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Abstract: We investigated the existence of boundary blow-up solutions for a slightly subcritical
semilinear elliptic problem posed in a smooth bounded domain of Rn with n ∈ {4, 5, 6}. We constructed
solutions that have a nonzero weak limit while simultaneously blowing up at a boundary point. This
behavior stands in contrast to the well-known compactness properties on manifolds without boundary
for small dimensions, where such weak convergence would force strong convergence. Our construction
shows that, in low dimensions, the presence of a boundary allows blow-up and residual mass to coexist.
Moreover, we identified the precise boundary points where this concentration occurs. The results are
proved by means of delicate asymptotic estimates of the gradient of the associated Euler–Lagrange
functional.
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1. Introduction and main results

In this paper, we construct some boundary blowing up solutions with residual mass of the following
slightly subcritical Hénon type problem:

(Pε)
{
−∆u = K|u|p−1−εu in Ω
u = 0 on ∂Ω,

where Ω is a smooth bounded domain in Rn, n ≥ 3, ε is a real positive parameter, p + 1 = 2n/(n − 2)
is the critical Sobolev exponent for the embedding H1

0(Ω) ↪→ Lp+1(Ω), and K is a C3-positive function
on Ω.

Problem (Pε) is a classic model in nonlinear analysis, with applications spanning several fields,
including nonlinear optics [12, 18] and conformal geometry (see [15]) and the references therein).
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For ε = 0, the variational problem associated with (Pε) lacks compactness. Many papers have
investigated conditions on the function K and the domainΩ under which (P0) admits a positive solution
ω, for example; we refer the reader to [7] for the case K ≡ 1 and to Theorem 1.4 of [17] for nonconstant
K. For ε > 0, much work has been devoted to studying this problem; in particular, many blowing up
solutions (as ε → 0) are constructed. These solutions blow up at some precise points in Ω; see; for
example, [8, 13, 14, 23]. In [8], the authors studied (Pε) with K ≡ 1 and they introduced a new method
to construct some positive solutions of (Pε). They reduced the existence of solutions to solving a finite
dimensional system. This method is used in many perturbed noncompact problems and it has become
standard. For example, one can see [3, 4, 9, 16, 23].

For K ≡ 1, an important result (proved by R. Schoen [25]) gives the following alternative: Let uε
be a family of positive solutions of (Pε). Then the following hold

• In one case, the solutions uε converge weakly to a positive solution ω of (P0). In this case, they
have to be L∞-bounded and, therefore, they converge strongly to ω.
• Alternatively, they blow up. In this case, they have to converge weakly to 0. Moreover, the blow-

up points have to be in Ω and isolated simple (see [19] for the definition). Conversely, in [8], the
authors constructed solutions which blow up at k points y1, · · · , yk in Ω (satisfying some precise
assumptions).

When K is a positive function (not a constant), the problem is an extension of the prescribing scalar
curvature problem which is introduced for the compact manifolds (M, g) without boundary. Notice that
the prescribing scalar curvature problem on (M, g) is given by

(S C) − ∆u + cnRgu = Kup , u > 0 in M
(
with cn :=

n − 2
4(n − 1)

)
,

where Rg is the scalar curvature of (M, g). Assume that K has only nondegenerate critical points with
∆K , 0 and let (S Cε) be the perturbed problem (by taking p − ε instead of p, with ε being small). For
a family of positive solutions (uε) of (S Cε) which converges weakly to a positive function ω, we have
the following.

• If n ≤ 5, then uε has to converge strongly to ω; therefore, it is an L∞-bounded solution.
• If n ≥ 7, we have the following alternative: Either uε converges strongly to ω, or uε blows

up. In the second case, the blow-up points are isolated and simple and they belong to the set
{y ∈ M : ∇K(y) = 0 and ∆K(y) < 0}; see [19].

However, concerning the problem (Pε), in [5], Aubin showed that any concentration point in ∂Ω
of a sequence of solutions has to satisfy ∂K/∂ν ≥ 0 (see Proposition 6.44). Hence, assuming that
∂K/∂ν < 0 on ∂Ω, the blow-up points are in Ω. However, taking Ω to be the ball B(O, 1) and taking
K = |x|γ with γ > 0 (which implies that ∂K/∂ν > 0 on ∂Ω), in [13], the authors showed that the ground
state solution blows up at a point a ∈ ∂Ω. Notice that the ground state solution converges weakly to
0. In addition, blow-up solutions at multiple isolated simple boundary points were constructed in [20].
Lastly, in [9, 14, 16], the authors constructed some solutions uε (which are the sum of many bubbles)
that blow up at the same point y ∈ ∂Ω. This point is characterized as a critical point of K1 := K|∂Ω
with (∂K/∂ν)(y) > 0. This result is very important, since it shows that y is not an isolated simple
blow-up point. Hence, a new phenomenon appears for the problem (Pε) compared with the problem
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(S Cε). These constructed solutions converge weakly to zero. A natural question arises: Is it possible
to get a similar result with a residual mass, i.e., when uε converges weakly to a positive function ω?
For a compact manifold without boundary, the answer is negative for the small dimensions n ≤ 5. The
aim of this paper is to prove that for the small dimensions n ∈ {4, 5, 6}, we are able to construct some
solutions which converge weakly to a positive function ω and blow up at some points at the boundary.

To be more precise, for a ∈ Rn and λ > 0, let

δa,λ(x) := c0
λ(n−2)/2

(1 + λ2|x − a|2)(n−2)/2 , with c0 := (n(n − 2))(n−2)/4. (1.1)

These functions are the positive solutions of the Yamabe problem on Rn for n ≥ 3, i.e., these functions
satisfy

−∆δa,λ = δ
n+2
n−2
a,λ in Rn.

Since δa,λ < H1
0(Ω), we introduce its projection, denoted Pδa,λ, onto this space. This projection Pδa,λ is

defined by the following, for a ∈ Ω:

−∆Pδa,λ = −∆δa,λ = δ
n+2
n−2
a,λ in Ω, and Pδa,λ = 0 on ∂Ω. (1.2)

Our first result deals with one blow-up point ξ∗ ∈ ∂Ω, and our aim is to construct some solutions uε
having the form

uε = ω +
N∑

i=1

Pδai,ε,λi,ε + ϕε

such that lim ai,ε = ξ
∗ for each i, where ω is a nondegenerate solution of (P0).

We remark that for ω = 0, the authors in [14] constructed positive blowing-up solutions at a
boundary point y ∈ ∂Ω that converge weakly to 0, using the projection Pδa,λ as a bubble. Their
result is restricted to dimensions n ≤ 6. This result was extended in [9] to dimensions n ≥ 7 by using a
more refined bubble, denoted P̃δa,λ, which allows better control of the remainder terms. However, this
refined bubble requires more delicate expansions. Consequently, we believe that our result also holds
for n ≥ 7, provided that one uses P̃δa,λ instead of Pδa,λ. In this paper, we focus on n ∈ {4, 5, 6} because
for these low dimensions, the blow-up phenomenon with residual mass does not occur on compact
manifolds without boundary. Hence, our result reveals a genuinely new phenomenon. By contrast, for
higher dimensions n ≥ 7, the coexistence of a residual mass and bubbles has already been established
for compact manifolds without boundary [2].

To introduce our results, let us define the following function:

FN,ξ∗(y1, · · · , yN) :=
(n − 2)2S n2n−2

2nτ2n/(n−2)

N∑
i=1

∑
k,i

−1
|yi − yk|

n −

N∑
i=1

c3

2K(ξ∗)
D2(K|∂Ω)(ξ∗)(yi, yi), (1.3)

defined in X := {(y1, · · · , yN) ∈ (Tξ∗∂Ω)N : yi , y j if i , j}, and where S n, c3, and τ are defined by

S n := c2n/(n−2)
0

∫
Rn

dy
(1 + |y|2)n , c3 =

n − 2
n

c2n/(n−2)
0

∫
Rn

|y|2

(1 + |y|2)n+1 dy, (1.4)

τ :=
(

8nc3

(n − 2)2S nK(ξ∗)
∂K
∂ν

(ξ∗)
)(n−2)/2

.
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We point out that similar Hamiltonian-type functions arise in characterizing the location of
concentration points for mean field type-equations in mathematical physics and for Euler equations
in fluid dynamics. The relevance of such vortex-type problems to Yamabe-type equations was first
discovered by Thizy and Vétois [22] and Pistoia and Vaira [21].

Our result can then be stated as follows.

Theorem 1.1. Let n ∈ {4, 5, 6}, ω be a positive nondegenerate solution of (P0) and ξ∗ ∈ ∂Ω be a
nondegenerate critical point of K|∂Ω satisfying

∂K
∂ν

(ξ∗) > 0, (1.5)

where ν is the outward normal vector field on ∂Ω. In addition, for each N ∈ N\{0}, we assume that FN,ξ∗

has a nondegenerate critical point (y∗1, · · · , y
∗
N). Then, there exists ε0 > 0 such that for each ε ∈ (0, ε0),

there exists solution uε of (Pε) satisfying

uε = ω +
N∑

i=1

Pδai,ε,λi,ε + ϕε, (1.6)

with ∥ϕε∥ → 0 as ε tends to 0 and

c′1ε
(n−1)/(n−2) ≤ λ−1

i,ε ≤ c′′1 ε
(n−1)/(n−2) ∀ i ≥ 1, (1.7)

c′1ε
(n+1)/(n+2) ≤ |ai,ε − a j,ε| ≤ c′′1 ε

(n+1)/(n+2) ∀ i , j ≥ 1, (1.8)
c′1ε ≤ di,ε := d(ai,ε, ∂Ω) ≤ c′′1 ε ∀ i ≥ 1, (1.9)
c′1ε

(n+1)/(n+2) ≤ |ai,ε − ξ
∗| ≤ c′′1 ε

(n+1)/(n+2) ∀ i ≥ 1, (1.10)

where c′1 and c′′1 are some positive constants.
Furthermore, for each i ∈ {1, · · · ,N}, it holds: bi,ε := ε−(n+1)/(n+2)(ai,ε − ξ

∗) converges to y∗i .
We remark that Eq (1.10) implies that the points ai,ε converge to ξ∗ ∈ ∂Ω as ε → 0; therefore,

ξ∗ is a blow-up point of uε. Furthermore, it is not an isolated simple blow-up point (see [19] for the
definition).

The positivity assumption on ω is necessary, since we aim to construct positive solutions of (Pε),
and thus their weak limit must be positive. On the other hand, the nondegeneracy assumption on
ω is generic: By perturbing the function K slightly, one can obtain a new function K̃ for which the
corresponding solution becomes nondegenerate.

Remark 1.1. (1) Observe that if the point ξ∗ satisfies

D2(K|∂Ω)(ξ∗)(x, x) > 0 ∀ x , 0,

it follows that for each N ∈ N, FN,ξ∗ goes to −∞ when the point (y1, · · · , yN) goes to the boundary
of X; therefore, the function FN,ξ∗ achieves its maximum, which implies the existence of a critical
point of FN,ξ∗ .

(2) For an example where FN,ξ∗ possesses a nondegenerate critical point, we refer the reader to
Proposition 4.2 of [1].
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We next consider the case of multiple blow-up points on ∂Ω, for which we obtain the following
results.

Theorem 1.2. Let n ∈ {4, 5, 6}, ω be a positive nondegenerate solution of (P0) and let ξ∗1, · · · , ξ
∗
m in ∂Ω

be nondegenerate critical points of K|∂Ω satisfying the same assumptions as ξ∗ (in Theorem 1.1). Then,
for each N1, · · · ,Nm in N \ {0}, there exists ε0 > 0 such that for each ε ∈ (0, ε0), there is a solution uε
of (Pε) satisfying

uε = ω +
N1∑
i=1

Pδa1,i,ε,λ1,i,ε + · · · +

Nm∑
i=1

Pδam,i,ε,λm,i,ε + ϕε, (1.11)

with ∥ϕε∥ → 0 and for each k ≤ m, the points ak,i,ε converge to ξ∗k as ε tends to 0. Moreover, for each
k = 1, · · · ,m, the points ak,i,ε and the speeds λk,i,ε satisfy the properties in (1.7)–(1.10).

Remark 1.2. Theorems 1.1 and 1.2 are stated for n ∈ {4, 5, 6}. Nevertheless, we believe that they
remain valid for n = 3. The main difficulty lies in improving the estimate of the odd part of the error
term. Section 5 deals with the odd component (x−a)k of the error term for k ≥ 2 (see Lemmas 5.3–5.6).
To extend our results to the case n = 3, we would need to study the case k = 1, which requires more
delicate estimates. We plan to return to this challenging estimates in future work.

The proof of our results relies on a Lyapunov–Schmidt reduction. Specifically, we seek a solution uε
of the form given in (1.6) (for Theorem 1.1) and (1.11) (for Theorem 1.2), where the function ϕ lies in
an infinite-dimensional space. By deriving a precise expansion of the associated variational functional
Iε (defined in (2.1)) with respect to ϕ, we establish the existence of a function ϕ that extremizes Iε in
this infinite-dimensional setting. The remaining parameters of the solution are then determined through
a detailed analysis of the expansion of the gradient ∇Iε. This approach, introduced in [8], has become
standard and hinges on the accurate expansion of ∇Iε. The main challenges in the present work are the
following.

• Controlling the contribution of the function ω in these expansions;
• Controlling the contribution of the function ϕ;
• Handling the interactions between bubbles whose concentration points are close to one another

and ultimately converge to the same boundary point.

It is worth noting that in previous applications of this method, the term ∥ϕ∥2 is typically small
compared with the leading-order terms in the expansions. In our setting, however, this is not the case
(see Remark 4.1). Nevertheless, we observed that in the integrals where this issue arises, we can refine
the analysis by exploiting certain oddness properties. This motivates the study of the odd part of ϕ, as
detailed in Section 5.

Finally, we remark that classical blow-up analysis methods often depend on delicate pointwise C0-
estimates and the use of Pohozaev identities. The presence of the function ω significantly complicates
such an analysis. In contrast, the approach adopted here circumvents these classical techniques, relying
instead on precise expansions of the scalar products of Iε with carefully chosen test functions adapted
to the bubbles under consideration. In addition, compared with the case ω = 0 studied in [9, 14],
the presence of a nonzero function ω in the ansatz for the desired solution introduces many additional
integrals that must be controlled. In the setting of compact manifolds without boundary or of interior
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blow-up solutions, the function ω is bounded below by a positive constant. In our situation, however, ω
vanishes on ∂Ω and the concentration points ai lie close to the boundary. Consequently, for any x near
the boundary, ω(x) ∼ cd(x, ∂Ω). This fact plays a crucial role in our analysis, allowing us to control
the contribution of ω in all integrals where it appears (see, for example, Lemma 4.1 below).

Our paper is organized as follows. In Section 2, we introduce some basic tools. Section 3 is devoted
to reducing the problem to a finite dimensional problem where we prove the existence of a function
ϕ minimizing the functional Iε with respect to the infinite dimensional variable. The expansion of the
gradient of the variational functional Iε is given in Section 4. To improve some results presented in
Section 4, we will study the odd part of the remainder function ϕ in Section 5 and we improve the
expansion of the gradient of Iε (with respect to the concentration point ai) in Section 6. Finally, we
prove the theorems in Section 7. We end the paper by some useful results in the Appendix.

2. Basic tools

First, we notice that

⟨u, v⟩ :=
∫
Ω

∇u · ∇v and ∥u∥ :=
( ∫
Ω

|∇u|2
)1/2

for u, v ∈ H1
0(Ω)

are the standard scalar product of H1
0(Ω) and its associated norm.

Second, we note that (Pε) is a variational problem; that is, its solutions are the critical points of the
following functional:

Iε(u) :=
1
2
∥u∥2 −

1
p + 1 − ε

∫
Ω

K|u|p+1−ε for u ∈ H1
0(Ω). (2.1)

Easy computations imply that Iε is a differentiable functional on H1
0(Ω), and we have

⟨∇Iε(u), h⟩ = ⟨u, h⟩ −
∫
Ω

|u|p−1−εuh for each u, h ∈ H1
0(Ω). (2.2)

While the functional Iε is standard, a broader methodological perspective on constructing variational
principles is provided by the so-called semi-inverse method [26]. This technique offers a systematic
way to derive a variational functional directly from the field equations, which may find applications in
other physical contexts where no obvious Lagrangian exists.

Now, recall that the projection Pδa,λ is defined in (1.2). Using the maximum principle, it is easy to
see that this function satisfies the following.

Proposition 2.1. [11, 24] For a ∈ Ω and a large λ such that λda := λd(a, ∂Ω) is large, the following
holds:

Pδa,λ := δa,λ − θa,λ = δa,λ − c0
H(a, .)
λ(n−2)/2 + fa,λ, (2.3)

where H(., .) is the regular part of the Green function G(., .) with the Dirichlet boundary condition
(H(a, .) := G(a, .) − |a − .|2−n) and fa,λ satisfies

∥ fa,λ∥∞ ≤
c

λ(n+2)/2dn
a
,

∥∥∥∥λ∂ fa,λ

∂λ

∥∥∥∥
∞
≤

c
λ(n+2)/2dn

a
,

∥∥∥∥1
λ

∂ fa,λ

∂a

∥∥∥∥
∞
≤

c
λ(n+4)/2dn+1

a
. (2.4)
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In addition, we have

0 ≤ Pδa,λ ≤ δa,λ,
∣∣∣∣λ∂Pδa,λ

∂λ

∣∣∣∣ ≤ cPδa,λ,
∣∣∣∣1
λ

∂Pδa,λ

∂a

∣∣∣∣ ≤ cPδa,λ in Ω, (2.5)

δa,λ ≤ cPδa,λ in B(a, da/2). (2.6)

For a ∈ Ω and λ > 0 such that λda := λd(a, ∂Ω) is very large, we write

Ea,λ := span
{
Pδa,λ, ∂Pδa,λ/∂λ, ∂Pδa,λ/∂a1, · · · , ∂Pδa,λ/∂an

}
. (2.7)

Now, let N ∈ N, m1 be a small positive constant and let m2 be a large positive constant. We define
the set AN,ε;ξ∗ as the set of the elements (α, a, λ) ∈ (0,∞)N ×ΩN × (0,∞)N satisfying

|α4/(n−2)
i K(ai) − 1| ≤ m2ε| ln ε| ∀ i ∈ {1, · · · ,N}, (2.8)

m1 ≤ λiε
(n−1)/(n−2) ≤ m2 ∀ i ∈ {1, · · · ,N}, (2.9)

m1 ≤ |ai − a j|ε
−(n+1)/(n+2) ≤ m2 ∀ i , j ∈ {1, · · · ,N}, (2.10)

m1ε ≤ di := d(ai, ∂Ω) ≤ m2ε ∀ i ∈ {1, · · · ,N}, (2.11)
m1 ≤ |ai − ξ

∗|ε−(n+1)/(n+2) ≤ m2 ∀ i ∈ {1, · · · ,N}. (2.12)

Notice that AN,ε,ξ∗ = Ṽ(N), which is defined in Eq (4.1) of [9]. Furthermore, for i , j, using (2.9) and
(2.10), easy computation implies that

εi j :=
(λi

λ j
+
λ j

λi
+ λiλ j|ai − a j|

2
)(2−n)/2

≤
1

λ(n−2)/2
i λ(n−2)/2

j |ai − a j|
n−2
= O

(
ε2n/(n+2)

)
. (2.13)

In addition, for each j , i, it is easy to see that di ≤ c ε ≤ c ε1/(n+2) |ai − a j|; therefore, we have the
following (see Lemma 4.1 of [9] for the first inequality of the second assertion):

δa j,λ j ≤
cλ(n−2)/2

j

(λ j|a j − ai|)n−2 ≤ cε
5−n

2 −
4

n+2 in B(ai, di/2), (2.14)

Pδa j,λ j ≤ c ε2/(n+2)δa j,λ j ≤ cε−γ1 in B(ai, di/2) with γ1 :=
n − 5

2
+

2
n + 2

, (2.15)

Pδai,λi ≥ cδai,λi ≥
cλ(n−2)/2

i

(λidi)n−2 ≥ cε−γ2 in B(ai, di/2) with γ2 :=
n − 3

2
. (2.16)

Hence, it is easy to see that

δa j,λ j = o(Pδai,λi) in B(ai, di/2) ∀ j , i. (2.17)

Moreover, since ε ln λi is small and Ω is bounded, it follows that ε ln(1+ λ2
i |x− ai|

2) is small uniformly
in Ω; therefore, by using the expansion et = 1 + t + O(t2) near zero, we deduce that

δ−εai,λi
= c−ε0 λ

−ε n−2
2

i

(
1 +

n − 2
2

ε ln(1 + λ2
i |x − ai|

2)
)
+ O

(
ε2 ln2(1 + λ2

i |x − ai|
2)
)

(2.18)

= 1 + o(1). (2.19)
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In the sequel, we use σ to denote the following value:

σ := 2 +
1

n − 2
−

1
n + 2

= 2 +
4

n2 − 4
. (2.20)

Furthermore, σ0 denotes a positive real number which can be different from line to line.
Our aim is to construct some critical points of the functional Iε having the form

u = ω +
N∑

i=1

αiPδai,λi + ϕ with (α, a, λ) ∈ AN,ε,ξ∗ and ϕ ∈ Fa,λ :=
(
∪N

i=1 Eai,λi

)⊥
, (2.21)

where Eai,λi is defined in (2.7).
In the sequel, to simplify the presentation, we write

ũ :=
N∑

i=1

αiPδai,λi . (2.22)

Using (2.5), (2.9), (2.15), and (2.17), it is easy to see that

ũ = αiPδai,λi + O(ε−γ1) = αiPδai,λi(1 + o(1)) in B(ai, di/2), (2.23)
(̃u)−ε = 1 + O(ε| ln ε|) in ∪ B(a j, d j/2). (2.24)

Concerning the function ω, we remark that since ω = 0 on ∂Ω, and ω is bounded in the C2-norm,
using (2.11), we deduce that

0 < ω ≤ c d j ≤ c ε in Ωb := {x ∈ Ω : d(x, ∂Ω) ≤ Mε}, (2.25)
C ≥ ω ≥ cε in Ω \Ωb, (2.26)

where M is a large positive constant. Thus, since p − 1 ≥ 1, we deduce that

ωp−1−ε = ωp−1 + O(ε + εp−1−ε) = ωp−1 + O(ε) in Ω. (2.27)

3. Finite dimensional reduction

Observe that, the function u defined in (2.21) is parametrized by the element (α, λ, a) ∈ AN,ε,ξ∗ and
a function ϕ ∈ Fa,λ. Let us introduce

Iε : {(α, λ, a, ϕ) ∈ AN,ε,ξ∗ × H1
0(Ω) : ϕ ∈ Fa,λ} → R; Iε(α, λ, a, ϕ) := Iε

(
ω +

N∑
i=1

αiPδai,λi + ϕ
)
.

To find a critical point of Iε, we need to find a critical point of Iε. We start by extremizing the function
Iε with respect to the variable ϕ.

Proposition 3.1. Let n ∈ {4, 5, 6} and (α, a, λ) ∈ AN,ε,ξ∗ , there exists a unique ϕ := ϕε,α,a,λ such that

ϕ ∈ Fa,λ, (3.1)

⟨∇Iε
(
ω + ũ + ϕ

)
, h⟩ = 0 ∀ h ∈ Fa,λ, (3.2)

∥ϕ∥ ≤ cε| ln ε|, (3.3)
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where ũ is introduced in (2.22).
Proof. First, we need to expand the functional Iε with respect to ϕ ∈ Fa,λ. Indeed, we have

Iε(ω + ũ + ϕ) =
1
2
∥ω + ũ + ϕ∥2 −

1
p + 1 − ε

∫
K|ω + ũ + ϕ|p+1−ε. (3.4)

Observe that since ϕ ∈ Fa,λ, it holds that

∥ω + ũ + ϕ∥2 = ∥ω + ũ∥2 + 2⟨ω, ϕ⟩ + ∥ϕ∥2.

Concerning the second part of (3.4), observe that for γ > 2, s, t ∈ R, we have

|s + t|γ = |s|γ + γ|s|γ−2st +
1
2
γ(γ − 1)|s|γ−2t2 +

O(|s|γ−3|t|3) if |t| < |s|,
O(|t|γ) if |s| ≤ |t|.

Thus, the integral in (3.4) becomes∫
K|ω + ũ + ϕ|p+1−ε =

∫
K(ω + ũ)p+1−ε + (p + 1 − ε)

∫
K(ω + ũ)p−εϕ

+
1
2

(p + 1 − ε)(p − ε)
∫

K(ω + ũ)p−1−εϕ2

+ O
( ∫

[|ϕ|≤ω+ũ]
(ω + ũ)p−2ϕ3−ε +

∫
|ϕ|p+1−ε

)
. (3.5)

Notice that ∫
[|ϕ|≤ω+ũ]

(ω + ũ)p−2ϕ3−ε +

∫
|ϕ|p+1−ε = o

(
∥ϕ∥2

)
.

Therefore, for each ϕ ∈ Fa,λ, we obtain

Iε(ω + ũ + ϕ) = Iε(ω + ũ) + Lε(ϕ) +
1
2

Qε(ϕ) + o(∥ϕ∥2) (3.6)

where Qε(ϕ) := ∥ϕ∥2 − (p − ε)
∫

K(ω + ũ)p−1−εϕ2 (3.7)

Lε(ϕ) := ⟨ω, ϕ⟩ −
∫

K(ω + ũ)p−εϕ. (3.8)

We claim that Qε is a nondegenerate quadratic form on Fa,λ. In fact, using the fact that

|s + t|γ = |s|γ + |t|γ + O(|s|γ−1|t| + |s||t|γ−1) for γ > 0, s, t ∈ R,

and the fact that α4/(n−2)
i K(ai) = 1 + o(1), we deduce that∫

K(ω + ũ)p−1−εϕ2 =

∫
Kωp−1−εϕ2 +

N∑
i=1

∫
δ

p−1−ε
ai,λi

ϕ2 + o(∥ϕ∥2)

=

∫
Kωp−1ϕ2 +

N∑
i=1

∫
δ

p−1
ai,λi

ϕ2 + o(∥ϕ∥2),
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where we have used (2.19) and (2.27). Thus, we get

Qε(ϕ) = Q(ϕ) + o(∥ϕ∥2) where Q(ϕ) := ∥ϕ∥2 − p
∫

Kωp−1ϕ2 − p
N∑

i=1

∫
δ

p−1
ai,λi

ϕ2.

However, by arguing as in the proof of Proposition 1 of [4], it follows that the quadratic form Q is
nondegenerate on Fa,λ. Hence, our claim follows.

Now, since Qε is a nondegenerate quadratic form and Lε is a linear form, using the implicit function
theorem near 0, we deduce the existence of a unique function ϕ satisfying (3.1), and (3.2), and we have
∥ϕ∥ ≤ c∥Lε∥. Thus, to prove (3.3), we need to estimate ∥Lε∥.

Using the fact that Pδa,λ ≤ cδa,λ and the fact that for each γ > 0, s, t ∈ R, we have

|s + t|γ(s + t) = |s|γs + |t|γt +

O(|s|γ|t|) if |t| ≤ |s|,
O(|s||t|γ) if |s| ≤ |t|,

(3.9)

we derive the following (since ω is bounded):∫
Ω

K
(
ω + ũ

)p−ε
ϕ =

∫
Ω

Kωp−εϕ +

∫
Ω

K (̃u)p−εϕ +
∑

O
( ∫
Ω

δ
p−ε−1
ai,λi
|ϕ| +

∫
Ω

δai,λi |ϕ|
)
. (3.10)

To complete the estimate of (3.10), using the fact that δ−εai,λi
≤ c and (1.1), it holds that∫

Ω

δ
p−ε−1
ai,λi
|ϕ| +

∫
Ω

δai,λi |ϕ| ≤ c∥ϕ∥
[( ∫

Ω

δ
8n

n2−4
ai,λi

) n+2
2n
+

( ∫
Ω

δ
2n

n+2
ai,λi

) n+2
2n

]
≤ cχ1(λi)∥ϕ∥, (3.11)

where χ1 is defined in (1.2). Concerning the first integral in (3.10), using (2.27), we get∫
Ω

Kωp−εϕ =

∫
Ω

Kωpϕ + O
(
ε

∫
Ω

|ϕ|
)
=

∫
Ω

(−∆ω)ϕ + O
(
ε∥ϕ∥

)
= ⟨ω, ϕ⟩ + O

(
ε∥ϕ∥

)
. (3.12)

Regarding the second integral of (3.10), from Lemmas 2.1 and A.1 of [10] (these results are proved
for p + ε instead of p − ε; however, since, for each i, ε ln λi is small, the proof is exactly the same), we
deduce that ∣∣∣∣ ∫

Ω

K (̃u)p−εϕ
∣∣∣∣ ≤ c∥ϕ∥

∑
i

(
ε +

1
λi
+

ln(λidi)
(λidi)n−2 +

∑
j,i

εi j ln(ε−1
i j )(n−2)/n

)
.

Combining the previous estimate and (2.9), (2.11), and (2.13), we get∣∣∣∣ ∫
Ω

K (̃u)p−εϕ
∣∣∣∣ ≤ cε| ln ε|∥ϕ∥. (3.13)

Combining (3.11), (3.12), and (3.13), Eq (3.10) becomes∫
Ω

K
(
ω + ũ

)p−ε
ϕ = ⟨ω, ϕ⟩ + O

(
ε| ln ε|∥ϕ∥

)
. (3.14)

Therefore, the linear form is estimated to be

|Lε(ϕ)| ≤ c ε| ln ε|∥ϕ∥,

which implies that ∥Lε∥ ≤ c ε| ln ε|. This achieves the proof of the proposition.
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Remark 3.1. From (3.2), using the multiplier Lagrange theorem, we deduce that some constants A j,
B j, and C j,ℓ exist such that

−∆ϕ =K|ω + ũ + ϕ|p−ε−1(ω + ũ + ϕ) − (−∆)(ω + ũ)

+ (−∆)
[ N∑

j=1

(
A jPδ j + B jλ j

∂Pδ j

∂λ j
+

n∑
ℓ=1

C j,ℓ
1
λ j

∂Pδ j

∂a j,ℓ

)]
. (3.15)

In fact, for (α, a, λ) ∈ AN,ε,ξ∗ , from Equation (3.2), we deduce that ϕ is a critical point of the
functional

ψ : Fa,λ → R , ϕ 7→ ψ(ϕ) := Iε(ω + ũ + ϕ),

where ũ is introduced in (2.22). Recall that the set Fa,λ is defined by some orthogonality constraints
which are as follows, for j ∈ {1, · · · ,N} and ℓ ∈ {1, · · · , n}:

φ1, j(ϕ) := ⟨v, Pδa j,λ j⟩; φ2, j(ϕ) := ⟨v, λ j
∂Pδa j,λ j

∂λ j
⟩; φ3, j,ℓ(ϕ) := ⟨v,

1
λ j

∂Pδa j,λ j

∂a j,ℓ
⟩.

Therefore, using the multiplier Lagrange theorem, we deduce the existence of some constants
(A, B,C) ∈ RN × RN × (Rn)N such that

∇ψ(ϕ) =
N∑

j=1

(
A j∇φ1, j(ϕ) + B j∇φ2, j(ϕ) +

n∑
ℓ=1

C j,ℓ∇φ3, j,ℓ(ϕ)
)
.

Thus, using (2.2), we deduce that for each h ∈ H1
0(Ω), we have∫

Ω

∇(ω + ũ + ϕ) · ∇h −
∫
Ω

K|ω + ũ + ϕ|p−ε−1(ω + ũ + ϕ)h

=

N∑
j=1

(
A j

∫
Ω

∇Pδa j,λ j∇h + B j

∫
Ω

∇[λ j
∂Pδa j,λ j

∂λ j
] · ∇h +

n∑
ℓ=1

C j,ℓ

∫
Ω

∇[
1
λ j

∂Pδa j,λ j

∂a j,ℓ
] · ∇h

)
.

This completes the proof of (3.15).

4. Expansion of the gradient

The aim of this section is to perform delicate asymptotic estimates of the gradient of the functional
Iε given by (2.2). To this end, we compute the scalar product of the gradient of Iε with certain functions.
We start by providing the following lemma.

Lemma 4.1. Let i ∈ {1, · · · ,N} and φi ∈ {Pδai,λi , (λi∂Pδai,λi/∂λi), λ−1
i (∂Pδai,λi/∂ai)}. It holds that

⟨∇Iε(ω + ũ + ϕ), φi⟩ = ⟨∇Iε(̃u + ϕ), φi⟩ + O
(
ε

5
2 | ln ε| if n = 4, ε2+ 2

n−2 if n = 5, 6
)
.

Proof. Observe that, by using (3.9), we have∫
Ω

K|ω + ũ+ϕ|p−ε−1(ω + ũ + ϕ)φi =

∫
Ω

Kωp−εφi +

∫
Ω

K |̃u + ϕ|p−ε−1(̃u + ϕ)φi
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+ O
( ∫

[|̃u+ϕ|≤ω]
ωp−1−ε |̃u + ϕ||φi| +

∫
[ω≤|̃u+ϕ|]

|̃u + ϕ|p−ε−1ω|φi|
)
. (4.1)

We need to estimate the integrals involved in (4.1). Regarding the last integral in (4.1), we have∫
[ω≤|̃u+ϕ|]

|̃u + ϕ|p−ε−1ω|φi| ≤ c
∫
Ω

|ϕ|p−1δai,λi +
∑∫

Ω

δ
p
a j,λ j

ω.

However, ∫
Ω

|ϕ|p−1δai,λi ≤ c∥ϕ∥p−1
( ∫
Ω

δn/(n−2)
ai,λi

)(n−2)/n
≤ c(ε| ln ε|)p−1 (ln λi)(n−2)/n

λ(n−2)/2 ≤ c ε
n−1

2 +
2

n−2 ,∫
Ω

δ
p
a j,λ j

ω ≤ cε
∫

B j

δ
p
a j,λ j
+ c

∫
Ω\B j

δ
p
a j,λ j
≤

c ε

λ(n−2)/2
j

+
c

λ(n−2)/2
j (λ jd j)2

≤ c ε
n−1

2 +
2

n−2 , (4.2)

where we have used (2.25) in (4.2). Therefore, the last integral in (4.1) becomes∫
[ω≤|̃u+ϕ|]

|̃u + ϕ|p−ε−1ω|φi| ≤ c ε
n−1

2 +
2

n−2 . (4.3)

In the same way, we have∫
[|̃u+ϕ|≤ω]

ωp−1−ε |̃u + ϕ||φi| ≤ c
∑∫

Ω

δ2
a j,λ j
+

∫
Ω

|ϕ|δai,λi .

However ∫
Ω

δ2
a j,λ j
≤ c


ln λ j

λ2
j

if n = 4
1
λ2

j
if n ≥ 5

 ≤ c

ε3| ln ε| if n = 4,
ε2+ 2

n−2 if n ≥ 5,
(4.4)

and using (1.1), it holds that∫
Ω

|ϕ|δai,λi ≤ c∥ϕ∥
( ∫
Ω

δ
2n

n+2
ai,λi

) n+2
2n
≤ cχ1(λi)∥ϕ∥ ≤ c

ε
n+1

2 | ln ε| if n = 4, 5,
ε7/2| ln ε|5/3 if n = 6.

Thus, the third integral on the right hand-side of (4.1) becomes∫
[|̃u+ϕ|≤ω]

ωp−1−ε |̃u + ϕ||φi| ≤ c

ε5/2| ln ε| if n = 4,
ε2+ 2

n−2 if n = 5, 6.
(4.5)

Concerning the first integral on the right-hand side of (4.1), using (2.27), we have∫
Ω

Kωp−εφi =

∫
Ω

Kωpφi + O
(
ε

∫
Ω

δai,λi

)
.

On the other hand,

ε

∫
Ω

δai,λi ≤ c ε
∫
Ω

δai,λi ≤
c ε

λ(n−2)/2
i

≤ c ε(n+1)/2,
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Ω

Kωpφi =

∫
Ω

(−∆ω)φi =

∫
Ω

ω(−∆φi) = O
( ∫
Ω

ωδ
p
ai,λi

)
= O(ε

n−1
2 +

2
n−2 ), (4.6)

(by using (4.2)). Therefore, the first integral on the right hand-side of (4.1) becomes∫
Ω

Kωp−εφi = O
(
ε

n−1
2 +

2
n−2

)
. (4.7)

Combining, (4.3), (4.5), and (4.7), (4.1) becomes∫
Ω

K|ω + ũ + ϕ|p−ε−1(ω + ũ+ϕ)φi =

∫
Ω

K |̃u + ϕ|p−ε−1(̃u + ϕ)φi

+ O
(
ε5/2| ln ε| if n = 4, ε2+ 2

n−2 if n = 5, 6
)
. (4.8)

Finally, using (2.2), (4.6), and (4.8), we obtain

⟨∇Iε(ω + ũ + ϕ), φi⟩

= ⟨ω, φi⟩ + ⟨̃u + ϕ, φi⟩ −

∫
Ω

K|ω + ũ + ϕ|p−ε−1(ω + ũ + ϕ)φi

= ⟨̃u + ϕ, φi⟩ −

∫
Ω

K |̃u + ϕ|p−ε−1(̃u + ϕ)φi + O
(
ε

5
2 | ln ε| if n = 4, ε2+ 2

n−2 if n = 5, 6
)

= ⟨∇Iε(̃u + ϕ), φi⟩ + O
(
ε

5
2 | ln ε| if n = 4, ε2+ 2

n−2 if n = 5, 6
)
.

This completes the proof of the lemma.

Proposition 4.1. Let i ∈ {1, · · · ,N}, it holds that

⟨∇Iε(ω + ũ + ϕ), Pδai,λi⟩ = αiS n(1 − α4/(n−2)
i K(ai)) + O(ε| ln ε|),

where S n is defined in (1.4).
Proof. Take φi = Pδai,λi in Lemma 4.1. The proof follows from Lemma 4.1, (3.3), and Proposition 2.4
of [16] by using the behavior of the parameters λ j, d j, and ε jk given by (2.9), (2.11), and (2.13).

Proposition 4.2. Let i ∈ {1, · · · ,N}, it holds that

⟨∇Iε(ω + ũ + ϕ), λi
∂Pδai,λi

∂λi
⟩ = −

n − 2
2

αi

(
c1

H(ai, ai)
λn−2

i

−
n − 2

2n
S nε

)
+ O

(
εinf(1+n/(n+2);1+2/(n−2))),

where S n is defined in (1.4) and

c1 := c2n/(n−2)
0

∫
Rn

dx
(1 + |x|2)(n+2)/2 . (4.9)

Proof. Take φi = λi∂Pδai,λi/∂λi in Lemma 4.1. The proof follows from Lemma 4.1, (3.3), and
Proposition 2.5 of [16] by using the behavior of the parameters λ j, d j, and ε jk given by (2.9), (2.11),
and (2.13).
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Proposition 4.3. Let i ∈ {1, · · · ,N}, it holds that

⟨∇Iε(ω + ũ + ϕ),
1
λi

∂Pδai,λi

∂ai
⟩ =

1
2
αi

c1

λn−1
i

∂H
∂ai

(ai, ai) − α
p
i

c3

λi
∇K(ai)

− c1

N∑
j=1, j,i

α j
1
λi

1
(λiλ j)(n−2)/2

∂G(ai, a j)
∂ai

+ O
(
ε1+ 2

n−2
)
, (4.10)

where c1 is defined in (4.9) and c3 is defined in (1.4).
Proof. Take φi = λ−1

i ∂Pδai,λi/∂ai in Lemma 4.1. The proof follows from Lemma 4.1, (3.3), and
Proposition 2.6 of [16] by using the behavior of the parameters λ j, d j, and ε jk given by (2.9), (2.11),
and (2.13).

Remark 4.1. Notice that ai is close to the boundary ∂Ω. Let ai be the projection of ai on the boundary
and let νi be the outnormal vector to the boundary at the point ai.

• Multiplying (4.10) by the vector νi, we observe that the principal terms in (4.10) become of the
order ε1+1/(n−2). Hence, the remainder term in this equation is small with respect to these principal
terms.
• However, if we multiply (4.10) by a tangential vector, we observe that the principal terms in (4.10)

become of the order εσ, with σ := 2 + 4
n2−4 . Hence, we need to improve Proposition 4.3 in this

case.
• We observe that in the expansions of the gradient, particularly in Proposition 4.3, the remainder

term ∥ϕ∥2 appears and is estimated by ∥ϕ∥2 ≤ cε2 ln2(ε). Hence, we need to improve this
estimate. We believe, however, that the bound on ∥ϕ∥ itself is optimal. Nevertheless, the
main part of the integrals that we need to refine involves the product of ϕ with the function
δ
γ
ai,λi

(∂δai,λi/∂ai,k) (where ai,k is the kth-component of ai), and this function is odd with respect to
(x − ai)k. Consequently, the even part of ϕ does not contribute to these integrals. Moreover, near
ai, the function ϕ is close to an even function. Therefore, the norm of its odd component is small
compared with ∥ϕ∥. This improvement will be very useful when refining the computations to
obtain a better version of Proposition 4.3.

5. The odd part of the error term

As stated in Remark 4.1, we need to improve the remainder terms in Proposition 4.3. We notice that
∥ϕ∥2 appears in this remainder term, and we cannot improve the estimate of this norm. Nevertheless,
we see that ∂δai,λi/∂ai,k is an odd function with respect to the kth-component of the variable (x − ai).
Therefore, the contribution of the even part of ϕ, in some integrals, will be 0. Hence, we need to
improve the estimate of the odd part of ϕ. This is the aim of this section. First, we start by estimating
the constants Ai, Bi, and Ci, j introduced in Remark 3.1.

Lemma 5.1. Let (α, a, λ) ∈ AN,ε,ξ∗ . The constants A j, B j, and C j,ℓ, introduced in Remark 3.1, satisfy
the following: for each k ∈ {1, · · · ,N} and for each j ∈ {1, · · · , n}, we have

Ak = O(ε| ln ε|), Bk = O(ε), Ck, j = O(ε1+ 1
n−2 ). (5.1)
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Proof. Multiplying (3.15) by Pδak ,λk , λk∂Pδak ,λk/∂λk, and λ−1
k ∂Pδak ,λk/∂ak, j, respectively, we obtain the

following system:

cAk + O
(
ε[|A| + |B| + |C|]

)
= ⟨∇Iε(ω + ũ + ϕ), Pδak ,λk⟩ = O(ε| ln ε|),

cBk + O
(
ε[|A| + |B| + |C|]

)
= ⟨∇Iε(ω + ũ + ϕ), λk∂Pδak ,λk/∂λk⟩ = O(ε),

cCk, j + O
(
ε[|A| + |B| + |C|]

)
= ⟨∇Iε(ω + ũ + ϕ), λ−1

k ∂Pδak ,λk/∂ak, j⟩ = O(ε1+ 1
n−2 ),

where c is a positive constant which differs from line to line.
Taking the sum of the previous equations, we derive

|A| + |B| + |C| = O(ε| ln ε|).

Putting this information into the previous system, the result follows.
Let (α, a, λ) ∈ AN,ε,ξ∗ and ϕ be the function introduced in Proposition 3.1. Recall that for each j , i,

by using (2.10) and (2.11), we have

|a j − ai| ≥ cε(n+1)/(n+2) >>> ε ≥ cdi. (5.2)

For each i ∈ {1, · · · ,N}, we write Bi := B(ai, di/2) ⊂ Ω and let ϕi be the projection of ϕ onto H1
0(Bi). It

satisfies the following partial differential equation (PDE)∆ϕi = ∆ϕ, in Bi,

ϕi = 0, on ∂Bi.
(5.3)

Lemma 5.2. It holds that

∥ϕi∥H1
0 (Bi) ≤ ∥ϕ∥, (5.4)

|(ϕ − ϕi)(x)| ≤ cε−(n−4)/2| ln ε| ∀ x ∈ B(ai, di/4). (5.5)

Proof. Multiplying the first equation of (5.3) by ϕi and integrating over Bi, we get∫
Bi

|∇ϕi|
2 =

∫
Bi

∇ϕi∇ϕ ≤
( ∫

Bi

|∇ϕi|
2
)1/2( ∫

Bi

|∇ϕ|2
)1/2

,

which implies that

∥ϕi∥H1
0 (Bi) :=

( ∫
Bi

|∇ϕi|
2
)1/2
≤ ∥ϕ∥.

Hence, the proof of (5.4) is completed. Concerning (5.5), from (5.3), we deduce that∆(ϕ − ϕi) = 0, in Bi,

(ϕ − ϕi) = ϕ, on ∂Bi.

Thus, let Gi be the Green function in Bi with a Dirichlet boundary condition. It follows that

(ϕ − ϕi)(x) = −
∫
∂Bi

∂Gi

∂ν
(x, y)ϕ(y)dy.
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Taking x ∈ B(ai, di/4), it follows that for each y ∈ ∂Bi, we have |y − x| ≥ cdi; therefore, we obtain

|(ϕ − ϕi)(x)| ≤
c

dn−1
i

∫
∂Bi

|ϕ(y)|dy ≤ c ε1−n
∫
∂Bi

|ϕ(y)|dy. (5.6)

However, using the continuity of the embedding

H1(Bi) ↪→ L
2n−2
n−2 (∂Bi),

we obtain the following, by using (3.3):∫
∂Bi

|ϕ(y)|dy ≤ (dn−1
i )

n
2n−2

( ∫
∂Bi

|ϕ(y)|
2n−2
n−2 dy

) n−2
2n−2
≤ cdn/2

i ∥ϕ∥H1
0 (Bi)

≤ cε(n+2)/2| ln ε|. (5.7)

Hence, combining (5.7) and (5.6), the proof of (5.5) is as follows.
Since d(ai, ∂Ω) is small and Ω is assumed to be regular, there is a unique ai satisfying |ai − ai| =

d(ai, ∂Ω). Without loss of generality, we can assume

νi := ν(ai) = −e1, (5.8)

where (e1, · · · , en) is the canonical basis of Rn, and ν(a) denotes the outnormal vector at the point
a ∈ ∂Ω to the boundary ∂Ω. Furthermore, for k ∈ {1, · · · , n}, we write

ϕi := ϕo
i,k + ϕ

e
i,k where ϕo

i,k is odd and ϕe
i,k is even with respect to (x − ai)k. (5.9)

Lemma 5.3. Under the assumption of (5.8), for each k ∈ {2, · · · , n}, it holds that∫
Bi

K(Pδai,λi)
p−εϕo

i,k = O
(
ε1+ 1

n−2 ∥ϕo
i ∥H1

0 (Bi)

)
.

Proof. First, expanding K around the point ai and using (2.5) and (2.19), we get∫
Bi

K(Pδai,λi)
p−εϕo

i,k = K(ai)
∫

Bi

(Pδai,λi)
p−εϕo

i,k + O
( ∫

Bi

|x − ai|δ
p
ai,λi
|ϕo

i,k|
)
. (5.10)

Using Holder’s inequality and the embedding H1
0(Bi) ↪→ Lp+1(Bi), we get∫

Bi

|x − ai|δ
p
ai,λi
|ϕo

i,k| ≤ c∥ϕo
i ∥H1

0 (Bi)

( ∫
Bi

|x − ai|
2n

n+2 δ
p+1
ai,λi

) n+2
2n
≤

c
λi
∥ϕo

i ∥H1
0 (Bi).

Now, using the change of variables y := λi(x − ai) and passing to the polar coordinates, we get∫
Bi

|x − ai|
2n

n+2 δ
p+1
ai,λi
≤ c

∫
B(ai,di/2)

λn
i |x − ai|

2n
n+2

(1 + λ2
i |x − ai|

2)n
dx

≤
c

λ2n/(n+2)
i

∫
B(0,λidi/2)

|y|2n/(n+2)

(1 + |y|2)n dy
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≤
c

λ2n/(n+2)
i

∫ λidi/2

0

r
2n

n+2+n−1

(1 + r2)n dr ≤
c

λ2n/(n+2)
i

.

Thus, using (2.9), which implies that 1
λi
≤ cε(n−1)/(n−2), we deduce that∫

Bi

|x − ai|δ
p
ai,λi
|ϕo

i,k|≤
c
λi
∥ϕo

i ∥H1
0 (Bi) ≤ cε1+ 1

n−2 ∥ϕo
i ∥H1

0 (Bi). (5.11)

Concerning the other integral, let ãi satisfies ai − ãi = −2diνi = 2die1. From Claim (a) of Lemma 7.1
of [9], we know that

H(ai, x) =
1

|x − ãi|
n−2 + O

( di

|x − ãi|
n−2

)
=

1
|x − ãi|

n−2 + O
( 1
dn−3

i

)
in Bi. (5.12)

In addition, by taking y = x − ai, it follows that

|x − ãi| = |y + (ai − ãi)| = |y + 2die1|, (5.13)

which implies that this function is even with respect to the variable y j for each j ≥ 2. Thus, using (2.3),
we derive that

Pδai,λi(x) = δai,λi(x) − c0
H(ai, x)

λ(n−2)/2
i

+ O
( 1

λ(n+2)/2
i dn

i

)
= δai,λi(x) − c0

1

λ(n−2)/2
i |x − ãi|

n−2︸                                ︷︷                                ︸
δ̃ai ,λi (x)

+O
( 1

λ(n−2)/2
i dn−3

i

+
1

λ(n+2)/2
i dn

i︸                         ︷︷                         ︸
χ0(λi,di)

)
. (5.14)

Recall that by using (5.13), δ̃ai,λi is an even function with respect to the variable (x−ai)k for each k ≥ 2;
therefore, the function δ̃p−ε

ai,λi
ϕo

i,k is an odd function with respect to (x − ai)k. Hence, we obtain∫
Bi

(Pδai,λi)
p−εϕo

i,k =

∫
Bi

(̃
δai,λi + O(χ0(λi, di))

)p−ε
ϕo

i,k

=

∫
Bi

δ̃
p−ε
ai,λi

ϕo
i,k + O

( ∫
Bi

δ̃
p−1
ai,λi

χ0(λi, di))|ϕo
i,k|

)
= O

(
χ0(λi, di)∥ϕo

i ∥H1
0 (Bi)

( ∫
Bi

δ
8n

n2−4
ai,λi

) n+2
2n

)
.

However, from (2.9) and (2.11), we deduce that di ≤ cε and 1
λidi
≤ cε1/(n−2). Now, using (1.1), we derive

that

χ0(λi, di)
( ∫

Bi

δ
8n

n2−4
ai,λi

) n+2
2n
≤ cχ0(λi, di)χ1(λi) ≤ c

 di
(λidi)n−2 +

1
(λidi)n if n = 4, 5,

(ln λi)2/3di
(λidi)4 +

(ln λi)2/3

(λidi)6 , if n = 6

≤ cε1+ 1
n−2 .

Thus, the previous integral becomes∫
Bi

(Pδai,λi)
p−εϕo

i,k = O
(
ε1+ 1

n−2 ∥ϕo
i ∥H1

0 (Bi)

)
. (5.15)

Combining (5.10), (5.11), and (5.15), the proof of the lemma as follows.
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Lemma 5.4. Under the assumption of (5.8), for each k ∈ {2, · · · , n}, it holds that∫
Bi

K(Pδai,λi)
p−ε−1ϕϕo

i,k =

∫
Bi

δ
p−1
ai,λi

(ϕo
i,k)

2 + o
(
∥ϕo

i,k∥
2
H1

0 (Bi)

)
+ O

(
ε1+ 1

n−2 | ln ε|∥ϕo
i,k∥H1

0 (Bi)

)
.

Proof. Expanding K around ai and using (2.5) and (2.19), we get∫
Bi

K(Pδai,λi)
p−ε−1ϕϕo

i,k = K(ai)
∫

Bi

(Pδai,λi)
p−ε−1ϕϕo

i,k + O
( ∫

Bi

|x − ai|δ
p−1
ai,λi
|ϕ||ϕo

i,k|
)
. (5.16)

Observe that in Bi, |x − ai| < di/2; therefore, using Holder’s inequality and (3.3), we obtain∫
Bi

|x − ai|δ
p−1
ai,λi
|ϕ||ϕo

i,k| ≤ cdi∥ϕ∥
( ∫

Bi

|∇ϕo
i,k|

2
) 1

2
≤ cε2| ln ε|∥ϕo

i,k∥H1
0 (Bi).

Regarding the other integral, using (5.14), we get∫
Bi

(Pδai,λi)
p−ε−1ϕϕo

i,k =

∫
Bi

(̃
δai,λi + O(χ0(λi, di))

)p−ε−1
ϕϕo

i,k

=

∫
Bi

(̃δai,λi)
p−ε−1ϕϕo

i,k + O
(
χ0(λi, di)

∫
Bi

δ
p−2
ai,λi
|ϕ||ϕo

i,k|
)
. (5.17)

Notice that for n = 6, we have p − 2 = 0; therefore, using (3.3), (2.9), and (2.11), we get

χ0(λi, di)
∫

Bi

δ
p−2
ai,λi
|ϕ||ϕo

i,k| = χ0(λi, di)
∫

Bi

|ϕ||ϕo
i,k|

≤ c
( 1
λ2

i d3
i

+
1

λ4
i d6

i

)
d2

i ∥ϕ∥
( ∫

Bi

|∇ϕo
i,k|

2
) 1

2

≤ cε2| ln ε|∥ϕo
i,k∥H1

0 (Bi).

However, for n ∈ {4, 5}, we have p − 2 > 0; therefore

χ0(λi, di)
∫

Bi

δ
p−2
ai,λi
|ϕ||ϕo

i,k| ≤ c
( 1

λ
n−2

2
i dn−3

i

+
1

λ
n+2

2
i dn

i

)
∥ϕ∥∥ϕo

i,k∥H1
0 (Bi)

( ∫
Bi

δ
(p−2) n

2
ai,λi

) 2
n
.

Moreover, using the change of variables y := λi(x − ai) and passing to the polar coordinates, easy
computations imply that( ∫

Bi

δ
(p−2) n

2
ai,λi

) 2
n
≤ c

( ∫
Bi

λn(6−n)/4
i

(1 + λi|x − ai|
2)n(6−n)/4 dx

) 2
n

≤
c

λ(n−2)/2
i

( ∫
B(0,λidi/2)

1
(1 + |y|2)n(6−n)/4 dy

) 2
n

≤
c

λ(n−2)/2
i

( ∫ λidi/2

0

rn−1

(1 + r2)n(6−n)/4 dr
) 2

n
≤ c

ln1/2(λidi)/λi, if n = 4,
λ−1/2

i di, if n = 5.

Thus, for n ∈ {4, 5, 6}, we obtain

χ0(λi, di)
∫

Bi

δ
p−2
ai,λi
|ϕ||ϕo

i,k| ≤ cε2| ln ε|∥ϕo
i,k∥H1

0 (Bi). (5.18)
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This completes the estimate of the remainder term of (5.17).
Now, we will focus on the first integral of (5.17). We write∫

Bi

(̃δai,λi)
p−ε−1ϕϕo

i,k =

∫
Bi

(̃δai,λi)
p−ε−1ϕiϕ

o
i,k +

∫
Bi

(̃δai,λi)
p−ε−1(ϕ − ϕi)ϕo

i,k. (5.19)

Observe that since δ̃ai,λi is an even function and ϕo
i,k is the odd part of ϕi (with respect to (x − ai)k; see

(5.9)), we find that∫
Bi

(̃δai,λi)
p−ε−1ϕiϕ

o
i,k =

∫
Bi

(̃δai,λi)
p−ε−1(ϕo

i,k)
2 =

∫
Bi

δ
p−1
ai,λi

(ϕo
i,k)

2 + o
(
∥ϕo

i,k∥
2
H1

0 (Bi)

)
.

However, the second integral of (5.19) needs some precise computations. We decompose it into two
parts. The first one is∣∣∣∣ ∫

Bi\B(ai,di/4)
(̃δai,λi)

p−ε−1(ϕ − ϕi)ϕo
i,k

∣∣∣∣ ≤ c
( ∫

Bi\B(ai,di/4)
(̃δai,λi)

p+1
) 2

n
∥ϕ − ϕi∥∥ϕ

o
i,k∥H1

0 (Bi)

≤
c

(λidi)2ε| ln ε|∥ϕ
o
i,k∥H1

0 (Bi)

≤ cε1+ 2
n−2 | ln ε|∥ϕo

i,k∥H1
0 (Bi),

where we have used the fact that δ̃ai,λi ≤ δai,λi in Bi, the fact that 1
λidi
≤ cε1/(n−2) (which follows from

(2.9) and (2.11)), (5.4), (3.3), and (1.3).
Concerning the integral over B(ai, di/4), using (5.5) and (1.1), we have∣∣∣∣ ∫

B(ai,di/4)
(̃δai,λi)

p−ε−1(ϕ − ϕi)ϕo
i,k

∣∣∣∣ ≤ cε−
n−4

2 | ln ε|∥ϕo
i,k∥H1

0 (Bi)

( ∫
B(ai,di/4)

δ
8n

n2−4
ai,λi

) n+2
2n

≤ cε−
n−4

2 | ln ε|∥ϕo
i,k∥H1

0 (Bi)χ1(λi).

Combining the previous estimates and using (2.9), the proof of the lemma follows.

Lemma 5.5. The following holds:∫
Bi

|∇ϕo
i,k|

2 − p
∫

Bi

δ
p−1
ai,λi

(ϕo
i,k)

2 ≥ c
∫

Bi

|∇ϕo
i,k|

2 + O(ε3| ln ε|2).

Proof. Recall that Bi ⊂ Ω and ϕo
i,k ∈ H1

0(Bi). Therefore, we will extend it by zero and we define

ϕ̃o
i,k :=

ϕo
i,k, in Bi,

0, in Ω \ Bi.

This function ϕ̃o
i,k ∈ H1

0(Ω), and we have∫
Ω

|∇ϕ̃o
i,k|

2 =

∫
Bi

|∇ϕo
i,k|

2 ,

∫
Ω

δ4/(n−2)
ai,λi

(ϕ̃o
i,k)

2 =

∫
Bi

δ4/(n−2)
ai,λi

(ϕo
i,k)

2, (5.20)
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which implies that

Qi(ϕ̃o
i,k) =

∫
Bi

|∇ϕo
i,k|

2 − p
∫

Bi

δ
p−1
ai,λi

(ϕo
i,k)

2 where Qi(v) :=
∫
Ω

|∇v|2 − p
∫
Ω

δ
p−1
ai,λi

v2. (5.21)

Notice that Qi is a positive quadratic form on E⊥ai,λi
(defined in (2.7)). However, the function ϕ̃o

i,k does
not necessarily belong to E⊥ai,λi

. For this, we will decompose it as

ϕ̃o
i,k = β1Pδai,λi + β2λi

∂Pδai,λi

∂λi
+

n∑
j=1

β j+2
1
λi

∂Pδai,λi

∂ai, j
+ ϕ̃o,⊥

i,k with ϕ̃o,⊥
i,k ∈ E⊥ai,λi

, (5.22)

where ai, j is the jth-component of the point ai. Now, we will estimate the coefficients βi. Taking the
scalar product of (5.22) with Pδai,λi , λi∂Pδai,λi/∂λi, and λ−1

i ∂Pδai,λi/∂ai, j, we obtain

cβ1 + o
(∑

|β j|
)
= ⟨ϕ̃o

i,k, Pδai,λi⟩ =

∫
Ω

δ
p
ai,λi

ϕ̃o
i,k =

∫
Bi

δ
p
ai,λi

ϕo
i,k = 0,

cβ2 + o
(∑

|β j|
)
= ⟨ϕ̃o

i,k, λi
∂Pδai,λi

∂λi
⟩

= p
∫
Ω

δ
p−1
ai,λi

λi
∂δai,λi

∂λi
ϕ̃o

i,k = p
∫

Bi

δ
p−1
ai,λi

λi
∂δai,λi

∂λi
ϕo

i,k = 0, (5.23)

cβℓ+2 + o
(∑

|β j|
)
= ⟨ϕ̃o

i,k,
1
λi

∂Pδai,λi

∂ai,ℓ
⟩

= p
∫
Ω

δ
p−1
ai,λi

1
λi

∂δai,λi

∂ai,ℓ
ϕ̃o

i,k = p
∫

Bi

δ
p−1
ai,λi

1
λi

∂δai,λi

∂ai,ℓ
ϕo

i,k = 0 for ℓ , k.

However, for ℓ = k, the last integral is not zero. In fact, we have

cβk+2 + o
(∑

|β j|
)
= ⟨ϕ̃o

i,k,
1
λi

∂Pδai,λi

∂ai,k
⟩

= p
∫
Ω

δ
p−1
ai,λi

1
λi

∂δai,λi

∂ai,k
ϕ̃o

i,k = p
∫

Bi

δ
p−1
ai,λi

1
λi

∂δai,λi

∂ai,k
ϕo

i,k. (5.24)

Notice that, by using (5.9), we have ϕo
i,k = ϕi − ϕ

e
i,k, and ϕe

i,k is even. Thus∫
Bi

δ
p−1
ai,λi

1
λi

∂δai,λi

∂ai,k
ϕo

i,k =

∫
Bi

δ
p−1
ai,λi

1
λi

∂δai,λi

∂ai,k
ϕi

=

∫
Bi

δ
p−1
ai,λi

1
λi

∂δai,λi

∂ai,k
ϕ −

∫
Bi

δ
p−1
ai,λi

1
λi

∂δai,λi

∂ai,k
(ϕ − ϕi). (5.25)

For the second integral in (5.25), using (5.5), (3.3), (1.3), and (5.4), we get∣∣∣∣ ∫
Bi

δ
p−1
ai,λi

1
λi

∂δai,λi

∂ai,k
(ϕ − ϕi)

∣∣∣∣
≤ c ε

4−n
2 | ln ε|

∫
B(ai,di/4)

δ
p
ai,λi
+ c (∥ϕ∥ + ∥ϕi∥)

( ∫
Bi\B(ai,di/4)

δ
p+1
ai,λi

) n+2
2n
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≤ c ε
4−n

2 | ln ε|
1

λ(n−2)/2
i

+ c ε| ln ε|
1

(λidi)(n+2)/2

≤ c ε3/2| ln ε|,

where we have used the fact that 1
λidi
≤ cε1/(n−2) and 1

λi
≤ cε(n−1)/(n−2) (see (2.9) and (2.11)).

Concerning the first integral in (5.25), using (3.3), (1.3) , and the fact that ϕ ∈ Fa,λ, we get∫
Bi

p δp−1
ai,λi

1
λi

∂δai,λi

∂ai,k
ϕ =

∫
Ω

· · · −

∫
Ω\Bi

= ⟨
1
λi

∂Pδai,λi

∂ai,k
, ϕ⟩ + O

(
∥ϕ∥

( ∫
Ω\Bi

δ
p+1
ai,λi

) n+2
2n

)
= O

(
ε| ln ε|

1
(λidi)(n+2)/2

)
= O

(
ε

3
2+

2
n−2 | ln ε|

)
.

Thus, Equation (5.24) becomes

cβk+2 + o
(∑

|β j|
)
= O(ε3/2| ln ε|). (5.26)

Combining (5.26) with the system defined in (5.23), we deduce that

|β j| ≤ c ε3/2| ln ε| ∀ j ∈ {1, · · · , n + 2},

which implies that

ϕ̃o
i,k = ϕ̃

o,⊥
i,k + O(ε3/2| ln ε|δai,λi) and ∥ϕ̃o

i,k∥
2 = ∥ϕ̃o,⊥

i,k ∥
2 + O(ε3| ln ε|2). (5.27)

Now, using (5.22) and (5.27), we deduce that

Qi(ϕ̃o
i,k) = Qi(ϕ̃o,⊥

i,k ) + o(∥ϕ̃o,⊥
i,k ∥

2) + O(ε3| ln ε|2). (5.28)

Recall that ϕ̃o,⊥
i,k ∈ E⊥ai,λi

; thus, using the fact that Qi is positive definite on E⊥ai,λi
, we deduce the existence

of a positive constant γ such that
Qi(ϕ̃o,⊥

i,k ) ≥ γ∥ϕ̃o,⊥
i,k ∥

2. (5.29)

Combining (5.28), (5.29), (5.21), and (5.20), we find that∫
Bi

|∇ϕo
i,k|

2 − p
∫

Bi

δ
p−1
ai,λi

(ϕo
i,k)

2 = Qi(ϕ̃o
i,k) = Qi(ϕ̃o,⊥

i,k ) + o(∥ϕ̃o,⊥
i,k ∥

2) + O(ε3| ln ε|2)

≥
γ

2
∥ϕ̃o,⊥

i,k ∥
2 + O(ε3| ln ε|2)

≥
γ

2
∥ϕ̃o

i,k∥
2 + O(ε3| ln ε|2)

≥
γ

2
∥ϕo

i,k∥
2
H1

0 (Bi)
+ O(ε3| ln ε|2).

This achieves the proof of the lemma.

Lemma 5.6. We have
∥ϕo

i,k∥H1
0 (Bi) ≤ cε1+ 1

n−2 | ln ε| ∀ k ∈ {2, · · · , n}. (5.30)
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Proof. Multiplying the first equation of (5.3) by ϕo
i,k, integrating over Bi, and using (3.15), we get∫

Bi

∇ϕi∇ϕ
o
i,k =

∫
Bi

K|ω + ũ + ϕ|p−ε−1(ω + ũ + ϕ)ϕo
i,k −

∫
Bi

Kωpϕo
i,k −

∑
j

α j

∫
Bi

δ
p
a j,λ j

ϕo
i,k

+

N∑
j=1

(
A j

∫
Bi

δ
p
a j,λ j

ϕo
i,k + pB j

∫
Bi

δ
p−1
a j,λ j

λ j
∂δa j,λ j

∂λ j
ϕo

i,k + p
n∑

j=1

C j,ℓ

∫
Bi

δ
p−1
j

1
λ j

∂δa j,λ j

∂a j,ℓ
ϕo

i,k

)
.

First, by oddness, for j = i, since the function δai,λi is even and ϕo
i,k is odd with respect to (x − ai)k, we

have ∫
Bi

δ
p
ai,λi

ϕo
i,k = 0,

∫
Bi

δ
p−1
ai,λi

λi
∂δai,λi

∂λi
ϕo

i,k = 0,
∫

Bi

δ
p−1
ai,λi

1
λi

∂δai,λi

∂ai,ℓ
ϕo

i,k = 0 ∀ ℓ , k.

However, using (5.1), we have

Ci,k

∫
Bi

δ
p−1
ai,λi

1
λi

∂δai,λi

∂ai,k
ϕo

i,k = O
(
|Ci,k|∥ϕ

o
i,k∥H1

0 (Bi)

)
= O

(
ε1+ 1

n−2 ∥ϕo
i,k∥H1

0 (Bi)

)
.

Second, by using (5.9), observe that∫
Bi

∇ϕi∇ϕ
o
i,k =

∫
Bi

|∇ϕo
i,k|

2 = ∥ϕo
i,k∥

2
H1

0 (Bi)
. (5.31)

Using (2.25), it follows that∣∣∣∣ ∫
Bi

Kωpϕo
i,k

∣∣∣∣ ≤ cεp
∫

Bi

|ϕo
i,k| ≤ cεpd(n+2)/2

i

( ∫
Bi

|∇ϕo
i,k|

2
)1/2
≤ cεp+ n+2

2 ∥ϕo
i,k∥H1

0 (Bi).

In addition, by using (2.11) and (2.14), for j , i, it holds that∫
Bi

δ
p
a j,λ j
|ϕo

i,k| ≤ c εp( 5−n
2 −

4
n+2 )

∫
Bi

|ϕo
i,k| ≤ cd(n+2)/2

i εp( 5−n
2 −

4
n+2 )∥ϕo

i,k∥H1
0 (Bi)

≤ cε
3
2+

2
n−2 ∥ϕo

i,k∥H1
0 (Bi).

Concerning the first integral, using (2.23), (2.25), and the following analytical formula

|t1 + t2|
β(t1 + t2) = |t1|

βt1 + (β + 1)|t1|
βt2 + O(|t1|

β−1t2
2 + |t2|

β+1) ∀ t1, t2 ∈ R and β > 0,

we get ∫
Bi

K
∣∣∣∣ω + ũ + ϕ

∣∣∣∣p−ε−1(
ω + ũ + ϕ

)
ϕo

i,k

=

∫
Bi

K
∣∣∣∣αiPδai,λi + O(ε−γ1) + ϕ

∣∣∣∣p−ε−1(
αiPδai,λi + O(ε−γ1) + ϕ

)
ϕo

i,k

=

∫
Bi

K(αiPδai,λi)
p−εϕo

i,k + (p − ε)
∫

Bi

K(αiPδai,λi)
p−ε−1(O(ε−γ1) + ϕ)ϕo

i,k

+ O
( ∫

Bi

|ϕ|p−ε|ϕo
i,k| + ε

−γ1 p
∫

Bi

|ϕo
i,k| +

∫
Bi

δ
p−ε−2
ai,λi

(
ε−2γ1+|ϕ|2

)
|ϕo

i,k|
)
, (5.32)
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where γ1 is defined in (2.15). Using (1.1), (3.3), and the fact that ε−γ1 ≤ δai,λi in Bi (see (2.15) and
(2.16)), observe that

ε−2γ1

∫
Bi

δ
p−2
ai,λi
|ϕo

i,k|+ε
−γ1

∫
Bi

δ
p−1
ai,λi
|ϕo

i,k| ≤ cε−γ1

∫
Bi

δ
p−1
ai,λi
|ϕo

i,k|

≤ cε−γ1∥ϕo
i,k∥H1

0 (Bi)

( ∫
Bi

δ
8n

n2−4
ai,λi

) n+2
2n

≤ cε−γ1∥ϕo
i,k∥H1

0 (Bi)χ1(λi)

≤ c ε5/3∥ϕo
i,k∥H1

0 (Bi),

where χ1 is defined in (1.2) and we have used the fact that 1
λi
≤ cε(n−1)/(n−2) (see (2.9)).

In the same way, using (3.3), (2.11), and Holder’s inequality, we get∫
Bi

|ϕ|p−ε|ϕo
i,k| ≤ c∥ϕ∥p−ε∥ϕo

i,k∥H1
0 (Bi) ≤ c εp| ln ε|p∥ϕo

i,k∥H1
0 (Bi),

ε−γ1 p
∫

Bi

|ϕo
i,k| ≤ cε−γ1 pd

n+2
2

i ∥ϕ
o
i,k∥H1

0 (Bi) ≤ c ε
3
2+

4
n−2 ∥ϕo

i,k∥H1
0 (Bi),∫

Bi

δ
p−ε−2
i |ϕ|2|ϕo

i,k| ≤ c∥ϕ∥2∥ϕo
i,k∥H1

0 (Bi) ≤ c ε2| ln ε|2∥ϕo
i,k∥H1

0 (Bi),∫
Bi

K(αiPδai,λi)
p−ε−1|ϕ||ϕo

i,k| ≤ c∥ϕ∥∥ϕo
i,k∥H1

0 (Bi) ≤ c ε| ln ε|∥ϕo
i,k∥H1

0 (Bi).

Putting these estimates in (5.32), we obtain∫
Bi

K
∣∣∣∣ω + ũ + ϕ

∣∣∣∣p−ε−1(
ω + ũ + ϕ

)
ϕo

i,k

=

∫
Bi

K(αiPδai,λi)
p−εϕo

i,k + p
∫

Bi

K(αiPδai,λi)
p−ε−1ϕϕo

i,k + O
(
ε5/3∥ϕo

i,k∥H1
0 (Bi)

)
.

Combining the previous estimates with Lemmas 5.3 and 5.4, we obtain∫
Bi

|∇ϕo
i,k|

2 − p
∫

Bi

δ
p−1
ai,λi

(ϕo
i,k)

2 + o
( ∫

Bi

|∇ϕo
i,k|

2
)
= O

(
ε1+ 1

n−2 | ln ε|∥ϕo
i,k∥H1

0 (Bi)

)
.

Using Lemma 5.5, we deduce that

∥ϕo
i,k∥

2
H1

0 (Bi)
≤ cε1+ 1

n−2 | ln ε|∥ϕo
i,k∥H1

0 (Bi) + c ε3| ln ε|2.

Therefore, we obtain
∥ϕo

i,k∥H1
0 (Bi) ≤ cε1+ 1

n−2 | ln ε|,

which completes the proof of the lemma.
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6. Improvement of Proposition 4.3

The aim of this section is to improve Proposition 4.3. Notice that the norm ∥ϕ∥2 is not negligible with
respect to the principal term when we take the scalar product with a tangential vector. However, we are
able to improve the estimate of some integrals involving ϕ by remarking that the odd part is involved in
the required integrals. For this aim, in the previous section, we have introduced the projection of this
function in H1

0(Bi) where Bi := B(ai, di/2) (see (5.3)), and we have decomposed the projection into the
odd part and the even part. In the following, we will use this decomposition to improve some integrals.
We start with the following lemma.

Lemma 6.1. Under the assumption of (5.8), for each k ∈ {2, · · · , n}, it holds that∫
Ω

K(Pδa j,λ j)
p−ε 1
λi

∂Pδai,λi

∂ai,k
= K(a j)⟨

1
λi

∂Pδai,λi

∂ai,k
, Pδa j,λ j⟩ + O

(
εσ+σ0

)
, (6.1)

p
∫
Ω

K(Pδai,λi)
p−ε−1 1

λi

∂Pδai,λi

∂ai,k
Pδa j,λ j = K(ai)⟨

1
λi

∂Pδai,λi

∂ai,k
, Pδa j,λ j⟩ + O

(
εσ+σ0

)
, (6.2)∫

Ω

K(Pδai,λi)
p−ε 1
λi

∂Pδai,λi

∂ai,k
=

c3

λi

∂K
∂xk

(ai) + O
(
εσ+σ0

)
, (6.3)

where c3 is defined in (1.4).
Proof. We start by proving the first assertion. Observe that if ε ln λ is small, using (2.18), we deduce
that δ−εa,λ = 1 + O(ε ln λ). In addition, expanding K around a j and using (2.5), we get∫

Ω

K(Pδa j,λ j)
p−ε 1
λi

∂Pδai,λi

∂ai,k
= K(a j)

∫
Ω

(Pδa j,λ j)
p−ε 1
λi

∂Pδai,λi

∂ai,k
+ O

( ∫
Ω

|x − a j|δ
p
a j,λ j

δai,λi

)
.

Using Holder’s inequality, Estimate 2 of [6], (2.9), and (2.13), we obtain∫
Ω

|x − a j|δ
p
a j,λ j

δai,λi ≤
( ∫
Ω

|x − a j|
n
2 δ

2n
n−2
a j,λ j

) 2
n
( ∫
Ω

[δa j,λ jδai,λi)]
n

n−2
) n−2

n

≤
c
λ j
εi j ln(ε−1

i j )
n−2

n = O
(
εσ+σ0

)
. (6.4)

Now, using the fact that

(s + t)γ = sγ + O(sγ−1t) for γ > 0 and 0 ≤ t ≤ s,

we get ∫
Ω

(Pδa j,λ j)
p−ε 1
λi

∂Pδai,λi

∂ai,k

=

∫
Ω

δ
p−ε
a j,λ j

1
λi

∂Pδai,λi

∂ai,k
+ O

( ∫
Ω

δ
p−1
a j,λ j

θa j,λ j

1
λi

∣∣∣∣∂Pδai,λi

∂ai,k

∣∣∣∣)
=

∫
Ω

δ
p
a j,λ j

1
λi

∂Pδai,λi

∂ai,k
+ O

(
ε ln(λ j)

∫
Ω

δ
p
a j,λ j

1
λi

∣∣∣∣∂Pδai,λi

∂ai,k

∣∣∣∣ + ∫
Ω

δ
p−1
a j,λ j

θa j,λ j

1
λi

∣∣∣∣∂Pδai,λi

∂ai,k

∣∣∣∣).
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Notice that the first integral is the required scalar product. However, the second and the third integrals
are introduced in [9] and they are denoted by (IV) and (VI), respectively. These terms are estimated
in [9] (see pages 54–55) and they satisfy

ε ln(λ j)
∫
Ω

δ
p
a j,λ j

1
λi

∣∣∣∣∂Pδai,λi

∂ai,k

∣∣∣∣ + ∫
Ω

δ
p−1
a j,λ j

θai,λi

1
λi

∣∣∣∣∂Pδai,λi

∂ai,k

∣∣∣∣ = O(εσ+σ0),

where σ is introduced in (2.20), and σ0 is a positive constant. This achieves the proof of (6.1).
Regarding Assertion (6.2), following the previous proof, we have∫

Ω

K(Pδai,λi)
p−ε−1 1

λi

∂Pδai,λi

∂ai,k
Pδa j,λ j =K(ai)

∫
Ω

(Pδai,λi)
p−ε−1 1

λi

∂Pδai,λi

∂ai,k
Pδa j,λ j

+ O
( ∫
Ω

|x − ai|δ
p
ai,λi

δa j,λ j

)
.

The last integral is computed in (6.4) by permuting the indices i and j. Concerning the first integral, let
µ := (m1/2)ε(n+1)/(n+2) and B̃k := B(ak, µ), where m1 is introduced in (2.10). We remark that by using
(2.10), it is easy to see that B̃k ∩ B̃ j = ∅ for each k , j. Now, using (2.19), it holds that∫

Ω

(Pδai,λi)
p−ε−1 1

λi

∂Pδai,λi

∂ai,k
Pδa j,λ j =

∫
Ω

δ
p−ε−1
ai,λi

1
λi

∂δai,λi

∂ai,k
Pδa j,λ j

+ O
( ∫

B̃i

δ
p−2
ai,λi

θai,λi

1
λi

∣∣∣∣∂Pδai,λi

∂ai,k

∣∣∣∣Pδa j,λ j +

∫
B̃i

δ
p−1
ai,λi

1
λi

∣∣∣∣∂θai,λi

∂ai,k

∣∣∣∣Pδa j,λ j +

∫
Ω\B̃i

δ
p
ai,λi

δa j,λ j

)
. (6.5)

For the first integral in (6.5), using (2.18), it follows that δ−εai,λi
= 1 + O(ε ln λi), and therefore

p
∫
Ω

δ
p−ε−1
ai,λi

1
λi

∂δai,λi

∂ai,k
Pδa j,λ j = p

∫
Ω

δ
p−1
ai,λi

1
λi

∂δai,λi

∂ai,k
Pδa j,λ j + O

(
ε ln λi

∫
Ω

δ
p
ai,λi

Pδa j,λ j

)
. (6.6)

Notice that the first term in (6.6) is the required scalar product. For the second term in (6.6), as before,
we write Bk := B(ak, dk/2). Using (2.14), (2.15), (2.9), and (2.11), it follows that

ε ln λi

∫
Ω

δ
p
ai,λi

Pδa j,λ j ≤ cε| ln ε|ε−γ1

∫
Bi

δ
p
ai,λi
+ cε| ln ε|εp( 5−n

2 −
4

n+2 )
∫

B j

δa j,λ j

+ cε| ln ε|
( ∫
Ω\Bi

δ
p+1
ai,λi

) p
p+1

( ∫
Ω\B j

δ
p+1
a j,λ j

) 1
p+1

≤
cε1−γ1 | ln ε|

λ(n−2)/2
i

+ cε| ln ε|εp( 5−n
2 −

4
n+2 )

d2
j

λ
n−2

2
j

+
cε| ln ε|

(λidi)
n+2

2 (λ jd j)
n−2

2

≤ cεσ+σ0 .

This completes the estimate of (6.6); therefore, the estimate of the first term of (6.5) is completed.
Now, observe that

1
λi

∣∣∣∣∂Pδai,λi

∂ai,k

∣∣∣∣ ≤ 1
λi

∣∣∣∣∂δai,λi

∂ai,k

∣∣∣∣ + 1
λi

∣∣∣∣∂θai,λi

∂ai,k

∣∣∣∣ ≤ c√
1 + λ2

i |x − ai|
2
δai,λi +

1
λi

∣∣∣∣∂θai,λi

∂ai,k

∣∣∣∣.
AIMS Mathematics Volume 11, Issue 6, 15324–15360.



15349

Therefore, we get ∫
B̃i

δ
p−2
ai,λi

θai,λi

1
λi

∣∣∣∣∂Pδai,λi

∂ai,k

∣∣∣∣Pδa j,λ j +

∫
B̃i

δ
p−1
ai,λi

1
λi

∣∣∣∣∂θai,λi

∂ai,k

∣∣∣∣Pδa j,λ j

≤ c
∫

B̃i

δ
p−1
ai,λi

( θai,λi√
1 + λ2

i |x − ai|
2
+

1
λi

∣∣∣∣∂θai,λi

∂ai,k

∣∣∣∣)Pδa j,λ j ,

which is denoted by (III) in [9] (see page 53), and we derive∫
B̃i

δ
p−2
ai,λi

θai,λi

1
λi

∣∣∣∣∂Pδai,λi

∂ai,k

∣∣∣∣Pδa j,λ j +

∫
B̃i

δ
p−1
ai,λi

1
λi

∣∣∣∣∂θai,λi

∂ai,k

∣∣∣∣Pδa j,λ j ≤ cεσ+σ0 .

In addition, the last integral in (6.5) is computed in Eq (8.3) of [9], and we have∫
Ω\B̃i

δ
p
ai,λi

δa j,λ j ≤ cεσ+σ0 .

This completes the estimate of (6.5). Therefore, the proof of (6.2) is completed.
Finally, taking v = 0 in Proposition 3.3 of [9], the estimate (6.3) follows.

Proposition 6.1. Let n ∈ {4, 5, 6} and ai be such that ai ∈ ∂Ω and |ai − ai| = d(a, ∂Ω). Let v ∈ Tai(∂Ω),
where Tai(∂Ω) is the tangent vector space at the point ai to the boundary ∂Ω. The following holds:∫

Ω

K(ω + ũ)p−ε−1ϕ
1
λi

∂Pδai,λi

∂ai
· v = O

(
εσ+σ0

)
,

for some positive constant σ0 and where σ is defined in (2.20).
Proof. Without loss of generality, we can assume that (5.8) holds. Hence, we need to prove the lemma
for ∂Pδai,λi/∂ai,k for each k ≥ 2 where ai,k is the kth-component of ai.

First, let Di := B(ai, di/4). Using Lemma A.2, we see that

1
λi

∣∣∣∣∂Pδai,λi

∂ai

∣∣∣∣ ≤ 1
λi

∣∣∣∣∂δai,λi

∂ai

∣∣∣∣ + 1
λi

∣∣∣∣∂θai,λi

∂ai

∣∣∣∣ ≤ cδai,λi , in Ω,
c
λidi
δai,λi , in Ω \ Di.

(6.7)

Furthermore, using (2.23) and (2.25), we know that

ω + ũ = αiPδai,λi + O
(
ε−γ1

)
in Bi := B(ai, di/2). (6.8)

Thus, using (6.7), (2.19), (1.1), (3.3), (2.11), and (2.9), we deduce that∣∣∣∣ ∫
Ω\Di

· · ·

∣∣∣∣ ≤ c
∫
Ω\Di

(∑
δ

p−1−ε
a j,λ j

+ ωp−1−ε
)
|ϕ|

1
λidi

δai,λi

≤
c
λidi

∫
Ω

|ϕ|δai,λi +
c

λn/2
i dn−1

i

∑∫
Ω

δ
p−1
a j,λ j
|ϕ|

≤ c ε1/(n−2)ε| ln ε|χ1(λi) +
c ε| ln ε|

λn/2
i dn−1

i

∑
χ1(λ j)

≤ cεσ+σ0 (for σ0 > 0). (6.9)
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The integral over Di remains. Using (6.8), (6.7), and (2.19), we have∫
Di

· · · =

∫
Di

K
(
αiPδai,λi + O

(
ε−γ1

))p−ε−1
ϕ

1
λi

∂Pδai,λi

∂ai,k

=

∫
Di

K
(
αiPδai,λi

)p−ε−1
ϕ

1
λi

∂Pδai,λi

∂ai,k
+ O

(
ε−γ1

∫
Di

δ
p−1
ai,λi
|ϕ|

)
= K(ai)

∫
Di

(
αiPδai,λi

)p−ε−1
ϕ

1
λi

∂δai,λi

∂ai,k
+ O

( ∫
Di

|x − ai|δ
p
ai,λi
|ϕ|

)
+ O

( ∫
Di

δ
p−1
ai,λi
|ϕ|

1
λi

∣∣∣∣∂θai,λi

∂ai,k

∣∣∣∣ + ε−γ1

∫
Di

δ
p−1
ai,λi
|ϕ|

)
. (6.10)

For the last integral in (6.10), using (1.1), the following holds:

ε−γ1

∫
Di

δ
p−1
ai,λi
|ϕ| ≤ c ε−γ1∥ϕ∥

( ∫
Ω

δ
8n

n2−4
ai,λi

) n+2
2n
≤ c ε1−γ1 | ln ε|χ1(λi) ≤ c εσ+σ0 . (6.11)

Concerning the third integral in (6.10), again using (1.1) and (2.4), we have∫
Di

δ
p−1
ai,λi
|ϕ|

1
λi

∣∣∣∣∂θai,λi

∂ai

∣∣∣∣ ≤ c
λi

∣∣∣∣∂θai,λi

∂ai

∣∣∣∣
∞
∥ϕ∥

( ∫
Ω

δ
8n

n2−4
ai,λi

) n+2
2n
≤

c ε| ln ε|

λn/2
i dn−1

i

χ1(λi) ≤ c εσ+σ0 . (6.12)

For the second integral in (6.10), we have∫
Di

|x − ai|δ
p
ai,λi
|ϕ| ≤ c ∥ϕ∥

1
λi
≤ c εσ+σ0 . (6.13)

We now focus on the first integral of (6.10). Observe that∫
Di

(
Pδai,λi

)p−ε−1
ϕ

1
λi

∂δai,λi

∂ai,k
=

∫
Di

(
δai,λi − θai,λi

)p−ε−1
ϕ

1
λi

∂δai,λi

∂ai,k

=

∫
Di

δ
p−ε−1
ai,λi

ϕ
1
λi

∂δai,λi

∂ai,k
− (p − ε − 1)

∫
Di

δ
p−ε−2
ai,λi

θai,λiϕ
1
λi

∂δai,λi

∂ai,k

+ O
( ∫

Di

1
λi|x − ai|

δ
p−2
ai,λi

θ2
ai,λi
|ϕ|

)
. (6.14)

Using (3.3), (2.3), and (2.4), the third integral in (6.14) can be estimated as

∫
Di

1
λi|x − ai|

δ
p−2
ai,λi

θ2
ai,λi
|ϕ| ≤ c∥θai,λi∥

2
∞∥ϕ∥

( ∫
Di

δ
(p−2) 2n

n+2
ai,λi

(λi|x − ai|)2n/(n+2)

) n+2
2n

≤
c ε| ln ε|
λn−2

i d2n−4
i

1
λn−2

i

( ∫ λidi/4

0

rn−1−2n/(n+2)

(1 + r2)(6−n)n/(n+2)

) n+2
2n

≤ cεσ+σ0 (for σ0 > 0). (6.15)

Regarding the second integral in (6.14), it will divided into two parts as follows∫
Di

· · · =

∫
Di

δ
p−ε−2
ai,λi

θai,λi(ϕ − ϕi)
1
λi

∂δai,λi

∂ai,k
+

∫
Di

δ
p−ε−2
ai,λi

θai,λiϕi
1
λi

∂δai,λi

∂ai,k
, (6.16)
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where ϕi is defined in (5.3). Using (5.5) and (2.19), we have∣∣∣∣ ∫
Di

δ
p−ε−2
ai,λi

θai,λi(ϕ − ϕi)
1
λi

∂δai,λi

∂ai

∣∣∣∣ ≤ c ε−
n−4

2 | ln ε|∥θai,λi∥∞

∫
Di

δ
p−1
ai,λi

≤
c ε−

n−4
2 | ln ε|

λ(n−2)/2
i dn−2

i

ln(λidi)/λ2
i , if n = 4,

dn−4
i /λ2

i , if n = 5, 6

≤ c εσ+σ0 (for σ0 > 0).

For the second integral of (6.16), using Lemma 7.3 of [9], we know that

θai,λi = θ̃ai,λi + O
( 1

λ(n−2)/2
i dn−2

i

(
d +

1
(λidi)n+1

))
= θ̃ai,λi + O

(
ε

5−n
2
)
, (6.17)

where θ̃ai,λi is an even function. Furthermore, Eq (7.7) of [9] tells us that

∥̃θai,λi∥∞ ≤
c

λ(n−2)/2
i dn−2

i

≤ cε(3−n)/2,

by using (2.9) and (2.11) (which imply that 1
λi
≤ cε(n−1)/(n−2) and c′ε ≤ di ≤ cε for each i).

Thus, using (6.17), (1.1), (5.30), and Eq (7.7) of [9] , we get∫
Di

δ
p−ε−2
ai,λi

θai,λiϕi
1
λi

∂δai,λi

∂ai,k
=

∫
Di

δ
p−ε−2
ai,λi

θ̃ai,λiϕi
1
λi

∂δai,λi

∂ai,k
+ O

(
ε

5−n
2

∫
Di

δ
p−1
ai,λi
|ϕi|

)
=

∫
Di

δ
p−ε−2
ai,λi

θ̃ai,λiϕ
o
i,k

1
λi

∂δai,λi

∂ai,k
+ O

(
εσ+σ0

)
≤ c∥̃θai,λi∥∞∥ϕ

o
i,k∥

( ∫
Di

δ
8n

n2−4
ai,λi

) n+2
2n
+ c εσ+σ0

≤
c

λ(n−2)/2
i dn−2

i

ε1+ 1
n−2 | ln ε|χ1(λi) + c εσ+σ0 ≤ c εσ+σ0 .

These complete the estimate of (6.16); therefore, the estimate of the second integral in (6.14) is given
by ∫

Di

δ
p−ε−2
ai,λi

θai,λiϕ
1
λi

∂δai,λi

∂ai,k
= O

(
εσ+σ0

)
(with σ0 > 0). (6.18)

We now focus on estimating the first integral of (6.14). Let k ≥ 2, by using (2.18), this integral will be
divided into three parts.∫

Di

δ
p−ε−1
ai,λi

ϕ
1
λi

∂δai,λi

∂ai,k
=c−ε0 λ

−ε n−2
2

i

∫
Di

δ
p−1
ai,λi

ϕ
1
λi

∂δai,λi

∂ai,k

+ c−ε0 λ
−ε n−2

2
i

n − 2
2

ε

∫
Di

δ
p−1
ai,λi

ϕ
1
λi

∂δai,λi

∂ai,k
ln(1 + λ2

i |x − ai|
2)

+ O
(
ε2

∫
Di

δ
p
ai,λi

ln2(1 + λ2
i |x − ai|

2)|ϕ|
)
. (6.19)
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It is easy to get the estimate of the third integral by using (3.3) as follows:

ε2
∫

Di

δ
p
ai,λi

ln2(1 + λ2
i |x − ai|

2)|ϕ| ≤ c ε2∥ϕ∥
( ∫

Di

δ
p+1
ai,λi

(ln(1 + λ2
i |x − ai|

2))
4n

n+2
) n+2

2n

≤ c εσ+σ0 (for σ0 > 0).

For the second integral of (6.19), using (5.5), (5.30), (2.9), and the fact that ϕo
i,k is the odd part of ϕi,

we get

ε

∫
Di

δ
p−1
ai,λi

ϕ
1
λi

∂δai,λi

∂ai,k
ln(1 + λ2

i |x − ai|
2) = ε

∫
Di

δ
p−1
ai,λi

ϕo
i,k

1
λi

∂δai,λi

∂ai,k
ln(1 + λ2

i |x − ai|
2)

+ O
(
ε ∥ϕ − ϕi∥∞

∫
Di

δ
p
ai,λi

ln(1 + λ2
i |x − ai|

2)
)

= O
(
ε∥ϕo

i,k∥ + ε
1− n−4

2 | ln ε|λ−(n−2)/2
i

)
= O

(
εσ+σ0

)
(for σ0 > 0).

Concerning the first integral of (6.19), using (1.1), (2.9), and (3.3), it holds that∣∣∣∣ ∫
Ω\Di

δ
p−1
ai,λi

ϕ
1
λi

∂δai,λi

∂ai

∣∣∣∣ ≤ c
∫
Ω\Di

1
λi|x − ai|

δ
p
ai,λi
|ϕ|

≤
c
λidi

1
(λid2

i )(n−2)/2

∫
Ω\Di

δ
p−1
ai,λi
|ϕ|

≤
c
λidi

1
(λid2

i )(n−2)/2
∥ϕ∥χ1(λi) ≤ c εσ+σ0 (with σ0 > 0).

Hence, using the fact that ϕ ⊥ ∂Pδai,λi/∂ai,k, the first integral of (6.19) becomes∫
Di

δ
p−1
ai,λi

ϕ
1
λi

∂δai,λi

∂ai,k
=

∫
Ω

δ
p−1
ai,λi

1
λi

∂δai,λi

∂ai,k
ϕ + O

(
εσ+σ0

)
= O

(
εσ+σ0

)
(for σ0 > 0).

Thus, if we combine the previous estimates, (6.19) becomes∫
Di

δ
p−ε−1
ai,λi

ϕ
1
λi

∂δai,λi

∂ai,k
= O

(
εσ+σ0

)
(for σ0 > 0). (6.20)

Furthermore, if we combine (6.20), (6.18), and (6.15), the estimate of (6.14) becomes∫
Di

(
Pδai,λi

)p−ε−1
ϕ

1
λi

∂δai,λi

∂ai,k
= O

(
εσ+σ0

)
(for σ0 > 0). (6.21)

Finally, if we put (6.11), (6.12), (6.13), and (6.21) in Eq (6.10), we deduce that∫
Di

K(ω + ũ)p−ε−1ϕ
1
λi

∂Pδai,λi

∂ai,k
= O

(
εσ+σ0

)
(for σ0 > 0). (6.22)

If we combine (6.22) and (6.9), the proof of the lemma follows.
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Proposition 6.2. Let ai be such that ai ∈ ∂Ω and |ai − ai| = d(a, ∂Ω). Let v ∈ Tai(∂Ω) where Tai(∂Ω) is
the tangent vector space at the point ai to the boundary ∂Ω. The following holds:∫

Ω

K(ω + ũ)p−ε−2ϕ
2 1
λi

∂Pδai,λi

∂ai
· v = O

(
εσ+σ0

)
for some positive constant σ0 and where σ is defined in (2.20).
Proof. As in the proof of Proposition 6.1, without loss of generality, we can assume that (5.8) holds.
Hence, we need to prove the lemma for ∂Pδai,λi/∂ai,k for each k ≥ 2, where ai,k is the kth-component of
ai. Observe that, by using (2.5), we get∣∣∣∣ ∫

Ω\Di

K(ω + ũ)p−ε−2ϕ
2 1
λi

∂Pδai,λi

∂ai

∣∣∣∣ ≤ c
∫
Ω\Di

(ω + ũ)p−2ϕ
2
δai,λi

≤ c∥ϕ∥2
( ∫
Ω\Di

δ
2n

n−2
ai,λi

) n−2
2n

≤ c∥ϕ∥2
1

(λidi)(n−2)/2 ≤ c εσ+σ0 . (6.23)

Concerning the integral over Di, observe that∣∣∣∣ ∫
Di

K(ω + ũ)p−ε−2ϕ
2 1
λi

∂θai,λi

∂ai

∣∣∣∣ ≤ c∥ϕ∥2
∥∥∥∥ 1
λi

∂θai,λi

∂ai

∥∥∥∥ ≤ c∥ϕ∥2

(λidi)n/2 ≤ c εσ+σ0 . (6.24)

Furthermore, as in the computations in (6.10) and (6.14), by using (2.23), it follows that∫
Di

K(ω + ũ)p−ε−2ϕ
2 1
λi

∂δai,λi

∂ai,k
= K(ai)

∫
Di

(αiδai,λi)
p−ε−2ϕ

2 1
λi

∂δai,λi

∂ai,k

+ O
( ∫

Di

|x − ai|δ
p−1
ai,λi

ϕ
2
+

∫
Di

δ
p−2
ai,λi

(θai,λi + ε
−γ1)ϕ

2)
= K(ai)

∫
Di

(αiδai,λi)
p−ε−2ϕ

2 1
λi

∂δai,λi

∂ai,k
+ O

(
εσ+σ0

)
.

Write ϕ = (ϕ − ϕi) + ϕi and recall that ϕi = ϕ
o
i,k + ϕ

e
i,k, where ϕo

i,k and ϕe
i,k are the odd and the even parts

of ϕi. Using (5.5) and (5.30), we get∫
Di

δ
p−ε−2
ai,λi

ϕ
2 1
λi

∂δai,λi

∂ai,k

=

∫
Di

δ
p−ε−2
ai,λi

ϕ2
i

1
λi

∂δai,λi

∂ai,k
+ O

( ∫
Di

δ
p−1
ai,λi
|ϕ − ϕi||ϕi| +

∫
Di

δ
p−1
ai,λi
|ϕ − ϕi|

2
)

= 2
∫

Di

δ
p−ε−2
ai,λi

ϕo
i,kϕ

e
i,k

1
λi

∂δai,λi

∂ai,k
+ O

(
∥ϕ − ϕi∥∞(∥ϕi∥ + ∥ϕ − ϕi∥)χ1(λi)

)
= O

(
∥ϕo

i,k∥ ∥ϕ
e
i,k∥ + ∥ϕ − ϕi∥∞(∥ϕi∥ + ∥ϕ − ϕi∥)χ1(λi)

)
= O

(
εσ+σ0

)
(with σ0 > 0).

Combining the previous estimates, the proof of the proposition follows.
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Proposition 6.3. Let n ∈ {4, 5, 6}. For i ∈ {1, · · · ,N}, let ai be the projection of ai on the boundary
(that is, ai ∈ ∂Ω and |ai − ai| = d(ai, ∂Ω)), the following holds:

⟨∇Iε(ω + ũ + ϕ),
1
λi

∂Pδai,λi

∂ai
⟩ = −

N∑
k=1,k,i

c1

λi

αk

(λiλk)
n−2

2

∂G(ai, ak)
∂ai

− α
p
i c3
∇K(ai)
λi

+ O(εσ+σ0) +
(
αi

2
c1

λn−1
i

∂H
∂ν

(ai, ai) + O(εmin(1+ 2
n−2 ;1+ n

n+2 ))
)
· νai ,

where σ is defined in (2.20), σ0 is a positive constant, G(., .) is the Green function with a Dirichlet
boundary condition, and H(., .) is its regular part.
Proof. Without loss of generality, we can assume that (5.8) holds. Hence, ∂Pδai,λi/∂ai,1 = ∂Pδai,λi/∂ai ·

νai . Hence, using Proposition 4.3, we need only to prove the proposition for ∂Pδai,λi/∂ai,k for each
k ≥ 2, where ai,k is the kth-component of ai.

Let k ≥ 2, using (2.2), we have

⟨∇Iε(ω + ũ + ϕ),
1
λi

∂Pδai,λi

∂ai,k
⟩ =⟨ω + ũ + ϕ,

1
λi

∂Pδai,λi

∂ai,k
⟩

−

∫
Ω

K|ω + ũ + ϕ|p−ε−1(ω + ũ + ϕ)
1
λi

∂Pδai,λi

∂ai,k
. (6.25)

The first term follows from Lemmas 3.4, 8.1, 7.1 of [9], Equation (4.2), and the fact that ϕ ∈ Fa,λ.
In fact, Lemma 8.1 of [9] tells us that for j , i, we have

⟨Pδa j,λ j ,
1
λi

∂Pδai,λi

∂ai,k
⟩ =

n − 2

λn/2
i λ(n−2)/2

j

c1

(
(a j − ai)k

|a j − ai|
n −

(a j − ai)k

|a j − ãi|
n

)
+ O

(
εσ+σ0

)
,

for some σ0 > 0 and ãi = ai + 2diνi (this is the symmetry of ai with respect to ai). However, Assertion
(c) of Lemma 7.1 of [9] tells us that, for j , i, we have

∂G
∂ai,k

(ai, a j) = (n − 2)
(
a j,k − ai,k

|ai − a j|
n −

a j,k − ai,k

|a j − ãi|
n

)
+ O

(
1

dn−2
i

)
.

Concerning Lemma 3.4 of [9], it consists to estimate

⟨Pδai,λi ,
1
λ

∂Pδai,λi

∂ai,k
⟩ = O(εσ+σ0), for some σ0 > 0.

Hence, since ϕ ∈ Fa,λ (which implies that ϕ ⊥ ∂Pδai,λi/∂ai,k ), using (4.2), we deduce that

⟨ω + ũ + ϕ,
1
λi

∂Pδai,λi

∂ai,k
⟩ =

∑
j,i

c1α j

λn/2
i λ(n−2)/2

j

∂G
∂ai,k

(a j, ai) + O
(
εσ+σ0

)
. (6.26)

Concerning the integral in (6.25), let

Ω1 := {x ∈ Ω : |ϕ(x)| ≤ (1/2)(ω(x) + ũ(x))} and Ω2 := Ω \Ω1.
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Since λ−1
i |∂Pδai,λi/∂ai| ≤ cPδai,λi ≤ c(ω + ũ), the following holds:∣∣∣∣ ∫

Ω2

K|ω + ũ + ϕ|p−ε−1(ω + ũ + ϕ)
1
λi

∂Pδai,λi

∂ai,k

∣∣∣∣ ≤ c
∫
Ω2

|ϕ|p+1−ε ≤ c εσ+σ0 . (6.27)

However, in Ω1, we have∫
Ω1

K|ω + ũ + ϕ|p−ε−1(ω + ũ + ϕ)
1
λi

∂Pδai,λi

∂ai,k

=

∫
Ω1

K(ω + ũ)p−ε 1
λi

∂Pδai,λi

∂ai,k
+ (p − ε)

∫
Ω1

K(ω + ũ)p−ε−1ϕ
1
λi

∂Pδai,λi

∂ai,k

+
1
2

(p − ε)(p − ε − 1)
∫
Ω1

K(ω + ũ)p−ε−2ϕ
2 1
λi

∂Pδai,λi

∂ai,k
+ O

( ∫
Ω1

(ω + ũ)p−ε−2|ϕ|3
)

=

∫
Ω

K(ω + ũ)p−ε 1
λi

∂Pδai,λi

∂ai,k
+ O

(
εσ+σ0

)
, (6.28)

by using Propositions 6.1 and 6.2. In addition, the last integral can be computed as∫
Ω

K(ω + ũ)p−ε 1
λi

∂Pδai,λi

∂ai,k

=

∫
Ω

Kũp−ε 1
λi

∂Pδai,λi

∂ai,k
+ O

( ∫
Ω

ũp−ε−1ω
1
λi

∣∣∣∣∂Pδai,λi

∂ai,k

∣∣∣∣ + ∫
Ω

ωp−ε 1
λi

∣∣∣∣∂Pδai,λi

∂ai,k

∣∣∣∣). (6.29)

Using (6.7), (2.23), and (2.25), it follows that∫
Ω

ωp−ε 1
λi

∣∣∣∣∂Pδai,λi

∂ai,k

∣∣∣∣ ≤ c
∫

Di

εp−εδai,λi + c
∫
Ω\Di

1
λi|x − ai|

δai,λi

≤
c εp

λ(n−2)/2
i

+
c

λn/2
i

≤ c εσ+σ0 ,∫
Ω

ũp−ε−1ω
1
λi

∣∣∣∣∂Pδai,λi

∂ai,k

∣∣∣∣ ≤ c ε
∫

Di

δ
p
ai,λi
+

c

λn/2
i dn−1

i

∑∫
Ω\Di

δ
p−1
a j,λ j

≤
c ε

λ(n−2)/2
i

+
c

λn/2
i dn−1

i


ln λ j

λ2
j

if n = 4,
1
λ2

j
if n ≥ 5

 ≤ c εσ+σ0 .

Hence, we deduce that∫
Ω1

K|ω + ũ + ϕ|p−ε−1(ω + ũ + ϕ)
1
λi

∂Pδai,λi

∂ai,k
=

∫
Ω

Kũp−ε 1
λi

∂Pδai,λi

∂ai,k
+ O

(
εσ+σ0

)
. (6.30)

Observe that for γ ∈ (1, 3), t j ≥ 0 for j ∈ {1, · · · ,N} and zi ∈ R with |zi| ≤ cti, the following holds:(∑
t j)γzi =

∑
tγj zi + γtγ−1

i

(∑
j,i

t j

)
zi + O

(∑
j,ℓ

(t jtℓ)(γ+1)/2
)
.

Thus, we deduce that∫
Ω

Kũp−ε 1
λi

∂Pδai,λi

∂ai,k
=

N∑
j=1

∫
Ω

K(α jPδa j,λ j)
p−ε 1
λi

∂Pδai,λi

∂ai,k
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+ (p − ε)
∫
Ω

K(αiPδai,λi)
p−ε−1

(∑
j,i

α jPδa j,λ j

) 1
λi

∂Pδai,λi

∂ai,k
+ O

(∑
j,ℓ

∫
Ω

(δa j,λ jδaℓ,λℓ)
n

n−2
)
.

Notice that the last integral is computed in Estimate (E2) of [6], and we have (by using (2.13))∫
Ω

(δ jδℓ)n/(n−2) ≤ c εn/(n−2)
jℓ ln(ε−1

jℓ ) ≤ c εσ+σ0 .

Thus, by using Lemma 6.1, we derive∫
Ω

Kũp−ε 1
λi

∂Pδi

∂ai,k
= α

p−ε
i

c3

λi

∂K
∂xk

(ai)

+
∑
j,i

α j(α
p−ε−1
i K(ai) + α

p−ε−1
j K(a j))⟨

1
λi

∂Pδai,λi

∂ai,k
, Pδa j,λ j⟩ + O

(
εσ+σ0

)
. (6.31)

Thus, by using (6.26), (6.27), (6.30), (6.31), and Lemmas 7.1 and 8.1 of [9], the proof of the proposition
follows.

7. Proof of Theorems 1.1 and 1.2

Proof of Theorem 1.1. The proof of this kind of constructed solutions becomes standard (following
[8]). It relies on the finite dimensional reduction; that is, given (α, a, λ) ∈ AN,ε,ξ∗ , there is a function
ϕε,α,a,λ ∈ Fa,λ which extremizes the functional Iε in the space Fa,λ. This step is proved, in this paper, in
Proposition 3.1. We then need to prove the existence of (αε, aε, λε) ∈ AN,ε,ξ∗ such that the associated
function uε := ω +

∑N
i=1 αi,εPδai,ε,λi,ε + ϕε is a critical point of Iε. This step relies on the expansions of

the scalar product of the gradient ∇Iε with the functions Pδai,λi and its derivatives with respect to λi

and ai,k. This expansions are proved in Propositions 4.1, 4.2, and 6.3. These expansions are exactly
the same as those found in [16] and [9]; therefore, the proof given in these references still works in our
case. □

Proof of Theorem 1.2. Let a1 ∈ Ω be close to ξ∗1 and a2 ∈ Ω be close to ξ∗2 with ξ∗1 , ξ∗2; that is,
|a1 − ξ

∗
1| << 1 and |a2 − ξ

∗
2| << 1, it holds that |a1 − a2| ≥ c > 0. Therefore, the interaction between the

bubbles Pδa1,λ1 and Pδa2,λ2 is of the order of 1
(λ1λ2)(n−2)/2 = O(εn−1) (by using (2.9)), which is very small

with respect to εσ (where σ := 2 + 1
n−2 −

1
n+2 ). Thus, this interaction will be considered as a remainder

term. Therefore, by taking ((α1, a1, λ1), · · · , (αm, am, λm)) ∈ AN1,ε,ξ
∗
1
× · · · × ANm,ε,ξ

∗
m , Propositions 4.1,

4.2, and 6.3 contain only the parameters in the same set ANk ,ε,ξ
∗
k
; that is, we are able to separate each

pack alone. In the sense that we will obtain m systems (S 1, · · · , S m), each system S k contains only the
parameters (αk, ak, λk) ∈ ANk ,ε,ξ

∗
k
. Thus, the proof of Theorem 1.1 works again. □

8. Conclusions

Taking n ∈ {4, 5, 6}, by giving a precise expansion of the associated variational functional, we
constructed some positive solutions of the problem (Pε) which converge weakly to a positive solution
of (P0) and which blow up at a precise point ξ∗ ∈ ∂Ω (or several points in ∂Ω). This construction shows
that for low dimensions, the boundary provides a setting where blow-up and residual mass can coexist.
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For this construction, the point ξ∗ is not an isolated simple blow-up, in the sense that many bubbles are
very close and the concentration points converge to the same point ξ∗.

We note that in our construction, we used the fact that ∂K
∂ν

(ξ∗) > 0. The following natural questions
arise:

• What happens if ∂K
∂ν

(ξ∗) = 0 and the function K satisfies some flatness assumptions?
• What is about the changing sign’s solutions?

Another natural avenue for future research consists of extending the analysis to the weakly
supercritical regime (ε < 0, |ε| small).
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http://doi.org/10.1016/S0294-1449(02)00020-3

12. H. Berestycki, P.-L. Lions, Nonlinear scalar field equations, I existence of a ground state, Arch.
Rational Mech. Anal., 82 (1983), 313–345. http://doi.org/10.1007/BF00250555

13. D. M. Cao, S. J. Peng, The asymptotic behaviour of the ground state solutions for Hénon equation,
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A. Appendix

For the reader’s convenience, we gather two technical lemmas in this appendix. The first lemma
is an immediate consequence of the elementary computations, and its proof is therefore omitted. In
contrast, a full proof is provided for the second lemma.

Lemma A.1. Let a ∈ Ω and λ > 0 be such that λd := λd(a, ∂Ω) is large. The following holds:( ∫
Ω

δ
2n

n+2
a,λ

) n+2
2n
≤ cχ1(λ) and

( ∫
Ω

δ
8n

(n−2)(n+2)
a,λ

) n+2
2n
≤ cχ1(λ), (1.1)

where
χ1(λ) :=

(
λ(2−n)/2 if 3 ≤ n ≤ 5; ln(λ)2/3λ−2 if n = 6; λ−2 if n ≥ 7

)
. (1.2)

Furthermore, for each fixed γ > 0, we have∫
Rn\B(a,γd)

δ2n/(n−2)
a,λ ≤

c
(λd)n . (1.3)

Lemma A.2. Let a ∈ Ω and λ > 0 be such that λd := λd(a, ∂Ω) is large. The following holds:∣∣∣∣1
λ

∂θa,λ

∂a j

∣∣∣∣ ≤ c
λd
θa,λ ≤

c
λd
δa,λ in Ω,

where a j is the jth-component of the point a.
Proof. Since ∂θa,λ/∂a j satisfies

∆
(∂θa,λ

∂a j

)
= 0 in Ω and

∂θa,λ

∂a j
=
∂δa,λ

∂a j
on ∂Ω,
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for each x ∈ Ω, it holds that

1
λ

∂θa,λ

∂a j
(x) = −

∫
∂Ω

∂G
∂ν

(x, y)
1
λ

∂δa,λ

∂a j
(y)dy.

However, we know that∣∣∣∣1
λ

∂δa,λ

∂a j
(y)

∣∣∣∣ ≤ c
λ|y − a|

δa,λ(y) ∀ y ∈ Ω \ {a} and
∂G
∂ν

(x, y) ≤ 0 ∀ y ∈ ∂Ω.

Thus, it holds that ∣∣∣∣1
λ

∂θa,λ

∂a j
(x)

∣∣∣∣ ≤ c
λd

∫
∂Ω

−
∂G
∂ν

(x, y)δa,λ(y)dy ≤
c
λd
θa,λ(x).

Hence, the proof is completed.
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