P9, , is defined in (1.2). Using the maximum principle, it is easy to
see that this function satisfies the following.

Proposition 2.1. [11,24] For a € Q and a large A such that Ad, := Ad(a, 0Q) is large, the following
holds:

H(a, .)
Pbyq =040 — 040 =040 — COW + faas (2.3)
where H(.,.) is the regular part of the Green function G(.,.) with the Dirichlet boundary condition
(H(a,.) := G(a,.) — la - .|*") and f, ; satisfies

O0fur ‘ - c Hl@fm

c
A2 /2gn” ”/1 o1 = A2 1 da

Lo = Q2 g1’
a

I faalleo <

(2.4)
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In addition, we have

oPs, 10Ps, ,

0< PS5, < 6,0 ‘/1 A <ers, . -2 <eps,, inQ, 2.5)
A = 0 L1 b :

Sun < CPS,1  in Bla,ds/2). (2.6)

For a € Q and A > 0 such that Ad, := Ad(a, dQ) is very large, we write
Ea,/l = span{P(SM, 6P6u,/l/(9/l, aPém/aal, e, ﬁPém/Gan}. (27)

Now, let N € N, m; be a small positive constant and let m, be a large positive constant. We define
the set Ay as the set of the elements (@, a, 4) € (0, 0)Y x QN x (0, )" satisfying

/" K(a;) - 1| < myellngl Vie({l,--- N}, (2.8)
my < gV <y, Vie{l,--- N}, (2.9)
my < la;—ajle™ VD <y Vi jefl,--- N}, (2.10)
mie <d;:=da;,00Q) <me VYie{l,---,N}, (2.11)
my < la; — &)™V <y Vie{l,--- N} (2.12)

Notice that Ay & = ‘”T/(N ), which is defined in Eq (4.1) of [9]. Furthermore, for i # j, using (2.9) and
(2.10), easy computation implies that

A A N\C-1/2 1 2n/(n+2)
&ij = (/l_J % + Aidjla; — aj ) < ﬂg"_z)/zﬂﬁn_z)/zlai g = 0(8 ) (2.13)

In addition, for each j # i, it is easy to see that d; < ce < c&'/™?|q; — aj|; therefore, we have the
following (see Lemma 4.1 of [9] for the first inequality of the second assertion):

(n=2)/2

6, 1 < A <ce T in Bla;,di/2) (2.14)

ol S ——————<cez = in B(a;,d;/2), .

M (Al - aily=
Ps, o <ceU5, | <ce  in Blandi/2) withy, = > 4 —2 2.15
ajd; SCE aj; S C€ in B(a;, di/2) withy, := 5 + P (2.15)
C/Ign—Z)/Z ., . " B n—3
Pog, 0 > COgp, = Ly > ce in B(a;,d;/2) withy, := > (2.16)
Hence, it is easy to see that

Oa;n; = 0(Pég,) in B(ai, di/2) Y j#i. (2.17)

Moreover, since 1n 4; is small and Q is bounded, it follows that & In(1 + A7|x — g;|*) is small uniformly
in Q; therefore, by using the expansion e’ = 1 + ¢ + O(#%) near zero, we deduce that

n—

=
5.5, = oA, (1+

= 1+o(1). (2.19)

2
& In(1 + Zlx - ai)) + O(e* In*(1 + A7 |x - ;) (2.18)
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In the sequel, we use o to denote the following value:

1 1 4

=2+ - =2+ . 2.20
v n-2 n+2 n*—4 (2:20)
Furthermore, oy denotes a positive real number which can be different from line to line.
Our aim is to construct some critical points of the functional /. having the form
N
L
U=w+ ) QPO +¢ With (0,a,0) € Ayse and ¢ € Fupi= (U, By, (2.21)
i=1
where E,, . is defined in (2.7).
In the sequel, to simplify the presentation, we write
N
U= ) aiP,,, (2.22)
i=1
Using (2.5), (2.9), (2.15), and (2.17), it is easy to see that
u=a;Pé, . +O0E™) =;Pd, (1 +0(1)) in B(a;,d;/2), (2.23)
(u)* =1+ 0(ellnegl) in U B(a;,d;/2). (2.24)

Concerning the function w, we remark that since w = 0 on 0L, and w is bounded in the C 2_norm,
using (2.11), we deduce that

O<w<cdj<ce inQ, :={xeQ:dx,0Q) < Mg}, (2.25)
C>w>ce inQ\ Q,, (2.26)

where M is a large positive constant. Thus, since p — 1 > 1, we deduce that

W =W+ 0@+ 7778 = WP + O(e) in Q. (2.27)
3. Finite dimensional reduction

Observe that, the function u defined in (2.21) is parametrized by the element (@, 4,a) € Ay, and
a function ¢ € ¥, . Let us introduce

N
[8 : {(a’ /l’ a, ¢) € AN,S,f* X Hé(Q) : ¢ € 97(1,/1} - R, [e(a, /l, a, ¢) = Is(w + Z aipéai,ﬂi + (b)

i=1

To find a critical point of I, we need to find a critical point of 7.. We start by extremizing the function
1. with respect to the variable ¢.

Proposition 3.1. Letn € {4,5,6} and (a, a, ) € Ay, ¢, there exists a unique 5 = vaa, 1 such that

¢ € Fur, (3.1)
(VI (w+u+¢),hy=0 YheF,, (3.2)
ligll < cellnel, (3.3)
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where u is introduced in (2.22).
Proof. First, we need to expand the functional /, with respect to ¢ € ¥,,. Indeed, we have

f Klw + 1 + ¢/,
E

— 1 —
@+ T+ ) = Sllo+ T+ 9IF =
Observe that since ¢ € ¥, ,, it holds that

lw+ 7+ ¢l” = llw + Ul + 2w, ¢) + IglI*.

Concerning the second part of (3.4), observe that for y > 2, s, € R, we have

O(sP =21y if Il < lsl,

1
Is + 17 = |s]” + yIs|" st + =y(y = D|s] 72> + _
Y 2 o) if || < |1,

Thus, the integral in (3.4) becomes
fl(lw + U+ PP = fK(w +) T (prl-¢) f[((w +u) "¢

+ %(p +1-¢g)p-¢) fK(w ) A

+0( f (w -+ + f o171).
ligl<w-+ul

f (w+ )2 + f 1717 = o(llgll).
lIgl<cw-+a]

Therefore, for each ¢ € F,,, we obtain

Notice that

L(w+u+ @) = I(w+u) + L(§) + %QS(@ + o(llgII*)
whete 0,(0)i= 01 - (9 - ) [ K(w+74°
L) = .0~ [ K+T7s.
We claim that Q. is a nondegenerate quadratic form on ¥, ,. In fact, using the fact that
ls+ 2" =1s” + 1 + O(sP el + IsleP~")  for y>0, s,r€R,

and the fact that a/?/ =2k (a;)) =1+ o(1), we deduce that
N
fK(w +'I:t')l7—l—£¢2 — wap—1—€¢2 + Zfé‘;?:;i—s(pZ +0(||¢||2)
i=1
N
_ f Ko g+ ) f &7 6% + olllglP),
i=1

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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where we have used (2.19) and (2.27). Thus, we get

0:(9) = Q(8) + o(lll*) where  O(¢) := ||¢||2—pf Ko"'¢? PZf i ®

However, by arguing as in the proof of Proposition 1 of [4], it follows that the quadratic form Q is
nondegenerate on ¥, ;. Hence, our claim follows.

Now, since Q. is a nondegenerate quadratic form and L, is a linear form, using the implicit function
theorem near 0, we deduce the existence of a unique function 5 satisfying (3.1), and (3.2), and we have
||5|| < c||L¢||. Thus, to prove (3.3), we need to estimate ||L,]|.

Using the fact that P6,, < cd,, and the fact that for each y > 0, s, € R, we have

odsl’le)  if |t < |sl.
5+ 17 (s + 1) = |s]7s + oz + | CUSTID At < sl (3.9)
O(ls|le]) if |s| < |1,

we derive the following (since w is bounded):

f Kw+u) "¢ = f KW’ + f K@p‘8¢+20( f o7 |l + f Sara\l)- (3.10)
Q Q Q

To complete the estimate of (3.10), using the fact that 5;51. < cand (1.1), it holds that

fg 57 gl + fg Sl < cliol]( f 5i) T fg 52) " | <onllel, (D

where y is defined in (1.2). Concerning the first integral in (3.10), using (2.27), we get

fg Ko’ ¢ = fg Kw'e+0(e fQ ¢) = fg (~Aw)p + O(ellgll) = (w, ) + O(ellgl]).  (3.12)

Regarding the second integral of (3.10), from Lemmas 2.1 and A.1 of [10] (these results are proved
for p + ¢ instead of p — &; however, since, for each i, £1n A; is small, the proof is exactly the same), we

deduce that 1 1d
| f K@" ¢ <c||¢||Z ML) 43 syinGe 27,

(/1 d )n 2 4
JE
Combining the previous estimate and (2.9), (2.11), and (2.13), we get

| fg K@~

Combining (3.11), (3.12), and (3.13), Eq (3.10) becomes

< celIn g|||]|. (3.13)

f K(w+0)"¢ = (w. ¢) + O(el Inellig]). (3.14)
Q
Therefore, the linear form is estimated to be

ILe(p)| < c el Ing]]|]],

which implies that ||L.|| < c €| In g|. This achieves the proof of the proposition.
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Remark 3.1. From (3.2), using the multiplier Lagrange theorem, we deduce that some constants A;,
Bj, and C, exist such that

—Ad =Klw+u+ ¢ Nw +u + @) — (-A)(w + U)

- 1 aPa,)]

+
N
oPs;
+(—A)[Z(AjP5j+Bj/l-_J +[Z;cj,u_j@ (3.15)

J

= 04;
In fact, for (a,a,4) € Ay,z, from Equation (3.2), we deduce that 5 is a critical point of the

functional

'70:7:0,/1_>R > ¢'—>lﬁ(¢) = Is(w+ﬁ+¢),

where u is introduced in (2.22). Recall that the set ,, is defined by some orthogonality constraints
which are as follows, for j € {1,--- ,N}and £ € {1,--- ,n}:

6:1 A 1 8P5aj,/lj

oP
§01,j(¢) = (v, P5a,-,ﬁ,->§ <pz,j(¢) = (v, /lj—a/l,- ); ()03,j,€(¢) = (v, /l_J 0a,-,g

).
Therefore, using the multiplier Lagrange theorem, we deduce the existence of some constants

(A, B,C) € RN x R¥ x (R"" such that

=1

N n
VU(@) = > (AVe1i@) + BV ;(®) + D CieVps (@)
=1
Thus, using (2.2), we deduce that for each /4 € H(l) (), we have

fV(w+ﬁ+$)~Vh—fK|w+ﬁ+a|P—8-1(w+'ﬁ+$)h
Q

Q

Y A | ves, ,vh+B. | v[a o, g Y c. [ vl s, gy
= - w1 Vh+B; ; -Vh + : — - Vh).
Zl ( J ‘fg; s J ‘fg; [ J 6/11 ] Z Jit fg; [/l 6aj,g ] )

J

This completes the proof of (3.15).
4. Expansion of the gradient
The aim of this section is to perform delicate asymptotic estimates of the gradient of the functional

I, given by (2.2). To this end, we compute the scalar product of the gradient of 7, with certain functions.
We start by providing the following lemma.

Lemma 4.1. Leti € {1,--- ,N} and ¢; € {Pd,, 4, (1i0P6,, 2, /0)), a;l(apéai,},./aa,-)}. It holds that
(VI(w+T+).¢;) = (VL@ + @), 0) + O3 Ingl ifn=4, &7 ifn=>5,6).

Proof. Observe that, by using (3.9), we have
f Klw + T4+ (0 + T+ P)ps = f K/, + f K+ 3P G+ P
Q Q Q
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+0( f "+ gl + f i+ o wled).
[[u+¢l<w] [w<u+¢l]

We need to estimate the integrals involved in (4.1). Regarding the last integral in (4.1), we have

—p—e—1 —ip—1
f Cu+ g wl¢g|$6f|¢l” 5ai,a,-+Zf55ww-
[w<+d] Q o

(n=2)/n
il 271 n)(n=2)\ (=2 p-1{n ) e
|¢| 50,',/1,' < Cl|¢” (Léa;,/l[ ) < C(Sl In Sl) 10272 <ceg? Z,

However,

CE& C n—1
of a)<csf of +cf of < + <cgz 't
AW = A A= — — = )
aj,Aj B aj,Aj o\B; aj,Aj /1511 2)/2 /lin 2)/2(/1/_‘1]_)2

J

S—5—

where we have used (2.25) in (4.2). Therefore, the last integral in (4.1) becomes

— n—1 2
f i+ gl wlpl < ce2
[wsu+¢l]

In the same way, we have

f T+ Pl < CZ f 631/’/11 * f 9100,
[+ di<ol . ’

However
ll’l/lj .f _4 3 .
z un= gllng| ifn=4,
5 <c J <c
ajj = 1 : = 24+-2 :
Q 2z ifn>5 P ifn>25,

and using (1.1), it holds that

_ _ 52 - eF|lnel  ifn=4,5
($16a., < cllBll( | 627%)" < cri@ligl < c
Q Q

g?ngP?  ifn=6.
Thus, the third integral on the right hand-side of (4.1) becomes

&P lnel  ifn =4,

—1-e Y
W'+ Pllpil < ¢ .
[m+¢|gw] l g¥tia ifn=235,6.

Concerning the first integral on the right-hand side of (4.1), using (2.27), we have

fKa)p_‘9<pi = fKa)pgoi + O(s féai»/li)'
Q Q Q
On the other hand,

ce
& f&ui’/li <ceg f&ui,/li S <R s c ez,
Q Q 4;
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f Kolp; = f (—dw)p; = f w(=Ap) = O f wd ) = 07 ), (4.6)
Q Q Q Q

(by using (4.2)). Therefore, the first integral on the right hand-side of (4.1) becomes

-£, n=1 n%
fg Ko g = 0(e7 772). (4.7)

Combining, (4.3), (4.5), and (4.7), (4.1) becomes

[ K+ T3 T = [ KT+ @+
+0(P|Ing| ifn=4, &7 ifn=506). (4.8)
Finally, using (2.2), (4.6), and (4.8), we obtain
(Viw + T+ ¢), 1)

= (W, @) + U+ ¢, ;) — f Klw+u+ ¢l (w0 + U+ d)p;

Q

:(ﬁ+a,¢i>—fKrﬁ+$|P—€-1(ﬁ+5)¢,-+0(83|1ns| ifn=4, & if n =5,6)
Q

= (VL@ +).¢) + O(e’| Ing ifn=4, &> ifn=56).
This completes the proof of the lemma.

Proposition 4.1. Leti € {1,--- , N}, it holds that
(VIw + T+ ), PSy 1) = ;S (1 — &)/ " PK(a;)) + O(el In &),

where S, is defined in (1.4).
Proof. Take ¢; = P, ., in Lemma 4.1. The proof follows from Lemma 4.1, (3.3), and Proposition 2.4
of [16] by using the behavior of the parameters 4;, d;, and £, given by (2.9), (2.11), and (2.13).

Proposition 4.2. Leti € {1,---, N}, it holds that

Péa,.,ﬂ,.>_ n-2 H(a;, a;) n—2S
on, '~ 2 O ne

+ O(ginf(1+n/(n+2);1+2/(n—2)))

(VI(w +U + ), /l,a

where §,, is defined in (1.4) and

dx
. 2n/(n-2)
T fR (1 + e @9

Proof. Take ¢; = A;0P6,,/04; in Lemma 4.1. The proof follows from Lemma 4.1, (3.3), and
Proposition 2.5 of [16] by using the behavior of the parameters 4;, d;, and g given by (2.9), (2.11),
and (2.13).
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Proposition 4.3. Leti € {1,---, N}, it holds that

1 0PG40, 1 ¢, OH
(Vlg(w+u+¢)/l 74, )— /1”1(9 —(a;,a;) — a/l/lVK(a)
N
8G(ai,aj) 1+-2
-y = — + O(g'"m2), (4.10)
12 Ai (A4 )( D2 Qa,

where c; is defined in (4.9) and c; is defined in (1.4).

Proof. Take ¢; = A;lapaai, 1,/0a; in Lemma 4.1. The proof follows from Lemma 4.1, (3.3), and
Proposition 2.6 of [16] by using the behavior of the parameters 4, d;, and g, given by (2.9), (2.11),
and (2.13).

Remark 4.1. Notice that a; is close to the boundary 0Q). Let a; be the projection of a; on the boundary
and let v; be the outnormal vector to the boundary at the point a;.

e Multiplying (4.10) by the vector v;, we observe that the principal terms in (4.10) become of the
order £'*1/"=2 Hence, the remainder term in this equation is small with respect to these principal
terms.

e However, if we multiply (4.10) by a tangential vector, we observe that the principal terms in (4.10)
become of the order &7, with o := 2 + ﬁ. Hence, we need to improve Proposition 4.3 in this
case.

e We observe that in the expansions of the gradient, particularly in Proposition 4.3, the remainder
term ||@| appears and is estimated by o> < ce? In’(¢). Hence, we need to improve this
estimate. We believe, however, that the bound on IIEII itself is optimal. Nevertheless, the
main part of the integrals that we need to refine involves the product of ¢ with the function
61_’ 4,-(65@-, 1,/0a;) (where a; is the k"-component of a;), and this function is odd with respect to
(x — a;)r. Consequently, the even part of ¢ does not contribute to these integrals. Moreover, near
a;, the function 5 is close to an even function. Therefore, the norm of its odd component is small
compared with ||¢|. This improvement will be very useful when refining the computations to
obtain a better version of Proposition 4.3.

5. The odd part of the error term

As stated in Remark 4.1, we need to improve the remainder terms in Proposition 4.3. We notice that
ll¢|I> appears in this remainder term, and we cannot improve the estimate of this norm. Nevertheless,
we see that dd,, »,/0a; is an odd function with respect to the k™-component of the variable (x — ;).
Therefore, the contribution of the even part of ¢, in some integrals, will be 0. Hence, we need to
improve the estimate of the odd part of ¢. This is the aim of this section. First, we start by estimating
the constants A;, B;, and C; ; introduced in Remark 3.1.

Lemma 5.1. Let (a,a,1) € Aygg. The constants A;, Bj, and Cjy, introduced in Remark 3.1, satisfy
the following: for each k € {1,--- , N} and for each j € {1,--- ,n}, we have

A= O(ellngl), By =0(), Ci,=0(""). (5.1)
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Proof. Multiplying (3.15) by Pé,, 4., AkOP6,, 2, /04, and /llzléPéam /Oay j, respectively, we obtain the
following system:

cAr + O([|Al + Bl + |Cl]) = (VI(w + T + §), P, 2, = O(el In &),
cBy + O(&l|Al + |B| + CI1) = (VI(w + T + 8), 4dPG,, 1, [04) = O(e),
cCj + O(&llAl + 1B| + |CI1) = (VI(w + T + §), A ' 0Py, [0a ;) = O("*7),

where c is a positive constant which differs from line to line.
Taking the sum of the previous equations, we derive

|A| + |B] + |C| = O(¢|In g]).

Putting this information into the previous system, the result follows.
Let (a,a, 1) € Ay, and ¢ be the function introduced in Proposition 3.1. Recall that for each j # i,
by using (2.10) and (2.11), we have

laj — a;| > ce"™ VD 55> 6 > cd,. (5.2)

Foreachi e {1,---,N}, we write B; := B(a;,d;/2) C Q and let ¢; be the projection of ¢ onto Hé(Bl-). It
satisfies the following partial differential equation (PDE)

A i = A_9 i Bi,
¢i=4¢, n (5.3)
¢,’ = 0, on 0B,
Lemma 5.2. It holds that
Bill ey ) < I, (5.4)
(@ — ()| < ce™™ P2 Inel VY x € Blai, di/4). (5.5)

Proof. Multiplying the first equation of (5.3) by ¢; and integrating over B;, we get

P o P2 — 112
fBi|V¢l| fB’_wlws(fB’_lwll) (fBilVrbl) ,

Il = ( fB V4iR) " < 131

Hence, the proof of (5.4) is completed. Concerning (5.5), from (5.3), we deduce that

which implies that

A@-¢)=0, inB,,
(¢—¢)=¢, ondB.

Thus, let G; be the Green function in B; with a Dirichlet boundary condition. It follows that

_ G, -
(¢ —d)(x) = —f 8_(x’ VP()dy.
(’)B,‘ v
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Taking x € B(a;, d;/4), it follows that for each y € dB;, we have |y — x| > cd;; therefore, we obtain

@ - )W) < fa BOldy < ce' [ By, (5.6)
B

C
d?_l 0B;
However, using the continuity of the embedding

H'(B) = L% (9B)),

we obtain the following, by using (3.3):

By < @ ( | BoE a) ™ e 16112235,

dB; dB;

< ce™P2Ing|. (5.7)

Hence, combining (5.7) and (5.6), the proof of (5.5) is as follows.

Since d(a;, 0Q) is small and Q is assumed to be regular, there is a unique q; satisfying |a; — a;| =
d(a;, 0Q). Without loss of generality, we can assume

v, :=v(a;) = —ey, (5.8)

where (eq,--- ,e,) is the canonical basis of R"”, and v(a) denotes the outnormal vector at the point
a € 0Q to the boundary 9Q. Furthermore, for k € {1,--- ,n}, we write

¢i = @7, + @i, where ¢7) is odd and @7, is even with respect to (x — ;). (5.9

Lemma 5.3. Under the assumption of (5.8), for each k € {2,--- ,n}, it holds that
| Ko7 = O ).
Proof. First, expanding K around the point a; and using (2.5) and (2.19), we get
f K(P64,0)" 6%, = K(a;) f (PG4, + O f I = ailo?  167,1). (5.10)
Using Holder’s inequality and the embedding H(B;) < L”*!(B;), we get

A1\ 50 c
J, ve=ais o < el [ 1e-arel)* < Sty
1

Now, using the change of variables y := 1;(x — a;) and passing to the polar coordinates, we get

2n
Atx — aj|=2
f|x a3}, < f L
B(ai,d;i[2) (I+ /li |x — a;|*)"

- c f |y|2n/(n+2) .
B /1?”/ 2 J oz (1 + )"
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c Aid;i /2 ry,ZTnz+"‘1 c
= 2n/(n+2) 2 ndr = 2n/(n+2) "
A o (1+7r) A

i i

Thus, using (2.9), which implies that % < " D/=2) e deduce that

c — 0
f lx — ai|5§i,/1i|¢zk|§ _.||¢§)||H(])(Bi) < 08“"12 ||¢, ||H(‘)(B,-)- (5.11)
Concerning the other integral, let a; satisfies a; — a; = —2d,;v; = 2d;e;. From Claim (a) of Lemma 7.1
of [9], we know that
1 d; 1 1
H(a;, x) = = + 0 — = — + 0 in B;. 5.12
(Cl )C) |.X _ ailn—Z (lx — al_ln—Z) |X _ al.|n—2 (dln—'s’) m ( )

In addition, by taking y = x — a;, it follows that
Ix =@l =y + (@ —a)l =y + 2d;el, (5.13)

which implies that this function is even with respect to the variable y; for each j > 2. Thus, using (2.3),
we derive that

H(ai’ X) 1
Péai,ﬂi(x) = 6ai7/li(x) — <o /l(n—z)/2 + 0( )

i

/lgn+2)/2d?

1 1
0( AT g3 + 2D ) (5.14)

= 6&,‘ /l,(x) - CO —_~ +
AP x —al

Eaiji(x) xo(Ai,di)

Recall that by using (5.13), ga ., 1s an even function with respect to the variable (x —a;), for each k > 2;
therefore, the function (5” ;¢>" is an odd function with respect to (x — a;);. Hence, we obtain

—£ 40 P=E 5
f (PS40 = f (u, + OCro(Aindi))) 04
B; B;
f 57+ O( f 50 xo(A di))Iggy)
B; B;

n+2

:O(Xo(/li,di)“(ﬁio“Hé(Bi)(f5n )7

However, from (2.9) and (2.11), we deduce that d; < ce and A‘Ld < ce'=2_ Now, using (1.1), we derive
that

B e — o+ — ifn=4,5,
xo(is di)( f 50" < oxolindiyi () < c{gfn?)zéd ;ﬂ(ﬁlg) B e
B Ay e > MT
< cg'tim
Thus, the previous integral becomes
—& 10 L o
f(Péai,ﬂi)p ¢i,k = 0(81+"_2”¢i ”H(l)(B,-))' (515)
B;

Combining (5.10), (5.11), and (5.15), the proof of the lemma as follows.

AIMS Mathematics Volume 11, Issue 6, 15324—-15360.



15341

Lemma 5.4. Under the assumption of (5.8), for each k € {2,--- ,n}, it holds that

f K(PSy,1,)" " ¢, = f Sty @)+ o(I67ull ) + O 7= In elllff iy s )

B;

Proof. Expanding K around a; and using (2.5) and (2.19), we get
[ Koyt = K@) [ Poay ool [ w-allimen). 616
B; B; B

Observe that in B;, |x — a;| < d;/2; therefore, using Holder’s inequality and (3.3), we obtain

f o= a0 < i [ 1903,P)" < cellmllotlg
B;
Regarding the other integral, using (5.14), we get
p-e—177 < pme-l—
| (Poa )60 = (0ut, + OCro(Aind))) G55y
B.
f B 1567, + O, ) f ) (5.17)
Notice that for n = 6, we have p — 2 = 0; therefore, using (3.3), (2.9), and (2.11), we get
XO(/lnd)f il el = )(o(/li,di)f [Pl
2
<c (/12_41’3 + ﬁ &I f Ve,

2
< c&’| In&lllo il 5,)-

However, for n € {4, 5}, we have p — 2 > 0; therefore

1 1
o) | 07208105 5 o+ o [ 8007)
AT T

l

Moreover, using the change of variables y := A;(x — a;) and passing to the polar coordinates, easy
computations imply that

(p-2)%2 2 /1{1(6%)/4 :
S 2 "S c ! d.x "
<~fl;; a;,A; ) (Ll (1 + /L‘lx_ ai|2)”(6_”)/4 )

c |
<— dy
A 2( \L;(O,/l,-d,»/Z) (1 + [y[*)6-m/4 )
c f e )% < {lnl”(ﬂid,-)m,-, if n =4,

<_° _
ek (1 + yenad’) =€ ', if n=>5.

2
n

Thus, for n € {4, 5, 6}, we obtain

Koo ) f P2 Gilge) < el in I g (5.18)
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This completes the estimate of the remainder term of (5.17).
Now, we will focus on the first integral of (5.17). We write

fB @)™ B, = fB @) Bt + fB @)@ = B (5.19)

Observe that since ga[, 24, 1s an even function and ¢gk is the odd part of ¢; (with respect to (x — a;);; see
(5.9)), we find that

< —e— 0 23 —&=1/ 40 -1, ,0 0
fB Gaa)" 010 = f [P f G @507 + oI5l )

However, the second integral of (5.19) needs some precise computations. We decompose it into two
parts. The first one is

| f (’gai,/li)p_s_l ®
Bi\B(a;,d;[4)

0
ik

2
_ N2 =
< ( f Gant)”™)" 1 = Al
Bi\B(a;.d;/|4)
C
< ——eé&llnélllg? g s
(/lidi)z ¢l,k Hy(B))

1422
< ce 2| Inelllg] s,

where we have used the fact that 6, < 6, in B;, the fact that ﬁ < ce!=2 (which follows from
(2.9) and (2.11)), (5.4), (3.3), and (1.3).
Concerning the integral over B(a;, d;/4), using (5.5) and (1.1), we have

8n | n+2

= —e—1,7 _n-=4 n2— 2n
[ Gy =@ o] < ce T imallotl [ 05
B(a;,d;[4)

B(a;d;[4)

_n4 0
< e | In &llgg Ly 1 (1)-
Combining the previous estimates and using (2.9), the proof of the lemma follows.

Lemma 5.5. The following holds:

fB_ |V¢Zk|2_pf5§,;(¢lk) >Cf|v¢,k|2+0(8 |In &[?).

Proof. Recall that B; C Q and ¢7, € H, 5(By). Therefore, we will extend it by zero and we define

~o ?k’ in B;,
¢i,k = ’ )
0, in Q\ B;.

This function 510 . € H)(Q), and we have

f VL, = f Vool f 51D )R = f 51D g0, 2, (5.20)
Q B;
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which implies that

087, = f V! [P = p f 5§ijji(¢;jk2 where  Q;(v) := f IVv[> = p f o jvz (5.21)
B; B; Q

Notice that Q; is a positive quadratic form on Ej 2 (defined in (2.7)). However, the function 5?1( does
not necessarily belong to E (jl o~ For this, we will decompose it as

Y P 6111', i C 19 501', i |, 7o . o
@7 = B1Po4.a, + Bad; L LA Zﬁf”_. : AA +¢l  with @7 € Ey (5.22)
1 j_ )

where g, ; is the j-component of the point a;. Now, we will estimate the coefficients 3;. Taking the
scalar product of (5.22) with Pé,, ,, Li0P,, 4,/04;, and /11.‘1(9P5a,., 4,/0a; j, we obtain

B +o( ) Lle):@zk,Paa,.,ﬂ»: f S B = f o #% =0
Q B;

o+ o ) = @ d” T
00, 00,
p-1 i 7o _ p-1 i o _
f(s A= p f(s AT, =0, (5.23)
1 9P6,
Besa + 0( Z |ﬁj|) =P}y 7 861-; )

1 10640~ 1 10644,
= 6171_ R0, = f&p =0for ¢ # k.
g fg @A 1 Ba O TP ), O By, x0T

However, for £ = k, the last integral is not zero. In fact, we have

1 0P, 1
Cﬁk+2+0(2|ﬁj|) "”"I (961'k )
1 0804~ 1 106,4
= 6 ——lige = faf’ — g0 5.24
pL a;,A; /li aai,k ¢l,k p B, a;,A; /li 8ai,k ¢l,k ( )

Notice that, by using (5.9), we have ¢7, = ¢; — ¢7,, and ¢{, is even. Thus

1 106, 1 1 06,
(o s, [0,
g A Oay B “NA; Oajx
o1 1 004, 0, — f 0040,
= = (P — &,). 5.25
J, iz e J iy G- (529

For the second integral in (5.25), using (5.5), (3.3), (1.3), and (5.4), we get

[ a2 kG- )

n+2

<ce'|Ingl 5%+ c (gl + leal( f )

B(a;.di/4) Bi\B(ai,di/4)
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1

+céllnégl dymoi

<ce|l _
<ce7| nsl/l(.n_z)/2
l

3/2

<cé&’’|Ing|,

where we have used the fact that 7~ < ¢!/ and + < ce™ /"2 (see (2.9) and (2.11)).

Concerning the first integral in (5.25), using (3.3), (1.3) , and the fact that ¢ € Faa, We get

1 86,,., ~ B2
fB a,l,ﬂ aaﬂ f f\B <I a,k ¢>+O(”¢”(L\B,.55;) )

O(sl In g

1
(ﬂ,d,)(mz)/z)

34

= 0(>*7|Ingl).

Thus, Equation (5.24) becomes

Pua+ 0o ) 1B]) = O™ Ine).
Combining (5.26) with the system defined in (5.23), we deduce that

Bl <celingl ¥ jell, -+ ,n+2},
which implies that
O = ¢ + O |Ineld, ) and (|67 = 11¢7H 1 + O Inel).

Now, using (5.22) and (5.27), we deduce that

Q7)) = Q%) + olllgl IP) + O In &),

(5.26)

(5.27)

(5.28)

Recall that ¢" ot € E- ; thus, using the fact that Q; is positive definite on E al - we deduce the existence

of a positive constant y such that
0 2 AP
Combining (5.28), (5.29), (5.21), and (5.20), we find that
f Vo7l - pf @0 = 0u(#7) = Q80 + odllgl 1) + O Inel)
B;
|I¢ P+ 0@ Insl)

> 5|I¢,~,kll2 + 0’| Inel’)

> gt IR, ) + O Inef).
This achieves the proof of the lemma.

Lemma 5.6. We have
1
17kl 8) < ce' 2| In gl Vkel2, - ,n}

(5.29)

(5.30)
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Proof. Multiplying the first equation of (5.3) by ¢?,, integrating over B;, and using (3.15), we get
plymg q Y Ok g g g g

f V¢1V¢Lk — f K'(,U +Fl:li+ alp—&‘_l(w +ﬂ+ 5)(1’21( - f Kwp¢;),k —_ Z (ij 6Zj,ﬂj¢zk
Bi B[ ~ B,

i

N
00 A 1 d6 A
0 1 a, J g0 1 ajAj
+Zl fbj‘(sgj,/qusi,k-i-ijfdgj/l/ J aﬁ ¢lk+pzcjff67 /1 aa€ ¢ )
Jj= i

B;

First, by oddness, for j = i, since the function &, , is even and ¢?, is odd with respect to (x — a;);, we

have
00, 1. 106
0 1 ai,di o 1 a;,A;
fB,. o 8% =0, f 871 A; S =0 fB 8" "7 ¢, =0 V#k

However, using (5.1), we have

1 86,40 :

p—l a;,d; _ _ 1+

Ci’kfg Ouay; dai P = O(|Cf’k”|¢3k”Hs<Bn) = 0(8 +"-2||¢§’,klng(B,.>)-
f i i,

Second, by using (5.9), observe that

f Vove, = f VO = WO, (5.31)

Using (2.25), it follows that

[ %
B;

In addition, by using (2.11) and (2.14), for j # i, it holds that

S-n_ 4 +2)/2 S-n_ 4
f 5Zj,ﬂj|¢zk| < el "+2)f |67l < cdﬁ” )2 P55 ”*2)||¢io,k||H(g(B,)
B; B;

3,2
< C82+”‘2||¢zk||H5(Bx)'

1/2 n+2
2)/2 2 ats
(| < ce? f 03] < cand"™" f Vo5P) < e oy,

Concerning the first integral, using (2.23), (2.25), and the following analytical formula

Ity + (4 + 1) = [Pt + B+ DIalPh + 0(nlP's +16P") Y t,th,eRand >0,

fK|w+u+¢

—|p—e-1 —
_ f KlaiPo,0, + 0™+ (0Pbu, +OE™) +B)

we get

e ](a) +u+ $)¢gk

f K(aiP6,,,)" %, + (p — €) f K(iP3q,)" " (O(™") + )7,

wof [t s e [l [ o mbin) (5.32)
B; B; B;
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< 0,44, 10 B; (see (2.15) and

where 7y, is defined in (2.15). Using (1.1), (3.3), and the fact that £™"

(2.16)), observe that
65, /: |¢l kl

~2 P=2) 40 -y P—1 10 —y
& lf‘sai,a,-|¢§,k|+g lféa,-,a,-ld’i,klscg 'f

8n n+2

_ 2 2n
<ce y]||¢,-o,k||H(;(B,-)(f Oz 44)
B

i

<ce™ ||¢io,k||H(1)(B,-)/\/l(/li)
5/3
<ce' ||¢Zk||H(§(B,-),
< cg" V=) (see (2.9)).

where y is defined in (1.2) and we have used the fact that
In the same way, using (3.3), (2.11), and Holder’s mequahty, we get

f P15 < AN N0l < € 7110 817y o
1P 0 ~Y1p )40 || gl
c |Bixl < ced; Ndiallyoy < ¢ &2 2 biullm sy
B.
—&=2,72
f 57 BPIB < cliBIPIG sy < € €110 Pt cny.
B.
—e—11= Py
| &@@Ps, B < By < 0, g

B;

Putting these estimates in (5.32), we obtain

- [ K@ps,.r oy f K(@iP61,1)" 3%, + O(= 16 s )

B;

Combining the previous estimates with Lemmas 5.3 and 5.4, we obtain
— 1 0
f Vel - p f S (@0 + of f V5,) = O(e"* 7 | In &lllg? I s,)
Bi Bi Bi

Using Lemma 5.5, we deduce that

1+-L 3
+n72|1n8”|¢?,k”]-16(3i) +ceg |ln8| .

Therefore, we obtain
167l ) < ce'* 72| Inel,

which completes the proof of the lemma.
Volume 11, Issue 6, 15324—-15360.
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6. Improvement of Proposition 4.3

The aim of this section is to improve Proposition 4.3. Notice that the norm ||¢||? is not negligible with
respect to the principal term when we take the scalar product with a tangential vector. However, we are
able to improve the estimate of some integrals involving ¢ by remarking that the odd part is involved in
the required integrals. For this aim, in the previous section, we have introduced the projection of this
function in Hg (B;) where B; := B(a;,d;/2) (see (5.3)), and we have decomposed the projection into the
odd part and the even part. In the following, we will use this decomposition to improve some integrals.
We start with the following lemma.

Lemma 6.1. Under the assumption of (5.8), for each k € {2, --- ,n}, it holds that

fK(P6 )17 & 1 6P6al A; ( )< 1 apéaz A Pé > + O( (T+U’0) (6 1)
a = a E .
Q P70 da a; i “ Ai Oajy i
1 0P6, , 1 0P8, ,
f K(PS, )" PG, 0 = K@)~ PS,, 1) + O(70), (6.2)
Q " /11' aatk 4 /ll a a; Y
10PS, . ¢35 0K

KWPo, ) o——— = D+ O0(g70 6.3

f( AT Tt = 7w @) + 0T, (6.3)

where c3 is defined in (1.4).
Proof. We start by proving the first assertion. Observe that if £1n 4 is small, using (2.18), we deduce
that 6% = 1 + O(¢n 4). In addition, expanding K around a; and using (2.5), we get

1 0P5, o1 OPSai; »
f K(Poy)" 7= = Ka)) f (PO )™ T s +0( fg x = alsl | Sa)

Using Holder’s inequality, Estimate 2 of [6], (2.9), and (2.13), we obtain

2 n=2
f|x a]léu A a,/l, = flx a]l 6"2 n(f[ a,/l_/dai,/l,-)]ﬁ) !

< 7‘9’7" 1n(s;jl) o= 0(g7M). (6.4)
J

Now, using the fact that
(s+1)7 =5 +0(""7) for y>0and0 <1<y,

we get

/1 6a,k

1 OP6,, 1 10Ps,,
‘fg‘saf e +0(f6§/j9a, %’ é‘ai,,f ')

1 0PS,, ,, 110P6,, 1 . 110PS,
= | &, ——"%+0(sn(2 el [ 6 g, ) —|——2k)).
fg aja; /1 6a1k 8 n( )f aj, A/ﬂ 8ai’k ' fs; aj,; A /li aai,k ‘)
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Notice that the first integral is the required scalar product. However, the second and the third integrals
are introduced in [9] and they are denoted by (/V) and (VI), respectively. These terms are estimated
in [9] (see pages 54—55) and they satisfy

1(0P6, . ~ 1 (OP6, 1.
Sln(/l]) f é‘g/l—‘—“/ll| + ‘[65-;.0&“/11_ ‘ z,/lz' — 0(80'+0'0),
Q I i o Joj ;

oa; Oa;

where o is introduced in (2.20), and o is a positive constant. This achieves the proof of (6.1).
Regarding Assertion (6.2), following the previous proof, we have

1 OPS,, . 1 0PS, ,
K(P§, )P~ = —— P64, =K P&, )P — b
fg (Poa;.a,) /l Batir v (a)f( i) /L‘ Bati

w0 fg = add? Su,,).

The last integral is computed in (6.4) by permuting the indices / and j. Concerning the first integral, let
= (m/2)"*V/"*2) and By := B(a, u), where my is introduced in (2.10). We remark that by using
(2.10), it is easy to see that B, N B; = O for each k # j. Now, using (2.19), it holds that

1 dPs, 1865,
Ps, )P it —— P, = | S i ps
f( " ) /li aazk J f @i /l aalk /1]

- 1|0P6,, 1,06
P _ A, A p—1 a;A; P
’ 0( ]T;,- o v /l,-‘ daiy 'Péaj 4 * j: . A ' daiy ‘Péaj’lj ’ fsz\E 5%,115(1.,,4,)- (©2)

For the first integral in (6.5), using (2.18), it follows that 6;[_‘;,_ =1+ O(eln 4;), and therefore

Pbgy;

106, 106,
—&—1 1
p fg o T L P6uya, = P f o B L P§, a0, + O(eIn 4, fg & PSus).  (6.6)

Notice that the first term in (6.6) is the required scalar product. For the second term in (6.6), as before,
we write By := B(ay, di/2). Using (2.14), (2.15), (2.9), and (2.11), it follows that

_ Son_ 4
eln /l[fégiﬁiPdaj,ﬂj < cellngle™ f 551,,11_ + celIngle? n+2)f Y
Q B;

L 1
weetal( [ o) ( [ o)
s s, Y

1- d?
ce' | In gl +cel lnsle”( - _M) 12 N cs|21ne|
/lgn—Z)/Z /lT (A.d)n; (/l d) 2
j

< cg”t,

This completes the estimate of (6.6); therefore, the estimate of the first term of (6.5) is completed.
Now, observe that

P64 0 1106401 1004 ¢
= 3l -2l Ji+ - ap
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Therefore, we get

[ ooz gt [ o7 et
— az/l al/ll 8a1k a/ E ai, t/l 6a1k

_ O, 1106, .

S c 6]7. 1- i, A + — i, A Péa./l.,

— Cajd; /l aak 7N
Bi L+ XBx—qgf 777

which is denoted by (/1]) in [9] (see page 53), and we derive

_ 1,0P6,, ;. 69a
f &0 By~ | = | P, + f e | 1S, 1, < ca7H,
g A Oay P Jg A dagy g

In addition, the last integral in (6.5) is computed in Eq (8.3) of [9], and we have

4 o+00
f B 5ai,/li6‘1j’/lj <ceg .
Q\B;

This completes the estimate of (6.5). Therefore, the proof of (6.2) is completed.
Finally, taking v = 0 in Proposition 3.3 of [9], the estimate (6.3) follows.

Proposition 6.1. Let n € {4,5, 6} and a; be such that a; € 0Q and |a; — a;| = d(a, 0RQ). Let v € T;(092),
where T (0Q) is the tangent vector space at the point a; to the boundary 0Q. The following holds:

1 6Pd,,
K psl az,. v=0 0'+0'0,
[ K smreg ()

for some positive constant oy and where o is defined in (2.20).
Proof. Without loss of generality, we can assume that (5.8) holds. Hence, we need to prove the lemma
for AP, 3,/0a; for each k > 2 where a; is the k”-component of a;.

First, let D; := B(a;, d;/4). Using Lemma A.2, we see that

1 'apaai,ﬂ,.‘ < 1190 ‘ aea, A ‘ L {a.sal.,)l., ?n Q, 67
da; da; da; G0aas  INQ\ D,
Furthermore, using (2.23) and (2.25), we know that
w+u=qPé,, +0(E) in B; := B(a;,d;/2). (6.8)
Thus, using (6.7), (2.19), (1.1), (3.3), (2.11), and (2.9), we deduce that
| f\ ) ‘ fQ\D IR
f (1004, + = T — f o iel
< e el Inzly (1) + Cj'zgfl' > xi@))
< g’ (for oy > 0). (6.9)
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The integral over D; remains. Using (6.8), (6.7), and (2.19), we have

_e_1— 1 OP6,. 5.
f - f K(;P5, 1 + O(e™)) G A
D; D; o A aai,k
—10Pé6, ;. -
_ p—e-1 ai i — p-1
- fD, K(a'ipaai,/h‘) ¢I 5a,k + 0(6 Vlf 5ai,/1i|¢|)

—K(a)f(aPaa, ) 2 &jfk f|x )

+0(f A|¢|118k\+ féﬁ;jlm)

For the last integral in (6.10), using (1.1), the following holds:

n+2

8n
e f 5o Il < c&7 [l f 5o )T < Inelyi(4) < e,
D; Q

Concerning the third integral in (6.10), again using (1.1) and (2.4), we have

1100401 = €004 ~ 52 cellngl i
f a[/l,l(pl 34, | I,-(?—czi'oo”(ﬁll(fé“l@) < R — () <ce”

For the second integral in (6.10), we have
P 7 " 1 O+0
lx —alo, || < cllgll— < ce” .
Di i /ll

We now focus on the first integral of (6.10). Observe that

o= 1 864, =186,
PS, ) T p— :f Sy y — 0, ) T p— Lk
fD,-( ) P2 Bass Di( i = Oa,,) e

—1 00,4, 1 80,4,
— 6]7—8—1 - anz_ -1 p82 ., a;A;
fD[ ' (p-¢ )f i 2

/li aaik
1 2
+ 0 — 5"
(fp,- A —ag oot )
Using (3.3), (2.3), and (2.4), the third integral in (6.14) can be estimated as

2
ood

1 o 2
p 22 a;, A, 2n
————5"20% Ipl < cllf

Li Ailx = ail a,/l al/l|¢| cll a;, /l,H ||¢||( ﬁi (/L-IX—a,-I)z”/(”*z))

- C8| In 8| 1 ( Aid;[4 p=1=2n/(n+2) )%
- /l?_2di2n_4 /l?_2 0 (1 +r2)(6—n)n/(n+2)

< g7t (for oo > 0).

Regarding the second integral in (6.14), it will divided into two parts as follows

1 06,4
cee = 6p_8 2 —_ a’ Ai f 5[7 8_2 a ; al i
Li fDi aid; DA (¢ ¢ )/l oa ai i D; ai-ti oA ¢ /1 Oa tk

(6.10)

6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)
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where ¢; is defined in (5.3). Using (5.5) and (2.19), we have

— 1 96, 4
) a A _n=4 1
"fD 551_,;1_ eai,/ii((b _ ¢l 0 i < ce& 2 |11’1 8|||9a”/1’||00f 55 /11

7
ceT|Inel {mu,-di)/ai, ifn =4,

< ﬂgn_Z)/zd?_z d?_4//1i2’ ifn = 5’ 6

<cg’m (for oy > 0).

For the second integral of (6.16), using Lemma 7.3 of [9], we know that

— 1 1 ~ 5-n
b = O+ 0(/1(.”_2)/ Zqn-2 (d " (Aid;ym*! )) = b0, + O(e), (6.17)

where FH; 14, 18 an even function. Furthermore, Eq (7.7) of [9] tells us that

73 3-n)/2
”9&,',/1,'”00 S 8( n)/ s

c
A2 2 =
by using (2.9) and (2.11) (which imply that — < c&”""/2 and ¢’ < d; < ce for each i).
Thus, using (6.17), (1.1), (5.30), and Eq (7.7) of [9] , we get

166 f 5-n

5P 2 aj,d; 5P e a, A =1 p—1

O, 1, Pi = T ,/1,¢ +O(8 2 0, .|¢'|)
fD, adi G l/l Oa;x D; oy l/l (9alk D; @i

1 06
— p &— 2 a;,A; +0 T+og
L,‘ aiti al o ¢l “a /l da a; i (8 )

8n n+2

=7\ 2
< el [ o) v e
D;

1

; 1+»7 . o+0( T+O

= /1§n—2>/2d{1—28 ?|Ingly () +ce <cg’ton,
These complete the estimate of (6.16); therefore, the estimate of the second integral in (6.14) is given
by

1 86,4 ,
f 65;; ’6 a,/l¢/l oa L = 0(g"") (with o > 0). (6.18)
i ’ a; k

We now focus on estimating the first integral of (6.14). Let k > 2, by using (2.18), this integral will be
divided into three parts.

1 06,4, _gn=2 —1 00,4,

p e-17 al i —& €75 P—l ala/ll
— =c, A, 0 —

fp, wi 97, day, fD,. P da;

ez =2 =1 064,
+cg"A ”2 st_ 65i’;i¢zﬁln(l+/li2|x—ai|2)

+0(e? f &7 (1 + Zlx - aiP)|gl). (6.19)
D;
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It is easy to get the estimate of the third integral by using (3.3) as follows:

n+2

& f &7 (1 + Zlx — ai)Ig| < c Il f S (n(1 + 2lx = a)s)
D; D;

o+00

<c¢ (for o > 0).

For the second integral of (6.19), using (5.5), (5.30), (2.9), and the fact that ¢Zk is the odd part of ¢;,
we get

86,
gf Aqﬁ/l alk1(1+f|x al)—sf ””u 61k1(1+/12|x a;l’)

+0(s 13 - il f 5 In(l + Rlx - af))
D;

= O(ellgfll + £ [In el ;" >7)
= 0(g"") (for o > 0).

Concerning the first integral of (6.19), using (1.1), (2.9), and (3.3), it holds that

'f 151 9 '< f 1 5
c —
Q\D; all /1 6a, - Q\D; /1|.x al al/l

c 1
<
~ Ad; (d7) 21 \ff;\ b, A‘|¢|
1

c
= Aid; (A,d7) =212

gl (A) < €70 (with o > 0).

Hence, using the fact that 5 L 0PJ,, . /0ay, the first integral of (6.19) becomes

=1 06, 1860
6p 1= pdi f6 i +0 o+o0\ 0 o+oy fi > 0).
Li aia/li(p/li dax aj, ,/1 dax ¢ (e ) =0(e ) (for o )

Thus, if we combine the previous estimates, (6.19) becomes

o= 106,
f o p— 1 s O(e”™)  (for o > 0). (6.20)
D,‘ l

Furthermore, if we combine (6.20), (6.18), and (6.15), the estimate of (6.14) becomes

186,
f (P5,2) ' A a—’:' = 0(g7")  (for o > 0). (6.21)

Finally, if we put (6.11), (6.12), (6.13), and (6.21) in Eq (6.10), we deduce that

1 OP¢,
K + p—&— 1 al i
L, @+5) /li Oai

If we combine (6.22) and (6.9), the proof of the lemma follows.

= 0(g"") (for o > 0). (6.22)
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Proposition 6.2. Let a; be such that a; € 0Q and |a; — a;| = d(a, 0Q). Let v € T5,(0Q) where T3,(0Q) is
the tangent vector space at the point a; to the boundary 0€). The following holds:

21 8PS, .
fK(w +'I;t—)p—s—2¢2_ idi v = 0(80—+0'0)
Q /l,' 861,-

for some positive constant oy and where o is defined in (2.20).

Proof. As in the proof of Proposition 6.1, without loss of generality, we can assume that (5.8) holds.
Hence, we need to prove the lemma for dP6,, ,./0a; for each k > 2, where a; is the k™-component of
a;. Observe that, by using (2.5), we get

1 dP6, _
' f K(w + A_)p © 2 5 - ‘ < Cf (w +ﬁ)p_2¢2(slli,/li
o\D; /1 da; o\D;

<clol’( | 6:3)
O\D;

- 1
< C”¢”2W <ce™, (6.23)

Concerning the integral over D;, observe that

| [ K mrea L e < e e < j'fl'z/z <cem, (624)

Furthermore, as in the computations in (6.10) and (6.14), by using (2.23), it follows that

1 66 — 109 A
K p—&e— 2 -2 ar i =K f O p—e=2% — aj, A
f N (w+u) /l Dty (@) | (@ibg,a)"" "¢ 1 Gas

+0( f lx — a|5M¢ + f 55;5(9@,1#8—71)52)
D;

2106, 1
= K(a;) f (aiéa_ﬂ_)p—a—2¢2__wlt + 0(80'+0'0).
D; o A; 60,"]{

Write ¢ = (¢ — ¢;) + ¢; and recall that ¢; = i + @i where ¢7, and ¢, are the odd and the even parts
of ¢;. Using (5.5) and (5.30), we get

o221 00,44,

ffssw 2¢ 3. -

D; isAi /ll aal,k
1 90,4, ., _ _

_ p-e=2 2 1 Y4 p=ly 7 e p-lyz 2

= [ e et vo( [ i sders [ oG- o)

1 06,1
-2 f 5 %+ 018 = @il + 15 = 60x1 (1)
D;

ik lk/l a

= 0(||¢zk|| llgp; Il + llp — ¢i||oo(||¢i” +[l¢p — ¢i||))(1(/1i))
= 0(g"") (with o > 0).

Combining the previous estimates, the proof of the proposition follows.
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Proposition 6.3. Let n € {4,5,6}. Fori € {1,---,N}, let a; be the projection of a; on the boundary
(that is, a; € 0Q and |a; — a;| = d(a;, 0Q)), the following holds:

1 OPS,, ,, al 4G (a;, VK (a;
A day e M A)T O A
. ¢ OH
+ 0(80—+O—0) + ((; /;;ll Sy (al, a; ) + O(gmln(1+" > 1+n+2))) Va;s

where o is defined in (2.20), o is a positive constant, G(.,.) is the Green function with a Dirichlet
boundary condition, and H(., .) is its regular part.
Proof. Without loss of generality, we can assume that (5.8) holds. Hence, dP9,, 1,/0a; = 0P6,, ,,/0a; -
va. Hence, using Proposition 4.3, we need only to prove the proposition for 0P6,, ,/0a; for each
k > 2, where a;; is the k"-component of a;.

Let k > 2, using (2.2), we have

> — N 1 OP6,, .,
w* u ¢ ﬂ (9a,k

(VI (w+u+ ¢) )

A a,k
1 8P5,

—fK|w+$Z+$|P‘8 Nw+Tu+¢)——22
Q

. 6.25
/ll 661,’]( ( )

The first term follows from Lemmas 3.4, 8.1, 7.1 of [9], Equation (4.2), and the fact that 5 € Far
In fact, Lemma 8.1 of [9] tells us that for j # i, we have

1 0PS, n-2 (aj—a) (aj—a
P6a , inAi — _ — + 0 o+00 s
Plaar 3, A Oayy : /l;’/2/1§."_2)/2 “ ( laj—al"  la; —al" )

for some oy > 0 and @; = a; + 2d,v; (this is the symmetry of a; with respect to a;). However, Assertion
(c) of Lemma 7.1 of [9] tells us that, for j # i, we have

99 ana)) = (n 2)( — i “"”“f‘*")m(i).

da;x la; —a;|"* la;—al" dr?

Concerning Lemma 3.4 of [9], it consists to estimate

1 0P6

Po, a1, —
< o A a a; i

) = 0(g7*7"),  for some o > 0.

Hence, since 5 € Fa.a (which implies that 5 1 0P6,, ), /0a; ), using (4.2), we deduce that

— 10P(5al Ay _ Cla'] (9 o+0
(@+TT+ G, Tt = ; T (@) a) + O(e™"). (6.26)

Concerning the integral in (6.25), let
Q= {x € Q: p(x)] < (1/2)(w(x) +u(x))} and Q, :=Q\ Q.
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Since /1;1|8P6ai, 1,/0a;| < cPé,, ). < c(w + u), the following holds:

-  _ 10PS., _
' f Klw+u+ ¢ (w+u+¢)— o ' < Cf |p|PT17F < ¢ g7t (6.27)
Q A Oaiy Q

However, in ©;, we have

R 1 0P¢,,
fvl(la)+u+¢|"’_‘8 Nw+Tu+¢)——24 i
Q)

ﬂ.l’ Ba,k
1 0PS, 1 0P6,,
K p—€___ a,, K psl ﬂzz
= [ K smyre T e [ Kl

+ %(P —e)p-e-1) | Kw +mp_8_2521—apéai’ Ly O(f (w +7)p_8_2|$|3)
Q

Q A Oaix
1 8Ps,,
f K(w + )7 ——24 4 o(g7+70), (6.28)
Q A Oa;

by using Propositions 6.1 and 6.2. In addition, the last integral can be computed as

fK(MA)p , 1 9Ps,,

/11' 6(1, k

o 1 0P, o1, 1|0PO4, _, 110PS,,,,
fl(‘r P a,,f O(fgiﬂ’ le-‘ (9al-,k/l‘+»f9wp I'T:D (6.29)

Using (6.7), (2.23), and (2.25), it follows that

1(0P6 1
[orbfflons oo [ wrosne [ L,
Q Al Oajy D; Q\D; Ailx — ajl

o+0(

ceP N c <
——+ —<c¢

= Tn-2)/2 nj2 = ’
A; A;

1 (?Pé A C _

—e—1 a;j,Ai 1

f?ﬁ’ T 8a, |S f‘si F Py a— 2 ‘f ‘55,,4,-
Q il 0aj A, d. Q\D;

InA; .
ce c —/12’ ifn=4,
+ j <cg’to,

= Agn—Z)ﬂ /1;’/2d(l—1 /1—12 ifn>5
J

Hence, we deduce that

RS 1 0PS,, , 1 0P, ,
f Klw+u+ ¢/ (w+u+ ¢p)——22 L fl(ﬁ" s~ avlt +0(g770). (6.30)
Q A Oay Q /l da;

Observe that for y € (1,3),¢; > O for j € {1,--- ,N} and z; € R with |z;| < ct;, the following holds:
( Z 1)z = Z g+ Z t;)zi + O Z(tjtg)(y”)/ ?).
i Jj#t
Thus, we deduce that

N

1 0P, 1 0Po,, 0
K"“p e - %A l — K Paa p—e__ " 1
f 1 ]ng SR v
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16P6al ,
+(p- s)fK(aPamp“ (D @Pou, Y f(aa,mw,

J#L /l aa’ k ]#’

Notice that the last integral is computed in Estimate (E2) of [6], and we have (by using (2.13))
f 660" < e In(gy}) < c87H.

Thus, by using Lemma 6.1, we derive

1 0Ps; .3 0K
K’ ¢ — p—&Z5 7%
f /1 aalk l /l 6xk(a)
aPds,,
+ ) el K@) + oK (a a0k ps 34 o(er ), (6.31)
J#i Ai Oa ik o

Thus, by using (6.26), (6.27), (6.30), (6.31), and Lemmas 7.1 and 8.1 of [9], the proof of the proposition
follows.

7. Proof of Theorems 1.1 and 1.2

Proof of Theorem 1.1. The proof of this kind of constructed solutions becomes standard (following
[8]). It relies on the finite dimensional reduction; that is, given (@, a, 1) € Ay, there is a function
58,%“, 1 € Fa1 which extremizes the functional 7, in the space ¥, . This step is proved, in this paper, in
Proposition 3.1. We then need to prove the existence of (a,, a., ;) € Ay, ¢ such that the associated
function u, == w + YV, @;ePbg;, 0, + ¢, is a critical point of I,. This step relies on the expansions of
the scalar product of the gradient VI, with the functions P¢,, ,, and its derivatives with respect to A;
and a;;. This expansions are proved in Propositions 4.1, 4.2, and 6.3. These expansions are exactly
the same as those found in [16] and [9]; therefore, the proof given in these references still works in our
case. O

Proof of Theorem 1.2. Leta; € Q be close to £} and a, € Q be close to & with & # £; that is,
lay — &7] << 1 and |a; — &| << 1, it holds that |a; — as| > ¢ > 0. Therefore, the interaction between the
bubbles Pd,, 5, and Pé,, 4, is of the order of m = O(g"™") (by using (2.9)), which is very small
with respect to &7 (where o := 2 + — — —) Thus, this interaction will be considered as a remainder
term. Therefore, by taking ((ozl,al, 1) o (Uns Ay Am)) € Anyegr X oo X AN, e Propositions 4.1,

4.2, and 6.3 contain only the parameters in the same set ANk,g,fz; that is, we are able to separate each
pack alone. In the sense that we will obtain m systems (S, --- ,S,,), each system S contains only the
parameters (ay, ax, Ax) € ANk,g,fz. Thus, the proof of Theorem 1.1 works again. O

8. Conclusions

Taking n € {4,5,6}, by giving a precise expansion of the associated variational functional, we
constructed some positive solutions of the problem (P,) which converge weakly to a positive solution
of (Py) and which blow up at a precise point &* € dQ (or several points in 0€2). This construction shows
that for low dimensions, the boundary provides a setting where blow-up and residual mass can coexist.

AIMS Mathematics Volume 11, Issue 6, 15324—-15360.
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For this construction, the point £ is not an isolated simple blow-up, in the sense that many bubbles are
very close and the concentration points converge to the same point &£*.

We note that in our construction, we used the fact that ‘g—’f(f*) > (. The following natural questions
arise:

e What happens if ‘Z—’V((f*) = 0 and the function K satisfies some flatness assumptions?
e What is about the changing sign’s solutions?

Another natural avenue for future research consists of extending the analysis to the weakly
supercritical regime (& < 0, || small).
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Appendix

For the reader’s convenience, we gather two technical lemmas in this appendix. The first lemma

is an immediate consequence of the elementary computations, and its proof is therefore omitted. In
contrast, a full proof is provided for the second lemma.

Lemma A.1. Leta € Q and A > 0 be such that Ad := Ad(a, 0Q) is large. The following holds:

where

on | M2 8n n+2
( f o <eon  and f ST < o), (1.1)
Q Q
x1() = (A2 i3 <n <5 @A ifn=6; A7 ifn27). (1.2)

Furthermore, for each fixed y > 0, we have

R p— (1.3)
fR"\B(a,yd) @t (Adyr

Lemma A.2. Let a € Q and A > 0 be such that Ad := Ad(a, dQ) is large. The following holds:

= Oua < %lau,/l in Q,

‘180“
A Oa;

where a; is the j”-component of the point a.
Proof. Since 06, ,/0a; satisfies

0001 0640
(9aj B (')aj

((99,1 A

&l]):o inQ and

on 0Q,
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for each x € Q, it holds that

106, oG 18640
— i = — d .
1 da, (x) fm (x,y)= 2 6a, —~(y)dy

However, we know that

186,
' A ‘ ¢ 20u() YyeQ\la)  and 9 1) <0 Vyeon
A Oa; Aly — ’ ov

Thus, it holds that
106,

Z 661]'

Hence, the proof is completed.

c
(x)‘ < u f(;g 5 — (X, Y)0a,(0)dy < ﬁea A(%).
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