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representations. The main structural point is that these polynomials are governed by a lower
triangular transform in the g-factorial basis; this transform has a two-term inverse and organizes the
connections with degenerate g-Stirling, q-Bell, and g-Fubini polynomials. We also show that the
same mechanism is stable under higher-order kernels and under a degenerate (p, q)-extension. The
limiting regimes 4 — 0 and g — 1 recover, respectively, the standard q-derangements and the classical
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1. Introduction

A derangement is a permutation of {1,...,} having no fixed points. The classical derangement
numbers are obtained by inclusion—exclusion and admit the well-known representation D, =
l! Zizo(—l)K/K!; see, for example, [1,2]. In many applications, it is natural to deform this family
so that additional parameters record combinatorial statistics or so that the corresponding generating
functions interact with analytic kernels.
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Two complementary deformation schemes are prevalent in the recent literature. First, analogs
incorporate g-calculus, basic hypergeometric structures, and operational methods, and g-derangement
numbers and polynomials have been studied from several viewpoints; see [3, 4] and the references
therein. Second, A-degenerate variants are built from Carlitz-type degenerate exponentials and
the associated A-falling factorials, leading to degenerate derangement polynomials, their higher-
order extensions, degenerate Pochhammer-type objects, and probabilistic interpretations [1, 2, 5-8].
Degenerate Sheffer sequences supply a unifying framework for many such families [9], and their A-
g-extensions have proved effective in deriving identities for g-special polynomials [10]. Related g-
Laplace-transform and modified-degenerate operational formulations appear in [11, 12], and analytic
variants based on truncated degenerate exponentials and degenerate Mittag-Leffler functions also
appear in [13, 14]. Similar generating-function and umbral viewpoints also occur in recent work
on probabilistic degenerate Jindalrae and Jindalrae—Stirling polynomial families [15], Hermite-based
Fibonacci and Lucas-type polynomial identities [16], and g-Mittag-Lefller-based Bessel and Tricomi
functions [17].

The purpose of this paper is to combine these two directions by introducing a A-degenerate g-
analog of the derangement family. Our construction is driven by an exponential generating function
in which the degenerate falling factorial (1), . is coupled to a degenerate g-exponential kernel. The
resulting polynomials d;,(u; A) (and their specialization at u = 0) interpolate between the standard
q-derangement families (as 4 — 0) and the classical derangement polynomials (as g — 1).

The contribution is not merely a formal replacement of the classical exponential by a degenerate
g-exponential. The factor (1 — &)™, the g-factorial basis, and the degenerate factorial (u — 1), together
define a lower triangular transform whose inverse has only two nonzero diagonals. This observation
gives a compact structural explanation for the recurrence, determinant, and connection-coeflicient
identities obtained below. It also clarifies why the same family interacts naturally with the degenerate
q-Stirling transform and therefore with the corresponding Bell and Fubini families. Thus, the paper
emphasizes the transform structure behind the identities rather than treating them as isolated coefficient
extractions. This viewpoint is consistent with recent generating-function approaches to generalized
polynomial systems involving auxiliary sequences and hyperharmonic-type numbers [18].

For ease of reference, we summarize the main outcomes of the paper as follows:

e We define the degenerate g-derangement polynomials and numbers through a two-parameter
generating kernel that simultaneously contains the known g-derangement and degenerate
derangement cases.

e We identify the lower triangular transform that sends the degenerate falling-factorial sequence
to the degenerate g-derangement sequence together with its two-term inverse, inhomogeneous
recurrence, and determinant representation.

e We express d; (i ; A) in the basis of degenerate g-Stirling numbers of the second kind, giving
connections with associated Bell- and Fubini-type constructions in the spirit of related degenerate
Stirling theory [10, 19, 20].

e We use higher-order kernels and a degenerate (p,q)-extension to show that the transform
mechanism is stable under natural deformations, and we verify the limiting regimes 4 — 0
and q — 1.

The remainder of the paper is organized as follows: Section 2 fixes notation and introduces d; ,(i ; 1)
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together with its basic properties. Section 3 develops further identities, higher-order families, and
the (p, q)-extension. We close in Section 4 with remarks and open questions.

2. Degenerate g-derangement numbers and polynomials

We begin by fixing our g-calculus conventions and by recalling the degenerate g-Stirling numbers
of the second kind, together with the associated degenerate q-Bell and g-Fubini families, as these
sequences will serve as connection coefficients in several later expansions. The construction is
motivated by the degenerate Stirling framework in [10, 19, 20] and by recent degenerate operational-
transform techniques [4, 12]. All generating-function arguments are carried out in the formal power
series ring C[[t]], so coeflicient extraction is purely algebraic. After setting notation (see [21, 22]
for standard qg-notation and [23] for formal-series manipulations), the degenerate g-derangement
polynomials are introduced by means of an exponential generating function. Their basic properties
are then derived (cf. [1-3]).

We denote

_ 1. !
[{1o! = [{1o[& = g+ - - [T, [KL——[K]Q![{_K]Q! 0<k<).

For A € C and ¢ > 0, the degenerate falling factorial is
(o =1, W === =D €=1).

We also use the degenerate g-exponential functions (cf. [24])

— (1 = (1
GEDY %f& CHGEEDY 4»%5,
¢=0 279 ¢=0 !

which satisfy the fundamental relation e, ,(£)€, (=€) = 1 (cf. [24]).
When A = 0, these series reduce to the standard g-exponentials

o & ©_€&
= _—, @q 2
(&) ;[aq! © = ;q A

and we use the g-Pochhammer symbol (a; q), = ]_[( o= aq’) when convenient (cf. [21,22]).
Remark 2.1. If

AE) = Y ap——, ,
; “121,! Z ‘mq
then .
o [¢] &
A B = K K
(©)B(&) ;;(Z;[K a.b; ][aq
Indeed,

g g '{] &
Kl 1= Klg [k, 200

This identity is standard in g-calculus; see, for example, [21,23].
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Definition 2.2. Motivated by the degenerate Stirling framework in [10,19,20], the degenerate g-Stirling
numbers of the second kind are defined by the following generating-function identity:

e
(e © - 1) —Zsm COZS w20, .0

Definition 2.3. The degenerate q-Bell polynomials are defined by the exponential generating
function (cf. [10, 19,20])

e
o1 (€ a(6) = 1) = Z baltt; A [f] - (22)

Evaluating at u = 1 yields the degenerate g-Bell numbers ¢, ,(1) := ¢ 4(1 ;5 4).
Theorem 2.4. For { > 0,

Z
Gt ) = D (1ea Saqldo k5 ).
k=0
In particular,

e
Gea() = D (1Der 2Lk A).
k=0

Proof. Beginning with (2.2) and expanding ¢, , in its defining series, we arrive at the formal identity

eq ft(eqa(6) = 1)) = Z %(em(f) - 1)~
k=0 a

By the defining relation (2.1) for S,,(Z, «; 4), we can express

e
() = 1) = [l ZSZQ@ G
Inserting this into the preceding identity gives
e p(eq() = 1)) = Z{Z(y)mqu@ K /l)] £ (2.3)
=0 \ k=0 [‘:]‘

Extracting the coefficient of & /[],! from both sides of (2.2) and (2.3) establishes the stated formula
for ¢, 4(u ; A). Taking u = 1 gives the corresponding identity for the numbers ¢, ,(1). O

Definition 2.5. The degenerate o-Fubini polynomials F;(u;A) are defined via the following
generating function (cf. [10, 20, 25]):

I —u(e“@ -1 Zﬁ“(“ ‘ 4

We denote F; (1) := F4(1; A) for the degenerate g-Fubini numbers.

AIMS Mathematics Volume 11, Issue 5, 15277-15301.



15281

Theorem 2.6. For { > 0,
4
Frals D) = D 1K Sa(&o k5 D).
k=0
Proof. From (2.4) and the geometric series expansion, we have

1
1= pu(eqa®) -1

= > (eqa® = 1)
k=0

Apply (2.1) to each power:

(eq,/l(é:)— 1) [K]q Zslq(f K: /1)[5]
Then,
1 i ¢ . 'S A f{ s
1 —pu(eg () — 1) _; Kz:(;'u [K]o! S2.0(Zs k52) TRk 2.5)

Extracting the coefficient of £ /[{],! from both sides of (2.4) and (2.5) gives the stated formula. |

Definition 2.7. The degenerate qo-derangement polynomials d;.(u;A) are defined via the
following generating function, motivated by the degenerate derangement and g-derangement
frameworks in [1-3]:

&
gt

Setting 4 = 0 in d;4(u ; A) yields the numbers d; (1) = d,4(0; A1), which we call the degenerate q-
derangement numbers.

Tz =19 = mew DT (2.6)

Theorem 2.8. For{ > 0,
4

(/J_ 1)m/l
o ) =[] ) ——.
cai ) = [, mZO N
In particular,
bq(A) = [£1,! Z([ ;’“
q-

Proof. Expand both factors in (2.6):

N W= Dma
— =) &, ~1)¢) = ",
D £ el 1) = § TR
Multiply and collect powers of &:
1 oo = Do
ﬁfem((ﬂ - 1) = ;:0 [mEZO [m—]q,]f :
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Rewriting & = [{],! %ﬂ, yields

[

1 _ S (= D | &
1—_§eq,4((u—1)f)—2[[§]q!mzzo ol ][é]q!' (2.7)

¢=0

Comparing the coefficients in (2.6) and (2.7) gives the desired identity. Setting u = 0 gives the formula
for by 4(4). O

Example 2.9. The explicit formula in Theorem 2.8 gives the first values without any further recurrence.
Writing a = u — 1, one obtains

bO,q(/J 5 /l) = 1, Dl,q(/-l 5 /l) =M,
byg(ut3 ) = [21, 1+ ala - D),

D341t ; ) = [3],! w + [Blyala — ) + a(a — )(a - 24).

Thus, the polynomial parameter u shifts the input from the ordinary degenerate factorial basis, and
the parameter q enters through the row factors [{],!/[m],!. For the associated numbers obtained by
setting i = 0, the same formulas become

Do) =1, d1,4(4) =0,
D () =144,
D34(A) = (1 + D(q + o = 22),
Dy () =(1+ /l)([4]q[3]q — [4],(1 +220) + (1 +20)(1 + 3/1)).
As a concrete check, for ¢ = 1/2 and 4 = 0.3, these formulas yield
Do) =1, D14(A) =0, Dyg(d) =13, 34(1) =0.195, bdy,(d) =4.317625.

These values agree with the tabulated values in Example 3.8 below and give a direct way to verify the
two-term inverse relation in Theorem 2.10 for small degrees.

Theorem 2.10. For { > 1,

W= Da=0gq; ) = [{1g D1 q(u s D).
In particular,
(=Dza = 0z q(A) = [{1q 0g-1,4(A).
Proof. Multiply both sides of (2.6) by (1 — &):

f'(

eoa((u = 1DE) = (1 = ) ; Dealpt Vi
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Expand the right-hand side, and shift indices:

o .f(
1- D A = b ;A) — [ ;A .
( f); ol > ; calb: ) = [ 210k 0) 17
Thus, we have the coefficient identity
- g
Z(,u m = Z Dot ) = 181 deoralus D)
q-

Equating the coefficients of &/[{],! for £ > 1 in (2.8) gives the stated recurrence.

(2.8)

O

Remark 2.11. Theorems 2.8 and 2.10 show that the sequence {d; ,(u ; )},0 is not just another list of
coefficients extracted from a generating function. It is obtained from the degenerate falling-factorial

sequence {(u — 1)z .a}s>0 by the lower triangular transform

¢ !
by (s ) = Z [[51] = Do

The inverse transform is the finite-band relation

W= Dga=0rq(; ) = [{1edp—1,4(e 5 ), {1

Consequently, the identities below may be viewed as compositions of this triangular transform with the
degenerate g-Stirling, Bell, and Fubini transforms. This gives a structural interpretation of the formulas

and explains the persistence of the same pattern in the higher-order and (p, q) settings.

Theorem 2.12. For { > 0,

g 4
> H (D Dugs D180 13 ) = Y (1 = Dea(=1)S20(L, 65 A).
=0 =0 Ll k=0

In particular, setting u = 0 yields

g ¢
> H (D D=1 S04 13 D) = Y (D=1 S, 65 A).
=0 =0 L/1q k=0

Proof. Beginning with (2.6), substitute & — 1 — ¢, (). Because 1 — (1 — ¢,1(€)) = ¢,.1(£), we obtain

( eq,/l(é:))l

eq (= (1 = eq2(8)) = Z Dyt ) [,
o!

1
€a, (f )
Multiplying both sides by ¢, ,(£) yields

(1= u®)

ot = D = €01@) = €@ ) dualpt; D
=0 a*

(2.9)
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We now expand the right-hand side of (2.9). First,

m

WGE Z(l)ml[ o

Next, (1 = ¢g(&)) = (=1} (e1(€) — 1), and by (2.1),

&

——(eqa(é) - 1) = Z«qu(], X

[l] !

Hence,

PRRE pil=tat©) ‘”(5)) Z[Z 0y (1S4 5 A)] é:]

>0 Jj=0

Applying Remark 2.1 to the product with ¢, 4(£) gives

M@)Z - (l‘]‘ {16 = Z[ Zﬂ (D= Drgls V(1)
a =0 =0 =0 Ul

f(
[Z1,!

S 13 D) -

On the other hand, expand the left-hand side of (2.9) directly:
D), «
o (1t = D(1 = 4(£)) = Z (”[ (- ea®)

(eqa(é) — I)K.

= Z;w = Dea D

Using (2.1) again, we obtain

4
eot~ 10— eps@) = 3| = Vs SasCii Tt
21| 24 ]

(2.10)

Finally, combining (2.9) with the expansions above and (2.10) and then comparing coefficients

of &/[£],! gives the stated identity. The case u = 0 follows by direct substitution.
Theorem 2.13. For { > 0,

e
Z[ ] (N ia Beal = 3. 0) = Zbkqw D=1 Saa(& k3 D).

k=0

In particular, for u = 0,

Ie
ﬂ (N0 Bea ) = ) (D=1 Sa (&3 D).
k=0

Kl

M~

Il
[«

K

O
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Proof. Rewrite (2.9) by using (u — 1)(1 — ¢,1(€)) = (1 = p)(eq1(€) = 1):

(1 _'eml(f))K.

a1 = 10(e0a(€) = D) = €0a@ ) dualus D=2
k=0 9

Multiply by €, (=€), and use € ;(=&)e,1(€) = 1 to obtain

Cqa(=€) e (1 = w)(ea(€) = 1) = Z; Dualpts ) [«],!

We now expand both sides in the basis &/[{],!.

By definition,
()(1)11 N ()=Dra
€qa(—€) = ,Z; T ' = ;q SRR
and by (2.2),
- o
e (1 = (e — D) = 20] Seall =3 DG

Using Remark 2.1 for the product, we obtain

Cqa(=8) e (1 — p)(ega(@) — 1)

(-« ) &
= Z(Z[ ] o) Diaduall —/m)) AT

(=0 ‘k=0

Because (1 — ¢,1(8))" = (=1)(e (&) — 1), we get from (2.1)

(- @)
[«]!

&
[¢1e!

=(- 1>K282q<§ k3 A)

Therefore,

eM(f)) SIA
Zbkqw pl= @) = D 1D el D1) S (g k5 )

=0 \ «x=0

(1 - eq,/l(‘f))K

2.11)

(2.12)

(2.13)

Comparing the coefficients in (2.11) using (2.12) and (2.13) gives the stated identity. The case u = 0

is obtained by specialization.

Theorem 2.14. For { > 0,

4 4
PRRIICHITIEDY
k=0

=0 m=0

-1

Proof. Substitute € - ¢,,(€) — 11n (2.6). Because 1 — (e,(§) — 1) = 2 — ¢,.4(€), we obtain

(eq,/l(é:) - 1)’('

et = D(€qa®) = D) = 3" Dg(ua5 )
k=0

1
2 - eq,/l(f) [K]q!

[ :| l,q(/l) (/J - l)m,/l SZ,q(é{ - l’ m; /l)

O
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Using (2.1) to expand each (e, (&) — 1)/[«],! yields

1
ol = Ve ® - 1) = Y mew DStk 0| £ (2.14)
2= @ 4\ & [Z1,!

On the other hand, by (2.4) with u = 1, we have

—e(,ﬁ(f) Zﬁ“( T

and by Theorem 2.4,

§j
A
T

00 j é,:J
:Z D = Dt Sag(fms ) A

j= m=0

e (1 = 1D(ega(®) = 1) = Z 60t =

Applying Remark 2.1 to the product yields

1
P eq (1 = 1)(eqa(€) = 1))

(o)

{ ¢ gg
:Z( ZH l,qu)(u—1>m,ﬂsz,q<§—l,m;ﬂ))-mq!.

=0

(2.15)

1=0
Comparing the coefficients in (2.14) and (2.15) establishes the theorem. O
Theorem 2.15. For { > 0,

1z o
= [ l] 014() a2 (D

1=0
Proof. Set u = 01in (2.6) to get

[ee)

1 B f’
Tt = IZ(; DG

Multiply both sides by €, 1(&). Using e, 1(=£)€,1(€) = 1, we obtain

A ¢ &
=" (Z G ](Zq( I Onages )

=0

By Remark 2.1, this becomes
e

(2.16)

q-

On the other hand,

1 oo . 0 é‘{
_ = ¢ = 2.17
E & ;O[K]q TRk (2.17)

0
Equating coeflicients of &/[],! in (2.16) and (2.17) yields the statement. O
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15287

Definition 2.16. The higher-order degenerate q-derangement polynomials are introduced via the
following generating function for all » € N.

ot~ 1)5)—21»(’)(/1 L .18)

1
(a-¢y [£]a!

We denote (1) := d}(0; 2).
Theorem 2.17. For { > 0,

” W=Dl —1+r—1
O3k ) = [é]qz TN ( e )

In particular,

30 = 121! - (—1>M(§—l+r—1)_

=0 [l]q‘ { -1
Proof. Expand (1 - &)~ = % ("7 "")¢™ and eq (1 — &) = I%0( — 1Dia€/[1],!. Then,

1 (S (-t = 1\ (- D
meq,m—l)@—Z{;( (o ) TR ]§-

=0
Rewriting & = [£],! &/[Z]1,! gives

o0 g
1 C=l+r—1\u—-1), | &
Gl = 1é) = ({15! ( ) : : (2.19)
(1-gr ™ ; ‘; (-1 [ ) 121,!
Comparing the coefficients with (2.18) yields the result. The case u = 0 follows by direct substitution.
m]
For later use, we also write Bel; ((1) := ¢, () for the degenerate g-Bell numbers.
Theorem 2.18. For { > 0,
4 4 ’
D P DD SoGm | =) = ) [m] Belyo(=2) (~ D1
m=0 m=0 q
Proof. Replacing & with 1 — e_,4(€) in (2.6) with i = 0 gives
1 1 L (@) i i S &
e () e {1 —e23,(&) = O g(D(=1)"S24({,m | =) : (2.20)
A,q f /l,q( A,q f el b q 2,9 g [g]q!

In contrast, the expansion of the left-hand side using the generating function of Bel,, ,(—1) and applying
Remark 2.1 results in the following equation:

o (&
- | < &
@ (1 = ) (@) = ; (MZO [m] Bel,yo(=2) (~ 1), A) A 21)
Comparing the coefficients in (2.20) and (2.21) establishes the theorem. O
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Theorem 2.19. For { > 0,

(S
Belgo(-0) = ) Z[ ] (D jea(=1)"0g(A) S20m | =),

=0 m=0

Proof. From (2.6) with u = 0, one obtains

1 &m
1+¢ [m]!

Replace & by ¢_;,(&) — 11in (2.22), and expand (¢_;,(£) — 1)" via (2.1) to obtain
el — e q(9)

SHEOE meqw( "=

0 4 J 'féu
= ( [ ] (D= jma(=1)"0y () S 4(jsm | /l))[g] I
£=0 " j=0 m=0 N
Conversely,
e/lq(l —e_14() = e fepq&)—1) = ZBel“( /D[j] i

Comparing the coefficients in (2.23) and (2.24) gives the stated identity.

3. Further results and extensions

(2.22)

(2.23)

(2.24)

In this section, we collect further consequences of the constructions from Section 2. The aim is
to show that the degenerate g-derangement family is stable under three natural operations: passage
to a (p, q)-factorial basis, multiplication by higher powers of (1 — £)~!, and specialization to known
limiting cases. This organization makes the later formulas part of one transform mechanism rather
than independent formal variants. For background on (p, q)-calculus, we refer to [26,27]. For A € C,

we use the degenerate falling factorial given by

(o =1, Wga=p =D =2 (- (=D, £=D.

Moreover, for 0 < |q| < |p| < 1, the (p, q)-factorial is given (see [26,27]) by

¢ j_ o
[lpa! = l]mm, =" @2,

and we set [0],,! = 1. We also set

4 (1
[K]D,q - [K]p,q'[g— K]p ! (0 <k< g)

We define the degenerate (p, q)-exponential function by (cf. [28])

{
(€)= Z( )“[ o

AIMS Mathematics Volume 11, Issue 5,

(3.1

(3.2)

(3.3)

(3.4)

15277-15301.



15289

We will also use the (p, q)-exponential function

“al6) = Z ({10!

which is standard in (p, g)-calculus; see [26,27].

Definition 3.1. The degenerate (p, q)-derangement polynomials d, .(u ; A) are characterized by the

generating function

&

epqal(u = 1E) = mew AT

1
1-¢

In particular, d;, (1) := 0z, 4(0; A) are called the degenerate (», q)-derangement numbers.

Theorem 3.2. For { > 0, we have

l)m/l

DQ

b(nq(ﬂ ) = [g]pq'z [m]

Proof. From (3.4) and (3.5), we obtain

& RN &
D = T 2 D

Because 1/1 — & = Y2, €', we have

m=0 1=0 0
_ i(i (1 1>MJ§§
=0 \m=0 [m]pq|
Multiplying the coefficient of & by [{],4!/[{]p,! = 1, we obtain
N N l)m/l é:{
O pals A ;
2ol i ;; {m” 24! ) 1o

which yields the desired identity by comparing coeflicients.

Theorem 3.3. For { > 1, we have the recurrence relation

(= Dga =015 A) = [{To.ad-1,0.0( 3 A).
Proof. Multiplying both sides of (3.5) by (1 — &) gives

&
[0l

epqa((/»t—l)f)—(l—f)zbzpq(ﬂ Py

(3.5)

AIMS Mathematics Volume 11, Issue 5, 15277-15301.
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The right-hand side can be written as

[Se]

o 74 {+1
Zb(’v,q(ﬂ;ﬂ) 1 Z O pats ) <
=0

[g]p,q- =0 [{]Pq
L _ 4] &
= b(),p,q(l-l N /l) + ; (b{,p,ﬂ(ﬂ ’ /l) - [é’ ;; b( 1 pq(/-l /l)) [{]p,q! )
Because [{],4!/[¢ = 1]p4! = [{y.4, and
¢
epq/l((/l_ 1)5) Z(/J_ )(/l[{i)q
a comparison of coefficients gives the stated recurrence. =

Corollary 3.4. (i) If p — 1, then [{], 4! = [{14!, and vy o(u; A) = Dy (5 A).
(ii)Ifa = 1, and p — 1, then [{],,! — (!, and b, ((u; ) — d(u; 1), where

had e
Q=18 = 3 vl D
=0 ¢

1
1-¢
and ¢;(€) = Y;2o(1)¢a &/ is the usual degenerate exponential function.

Recall that the degenerate q-derangement polynomials of order r are defined by (2.18). Let

J+s—

p j (>0, seN). (3.6)

AY = 121! (

Then,

1 C+s—1 o &
(1—§)S:Z( ) =2 ()z]' G.7)

=0 =0
Theorem 3.5. Forr,s € N and { > 0, we have

14

D(H'S)(IJ /l) — Z (i) b(rg'(/l /l) A(S)

k=0

Proof. Using (2.18) and (3.7), we have

(o)

(r+s) g 1 .
;b{, ;) {]q (1 _f)meM(('u Dé)

1 1
=— ~1
(g vo) (2]

> ¢
) (A PO
[Z ol )mq](z ¢ [aq!]
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By the Cauchy product in the g-factorial basis, the coefficient of & /[{],! is

e
D

k=0
which establishes the theorem.
Corollary 3.6. Forr e Nand { > 0, we have
{

o s ) = Z(é) o33 ) [£ = Kl

k=0

Proof. This follows from Theorem 3.5 by taking s = 1, for which AV = [m],!.

O

The following limiting relations show that the families considered in this paper unify the known

g-derangement and classical derangement polynomials.
Theorem 3.7. For each fixed { > 0, the following limits hold:
(i) ﬁir% D q(t s A) = by (), where by o(u) is introduced by
f(

1 (o)
- —1é) = » =
g (WD) ; 0T

(ii) }]1_1)1} D q(t s A) = (s 1), where dy (15 A) is introduced by

o ¢
=18 = > v 0%
=0 ¢

1
1-¢
(iii) 1111311 . Dq(1 5 A) = d (), where d (1) is the classical derangement polynomial determined by

q—1, A

PH-DE & &

1_¢ 25 :005,

Proof. (1) By (3.1), we have (u — 1),,, — (u—1)" as 4 — 0 for each fixed m. Hence,

m((u—l)f)—Z(u— m[ X Z(u _—eq«u—l)f)

coefficientwise. Multiplying by (1 — &)~' and comparing coefficients yields the desired limit

for by 4(u; A).
(11) For each fixed m > 0, we have [m],! — m! as g — 1, and hence,

eqa((u = DE) = Z(u = Dy ZW >M— = (u - D).

[]'

Therefore, (2.6) reduces to the defining generating function of d;(u ; A) in the limit g — 1.
(iii) This follows from (ii) by letting A — 0 and using ¢;(( — 1)&) — e* %,

O
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The next identity records the inclusion—exclusion content of the construction in a form that
is independent of the particular coefficient extraction used above. The degenerate q-derangement
numbers naturally admit a weighted inclusion—exclusion description. Indeed, the factorial expansion
in Theorem 2.15 can be rewritten as

4
AEDY (4) () a2 (Do (3.8)
k=0 K q
which shows that the “defect” between [{],! and the degenerate weight (1), is measured by
the derangement numbers. This is consistent with the usual inclusion—exclusion principle for
derangements, where the parameter g encodes a g-weight and A produces a degenerate deformation.

Example 3.8. For numerical verification, we list the first few values of d;.(1) obtained from
Theorem 2.8 for g = 1/2 and 4 = 0.3:

/01 2 3 4 5
dqd) 1 0 13 0.195 4317625 —0.3290015625

These values can be used to check the recurrences in Theorem 2.10 and the convolution identity in
Theorem 3.5 in concrete cases. The explicit sums obtained from the generating functions lead to a
very simple inhomogeneous recurrence. This recurrence is useful for computational purposes and
yields a convenient determinant representation.

Figures 1-3 visualize the values of d,.,(1) given by Theorem 2.8 for { = 0,...,15 and
q €{0.25,0.5,0.75, 0.9} for three representative choices of 4. The symmetric logarithmic scale is used
so that both the wide range of magnitudes and the possible sign changes are visible on the same plot.

d_{zeta,q}(lambda) for lambda=0.1 (zeta=0..15)

10° —— q=0.25
10° q=0.5
—e— =0.75
10" 1 —e— g=0.9
106 .
10° A
104 .
103 i
102 -

1010 .

d_{zeta,q}(lambda)

zeta

Figure 1. Values of d,,(1) (from Theorem 2.8) for 4 = 0.1 and q € {0.25,0.5,0.75, 0.9},
plotted for £ = 0, ..., 15 on a symmetric logarithmic scale.
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d_{zeta,q}(lambda) for lambda=0.3 (zeta=0..15)
1010 u

10° —e— q=0.25
108 —0— g=0.5
107 4 —o— q=075
106 + —@— q=0.9
105 .
104 i
103 .
102 i
101 .
100 i
o -
—100°
o _101 u
-102 ~
—103 4
~10°
-10°
—-10° -
~107

| {zeta,q}(lambda)

T T T T
zeta

Figure 2. Values of d;,(1) (from Theorem 2.8) for 4 = 0.3 and q € {0.25,0.5,0.75, 0.9},
plotted for £ = 0, ..., 15 on a symmetric logarithmic scale.

d_{zeta,q}(lambda) for lambda=0.5 (zeta=0..15)

| —@— g=0.25
108_ —— q=05
107 + —@— g=0.75
10° 1 —e— g=0.9

d_{zeta,q}(lambda)

_100
-10!?
_102 4
_103
-10%

T T T T
zeta

Figure 3. Values of d; (1) (from Theorem 2.8) for 4 = 0.5 and q € {0.25,0.5,0.75, 0.9},
plotted for £ = 0, ..., 15 on a symmetric logarithmic scale.
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The plots in Figures 1-3 suggest a clear qualitative dependence on the deformation parameters. All
cases satisfy the expected initial values dy,(4) = 1 and d;,(4) = 0. For 4 = 0.1, the sequences
for g > 0.5 stay positive and increase rapidly with £, whereas for q = 0.25, the values already alternate
in sign, and their magnitudes grow with {. As A increases to 0.3 and 0.5, this oscillatory behavior
becomes more pronounced and extends to larger values of q, whereas for g close to 1, the values
remain positive and essentially monotone over the displayed range.

Proposition 3.9. For { > 1, we have
Oq(sA) = [¢Ta Dp—10(p s D) + (1 = Dea (3.9)
Moreover, for 0 < |q| < |p| < 1,
O patts A) = [{lpg Dr-1,p,0(us D) + (U= Dz (3.10)
Proof. By Theorem 2.8, we have

l)m/l
[m],!

mw4>whzw

Multiplying the corresponding identity for £ — 1 by [{], gives

Dy
Mmuwﬁwwhzw It

Subtracting the last two equations yields
D (s A) = [{g Dot g(us ) = (U — g a,
which proves (3.9). The proof of (3.10) is the same, using Theorem 3.2 instead of Theorem 2.8. O
Corollary 3.10. For ¢ > 1,
Do) = [1a21aD) + (Dt Ve = [lpa Dot pa(D) + (=D
Proof. Set u = 0 in Proposition 3.9. O
Theorem 3.11. Let o, = [k], and B, = (u — 1), (k > 1). For { > 1, set

i -1 0 - 0
ﬁz (0%) -1
Ar=1 L (3.11)
Beer 0 ey —1
B, 0 - 0 a
Then,
Drq(us ) = [+ As (3.12)
Similarly, with a, = [k], and the same p,
O pa(tts A) = [{1pa! + AP, (3.13)

where A?"q) is introduced by (3.11) with a, = [k],,
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Proof. Expanding A, along the last row gives
Ar = Aoy + By, (¢ =2), Ay = Bi.
Because [{],! = a/[{ - 1],!, and a; = [1], = 1, the sequence u, = [{],! + A, satisfies
U = gy + By, up = 1.

By Proposition 3.9, d,.(u;A) satisfies the same recurrence with the same initial value, and
hence, u; = d; (i ; A) for all £ > 0. This proves (3.12). The proof of (3.13) is identical. O

The following normalized form makes the triangular mechanism explicit and provides the structural
viewpoint used throughout the paper. Define the normalized polynomials

bl,q(ll;/l)

Do) = , (£ =0). (3.14)
[£]a!
By Theorem 2.8,
(/-l 1)m/l
D A , > 0). 3.15
ol ) = Z TN (=0 (3.15)
Lemma 3.12. For > 1,
(u =1y,
g A) = Dpgg(ps D) + (3.16)
[£15!
Equivalently,
(= Dga = o3 ) = [ dp-1,0(ut 5 D). (3.17)
Proof. Equation (3.16) follows immediately from (3.15) by separating the last term m = (.
Multiplying (3.16) by [{],! yields (3.17). O

Equations (3.15)—(3.17) show that the passage from the degenerate falling factorials (u — 1),
to the degenerate g-derangement polynomials d,,(u;A) is a triangular transform generated by the
factor 1/1— £. In the language of Riordan arrays, multiplication by 1/1 — & corresponds to the classical
Riordan pair (1/1 — &,£). See [29, 30] for further details. The presence of the g-factorials rescales
the rows and columns, and the parameter A changes the input basis from powers to degenerate falling
factorials. Thus, the recurrence, determinant, and convolution identities are different manifestations
of the same lower triangular operator. This interpretation is useful because it separates the universal
transform from the deformation-dependent input sequence. When 4 = 0, the degenerate factorial
reduces to an ordinary power, and the g-exponential becomes analytic. In this case, one can obtain a
clean limiting relation as { — oo.

Proposition 3.13. Assume 0 < g < land A =0. If|ju—1| < 1/1 —q, then

bl 0) & -1y
M T =), [ml,! G-18)
In particular,
b(q( | )
}L%—[g]q. ¢g(—1).
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Proof. By Theorem 2.8 with 4 = 0,

b{,q(ﬂ | 0) _

[£]!

For 0 < q < 1, we have [m],! = (a; a),,/(1 = q)" (see [21,22]), and hence,

(/,l _ 1)m+l

(=1

[m+1],! [m],!

<=9 lu-1|.

Therefore, the series defining ¢,(u — 1) converges absolutely whenever (1 — g)|u — 1| < 1. Taking the

limit { — oo in the partial sums proves (3.18).

O

For completeness, we briefly record the natural degenerate (p, q)-extensions of the Stirling numbers
and Bell polynomials. These objects provide a convenient interface between generating functions and

coefficient identities.

Definition 3.14. For « > 0, the degenerate (p, q)-Stirling numbers of the second kind S, (¢, « ; A) are

given by the generating function

(pa/l(f) 1) —ZSZM({K AD——

The associated degenerate (p, q)-Bell polynomials are

{
Biyous ) = Z Sopalls Kk )t
k=0

Theorem 3.15. The exponential generating function of B, (1 ; A) is given by

epa(u(epa(é) — 1)) = ZBCM(/J A)——

Proof. Using the series definition of ¢, , and the Cauchy product, we have (cf. [23,26,27])

(o8]

epa(tt(epan() — 1)) = Z

k=0
o0
=0

K

which gives (3.21) by (3.20).

AIMS Mathematics

o

MS“

2,v,q(§, K;A)

M“”ﬁ

Z Sop0(o K ﬂ)u”]
=0

Il
(=]

(3.19)

(3.20)

(3.21)

O
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It is also convenient to expand the degenerate falling factorials in the power basis. Define the
degenerate Stirling numbers of the first kind J ,(¢, ) by

4
Wea= ) hald,0u (3.22)
k=0
Then, combining (3.22) with Theorem 3.2 yields an explicit coefficient expansion for b, (i ; A) as a
polynomial in (u — 1).
Proposition 3.16. For { > 0,

1

[m] P,q !

¢ m
D gt ) = ! D D7 hatm, ) (= 1) (3.23)
m=0 k=0

Proof. Substitute (u—1),,1 = Xy f1 1(m, k) (u—1)“ into Theorem 3.2, and interchange the finite sums.
O

The preceding identities are algebraic, but the form of the generating functions also indicates several
natural contexts in which the family may be useful. First, the specialization u = 0 gives a degenerate
g-weighted analog of the classical fixed-point-free permutation count. In enumerative models where q
records a Mahonian-type statistic such as inversions or major index, the parameter A can be interpreted
as a deformation of the weight assigned to the excluded fixed-point structure. The explicit formulas
above therefore provide a tractable test family for studying how derangement-type statistics behave
under simultaneous q-weighting and degeneration; compare the nondegenerate g-derangement setting
in [3] with the probabilistic degenerate derangement framework in [6].

Second, the expansion through the degenerate g-Stirling numbers connects the present polynomials
with partition-type objects, Bell polynomials, and ordered partition/Fubini-type polynomials.
Consequently, identities such as Theorems 2.12-2.15 can be read as transfer rules between
derangement-type structures and set-partition structures. This is relevant whenever one needs to
move between fixed-point restrictions and block-decomposition models, for instance, in symbolic
enumeration, normal ordering problems, or g-special polynomial expansions built from Stirling
transforms [10, 19,20]; related generating-function constructions for generalized Fibonacci—Lucas and
Legendre—polylogarithm polynomial families are developed in [18].

Third, the lower triangular transform described in Remark 2.11 and in (3.15)—(3.17) gives
computational advantages. Once the degenerate falling factorials are known, the values of d; (1 ; 1)
can be generated by stable first-order recurrence (3.9), and the determinant formula in Theorem 3.11
supplies an alternative representation suitable for studying Hankel-type determinants and continued
fractions. The (p,q)-extension suggests that the same mechanism can be transported to two-
parameter g-calculus, degenerate Laplace/Sumudu-type transforms, and related families of special
functions [4,8,11,26,27].

4. Conclusions

We introduced a A-degenerate g-derangement family through a generating kernel that combines the
degenerate falling factorial with a Carlitz-type degenerate g-exponential. This definition produces the
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polynomials d,,(u; A) and the associated numbers (1), for which we derived explicit coefficient
formulas, recurrence relations, convolution identities, numerical illustrations, and determinant
representations. The central structural feature is the lower triangular transform

(= Dga ¥ by ),

whose inverse is the two-term relation in Theorem 2.10. This transform perspective explains the
expansion of d,,(u; A) in terms of the degenerate g-Stirling numbers of the second kind and links the
family to corresponding Bell- and Fubini-type constructions in the spirit of related degenerate Stirling
theory [10, 19,20]. Higher-order analogs and the degenerate (p, q)-extension preserve this mechanism,
rather than merely reproducing the same coefficient extraction in a different notation. Finally, the
limiting regimes 4 — 0 and q — 1 recover, respectively, the non-degenerate g-derangement families [3]
and the classical derangement polynomials.

The added low-degree computations, numerical table, and figures illustrate how the formulas may
be used in practice: The first values already show where the g-weight enters and how increasing A
can change the sign pattern of the associated numbers. These observations are not a substitute for
a complete combinatorial model, but they help identify the parameter ranges in which positivity,
oscillation, or rapid growth should be expected.

Several further developments appear especially promising. First, it would be useful to place the
sequence {d;q(u; A)}s~o into a degenerate q-Sheffer setting, which may yield systematic operational
rules, inversion principles, transform formulas, and connection coefficients in the spirit of [9-13].
Second, combinatorial and probabilistic models (cf. [6, 7]) could clarify which statistics are encoded
by the parameters q and A, especially in relation to fixed-point restrictions, block decompositions, and
weighted random permutations. Third, richer (p, q)-extensions may reveal further links with other g-
special functions, approximation operators, degenerate Mittag-Leffler-type functions, and Stirling-type
families; see [10, 14, 20,26, 27].

We close with a short list of questions suggested by the present results.

e Real-rootedness and unimodality. For fixed q € (0, 1) and sufficiently small |4], investigate the
zero distribution of d; 4(u ; 4) and the log-concavity of its coefficients.

e Hankel determinants and continued fractions. The determinant representation in Theorem 3.11
points toward Hankel determinant techniques and continued-fraction expansions for suitable
normalizations of {d;,(i ; A)}s>0.

o Full (p, q)-extensions. Develop a comprehensive theory of degenerate (p, q)-Stirling and (p, q)-
Bell polynomials, and formulate a complete (p, q)-analog of the inversion identities obtained in
Section 2.
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