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Abstract: In this study, we developed a nonlinear mean-field penetration model for car-following 

dynamics to examine how partial penetration of connected and autonomous vehicles (CAVs) alters 

traffic-wave stability on a single-lane ring road. The model extends classical optimal-velocity 

dynamics through two penetration-scaled mechanisms: An anticipative headway correction and a 

cooperative speed-difference damping term. The homogeneous equilibrium was derived in closed form, 

and linearization with Fourier perturbations yielded an explicit characteristic equation. A long-wave 

expansion then yielded a tractable stability theorem together with a closed-form formula for the critical 

penetration threshold. For the baseline parameters 𝑎 = 2.8 , 𝜎 = 0.8 , 𝜅 = 2.0 , ℎ = 13 m , 𝑣max =

30 m/s, 𝑠𝑐 = 10 m, and ℓ = 5 m, the asymptotic threshold was 𝑝𝑐 ≈ 0.173, which was close to the 

exact discrete threshold 𝑝𝑐 ≈ 0.171  obtained from the linearized finite-ring system. Ring-road 

simulations confirmed the theoretical trend: When 𝑝 = 0, stop-and-go waves persist and reduce the 

mean speed to 19.17 m/s, whereas at 𝑝 = 0.4, perturbations are strongly damped, the terminal speed 

dispersion falls to 0.109 m/s, and the minimum simulated headway increases to 12.90 m. The main 

contribution is not a new optimal-velocity law, but a penetration-scaled mean-field closure that 

combines anticipative headway correction and cooperative speed-difference damping in an 

analytically tractable form, yielding an explicit critical-penetration formula and stability maps. The 

reported minimum headway is used only as a spacing-regularity indicator and operational surrogate; 

it should not be interpreted as a formal safety guarantee. 
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1. Introduction 

Traffic oscillations that emerge without bottlenecks or lane changes remain one of the most 

characteristic phenomena in transportation dynamics. Such stop-and-go waves arise from microscopic 

driver interactions, but their collective effect is macroscopic: reduced average speed, excessive braking, 

elevated fuel use, and more compressed vehicle spacings. Classical nonlinear car-following models, 

especially the optimal-velocity family introduced by Bando et al. [1] and the full velocity-difference 

framework of Jiang et al. [2], established that phantom jams can appear purely from endogenous 

instability of uniform flow. These models remain influential because they are mathematically 

transparent and sufficiently rich to reproduce realistic wave formation. Early car-following 

formulations [3,4], kinematic-wave models [5,6], and second-order continuum models [7,8] provide 

the broader analytical background for understanding endogenous congestion growth and wave 

propagation. 

The arrival of connected and autonomous vehicles (CAVs) has transformed this classical problem 

into one of mixed-autonomy traffic stability. Although CAVs can preview traffic states and provide 

cooperative damping, practical traffic streams will contain human-driven and autonomous vehicles for 

an extended transition period. Talebpour and Mahmassani [9] showed that increasing CAV penetration 

can improve stability and throughput in mixed traffic, while Stern et al. [10] demonstrated 

experimentally that even a small amount of automated control can dissipate stop-and-go waves on a 

ring road. Together, these studies suggest that the onset and suppression of traffic waves depend on 

how autonomous penetration and control strength are incorporated into the traffic dynamics. Related 

studies show that ACC/CACC systems and traffic-jam control can influence traffic-flow stability and 

oscillation damping [11–13], while delayed-feedback, mixed-autonomy, and string-stability analyses 

provide complementary support [14–16]. Ring-road stability and reaction-time/anticipation studies 

further motivate the preview-based mechanism adopted here [17,18], whereas empirical commercial 

ACC may exhibit weak string stability or reduced capacity [19]. 

Studies directly related to this problem have examined penetration rate and 

anticipation/communication effects in heterogeneous mixed traffic. Zhai et al. [20] proposed a multi-

phase heterogeneous traffic-flow model for HDV/CV environments and showed that connected-

vehicle penetration and the perceived range of preceding vehicles are important for bottleneck 

suppression and stability. Jiao et al. [21] investigated nonlinear taillight effects in mixed traffic driven 

by competing visual delay and V2X communication, highlighting the role of anticipation and 

communication in traffic-wave dynamics. 

Broader transportation applications of mathematical modeling, including traffic-system dynamics 

and transportation optimization [22,23], accident prediction, vehicle perception, adverse-weather 

sensing [24–26], and dynamic traffic assignment [27], are retained only as methodological background. 

To make the review more targeted, the following discussion is centered on mixed-flow car-following 

stability, penetration-dependent thresholds, and anticipative or communication-based control. 

In this work, we address this focused line of mixed-traffic car-following stability research by 

developing a parsimonious nonlinear mean-field penetration model that remains analytically tractable. 

Rather than constructing a highly detailed engineering simulator, we focus on a compact mathematical 

structure capable of explaining how partial CAV penetration modifies the onset and suppression of 

traffic waves. The central idea is to represent mixed autonomy through two penetration-dependent 

mechanisms: An anticipative correction in the effective headway and a cooperative damping term in 
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the relative speed. This modeling choice enables the autonomous content of the traffic stream to enter 

the nonlinear dynamics and the linear stability theory explicitly. As a result, the framework supports 

closed-form equilibrium analysis, an explicit characteristic equation, a long-wave stability condition, 

and a closed-form critical-penetration formula. Furthermore, it remains compatible with related 

mathematical treatments of continuum-car-following equivalence [28], delay-aware traffic 

models [29], and ring-road/string-stability analysis [17,30]. 

To clarify the novelty, the formulation inherits the optimal-velocity relaxation structure and the 

velocity-difference feedback idea, whereas the new component is the p-scaled mean-field closure that 

causes penetration to enter the characteristic equation and the closed-form threshold explicitly. 

The remainder of this paper is organized as follows: In Section 2, we present the model 

formulation. In Section 3, we derive the homogeneous equilibrium and present the linear stability 

analysis. In Section 4, we examine the critical penetration threshold and stability maps. In Section 5, 

we describe the numerical experiment design. In Section 6, we report simulation results and robustness 

analyses. In Sections 7 and 8, we provide the discussion and conclusions. 

2. Model formulation 

Consider 𝑁 vehicles moving on a single-lane ring road of length 𝐿. Vehicle overtaking is excluded, 

and the vehicle order is preserved. Let 𝑥𝑛(𝑡) denote the longitudinal position of vehicle 𝑛, let 𝑠𝑛(𝑡) =
𝑥𝑛+1(𝑡) − 𝑥𝑛(𝑡)  be the headway, and let 𝑣𝑛(𝑡) = 𝑥̇𝑛(𝑡)  be the speed. Periodicity is imposed by 

identifying 𝑥𝑁+1  with 𝑥1 + 𝐿 . The baseline equilibrium spacing is ℎ =
𝐿

𝑁
 , and the corresponding 

equilibrium density is 𝜌 =
𝑁

𝐿
=

1

ℎ
. To focus on the mathematical influence of autonomy rather than on 

a detailed communication topology, we introduce a mean-field closure in which the penetration ratio 

𝑝 ∈ [0,1] scales the autonomous contribution to the control law. 

Two mechanisms are introduced. The first is an anticipative headway correction: A larger 𝑝 

increases the extent to which the driver-controller responds not only to the current headway 𝑠𝑛 but also 

to the local headway gradient 𝑠𝑛+1 − 𝑠𝑛. The second is a cooperative damping term proportional to 

the relative speed 𝑣𝑛+1 − 𝑣𝑛 . When 𝑝 = 0 , the model reduces to a classical optimal-velocity 

mechanism. As 𝑝 increases, the traffic stream receives progressively stronger preview and damping, 

which together represent an averaged preview-and-damping effect of connected/autonomous 

information rather than a specific heterogeneous arrangement or communication topology. 

The optimal-velocity relaxation term is inherited from classical OVM-type models, and the speed-

difference feedback is related to FVD and ACC/CACC-type mechanisms. The novelty of Eq (2) is the 

joint p-scaled mean-field formulation of these two channels, rather than either component alone. 

The mean-field closure should be read as a penetration-level approximation rather than an explicit 

assignment of vehicle types. For a fixed value of p, an actual heterogeneous traffic stream may contain 

evenly spaced CAVs, random CAV locations, or clustered CAV platoons; such arrangements can create 

different local interaction chains and communication paths. This model averages these configuration-

specific effects into effective penetration-scaled preview and damping gains. Hence, it is intended to 

capture the aggregate stability tendency and to support a closed-form threshold, not to replace a 

placement-specific heterogeneous simulation [9,15,16]. 

Therefore, p should be interpreted as an aggregate autonomy intensity rather than a microscopic 

vehicle label. The model is most suitable for traffic streams in which CAV effects are sufficiently 

dispersed or averaged over space. It is less suitable for evaluating stability differences among specific 
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CAV placement patterns, such as uniformly spaced CAVs, randomly scattered CAVs, or clustered CAV 

platoons. 

The anticipative headway correction has the form 𝑠ₙ +  𝜎𝑝(𝑠ₙ₊₁ −  𝑠ₙ) because 𝑠ₙ₊₁ −  𝑠ₙ is the 

simplest local spatial-gradient indicator available in a nearest-neighbor ring model. If the downstream 

headway is larger than the current headway, this correction increases the effective spacing perceived 

by the controller; if the downstream headway is smaller, it reduces the effective spacing and anticipates 

compression ahead. Factor σ controls how strongly this preview information is used, while 

multiplication by p ensures that the correction vanishes in the human-driven limit and grows with the 

aggregate availability of CAV sensing or communication. This form keeps the classical optimal-

velocity response as the limiting case p = 0 or σ = 0, while adding the minimal anticipative channel 

needed for this stability analysis [18]. 

The cooperative speed-difference damping term 𝜅𝑝(𝑣ₙ₊₁ −  𝑣ₙ)  is included to represent 

penetration-scaled relative-speed feedback, a mechanism that is common in velocity-difference and 

cooperative adaptive cruise-control formulations [2,13]. If the preceding vehicle is faster than vehicle 

𝑛, the term is positive and helps the follower accelerate smoothly; if the preceding vehicle is slower, 

the term becomes negative and suppresses the closing speed. Thus, 𝜅 controls dissipative coupling, 

whereas σ controls spatial anticipation. These two mechanisms are written separately because they 

influence stability through different physical channels: Preview changes the effective headway 

response, whereas speed-difference feedback directly damps velocity mismatches. 

Figure 1 summarizes the modeling philosophy. Table 1 summarizes the notation, meanings, and 

units used in the model. The human optimal-velocity response remains the backbone of the dynamics, 

but it is augmented by two terms whose intensity is proportional to 𝑝. The first term is anticipative: It 

uses information on the next headway to regularize the desired-speed response. The second term is 

dissipative: It damps speed differences between consecutive vehicles. This decomposition is helpful 

because the first term modifies the effective wave propagation speed, whereas the second term 

contributes directly to damping. 

 

Figure 1. Schematic of the proposed mixed-autonomy traffic model. The human optimal-

velocity response is augmented by an anticipative headway correction and a cooperative 

speed-difference damping term. 
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Table 1. Main notation used in the proposed model. 

Symbol Meaning Unit / admissible range 

N number of vehicles on the ring road 𝑣𝑒ℎ 

L ring-road length 𝑚 

𝑠𝑛 headway of vehicle n 𝑚 

𝑣𝑛 speed of vehicle n 𝑚/𝑠 

p CAV penetration ratio 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑙𝑒𝑠𝑠, [0, 1] 

a human response sensitivity s−1 

σ anticipative preview weight 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑙𝑒𝑠𝑠, ≥  0 

κ cooperative damping gain s−1, ≥ 0 

𝑉(𝑠) optimal-velocity function 𝑚/𝑠 

𝑉ℎ local slope V'(h) at equilibrium s−1 

𝑣𝑚𝑎𝑥 maximum desired speed in the optimal-velocity function 𝑚/𝑠 

𝑠𝑐 critical spacing parameter in the optimal-velocity function 𝑚 

ℓ smoothing length scale in the optimal-velocity function 𝑚, >  0 

The governing equations are 

𝑠̇𝑛 = 𝑣𝑛+1 − 𝑣𝑛, 𝑛 = 1, … , 𝑁,                                                 (1) 

𝑣̇𝑛 = 𝑎[𝑉(𝑠𝑛 + 𝜎𝑝(𝑠𝑛+1 − 𝑠𝑛)) − 𝑣𝑛] + 𝜅𝑝(𝑣𝑛+1 − 𝑣𝑛),                             (2) 

𝑉(𝑠) =
𝑣max

2
[tanh   (

𝑠 − 𝑠𝑐

ℓ
) + tanh   (

𝑠𝑐

ℓ
)] .                                    (3) 

The governing equations are formulated by extending the classical optimal-velocity and velocity-

difference car-following frameworks [1,2]. Equation (1) is the kinematic identity for headway 

evolution, and Eq (3) adopts a standard smooth optimal-velocity function. The main new component 

is Eq (2), where the optimal-velocity relaxation and speed-difference feedback are augmented by a 

penetration-scaled mean-field closure. Specifically, the anticipative headway correction 𝑠𝑛 +

𝜎𝑝(𝑠𝑛+1 − 𝑠𝑛) and the cooperative damping term 𝜅𝑝(𝑣𝑛+1 − 𝑣𝑛) enable the CAV penetration ratio 𝑝 

to enter the nonlinear dynamics and the subsequent stability threshold explicitly. 

Figure 2 displays the chosen optimal-velocity function. The equilibrium headway ℎ =  13 𝑚 lies 

in the region where the slope 𝑉′(ℎ) is relatively large. This is the mathematically interesting regime: 

The human-only stream is unstable, but moderate autonomy has a chance to stabilize it. If h were much 

larger, 𝑉′(ℎ) would be too small to trigger amplification; if h were much smaller, the nonlinear slope 

would be so steep that the chosen damping gains could be insufficient. 
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Figure 2. Optimal-velocity function and local slope at the equilibrium spacing ℎ =  13 𝑚. 

The baseline state is selected in a relatively steep portion of the curve. The baseline 

parameters used to generate this curve are reported in Table 2. 

Table 2. Baseline simulation parameters for the Python experiments. 

Parameter Value (with unit) Comment 

𝑁 60 𝑣𝑒ℎ vehicles on the ring road 

𝐿 780 𝑚 total road length 

ℎ =  𝐿/𝑁 13 𝑚 equilibrium spacing 

𝑉(ℎ) 22.516 𝑚/𝑠 equilibrium speed 

𝑎 2.8 s−1 response sensitivity 

𝜎 0.8 (𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑙𝑒𝑠𝑠) anticipative weight 

𝜅 2.0 s−1 cooperative damping gain 

𝐴 2.0 𝑚 amplitude of sinusoidal headway perturbation 

𝛥𝑡 0.05 𝑠 time step for RK4 

𝑇 300 𝑠 total simulation horizon 

𝑣𝑚𝑎𝑥 30 𝑚/𝑠 maximum desired speed in V(s) 

𝑠𝑐 10 𝑚 critical spacing parameter in V(s) 

ℓ 5 𝑚 smoothing length scale in V(s) 

3. Equilibrium and linear stability analysis 

3.1. Homogeneous equilibrium 

The homogeneous solution corresponds to 𝑠𝑛(𝑡) ≡ ℎ and 𝑣𝑛(𝑡) ≡ 𝑣∗ for all vehicles. Because 

the headway gradient and the relative-speed term vanish in uniform flow, the equilibrium speed is 

determined solely by the optimal-velocity relation, namely 𝑣∗ = 𝑉(ℎ). This simple structure is useful: 

The equilibrium remains interpretable, while the penetration ratio modifies the stability of that 

equilibrium rather than its existence. 

In this paper, we use the smooth optimal-velocity function shown in Figure 2. This choice keeps 

the nonlinear dynamics differentiable, admits an explicit derivative 𝑉ℎ = 𝑉′(ℎ), and reproduces the 

usual fact that sensitivity is largest at intermediate spacing and small at very low and very high densities. 
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Consequently, the instability window is concentrated around medium-to-high densities, a pattern 

consistent with traffic intuition and the general nonlinear traffic-flow literature [30–32]. 

Proposition 3.1. For every spacing h =  L/N >  0 , the mixed-autonomy model admits the 

homogeneous equilibriumsn(t) ≡ h and vn(t) ≡ V(h) for all n = 1, …, N. 

Proof. Substituting 𝑠𝑛 ≡ ℎ into Eq (1) gives 𝑠𝑛̇ = 0 because all speeds are equal. Substituting 𝑠𝑛 ≡ ℎ 

and 𝑣𝑛 ≡ 𝑉(ℎ) into Eq (2) causes the headway-gradient term and the relative-speed term to vanish, 

and the remaining optimal-velocity relaxation becomes 𝑎[𝑉(ℎ) − 𝑉(ℎ)] = 0 . Hence, the uniform 

branch exists for every admissible h. 

To study local stability, we perturb the uniform motion through 𝑥𝑛(𝑡) = 𝑛ℎ + 𝑣∗𝑡 + 𝑦𝑛(𝑡), where 

𝑦𝑛 is a small displacement variable. Retaining only first-order terms yields the linearized equation 

displayed below. The coefficient 𝑉ℎ = 𝑉′(ℎ) measures the local slope of the optimal-velocity function 

at the equilibrium spacing. Large 𝑉ℎ means that small headway changes produce large desired-speed 

corrections, which is precisely the mechanism that creates amplification and traffic waves. 

For completeness, the linearization from the displacement perturbation to Eq (4) is written out 

here. From 𝑥𝑛(𝑡) = 𝑛ℎ + 𝑣∗𝑡 + 𝑦𝑛(𝑡), the perturbed headway and speed are 𝑠𝑛(𝑡) = ℎ + 𝑦𝑛+1(𝑡) −

𝑦𝑛(𝑡) and 𝑣𝑛(𝑡) = 𝑣∗ + 𝑦̇𝑛(𝑡). Therefore, the anticipative spacing argument can be expressed as ℎ +

𝛿𝑛 , where 𝛿𝑛 = (𝑦𝑛+1 − 𝑦𝑛) + 𝜎𝑝(𝑦𝑛+2 − 2𝑦𝑛+1 + 𝑦𝑛).  Using the first-order Taylor expansion 

𝑉(ℎ + 𝛿𝑛) = 𝑉(ℎ) + 𝑉ℎ𝛿𝑛 + 𝑂(𝛿𝑛
2) , with 𝑉ℎ = 𝑉′(ℎ) , and using 𝑣∗ = 𝑉(ℎ) , all zero-order terms 

cancel. Keeping only first-order terms gives Eq (4). This step shows explicitly that the anticipative 

contribution enters through the second spatial difference 𝑦𝑛+2 − 2𝑦𝑛+1 + 𝑦𝑛 , whereas cooperative 

damping enters through 𝑦̇𝑛+1 − 𝑦̇𝑛. 

The standard Fourier ansatz 𝑦𝑛(𝑡) = 𝑦̂𝑒𝜆𝑡+𝑖𝑛𝜃 transforms the linearized chain into a quadratic 

characteristic equation in the growth rate 𝜆. For a finite ring road, the admissible wave numbers are 

𝜃𝑚 =
2𝜋𝑚

𝑁
 , 𝑚 = 0,1, … , 𝑁 − 1 . The sign of Re (𝜆)  determines whether a mode decays or grows. 

Instead of relying exclusively on numerical root searches, we further obtain an explicit long-wave 

approximation by expanding for small 𝜃. This leads to a transport coefficient 𝑐1 and a diffusion-like 

coefficient 𝑐2 . The sign of 𝑐2  is decisive: Negative 𝑐2  implies damping of long-wavelength 

perturbations, while positive 𝑐2  implies amplification. This spectral viewpoint is standard in 

mathematical studies of string stability, connected-vehicle delay, and ring-road dynamics [12,14,17]. 

3.2. Perturbation equation and characteristic polynomial 

The local dynamics around the homogeneous equilibrium can be expressed in terms of the 

displacement perturbation 𝑦𝑛(𝑡) . The linearized equation below separates the optimal-velocity 

response, the anticipative second-difference correction, and the cooperative damping term; it is then 

converted into a modal characteristic equation by Fourier substitution. 

𝑦̈𝑛 = 𝑎𝑉ℎ[(𝑦𝑛+1 − 𝑦𝑛) + 𝜎𝑝 (𝑦𝑛+2 − 2𝑦𝑛+1 + 𝑦𝑛)] − 𝑎𝑦̇𝑛 + 𝜅𝑝 (𝑦̇𝑛+1 − 𝑦̇𝑛)          (4) 

𝜆2 + [𝑎 + 𝜅𝑝(1 − 𝑒𝑖𝜃)]𝜆 − 𝑎𝑉ℎ[(𝑒𝑖𝜃 − 1) + 𝜎𝑝 (𝑒𝑖𝜃 − 1)2] = 0.                     (5) 

Equation (5) is the key algebraic object in the stability analysis. It describes how each Fourier 

mode responds to the combined effects of nonlinear sensitivity, autonomous preview, and cooperative 

damping. Exact spectral stability on a finite ring road is determined by checking the sign of the largest 

real part over all admissible wave numbers 𝜃𝑚 = 2𝜋𝑚/𝑁. 
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The passage from Eq (4) to Eq (5) follows by applying the Fourier mode 𝑦𝑛(𝑡) =

𝑦̂  exp(𝜆𝑡 + 𝑖𝑛𝜃).  Under this substitution, 𝑦𝑛+1 − 𝑦𝑛 = (𝑒𝑖𝜃−1)𝑦𝑛, 𝑦𝑛+2 − 2𝑦𝑛+1 + 𝑦𝑛 =

(𝑒𝑖𝜃−1)
2

𝑦𝑛, 𝑦̇𝑛+1 − 𝑦̇𝑛 = 𝜆(𝑒𝑖𝜃−1)𝑦𝑛 , and 𝑦̈𝑛 = 𝜆2𝑦𝑛.  Dividing by the nonzero modal amplitude 

gives 𝜆2 = 𝑎𝑉ℎ [(𝑒𝑖𝜃−1)+𝜎𝑝(𝑒𝑖𝜃−1)
2

] − 𝑎𝜆 + 𝜅𝑝𝜆(𝑒𝑖𝜃−1). Moving all terms to the left-hand side 

yields the characteristic polynomial in Eq (5). 

For the finite ring road, the admissible modes are 𝜃𝑚 =
2𝜋𝑚

𝑁
, 𝑚 = 0,1, … , 𝑁 − 1. Mode 𝑚 = 0 

corresponds to a neutral uniform translation and is excluded from the stability margin. For each 

nonzero mode, Eq (5) gives two spectral branches 𝜆𝑚
+  and 𝜆𝑚

− . Exact finite-ring stability is therefore 

checked by Λ𝑁(𝑝) = max 
1≤𝑚≤𝑁−1, ±

Re (𝜆𝑚
± (𝑝)). 

3.3. Long-wave expansion 

To derive the long-wave coefficients, expand 𝑒𝑖𝜃 = 1 + 𝑖𝜃 −
𝜃2

2
+ 𝑂(𝜃3), 1 − 𝑒𝑖𝜃 = −𝑖𝜃 +

𝜃2

2
+ 𝑂(𝜃3) , and (𝑒𝑖𝜃 − 1)2 = −𝜃2 + 𝑂(𝜃3).  Substituting 𝜆 = 𝑖𝑐1𝜃 + 𝑐2𝜃2 + 𝑂(𝜃3)  into Eq (5) 

gives, at order 𝑂(𝜃) , 𝑖𝑎(𝑐1 − 𝑉ℎ)𝜃 = 0 , and, hence, 𝑐1 = 𝑉ℎ .  The 𝑂(𝜃2)  balance is −𝑐1
2 + 𝑎𝑐2 +

𝜅𝑝𝑐1 + 𝑎𝑉ℎ (
1

2
+𝜎𝑝) = 0.  Substituting 𝑐1 = 𝑉ℎ  gives 𝑐2 =

𝑉ℎ

2𝑎
[2𝑉ℎ − 𝑎 − 2𝑝(𝑎𝜎 + 𝜅)] , which is the 

coefficient reported in Eq (6). 

Because Re(𝜆) = 𝑐2𝜃2 + 𝑂(𝜃3), the sign of 𝑐2 determines whether sufficiently long waves are 

damped or amplified. 

𝑐2 =
𝑉ℎ

2𝑎
[2𝑉ℎ − 𝑎 − 2𝑝(𝑎𝜎 + 𝜅)].                                               (6) 

The long-wave stability condition therefore becomes 

2𝑉ℎ < 𝑎 + 2𝑝(𝑎𝜎 + 𝜅).                                                      (7) 

Theorem 3.1. Assume h >  0, a >  0, κ ≥  0, σ ≥  0 , and Vh = V′(h) > 0 . For long-wave 

perturbations θ →  0 , the homogeneous solution sn ≡ h, vn ≡ V(h)  is linearly stable provided that 

2Vh < a + 2p(aσ + κ). 

Proof. Substituting the modal ansatz into the characteristic equation and writing 𝜆 = 𝑖𝑐1𝜃 + 𝑐2𝜃2 +

𝑂(𝜃3) , one matches the coefficients of equal order in 𝜃 . The first-order term yields 𝑐1 = 𝑉ℎ . The 

second-order coefficient is precisely the expression shown in Eq (6). Therefore, 𝑐2 < 0 is equivalent 

to inequality (7). Since the real part of 𝜆 behaves like 𝑐2𝜃2 for small 𝜃, negative 𝑐2 implies decay of 

long waves and, hence, asymptotic stability of the homogeneous branch in the long-wave regime. 

The above calculation also clarifies the roles of the two penetration-scaled mechanisms. The 

anticipative term contributes through 𝜎𝑝  in the effective headway-gradient response, while the 

cooperative speed-difference term contributes through 𝜅𝑝 in the damping of the modal growth rate. 

Both terms therefore appear additively in the stabilizing combination 𝑝(𝑎𝜎 + 𝜅) in Eq (6). 
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4. Critical penetration analysis 

4.1. Critical penetration formula 

Solving the long-wave stability condition in Eq (7) for 𝑝 gives the critical penetration threshold 

𝑝𝑐 = max {0, (2𝑉ℎ−𝑎)
[2(𝑎𝜎+𝜅)]

} .                                                       (8) 

Formula (8) is useful because it provides an explicit penetration threshold for long-wave stability. 

Starting from the long-wave stability condition, 2𝑉ℎ < 𝑎 + 2𝑝(𝑎𝜎 + 𝜅), and assuming 𝑎𝜎 + 𝜅 > 0, 

rearrangement gives 𝑝 > (2𝑉ℎ−𝑎)/[2(𝑎𝜎+𝜅)]. 

Since the physically admissible penetration ratio satisfies 0 ≤ 𝑝 ≤ 1, the threshold is truncated 

from below at zero, as shown in Eq (8). If 𝑎 − 2𝑉ℎ ≥ 0, then 𝑝𝑐 = 0, and the uniform flow is already 

stable in the human-driven limit. Otherwise, a positive amount of autonomy is required. If the right-

hand side of Eq (8) exceeds one, the selected preview and damping gains are insufficient to stabilize 

the long-wave mode within the admissible penetration range. 

For the baseline parameters used in this paper, namely 𝑁 = 60, 𝐿 = 780 m, ℎ = 13 m, 𝑎 =
2.8, 𝜎 = 0.8, 𝜅 = 2.0 , Eq (8) gives the asymptotic threshold 𝑝𝑐,asy = 0.173 , the exact discrete 

threshold 𝑝𝑐,num is obtained independently from the finite-ring spectrum by solving Eq (5) at every 

admissible 𝜃𝑚 =
2𝜋𝑚

𝑁
, and then locating the smallest 𝑝 for which Λ𝑁(𝑝) < 0. This computation gives 

𝑝𝑐,num ≈ 0.171. 

Remark 4.1. The long-wave threshold 𝑝𝑐,asy and the exact finite-ring threshold 𝑝𝑐,num are related but 

not identical objects. The former is obtained from the asymptotic limit 𝜃 → 0 and is controlled by the 

sign of 𝑐2. The latter uses the full quadratic characteristic equation for the discrete set 𝜃𝑚 =
2𝜋𝑚

𝑁
. In 

the baseline case, the critical finite-ring mode is the lowest nonzero mode, 𝜃1 =
2𝜋

60
≈ 0.105, so the 

small-𝜃  expansion gives a close estimate of the exact spectrum. This is why 𝑝𝑐,asy ≈ 0.173  and 

𝑝𝑐,num ≈ 0.171 are nearly the same. 

The approximation should be interpreted with this modal relationship in mind. The long-wave 

formula is expected to be most reliable when the dominant unstable mode is a low-wavenumber 

perturbation, the ring has sufficiently many vehicles, and the traffic state remains close to the 

homogeneous equilibrium. If the ring is very short, if a higher discrete wave number becomes 

dominant, or if nonlinear finite-amplitude disturbances move the system far from equilibrium, the 

exact discrete spectrum and direct simulation should be used in conjunction with the long-wave 

formula. 

4.2. Stability maps 

Figure 3 shows the asymptotic stability map in the (𝑝, 𝜅)-plane for the baseline spacing. The 

neutral curve separates an unstable low-gain region from a stable high-gain region. For 𝜅 =  2.0, the 

model predicts a threshold close to 𝑝 =  0.17. This plot can also be interpreted as a control-design 

diagram: If autonomous penetration is low, a larger cooperative gain is required; if the available gain 

is limited, a larger penetration is required. 

Figure 4 extends the analysis to the density-penetration plane at fixed 𝜅. The unstable zone is 

concentrated around medium and high densities, precisely where the optimal-velocity slope is largest. 
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At lower densities, the uniform branch is naturally stable even without autonomy, because the desired-

speed function becomes flatter. Conversely, very dense regimes near the steepest part of the curve may 

remain difficult to stabilize, indicating that penetration and gain design must be considered jointly. 

This interpretation is also consistent with classical continuum and non-equilibrium traffic 

formulations [5,7,8], as well as related continuum and delay-aware traffic models [15,28,29]. 

 

Figure 3. Asymptotic stability margin in the penetration-gain plane at the baseline spacing. 

The neutral curve predicts the control effort required to stabilize uniform flow. The 

baseline spacing is h = 13 m, and the neutral curve corresponds to the long-wave stability 

condition (7). 

 

Figure 4. Stability phase map in the density-penetration plane for 𝜅 =  2.0. The unstable 

region concentrates around densities for which the slope of the optimal-velocity function 

is large. Unless otherwise stated, the remaining parameters are fixed at the baseline values 

in Table 2. 

These analytical thresholds and stability maps motivate the numerical experimental design 

described in the next section. 

5. Numerical experimental design 

5.1. Numerical method and diagnostic indicators 

For numerical verification, we integrate the headway-speed form of the model rather than the 



15312 

AIMS Mathematics  Volume 11, Issue 6, 15302–15323. 

position-speed form. This avoids accumulation error in the periodic closure and preserves the total 

road length exactly after a mild numerical renormalization of the headway vector. Time integration is 

performed with the classical fourth-order Runge-Kutta method. The implementation is concise and 

reproducible in Python; the accompanying script reproduces all simulation figures and tabulated 

metrics. 

The initial condition is a sinusoidal perturbation around the uniform spacing: 𝑠𝑛(0) = ℎ +

𝐴𝑠𝑖𝑛(2𝜋𝑛/𝑁), with 𝐴 =  2 𝑚 and 𝑣𝑛(0) = 𝑉(ℎ). This mode is deliberately chosen because it excites 

the long-wave mechanisms analyzed in Section 3. The simulation horizon is 𝑇 =  300 𝑠 with time 

step 𝛥𝑡 =  0.05 𝑠. To compare penetration levels, we evaluate the terminal speed dispersion 𝛴𝑣, the 

minimum headway over the last 60 s, and the mean speed over the same time window. We also compute 

the exact spectral growth rate 𝛬(𝑝) = 𝑚𝑎𝑥𝑚𝑅𝑒(𝜆𝑚)  from the discrete characteristic equation for 

direct comparison with the simulated long-time behavior. The chosen ring-road perturbation setting is 

consistent with earlier experimental and theoretical benchmarks for stop-and-go-wave generation and 

attenuation [10,12,17]. 

The proposed diagnostics play different roles. The mean speed reflects macroscopic efficiency. 

The speed dispersion measures whether a coherent wave pattern persists. The minimum headway is 

reported as a spacing-compression indicator and an operational surrogate for headway regularity, 

because severe stop-and-go oscillations tend to compress headways somewhere in the vehicle string. 

It is not used as a formal safety metric. Taken together, these indicators reveal whether a penetration 

level is not only mathematically stable but also associated with smoother and more regular traffic 

operation. 

5.2. Computational workflow 

The numerical workflow consists of four steps. Step 1: Initialize the headway vector by a 

sinusoidal perturbation around h and set the speed vector to the equilibrium value V(ℎ) . Step 2: 

Advance the state with one fourth-order Runge-Kutta step using Eqs (1) and (2). Step 3: Renormalize 

the headway vector so that its average remains exactly ℎ. Step 4: Compute diagnostic metrics and, in 

parallel, evaluate the exact spectral growth rate from Eq (5). This workflow is simple enough to be 

implemented in a short Python script, yet it provides the figures and tables required for the manuscript. 

6. Simulation results and robustness analysis 

6.1. Baseline simulation results 

Figure 5 gives the clearest visual confirmation of the theory. In the purely human-driven case 

𝑝 =  0, a coherent stop-and-go wave emerges and propagates backward around the ring road. The 

wave band is sharp and persistent, which is typical of nonlinear traffic instabilities. In contrast, when 

the mean-field penetration level is set to 𝑝 =  0.4, the initial disturbance is rapidly dissipated and the 

speed field becomes nearly uniform over the whole ring. 

It should be emphasized that the penetration ratio used in these simulations is a mean-field 

penetration level. Thus, the transition from persistent waves to perturbation damping reflects the 

aggregate preview-and-damping effect of CAV participation, not a comparison among specific 

microscopic CAV arrangements. For the same p, different heterogeneous placements may produce 

different local stability behavior, especially when CAVs are clustered or communication topology is 
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restricted. 

 

Figure 5. Space-time speed maps for the ring-road simulations. The human-only case 

develops a self-sustained backward-moving traffic wave, whereas the 𝑝 =  0.4  case 

exhibits rapid dissipation of the initial perturbation. Both panels use the baseline 

parameters in Table 2, the sinusoidal initial perturbation with A = 2 m, and the simulation 

horizon T = 300 s. 

Figure 6 reports the temporal evolution of the velocity-dispersion measure for representative 

penetration ratios. In the human-driven limit 𝑝 =  0, the dispersion increases rapidly and saturates 

near 13 m/s, confirming the persistence of a pronounced stop-and-go pattern. At 𝑝 =  0.2, which lies 

only slightly above the exact threshold of approximately 0.171, the perturbation decays only after a 

comparatively long transient, and the terminal dispersion remains small but not negligible over the 

finite horizon 𝑇 =  300 𝑠. This response is therefore more appropriately interpreted as near-neutral 

and weakly stable, rather than genuinely unstable. For 𝑝 ≥  0.4, the dispersion decreases rapidly to an 

almost zero level. The comparison shows that a larger mean-field penetration level not only stabilizes 

the uniform flow but also shortens the relaxation time required to recover the homogeneous state. 

 

Figure 6. Time evolution of the velocity-dispersion indicator for representative penetration 

ratios. Increasing penetration accelerates perturbation damping and reduces the terminal 

oscillation amplitude. All curves use the baseline parameters in Table 2; the dispersion 

indicator is evaluated over the same 300-s simulation horizon. 
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The terminal headway profiles in Figure 7 provide a complementary microscopic view of the 

same transition. When 𝑝 = 0, the final state is strongly heterogeneous, with compressed gaps inside 

the congested region and enlarged gaps elsewhere; this pattern is characteristic of a self-sustained stop-

and-go wave. At 𝑝 = 0.2, the profile becomes markedly smoother but still departs from the uniform 

equilibrium configuration, again suggesting proximity to the stability boundary. For 𝑝 = 0.4 and 𝑝 =

0.6 , the headways cluster tightly around the equilibrium value ℎ , demonstrating that the averaged 

preview-and-damping feedback suppresses spatial irregularity in the mean-field simulation and 

restores an almost homogeneous profile. Accordingly, the smoother headway profiles should be 

interpreted as mean-field responses of the averaged model rather than as predictions for every possible 

spatial arrangement of CAVs. 

 

Figure 7. Terminal headway profiles at 𝑡 =  300 𝑠 for representative penetration ratios. 

Above the critical penetration level, the heterogeneous jam pattern is replaced by an almost 

uniform equilibrium spacing. All terminal profiles are evaluated at t = 300 s under the 

baseline ring-road setting. 

The aggregate performance metrics reported in Figure 8 and Table 3 enable the numerical results 

to be summarized succinctly. The exact spectral growth rate 𝛬(𝑝) changes sign near the analytical 

threshold, whereas the empirical indicators improve progressively with increasing aggregate 

penetration. In particular, the mean speed recovers to a value close to 𝑉(ℎ) once p reaches 0.2, the 

terminal speed dispersion decreases by roughly two orders of magnitude between 𝑝 =  0 and 𝑝 =

 0.4, and the minimum headway rises from less than 1 m in the unstable regime to approximately 12.9 

m in the stable cases. These trends show that the theoretical stability threshold has a clear operational 

interpretation: A higher aggregate penetration level improves flow regularity and reduces severe 

spacing compression under the proposed mean-field closure. The increase in minimum headway 

should therefore be interpreted as an improvement in spacing regularity, not as a rigorous safety 

guarantee. Thus, the numerical indicators are mean-field stability indicators; explicit heterogeneous 

simulations would be required to compare uniform, random, and platoon-based CAV distributions. 
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Figure 8. Sensitivity of theoretical and empirical performance metrics to the penetration 

ratio. The theoretical growth rate changes sign near the analytical threshold, while the 

simulated indicators improve progressively as p increases. The empirical indicators are 

computed over the last 60 s of the 300-s simulations. 

Table 3. Exact spectral growth and numerical performance over the last 60 s. 

p max Re(λ) (s−1) v̄ (m/s) Σv (m/s) smin (m) 

0.0 0.0911 19.174 13.008 0.950 

0.2 -0.0010 22.499 0.600 12.275 

0.4 -0.0080 22.516 0.109 12.904 

0.6 -0.0151 22.516 0.029 12.972 

Note. All numerical performance metrics in Table 3 are evaluated over the last 60 s of the 300-s simulation horizon; 

unlisted parameters are fixed at the baseline values in Table 2. 

6.2. Ablation analysis 

To evaluate the relative contribution of the two penetration-scaled mechanisms, an ablation 

experiment is added at 𝑝 = 0.4 . Four cases are compared under the same ring-road setting and 

perturbation amplitude: The full model, the anticipation-only model with 𝜅 = 0, the damping-only 

model with 𝜎 = 0, and the classical OVM-type baseline with 𝜎 = 0 and 𝜅 = 0. The same diagnostic 

indicators and finite-ring spectral calculation are used for all cases. 

Table 4 shows that the full model has the lowest critical penetration threshold, with 𝑝𝑐,asy =

0.173 and 𝑝𝑐,num = 0.171. When the damping term is removed, the threshold increases to 𝑝𝑐,asy =

0.328 , indicating that anticipative preview alone can stabilize the long-wave mode but requires a 

higher CAV penetration level. When the anticipative term is removed, the threshold further increases 

to 𝑝𝑐,asy = 0.367, and the last-60-s averaged speed dispersion remains much larger than that of the 

full model. The classical OVM-type baseline has no penetration-dependent stabilizing mechanism, so 

no attainable penetration threshold is obtained within this ablation setting. This ablation comparison 
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isolates the two mean-field control channels and does not imply that every physical arrangement of 

CAVs with the same penetration rate will produce identical decay rates. 

Table 4. Ablation comparison for the relative contributions of anticipative preview and 

cooperative damping at 𝑝 =  0.4. 

Ablation case 𝝈 𝜿  (s−1) 𝒑𝒄,asy 𝒑𝒄,num max Re(λ) at p=0.4 (s−1) v̄ (m/s) Σv (m/s) smin (m) 

Full model 0.8 2.0 0.173 0.171 -0.0080 22.516 0.109 12.904 

Anticipation only 0.8 0.0 0.328 0.322 -0.0014 22.513 0.231 12.759 

Damping only 0.0 2.0 0.367 0.363 -0.0006 21.277 8.497 4.935 

Classical OVM 0.0 0.0 N.A. N.A. 0.0911 19.174 13.008 0.950 

Note. The ablation comparison in Table 4 is conducted at p = 0.4 under the baseline ring-road setting; only the 

displayed preview and damping channels are varied. 

The closeness between the theoretical threshold and the numerical threshold under the baseline 

setting can also be explained by the modal structure of the experiment. The imposed initial perturbation 

is the fundamental sinusoidal mode of the ring road, and for 𝑁 = 60, the lowest nonzero wave number 

is 𝜃1 = 2𝜋/60 ≈ 0.105 , which lies within the small-𝜃  regime used in the long-wave expansion. 

Therefore, the dominant unstable or weakly stable mode in the finite ring is close to the asymptotic 

mode used to derive 𝑝𝑐,asy. This is why the closed-form threshold 𝑝𝑐,asy = 0.173 is very close to the 

exact finite-ring threshold 𝑝𝑐,num ≈ 0.171. The agreement should not be interpreted as universal; it is 

expected to be strongest when the leading mode is a low-wavenumber perturbation, the disturbance 

amplitude remains moderate, and the dynamics stay close to the homogeneous equilibrium. 

The ablation results also make the physical interpretation of the baseline simulation clearer. At 

𝑝 = 0.4, the full model has max Re (𝜆) = −0.008, which corresponds to a visibly faster damping 

process than the anticipation-only and damping-only cases, whose growth rates are only weakly 

negative. Consequently, the full model reaches a last-60-s averaged speed dispersion of 0.109 m/s, 

whereas the anticipation-only and damping-only cases remain at 0.231 m/s  and 8.497 m/s , 

respectively. The relatively large value in the damping-only case reflects its near-neutral finite-horizon 

response under the selected perturbation and simulation horizon. Thus, the numerical superiority of 

the full model is not merely a graphical trend; it follows from the additive stabilizing contribution of 

the anticipative and damping terms in the modal growth rate. 

6.3. Sensitivity analysis for response sensitivity and anticipative weight 

To examine robustness, a one-factor sensitivity analysis is conducted for the response sensitivity 

𝑎 and anticipative preview weight 𝜎. In each test, one parameter is varied while the remaining baseline 

settings are fixed, and 𝑝 = 0.4 is used for the nonlinear ring-road simulations. Figure 9 compares the 

asymptotic threshold 𝑝𝑐,asy, exact finite-ring threshold 𝑝𝑐,num, and exact spectral growth rate Λ𝑁(0.4) 

under different values of 𝑎  and 𝜎 . Table 5 summarizes the corresponding thresholds, growth rates, 

mean speeds, last-60-s speed dispersions, and minimum headways. 

The results show that 𝑝𝑐,asy and 𝑝𝑐,num remain below 𝑝 = 0.4, while Λ𝑁(0.4) < 0 for all tested 

cases. Increasing 𝑎 or 𝜎 decreases the critical threshold and enhances damping through the stabilizing 

combination 𝑎𝜎 + 𝜅 in Eq (6). The nonlinear simulations confirm the spectral results, indicating that 

the main stability conclusion is not restricted to the baseline choice 𝑎 = 2.8 and 𝜎 = 0.8, although it 

should be interpreted within the tested ranges and the present ring-road setting. These robustness 

results demonstrate parameter robustness within the mean-field closure; they do not replace a 
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placement-specific sensitivity analysis involving explicit CAV/HDV distributions or communication 

topologies. 

 

Figure 9. Sensitivity of asymptotic and exact finite-ring critical penetration thresholds and 

exact spectral growth rate to response sensitivity 𝑎  and anticipative preview weight 𝜎 . 

Panels (a) and (b) compare 𝑝𝑐,asy and 𝑝𝑐,num, respectively, while panels (c) and (d) report 

Λ𝑁(0.4). The horizontal dotted line in panels (a) and (b) marks the tested penetration 𝑝 =

0.4. Unless varied, all parameters are fixed at the baseline values in Table 2; the nonlinear 

simulations use p = 0.4. 

Table 5. Parameter sensitivity analysis at p = 0.4. Each block varies one parameter while 

keeping the others at the baseline values in Table 2. 

Sensitivity parameter Value 𝒑𝒄,asy 𝒑𝒄,num ΛN(0.4) (s−1) v̄ (m/s) Σv (m/s) smin (m) 

Response sensitivity a 

2.2 0.275 0.271 -0.0051 22.515 0.170 12.845 

2.8 0.173 0.171 -0.0080 22.516 0.109 12.904 

3.4 0.092 0.091 -0.0100 22.516 0.077 12.930 

Anticipative weight σ 

0.4 0.235 0.232 -0.0043 22.514 0.187 12.829 

0.8 0.173 0.171 -0.0080 22.516 0.109 12.904 

1.2 0.137 0.135 -0.0118 22.516 0.055 12.948 

Note. Table 5 reports one-factor tests at p = 0.4. Unless the listed parameter is varied, all unlisted parameters are fixed 

at Table 2; nonlinear metrics are evaluated over the last 60 s of the 300-s horizon. 

6.4. Additional robustness and baseline-model comparison 

To further test whether the numerical conclusions depend on a single baseline configuration, 

additional one-factor robustness tests are conducted for the cooperative damping gain κ, equilibrium 

spacing h, perturbation amplitude A, and number of vehicles N. Except for the parameter being varied, 

all settings are kept at their baseline values, and the tested penetration level is fixed at p = 0.4. 
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Table 6 shows the sensitivity results for κ and h. The exact spectral growth rate remains negative 

for all tested cases. Increasing κ lowers the critical threshold and reduces speed dispersion. Changing 

h modifies the optimal-velocity slope and therefore the critical threshold; the smaller-spacing case h = 

11 m remains stable at p = 0.4 but has a larger finite-horizon dispersion. 

Table 6. Additional sensitivity analysis for κ and h at p = 0.4. The table separates 

cooperative-gain and spacing effects while keeping other settings fixed. 

Parameter Value 𝒑𝒄,asy 𝒑𝒄,num ΛN(0.4) (s−1) Σv (m/s) smin (m) 

𝜅 

1.0 0.227 0.223 -0.0047 0.178 12.838 

2.0 0.173 0.171 -0.0080 0.109 12.904 

3.0 0.140 0.138 -0.0114 0.060 12.945 

ℎ (𝑚) 

11.0 0.350 0.344 -0.0026 1.036 10.204 

13.0 0.173 0.171 -0.0080 0.109 12.904 

17.0 0.000 0.000 -0.0062 0.080 16.786 

Note. Table 6 reports one-factor tests at p = 0.4. Unless κ or h is varied, all unlisted parameters are fixed at Table 2; 

Σv and smin are evaluated over the last 60 s. 

Table 7 summarizes the robustness tests for A and N. Varying A does not change the linear 

thresholds but affects the nonlinear finite-horizon indicators. Even for A = 4 m, the perturbation is 

damped under the baseline gains. For N = 120, the spectral growth rate is closer to zero, so the 

same 300-s horizon shows slower observable decay than the N = 60 case. 

Table 7. Additional sensitivity analysis for A and N at p = 0.4. The table separates 

perturbation-amplitude and finite-ring-size effects. 

Parameter Value 𝒑𝒄,asy 𝒑𝒄,num ΛN(0.4) (s−1) Σv (m/s) smin (m) 

A (m) 

0.5 0.173 0.171 -0.0080 0.070 12.940 

1.0 0.173 0.171 -0.0080 0.097 12.916 

2.0 0.173 0.171 -0.0080 0.109 12.904 

4.0 0.173 0.171 -0.0080 0.114 12.900 

N 

30 0.173 0.163 -0.0322 0.000 12.999 

60 0.173 0.171 -0.0080 0.109 12.904 

120 0.173 0.173 -0.0020 0.459 12.599 

Note. Table 7 reports one-factor tests at p = 0.4. Linear thresholds are unaffected by A, whereas N changes the finite-

ring spectrum; Σv and smin are evaluated over the last 60 s. 

A comparison with classical baseline models is also added to distinguish the proposed mechanism 

from standard OVM and FVD-type dynamics [1,2]. The FVD-type baseline uses a matched velocity-

difference damping intensity γ = κp = 0.8 at p = 0.4, but it does not include the anticipative headway 

correction. Thus, the comparison isolates the added contribution of the penetration-scaled anticipative 

closure. 

Table 8 shows that the classical OVM remains unstable, while the FVD-type baseline is only 

weakly stable and retains a large speed dispersion over the finite simulation horizon. In contrast, the 

proposed full model has a more negative spectral growth rate and a much smaller last-60-s speed 

dispersion. This indicates that the improved stability is not due only to a conventional velocity-

difference term, but to the combined penetration-scaled preview and damping structure. 
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Table 8. Comparison with classical OVM and FVD-type baseline models at p = 0.4. This 

comparison isolates the contribution of the penetration-scaled anticipative closure. 

Model Main mechanism ΛN(0.4) (s−1) v̄ (m/s) Σv (m/s) smin (m) 

Classical OVM OVM relaxation only 0.0911 19.174 13.008 0.950 

FVD-type baseline 
OVM + matched velocity-difference 

damping 
-0.0006 21.277 8.497 4.935 

Proposed full model 
OVM + p-scaled anticipation and 

damping 
-0.0080 22.516 0.109 12.904 

Note. Table 8 uses the same ring-road setting and p = 0.4 for all baseline-model comparisons; empirical metrics are 

evaluated over the last 60 s. 

7. Discussion 

This model is intentionally compact. Its main purpose is not to reproduce every aspect of 

autonomous driving, but to provide a mathematically manageable bridge between nonlinear car-

following theory and modern mixed-autonomy questions. This choice brings several advantages. The 

model admits a closed-form equilibrium, an explicit characteristic equation, a readable long-wave 

stability theorem, and a direct numerical implementation. Such transparency is often lost in high-

fidelity engineering simulators. 

The theoretical implication of the closed-form threshold is that CAV penetration does not stabilize 

traffic as an isolated factor; rather, it works jointly with anticipative preview, cooperative damping, 

and the local slope of the optimal-velocity function. In particular, the long-wave coefficient shows that 

the stabilizing effect enters through the combined term 𝑝(𝑎𝜎 + 𝜅). Thus, a lower penetration level 

may still be effective when preview and damping gains are sufficiently strong, whereas a higher 

penetration level may be insufficient if the effective gains are weak or if 𝑉ₕ is large. From a practical 

perspective, the threshold and stability maps can be regarded as first-stage screening tools for 

controller tuning and deployment planning, rather than as deployment guarantees. 

Furthermore, the model has limitations that should be acknowledged. The penetration ratio p 

enters through a mean-field closure rather than through an explicit heterogeneous assignment of 

human-driven and autonomous vehicles. This is appropriate for deriving aggregate thresholds, but it 

does not distinguish platoon configurations or communication topologies. Moreover, we study a 

single-lane ring road without lane changes, merges, or exogenous bottlenecks. Therefore, the results 

should be interpreted as aggregate mean-field indicators rather than placement-specific predictions. 

More specifically, the same penetration rate may correspond to uniformly distributed CAVs, 

randomly scattered CAVs, or clustered platoons, and these arrangements may generate different local 

amplification paths, communication chains, and platoon-level stability properties. Explicit 

heterogeneous simulations are therefore needed to compare CAV placement patterns or 

communication topologies. 

The closed-form critical penetration threshold is expected to be reliable when the dominant 

unstable mode is a low-wavenumber perturbation, the ring contains sufficiently many vehicles, the 

disturbance amplitude is moderate, and the dynamics remain close to the homogeneous equilibrium. 

These conditions are approximately satisfied in the baseline experiment because the imposed 

perturbation is the fundamental ring-road mode and the exact finite-ring threshold is close to the 

asymptotic threshold. However, the long-wave approximation may become less reliable for short rings, 
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high-wavenumber disturbances, strongly clustered CAV distributions, large nonlinear perturbations, 

stochastic reaction or communication delays, actuator saturation, or braking constraints. In such cases, 

the closed-form threshold should be supplemented by exact finite-spectrum analysis and nonlinear 

simulation. 

These limitations suggest several natural directions for future research. For heterogeneous CAV 

distributions, scalar penetration ratio p could be replaced by explicit vehicle-type indicators or a 

spatially varying local penetration field, enabling uniformly distributed, randomly scattered, and 

clustered CAV patterns to be compared. For stochastic reaction or communication delays, the preview 

and damping terms could be reformulated as delayed or random feedback terms, and the resulting 

threshold would need to be examined using delay-aware or stochastic stability analysis. For more 

realistic road scenarios, this ring-road framework could be extended to open-boundary roads, 

bottlenecks, merging areas, and multi-lane traffic. These extensions would test whether the proposed 

closed-form threshold remains a useful local approximation or must be replaced by scenario-specific 

numerical stability criteria. 

8. Conclusions 

In this study, we proposed a nonlinear mean-field penetration model for car-following dynamics 

with anticipative preview and cooperative damping, in which penetration ratio 𝑝 served as an explicit 

parameter describing the aggregate CAV content of the traffic stream. Within this framework, the 

homogeneous equilibrium, perturbation dynamics, characteristic equation, and long-wave stability 

condition were derived analytically. A major theoretical result was the closed-form critical-penetration 

formula, which provides a direct stability threshold for the onset or suppression of traffic waves. For 

the baseline setting, the asymptotic threshold 𝑝𝑐 ≈ 0.173  was close to the exact discrete-spectrum 

threshold 𝑝𝑐 ≈ 0.171, indicating that the long-wave approximation captures the finite-ring stability 

boundary with good accuracy. Numerical ring-road simulations further supported the analysis: The 

human-only stream exhibited persistent stop-and-go waves, whereas mean-field penetration levels 

above the threshold strongly damped disturbances and restored near-uniform flow under the averaged 

model. These results showed that a parsimonious mean-field structure can yield explicit thresholds, 

interpretable stability maps, and a useful control-design perspective while retaining essential nonlinear 

traffic dynamics. The reported minimum headway should be interpreted only as a spacing-regularity 

indicator and operational surrogate rather than a formal safety guarantee, since this model does not 

include vehicle length, explicit collision-avoidance constraints, stochastic reaction delays, or realistic 

braking limitations. Researchers may extend the framework to explicit heterogeneous CAV placement, 

stochastic reaction, communication delays, open-boundary and multi-lane road scenarios, collision-

aware constraints, and cost-aware optimization of CAV deployment strategies. Such extensions would 

clarify whether the closed-form threshold remains a useful local design indicator or should be replaced 

by scenario-specific numerical stability criteria. 
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