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Abstract: In this article, the complete moment convergence for the partial sum of moving average
processes {Xn =

∑∞
i=−∞ aiYi+n, n ≥ 1} is established under some proper conditions, where {Yi,−∞ < i <

∞} is a sequence of m-widely acceptable (m-WA) random variables, which is stochastically dominated
by a random variable Y in sub-linear expectations space (Ω,H ,E), and {ai,−∞ < i < ∞} is an
absolutely summable sequence of real numbers. The results extend the relevant results in probability
space to those under sub-linear expectations. A Rosenthal-type inequality for m-WA random variables
is also eatablished.
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1. Introduction

In order to study the uncertainty in probability, Peng [1,2] introduced the concepts of the sub-linear
expectations space. Motivated by the works of Peng [1,2], many people have tried to extend the results
of classic probability space to those of the sub-linear expectations space. Zhang [3–5] proved the
exponential inequalities, Rosenthal’s inequalities, and Donsker’s invariance principle under sub-linear
expectations. Under sub-linear expectations, Xu and Cheng [6] studied how small the increments of G-
Brownian motion are. Xu and Zhang [7,8] got a three series theorem of independent random variables
and a law of logarithm for arrays of row-wise extended negatively dependent (END) random variables
under the sub-linear expectations. Zhong and Wu [9] obtained the complete convergence and complete
moment convergence for weighted sums of END random variables under sub-linear expectations. For
more limit theorems under sub-linear expectations, the interested readers could refer to Chen [10],
Zhang [11], Kuczmaszewska [12], Chen and Wu [13], Xu and Cheng [14], Xu et al. [15, 16], and Xu
and Kong [17] and references therein.
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Guan et al. [18] proved under proper conditions the complete moment convergence for the
partial sum of moving average processes produced by m-widely orthant dependent (m-WOD) random
variables holds. For more results about complete moment convergence of moving average processes,
the interested reader could refer to Zhang and Ding [19] and Hosseini and Nezakati [20, 21] and
refercences therein. Recently, under the sub-linear expectations, Xu et al. [15] and Xu and Kong [17]
proved complete convergence and complete moment convergence for negatively dependent (ND)
random variables, Xu et al. [16] established complete convergence and complete moment convergence
of linear processes produced by ND random variables, Xu [22] got complete convergence and complete
moment convergence for maximal weighted sums of END random variables, Kuczmaszewska [12]
obtained complete convergence for widely acceptable (WA) random variables, Hu and Wu [23]
considered the complete convergence theorem for weighted sums of WA random variables, and Wu,
Deng, and Wang [24] studied capacity inequalities and strong laws for m-widely acceptable (m-WA)
random variables. By the definition of ND (see Definition 1.5 of Zhang [4]), END (see Definition 2.4 of
Zhang [25]), and m-WA random variables under sub-linear expectations here, as discussed in Section 5
of Kuczmaszewska [12], ND and END random variables (cf. Definition 2.4 of Zhang [25]) are also m-
WA random variables, and m-WA random variables are not necessarily ND or END random variables
under sub-linear expectations. The complete convergence and complete moment convergence for
maximal weighted sums of m-WA random variables and the complete moment convergence for partial
sums and maximal partial sums for moving average processes produced by m-WA random variables
remain unkown. It is natural to ask whether or not the relevant results of Guan et al. [18] hold for
moving average processes produced by m-WA random variables under sub-linear expectations. As
discussed in Example 2.5 of Zhang [25], m-WOD random variables in probability space are m-WA
random variables in sub-linear expectation space if the sub-linear expectation E is reduced to linear
expectation E. Why m-WA random variables under sub-linear expectations nontrivially differ from
m-WOD random variables in probability space could be seen heuristically by the nontrivial difference
between G-normal random variables and normal random variables as pointed out in Remark 3.1 of
Xu [26]. The main contributions of this paper are as follows: We prove a Rosenthal-type inequality
for m-WA random variables, which is an inevitable and useful tool to investigate the complete moment
convergences related to m-WA random variables under sub-linear expectations. Secondly, we exactly
establish the complete moment convergence for the partial sum of moving average processes produced
by m-WA random variables under sub-linear expectations, carefully extending the relevant results
obtained in Guan et al. [18].

We organize the rest of this paper as follows. We give some necessary basic notions, concepts,
and corresponding properties and provide necessary lemmas under sub-linear expectations in the next
section. In Section 3, we give our main results, Theorems 3.1 and 3.2, the proofs of which are also
presented in this section.

2. Preliminary

As in Xu and Cheng [14], we use similar notations as in the work by Peng [2], Chen [10], and
Zhang [4]. Suppose that (Ω,F ) is a given measurable space. Assume thatH is a subset of all random
variables on (Ω,F ) such that X1, · · · , Xn ∈ H implies φ(X1, · · · , Xn) ∈ H for each φ ∈ Cl,Lip(Rn),
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where Cl,Lip(Rn) represents the linear space of (local Lipschitz) function φ fulfilling

|φ(x) − φ(y)| ≤ C(1 + |x|m + |y|m)(|x − y|),∀x, y ∈ Rn

for some C > 0, m ∈ N depending on φ.

Definition 2.1. A sub-linear expectation E on H is a functional E : H 7→ R̄ := [−∞,∞] fulfilling the
following properties: For all X,Y ∈ H , we have

(a) Monotonicity: If X ≥ Y, then E[X] ≥ E[Y];

(b) Constant preserving: E[c] = c, ∀c ∈ R;

(c) Positive homogeneity: E[λX] = λE[X], ∀λ ≥ 0;

(d) Sub-additivity: E[X + Y] ≤ E[X] + E[Y] whenever E[X] + E[Y] is not of the form +∞ − ∞ or
−∞ +∞.

A set function V : F 7→ [0, 1] is named to be a capacity if

(a) V(∅) = 0, V(Ω) = 1;

(b) V(A) ≤ V(B), A ⊂ B, A, B ∈ F .

A capacity V is called sub-additive if V(A
⋃

B) ≤ V(A) + V(B), A, B ∈ F .
In this sequel, given a sub-linear expectation space (Ω,H ,E), set V(A) := inf{E[ξ] : IA ≤ ξ, ξ ∈ H},

∀A ∈ F (see (2.3) and the definitions of V above (2.3) in Zhang [3]). V is a sub-additive capacity. Set

CV(X) :=
∫ ∞

0
V(X > x)dx +

∫ 0

−∞

(V(X > x) − 1)dx.

As in 4.3 of Zhang [3], throughout this paper, define an extension of E on the space of all random
variables by

E∗(X) = inf {E[Y] : X ≤ Y,Y ∈ H} .

Then E∗ is a sub-linear expectation on the space of all random variables, E[X] = E∗[X], ∀X ∈ H , and
V(A) = E∗(IA), ∀A ∈ F .

Definition 2.2. Suppose {Yi,−∞ < i < ∞} is a sequence of random variables in sub-linear expectations
space (Ω,H ,E). {Yi,−∞ < i < ∞} is called to be WA, if there exists a positive sequence {g(n), n ≥ 1}
of dominating coefficients such that for all n ∈ N and for all −∞ < j < ∞, we have

E exp

 n∑
i=1

ani fi(Y j+i)

 ≤ g(n)
n∏

i=1

E exp
(
ani fi(Y j+i)

)
, 0 < g(n) < ∞, (2.1)

where {ani, 1 ≤ i ≤ n, n ≥ 1} is an array of nonnegative constants and fi(·) ∈ Cb,Lip(R), i = 1, 2, . . . are
all non-decreasing ( or all non-increasing ) real-valued truncation functions.

Definition 2.3. Let m ≥ 1 be fixed integer. A sequence of random variables {Xn, n ≥ 1} is called to
be m-WA, if, for any n ≥ 2 and i1, i2, · · · , in fulfilling |ik − i j| ≥ m for all 1 ≤ k , j ≤ n, we have
Xi1 , Xi2 , · · · , Xin are WA.
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Definition 2.4. We say that {Yn; n ≥ 1} is stochastically dominated by a random variable Y in (Ω,H ,E)
if there exists a constant C such that ∀n ≥ 1 for all nonnegative h ∈ Cl,Lip(R), E(h(Yn)) ≤ CE(h(Y)).

Assume that X1 and X2 are two n-dimensional random vectors defined, respectively, in sub-linear
expectation spaces (Ω1,H1,E1) and (Ω2,H2,E2). They are called identically distributed if, for every
function ψ ∈ Cl,Lip(R) such that ψ(X1) ∈ H1, ψ(X2) ∈ H2,

E1[ψ(X1)] = E2[ψ(X2)]

whenever the sub-linear expectations are finite. {Xn}
∞
n=1 is named to be identically distributed if, for

each i ≥ 1, Xi and X1 are identically distributed.
In the paper, we assume that E is countably sub-additive, i.e., E(X) ≤

∑∞
n=1 E(Xn) whenever X ≤∑∞

n=1 Xn, X, Xn ∈ H and X ≥ 0, Xn ≥ 0, n = 1, 2, . . .. Hence, E∗ is also countably sub-additive. Let C
stand for a positive constant that may change from place to place. I(A) or IA represents the indicator
function of A. Write log(x) = ln max{e, x}, x > 0.

We cite the following lemma (cf. Lemma 2.2 of Xu et al. [16]).

Lemma 2.1. If, for a random variable X on (Ω,F ), CV{|X|} < ∞, then

E∗[|X|] ≤ CV{|X|}.

Next, we give some useful lemmas.

Lemma 2.2. (cf. Wu et al. [24]) Let {Xn, n ≥ 1} be a sequence of m-WA random variables with
dominating coefficients g(n). If { fn(·), n ≥ 1} are all non-decreasing (non-increasing), then { fn(Xn), n ≥
1} are still m-WA with dominating coefficients {g(n), n ≥ 1}.

Lemma 2.3. Let 0 < t ≤ 1 or t = 2 and {Xn, n ≥ 1} be a sequence of WA random variables in sub-
linear expectations space (Ω,H ,E). Assume further that E(Xn) ≤ 0 for each n ≥ 1 when t = 2. Then
for all x > 0 and y > 0,

V (S n ≥ x) ≤
n∑

i=1

V (Xi > y) + g(n) exp
(

x
y
−

x
y

ln
(
1 +

xyt−1∑n
i=1 E|Xi|

t

))
. (2.2)

Proof. If 0 < t ≤ 1, then we can establish (2.2) by the adapted proof of Theorem 2.1 of Shen [27]. In
summary, we use the truncation of Xi and the non-decreasing property of the function ehu−1

ut on u ≥ 0
for h > 0, and then we use the minimum of exp

{
ehy−1

yt

∑n
i=1 E

(
|Xi|

t) − hx
}

over y > 0 to obtain (2.2);
the details are postponed in Appendix. If t = 2, (2.2) follows immediately from Lemma 2.1 of Wu
et al. [24]. □

Lemma 2.4. For a positive real number q ≥ 2, {Xn, n ≥ 1} is a sequence of m-WA random variables
with dominating coefficients {g(n), n ≥ 1}. If CV {|Xi|

q} < ∞ for every i ≥ 1, then for all n ≥ 1, there
exist positive constants C1(m, q), C2(m, q), and C3(m, q) depending on q and m such that

E


∣∣∣∣∣∣∣

n∑
i=1

Xi

∣∣∣∣∣∣∣
q ≤C1(m, q)

n∑
i=1

CV {|Xi|
q} +C2(m, q)g(n)

 n∑
i=1

EX2
i

q/2

+C3(m, q)

 n∑
i=1

[|E(Xi)| + |E(−Xi)|]

q

.
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Proof. For readers’ convenience, we give a short sketch of the proof here. First, we prove Lemma 2.4
in the case that {Xn, n ≥ 1} is a sequence of WA random variables with dominating coefficients
{g(n), n ≥ 1}, which can be obtained by multiplying both sides of (4.1) by qxq−1 and integrating on
the half line, and Cr inequality. Then combining the above result with the similar proof of Corollary 3
of Fang et al. [28] (see the end of this proof) and Cr inequality, it concludes that Lemma 2.4 holds.
Note that

CV{|X+|q} =
∫ ∞

0
V

(
|X+|q > x

)
dx =

∫ ∞

0
qxq−1V

{
|X+| > x

}
dx,

where X+ := max{X, 0}. We first suppose that {Xn, n ≥ 1} is a sequence of WA random variables with
dominating coefficients {g(n), n ≥ 1} and E(Xn) ≤ 0. Putting y = x/r in (2.2) with t = 2 yields

V
(
S +n ≥ x

)
≤

n∑
i=1

V
(
X+i > y

)
+ g(n)er

 r
∑n

i=1 E
(
|Xi|

2
)

r
∑n

i=1 E
(
|Xi|

2) + x2


r

. (2.3)

By the similar proof of (3.4) of Zhang [11], n ≥ 1, multiplying both sides of (2.3) by qxq−1, and
integrating on the half line, we have

E
((

S +n
)q)
≤ CV

{(
S +n

)q}
≤

n∑
i=1

CCV
{
|X+i |

q} +Cg(n)

 n∑
i=1

EX2
i

q/2

.

Hence, when {Xn, n ≥ 1} is a sequence of WA random variables with dominating coefficients {g(n), n ≥
1}, by Cr inequality, we see that

E
((

S +n
)q)
≤ CE

(S n −

n∑
i=1

EXi)+
q +C

 n∑
i=1

|E(Xi)|

q

≤

n∑
i=1

CCV
{
|(Xi − EXi)+|q

}
+Cg(n)

 n∑
i=1

EX2
i

q/2

+ +C

 n∑
i=1

|E(Xi)|

q

≤

n∑
i=1

CCV
{
|X+i |

q} +C
n∑

i=1

|E(Xi)|q +Cg(n)

 n∑
i=1

EX2
i

q/2

+ +C

 n∑
i=1

|E(Xi)|

q

≤

n∑
i=1

CCV
{
|X+i |

q} +Cg(n)

 n∑
i=1

EX2
i

q/2

+ +C

 n∑
i=1

|E(Xi)|

q

,

and

E
((

(−S n)+
)q)
≤

n∑
i=1

CCV
{
|X−i |

q} +Cg(n)

 n∑
i=1

EX2
i

q/2

+ +C

 n∑
i=1

|E(−Xi)|

q

.

Therefore, combining the two equations above yields

E


∣∣∣∣∣∣∣

n∑
i=1

Xi

∣∣∣∣∣∣∣
q ≤C1(m, q)

n∑
i=1

CV {|Xi|
q} +C2(m, q)g(n)

 n∑
i=1

EX2
i

q/2

+C3(m, q)

 n∑
i=1

[|E(Xi)| + |E(−Xi)|]

q

.
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When {Xn, n ≥ 1} is a sequence of m-WA random variables with dominating coefficients {g(n), n ≥ 1},
we may assume that n = m j + l for some j ≥ 0 and 1 ≤ l ≤ m. Then

∑n
i=1 Xi =

∑m
i=0

∑l
j1=1 Xim+ j1 +∑m−1

i=0
∑m

j2=1 Xim+ j2 . By Definition 2.3, {Xim+ j1 , 0 ≤ i ≤ m} is WA for each 1 ≤ j1 ≤ l, and {Xim+ j2 , 0 ≤ i ≤
m − 1} is WA for each 1 ≤ j2 ≤ m. By the equation above and Cr inequality, we see that

E


∣∣∣∣∣∣∣

n∑
i=1

Xi

∣∣∣∣∣∣∣
q

≤ (2m)q−1

 l∑
j1=1

E


∣∣∣∣∣∣∣

m∑
i=0

Xim+ j1

∣∣∣∣∣∣∣
q + m∑

j2=1

E


∣∣∣∣∣∣∣
m−1∑
i=0

Xim+ j2

∣∣∣∣∣∣∣
q


≤ (2m)q−1

 l∑
j1=1

C1(m, q)
m∑

i=0

CV
{
|Xim+ j1 |

q
}
+C2(m, q)g(n)

 m∑
i=0

EX2
im+ j1

q/2

+C3(m, q)

 m∑
i=0

[
|E(Xim+ j1)| + |E(−Xim+ j1)|

]q
+ (2m)q−1

 m∑
j2=1

C1(m, q)
m−1∑
i=0

CV
{
|Xim+ j2 |

q
}

+C2(m, q)g(n)

m−1∑
i=0

EX2
im+ j2

q/2

+C3(m, q)

m−1∑
i=0

[
|E(Xim+ j2)| + |E(−Xim+ j2)|

]q


≤ (2m)q−1

C1(m, q)
n∑

i=1

CV {|Xi|
q} +C2(m, q)g(n)

 n∑
i=1

EX2
i

q/2

+C3(m, q)

 n∑
i=1

[|E(Xi)| + |E(−Xi)|]

q .
This finishes the proof. □

Remark 2.1. Lemma 2.4 differs from Rosenthal’s inequality for ND random variables under sub-linear
expectations (cf. Theorem 2.1 of Zhang [4]) by noting that here, there is g(n) with CV {|Xi|

q} and m-
WA in place of E {|Xi|

q} and NA in Theorem 2.1 of Zhang [4]. In the proof of Theorems 3.1 and 3.2,
Lemma 2.4 is indispensable to obtain I2 < ∞ and J2 < ∞.

3. Main results

Our main results, considered as an extension of Guan et al. [18] in some sense, are as follows.

3.1. Notation and standing assumptions

Hereafter, suppose l(x) is a function slowly varying at infinity. Suppose that {ai,−∞ < i < ∞} is an
absolutely summable sequence of real numbers. Assume that {Xn =

∑∞
i=−∞ aiYi+n, n ≥ 1} is a moving

average process produced by a sequence {Yi,−∞ < i < ∞} of m-WA random variables with dominating
coefficients g(n) and {Yi,−∞ < i < ∞} is stochastically dominated by Y in sub-linear expectation space
(Ω,H ,E).

Theorem 3.1. Suppose p ≥ 1, α > 1
2 , αp > 1, and g(n) = O(nδ) for some δ ≥ 0. If E(Yi) = E(−Yi) = 0,

i = 1, 2, · · · , for 1
2 < α ≤ 1, CV

{
|Y |pl(|Y |1/α)

}
< ∞ for p > 1, and CV

{
|Y |1+λ

}
< ∞ for p = 1 and some
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λ > 0, then for any ϵ > 0,

∞∑
n=1

nαp−2−αl(n)CV



∣∣∣∣∣∣∣

n∑
j=1

X j

∣∣∣∣∣∣∣ − ϵnα

+ < ∞. (3.1)

Remark 3.1. In Theorem 3.1, if E is reduced to linear expectation E, then (3.1) is just (3.1) of Guan
et al. [18]. The rate nαp−2−αl(n) implies limn→∞ nαp−1l(n)

∫ ∞
ϵ
V

(∣∣∣∑n
j=1 X j

∣∣∣ /nα > y
)

dy = 0, ∀ϵ > 0.
In Theorems 3.1 and 3.2, we assume that E(Yi) = E(−Yi) = 0 for −∞ < i < ∞. Under these
restrictive conditions, the intrinsic difference between probability space and sub-linear expectation
space is discussed heuristically in Remark 3.1 of Xu [26].

Proof of Theorem 3.1. For 2−α < µ < 1, define g̃µ(x) ∈ Cl,Lip(R) such that I{|x| ≤ µ} < g̃µ(x) < I{|x| ≤
1}. Define g j(x) ∈ Cl,Lip(R), j ≥ 1 such that g j(x) is an even function, and for x, 0 ≤ g j(x) ≤ 1,
g j(x/2 jα) = 1 while 2( j−1)α < |x| ≤ 2 jα, and g j(x/2 jα) = 0 while |x| ≤ µ2( j−1)α or |x| > (1 + µ)2 jα. We
see that

g j(|Y |/2 jα) ≤ I
{
µ2( j−1)α < |Y | ≤ (1 + µ)2 jα

}
, |Y |lg̃µ

(
|Y |
2kα

)
≤ 1 +

k∑
j=1

|Y |lg j

(
|Y |
2 jα

)
, (3.2)

1 − g̃µ

(
|Y |
2kα

)
≤

∞∑
j=k

g j

(
|Y |
2 jα

)
. (3.3)

Let f (n) = nαp−2−αl(n), Y (1)
x j = −xI{Y j < −x} + Y jI{|Y j| ≤ x} + xI{Y j > x}, Y (2)

x j = Y j − Y (1)
x j be the

monotone truncations of {Y j,−∞ < j < ∞} for x > 0. Write Y (1)
x = −xI{Y < −x}+YI{|Y | ≤ x}+ xI{Y >

x}, Y (2)
x = Y − Y (1)

x . Then by Lemma 2.2, we see that {Y (1)
x j ,−∞ < j < ∞} and {Y (2)

x j ,−∞ < j < ∞} are
two sequences of m-WA random variables. We observe that

∞∑
n=1

f (n)CV



∣∣∣∣∣∣∣

n∑
j=1

X j

∣∣∣∣∣∣∣ − ϵnα

+

≤

∞∑
n=1

f (n)
∫ ∞

ϵnα
V


∣∣∣∣∣∣∣

n∑
j=1

X j

∣∣∣∣∣∣∣ > x

 dx ≤ C
∞∑

n=1

f (n)
∫ ∞

nα
V


∣∣∣∣∣∣∣

n∑
j=1

X j

∣∣∣∣∣∣∣ > ϵx

 dx

≤C
∞∑

n=1

f (n)
∫ ∞

nα
V


∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

Y (2)
x j

∣∣∣∣∣∣∣ > ϵx/2

 dx

+C
∞∑

n=1

f (n)
∫ ∞

nα
V


∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

Y (1)
x j

∣∣∣∣∣∣∣ > ϵx/2

 dx =: I1 + I2. (3.4)

First, we establish I1 < ∞. Observe |Y (2)
x j | < |Y j|

(
1 − g̃µ

(
|Y j |

x

))
. Then by Markov’s inequality under

sub-linear expectations, we see that

I1 ≤ C
∞∑

n=1

f (n)
∫ ∞

nα
x−1E∗

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

Y (2)
x j

∣∣∣∣∣∣∣ dx
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≤ C
∞∑

n=1

f (n)
∫ ∞

nα
x−1

∞∑
i=−∞

|ai|

i+n∑
j=i+1

E∗
∣∣∣∣Y (2)

x j

∣∣∣∣ dx

≤ C
∞∑

n=1

f (n)
∫ ∞

nα
x−1E|Y |

(
1 − g̃µ

(
|Y |
x

))
dx

≤ C
∞∑

n=1

f (n)
∞∑

m=n

∫ (m+1)α

mα

x−1E|Y |
(
1 − g̃µ

(
|Y |
mα

))
dx

≤ C
∞∑

m=1

m−1E|Y |
(
1 − g̃µ

(
|Y |
mα

)) m∑
n=1

f (n).

If p > 1, αp − 1 − α > −1, we conclude that

I1 = C
∞∑

k=0

2k+1−1∑
m=2k

mαp−1−αl(m)E|Y |
(
1 − g̃µ

(
|Y |
mα

))

≤ C
∞∑

k=1

2αpk−αkl(2k)E|Y |
(
1 − g̃µ

(
|Y |
2kα

))
≤ C

∞∑
k=1

2αpk−αkl(2k)E∗
∞∑
j=k

|Y |g j

(
|Y |
2 jα

)

= C
∞∑
j=1

E∗|Y |g j

(
|Y |
2 jα

) j∑
k=1

2αpk−αkl(2k)

≤ C
∞∑
j=1

2αp jl(2 j)V
{
|Y | > µ2( j−1)α

}
≤ C

∞∑
m=1

mαp−1l(m)V
{
|Y | > µ2−1mα

}
≤ CCV

{
|Y |pl(|Y |1/α)

}
< ∞.

If p = 1, CV
{
|Y |1+λ

}
< ∞ yields CV

{
|Y |1+λ

′

l(|Y |1/α)
}
< ∞ for any 0 < λ′ < λ, then by Lemma 2.3 of

Xu [26], we see that

I1 ≤ C
∞∑

m=1

m−1E|Y |
(
1 − g̃µ

(
|Y |
mα

)) m∑
n=1

n−1l(n)

≤ C
∞∑

m=1

m−1E|Y |
(
1 − g̃µ

(
|Y |
mα

)) m∑
n=1

n−1+αλ′l(n)

≤ C
∞∑

m=1

mαλ′−1l(n)E|Y |
(
1 − g̃µ

(
|Y |
mα

))

= C
∞∑

k=0

2k+1−1∑
m=2k

mαλ′−1l(m)E|Y |
(
1 − g̃µ

(
|Y |
mα

))

≤ C
∞∑

k=1

2k(αλ′)l(2k)E|Y |
(
1 − g̃µ

(
|Y |
2kα

))
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≤ C
∞∑

k=1

2k(αλ′)l(2k)E∗
|Y | ∞∑

l=k

gl

(
|Y |
2lα

)
≤ C

∞∑
l=1

E∗
(
|Y |gl

(
|Y |
2lα

)) l∑
k=1

2k(αλ′)l(2k)

≤ C
∞∑

l=1

E

(
|Y |gl

(
|Y |
2lα

))
2l(αλ′)l(2l)

≤ C
∞∑

l=1

V
{
|Y | > µ2(l−1)α

}
2lα(λ′+1)l(2l) < ∞.

Hence, we get
I1 < ∞. (3.5)

Next, we establish I2 < ∞. From Markov’s inequality under sub-linear expectations, Hölder’s
inequality, and Lemma 2.4, follows that

I2 ≤ C
∞∑

n=1

f (n)
∫ ∞

nα
x−rE∗

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

Y (1)
x j

∣∣∣∣∣∣∣
r

dx

≤ C
∞∑

n=1

f (n)
∫ ∞

nα
x−rE∗

∣∣∣∣∣∣∣
∞∑

i=−∞

|ai|
r−1

r

|ai|
1
r

∣∣∣∣∣∣∣
i+n∑

j=i+1

Y (1)
x j

∣∣∣∣∣∣∣

∣∣∣∣∣∣∣
r

dx

≤ C
∞∑

n=1

f (n)
∫ ∞

nα
x−r

 ∞∑
i=−∞

|ai|

r−1  ∞∑
i=−∞

|ai|E
∗

∣∣∣∣∣∣∣
i+n∑

j=i+1

Y (1)
x j

∣∣∣∣∣∣∣
r dx

≤ C
∞∑

n=1

f (n)
∫ ∞

nα
x−r

 ∞∑
i=−∞

|ai|E

∣∣∣∣∣∣∣
i+n∑

j=i+1

Y (1)
x j

∣∣∣∣∣∣∣
r dx

≤ C
∞∑

n=1

f (n)
∫ ∞

nα
x−r

∞∑
i=−∞

|ai|

i+n∑
j=i+1

CV
{
|Y (1)

x j |
r
}

dx

+C
∞∑

n=1

f (n)g(n)
∫ ∞

nα
x−r

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

E
∣∣∣∣Y (1)

x j

∣∣∣∣2
r/2

dx

+C
∞∑

n=1

f (n)
∫ ∞

nα
x−r

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

∣∣∣∣E(Y (1)
x j )

∣∣∣∣ + ∣∣∣∣E(−Y (1)
x j )

∣∣∣∣
r

dx

=: I21 + I22 + I23, (3.6)

where r ≥ 2 is given later.
By (4.3)–(4.6) in Appendix, we see that

I21 < ∞, I22 < ∞. (3.7)

For I23, we take r > 2. By E(Yi) = E(−Yi) = 0, Proposition 1.3.7 of Peng [2], and Lemma 4.5 (iii)
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of Zhang [3], we get

I23 ≤ C
∞∑

n=1

f (n)
∞∑

m=n

∫ (m+1)α

mα

x−r

sup
i

i+n∑
j=i+1

E
∣∣∣∣Y (1)

x j − Y j

∣∣∣∣
r

dx

≤ C
∞∑

n=1

f (n)
∞∑

m=n

∫ (m+1)α

mα

x−rnr

(
E |Y |

(
1 − g̃µ

(
|Y |
x

)))r

dx

≤ C
∞∑

n=1

f (n)nr
∞∑

m=n

mα(1−r)−1
(
E |Y |

(
1 − g̃µ

(
|Y |
mα

)))r

≤ C
∞∑

m=1

mα(1−r)−1
E

(
|Y |pl(|Y |1/α)

)r

mα(p−1)rlr(m)

m∑
n=1

f (n)nr

≤ C
∞∑

m=1

m−(αp−1)(r−1)−1/lr(m)
(
CV

{
|Y |pl(|Y |1/α)

})r
< ∞. (3.8)

Hence, (3.1) is established by (3.4)–(3.8). □

We next investigate the case αp = 1.

Theorem 3.2. Assume that 1 ≤ p < 2. Suppose that
∑∞

i=−∞ |ai|
θ < ∞, where θ ∈ (0, 1) if p = 1.

Assume that g(n) = O(nδ) for some 0 ≤ δ < (2 − p)/p. While p = 1, assume that 0 < δ < 1. If
E(Yi) = E(−Yi) = 0 and CV

{
|Y |p(1+δ)l(|Y |p)

}
< ∞, then for any ε > 0,

∞∑
n=1

n−1−1/pl(n)CV



∣∣∣∣∣∣∣

n∑
j=1

X j

∣∣∣∣∣∣∣ − εn1/p


+ < ∞. (3.9)

Remark 3.2. In Theorem 3.2, if E is reduced to linear expectation E, then (3.9) is just (3.9) of Guan
et al. [18]. The rate n−1−1/pl(n) implies limn→∞ l(n)

∫ ∞
ϵ
V

(∣∣∣∑n
j=1 X j

∣∣∣ /n1/p > y
)

dy = 0, ∀ϵ > 0.

Proof of Theorem 3.2. Let h(x) = n−1−1/pl(n). As in the proof of (3.4), we have

∞∑
n=1

h(n)CV



∣∣∣∣∣∣∣

k∑
j=1

X j

∣∣∣∣∣∣∣ − εn1/p


+

≤C
∞∑

n=1

h(n)
∫ ∞

n1/p
V


∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

Y (2)
x j

∣∣∣∣∣∣∣ > εx/2

 dx

+C
∞∑

n=1

h(n)
∫ ∞

n1/p
V


∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

Y (1)
x j

∣∣∣∣∣∣∣ > εx/2

 dx

=:J1 + J2. (3.10)

For J1, take ε′ = δ. By Markov’s inequality under sub-linear expectations, Cr inequality, and
Lemma 2.3 of Xu [26], we see that

J1 ≤ C
∞∑

n=1

h(n)
∫ ∞

n1/p
x−θE∗

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

Y (2)
x j

∣∣∣∣∣∣∣
2

dx
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≤ C
∞∑

n=1

nh(n)
∫ ∞

n1/p
x−θE|Y (2)

x |
θdx

≤ C
∞∑

n=1

nh(n)
∞∑

m=n

∫ (m+1)1/p

m1/p
x−θE|Y |θ

(
1 − g̃µ

(
|Y |
x

))
dx

≤ C
∞∑

n=1

nh(n)
∞∑

m=n

m(1−θ)/p−1E|Y |θ
(
1 − g̃µ

(
|Y |

m1/p

))
= C

∞∑
m=1

m(1−θ)/p−1E|Y |θ
(
1 − g̃µ

(
|Y |

m1/p

)) m∑
n=1

nh(n)

≤

C
∑∞

m=1 m−1/pl(m)E|Y |
(
1 − g̃µ

(
|Y |

m1/p

))
, 1 < p < 2

C
∑∞

m=1 m(1−θ)/p−1E|Y |θ
(
1 − g̃µ

(
|Y |

m1/p

))∑m
n=1 nε

′−1l(n), p = 1

≤

C
∑∞

k=0
∑2k+1−1

m=2k m−1/pl(m)E|Y |
(
1 − g̃µ

(
|Y |

m1/p

))
, 1 < p < 2

C
∑∞

k=0
∑2k+1−1

m=2k m−θ+ε
′

l(m)E|Y |θ
(
1 − g̃µ

(
|Y |
m

))
, p = 1

≤

C
∑∞

k=1 2k(−1/p+1)l(2k)E∗
(
|Y |

∑∞
j=k g j

(
|Y |

2 j/p

))
, 1 < p < 2

C
∑∞

k=1 2k(−θ+ε′+1)l(2k)E∗
(
|Y |θ

∑∞
j=k g j

(
|Y |
2 j

))
, p = 1

≤

C
∑∞

j=1 E
∗
(
|Y |g j

(
|Y |

2 j/p

))∑ j
k=1 2k(−1/p+1)l(2k), 1 < p < 2

C
∑∞

j=1 E
∗
(
|Y |θg j

(
|Y |
2 j

))∑ j
k=1 2k(−θ+ε′+1)l(2k), p = 1

≤

C
∑∞

j=1V
{
|Y | > µ2( j−1)/p

}
2 jl(2 j) < ∞, 1 < p < 2

C
∑∞

j=1V
{
|Y | > µ2( j−1)

}
2 j(ε′+1)l(2k) < ∞, p = 1,

(3.11)

where g̃µ(·), g j(·) are defined as those of (3.2) and (3.3) with only 1/p here in place of α there.
For J2, as in the proof of I2, observing that g(n) = O(nδ), for some 0 ≤ δ < (2 − p)/p, taking q = 2

by Lemma 2.4 and the similar proof of (2.8) of Zhang [25], we get

J2 ≤ C
∞∑

n=1

h(n)
∫ ∞

n1/p
x−2E∗

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

Y (1)
x j

∣∣∣∣∣∣∣
2

dx

≤ C
∞∑

n=1

nh(n)(1 + g(n))
∞∑

m=n

∫ (m+1)1/p

m1/p
x−2CV

{
|Y (1)

x |
2
}

dx

+C
∞∑

n=1

h(n)
∞∑

m=n

∫ (m+1)1/p

m1/p
x−2

 n∑
i=1

|E(Y (1)
x j )| + |E(−Y (1)

x j )|

2

dx

≤ C
∞∑

n=1

nh(n)(1 + g(n))
∞∑

m=n

m−1/p−1
∫ (m+1)2/p

0
V

{
|Y |2 > y

}
dy

+C
∞∑

n=1

h(n)
∞∑

m=n

m−1/p−1

 n∑
i=1

E(|Y (2)
m1/p j
|)

2

≤ C
∞∑

m=1

m−1/p−1
∫ (m+1)2/p

0
V

{
|Y |2 > y

}
dy

m∑
n=1

n−1/pl(n)(1 + g(n))
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+C
∞∑

m=1

m−1/p−1
[
E(|Y (2)

m1/p |)
]2

m∑
n=1

n1−1/pl(n)

≤ C
∞∑

m=1

m−2/p+δl(m)
∫ (m+1)2/p

0
V

{
|Y |2 > y

}
dy

+C
∞∑

m=1

m−2/p+1l(m)
[
E(|Y (2)

m1/p |)
]2

≤ C
∞∑

m=1

m−2/p+δl(m)
m+1∑
ℓ=1

∫ (ℓ)2/p

(ℓ−1)2/p
V

{
|Y |2 > y

}
dy

+C
∞∑

m=1

m−2/p+1l(m)
[
E|Y |

(
1 − g̃µ

(
|Y |

m1/p

))]2

≤ C
∞∑
ℓ=1

∫ (ℓ)2/p

(ℓ−1)2/p
V

{
|Y |2 > y

}
dy

∞∑
m=1

∨
(ℓ−1)

m−2/p+δl(m)

+C
∞∑

m=1

m−2/p+1l(m)

(
E

(
|Y |p(1+δ)l(|Y |p)

))2(
m(p(1+δ)−1)/pl(m)

)2

≤ C
∞∑
ℓ=2

∫ (ℓ)2/p

(ℓ−1)2/p
V

{
|Y |2 > y

}
ℓ1+δ−2/pl(ℓ)dy +C

+C
∞∑

m=1

m−2δ−1/l(m)
(
CV

{
|Y |p(1+δ)l(|Y |p)

})2

≤ C
∞∑
ℓ=2

∫ ℓ2/p

(ℓ−1)2/p
V

{
|Y |2 > y

}
y(1+δ−2/p)p/2l(yp/2)dy +C

≤ C
∫ ∞

1
V {|Y |p > y} d(l(y)y1+δ) +C ≤ CCV

{
|Y |p(1+δ)l(|Y |p)

}
< ∞. (3.12)

Therefore, combining (3.10)–(3.12) results in (3.9). This completes the proof. □

By Theorems 3.1 and 3.2, we conclude that the following corollary holds.

Corollary 3.1. Under the same conditions of Theorem 3.1, for any ϵ > 0, we have

∞∑
n=1

nαp−2l(n)V


∣∣∣∣∣∣∣

n∑
j=1

X j

∣∣∣∣∣∣∣ > ϵnα
 < ∞. (3.13)

Under the conditions of Theorem 3.2, for any ϵ > 0, we have

∞∑
n=1

n−1l(n)V


∣∣∣∣∣∣∣

n∑
j=1

X j

∣∣∣∣∣∣∣ > ϵn1/p

 < ∞. (3.14)
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4. Conclusions

We have obtained new results about the complete moment convergence for the partial sum of
moving average processes produced by m-WA random variables under sub-linear expectations. Results
obtained here carefully extend the relevant ones for m-WOD random variables in probability space to
those under sub-linear expectations, which complement those for ND and END random variables, and
serve as a basis for further complete q-order moment convergence for partial sums and maximal partial
sums of moving average processes generated by m-WA random variables under sub-linear expectations.
In addition, Lemma 2.4 is the Rosenthal-type inequality for m-WA random variables, which is another
innovation point of this paper, and could serve as basis for further complete moment convergence for
maximal partial sums of m-WA random variables under sub-linear expectations.
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Appendix

Detailed proof of Lemma 2.3. For readers’ convenience, here we give a detailed proof when 0 < t ≤ 1.
For y > 0, write X̄i = min{Xi, y}, i = 1, 2, · · · , n, and Tn =

∑n
i=1 X̄i, n ≥ 1. We easily see that

{S n ≥ x} = {Tn , S n}
⋃
{Tn ≥ x} ,

which yields that for any positive h,

V (S n ≥ x) ≤ V (Tn , S n) + V (Tn ≥ x) ≤
n∑

i=1

V (Xi > y) + e−hxEehTn .
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It follows that

V (S n ≥ x) ≤
n∑

i=1

V (Xi > y) + g(n)e−hx
n∏

i=1

EehX̄i . (4.1)

For 0 < t ≤ 1, h > 0, the function ehu−1
ut is increasing on u > 0. Hence,

EehX̄i ≤ 1 + E
(
ehX̄i − 1
|X̄i|

t
|X̄i|

t

)
≤ 1 + E

(
ehy − 1
|y|t
|X̄i|

t

)
≤ 1 +

ehy − 1
|y|t
E

(
|X̄i|

t
)
≤ exp

{
ehy − 1
|y|t
E

(
|X̄i|

t
)}

≤ exp
{

ehy − 1
|y|t
E

(
|Xi|

t)} .
Combining the inequality above and (4.1) yields that

V (S n ≥ x) ≤
n∑

i=1

V (Xi > y) + g(n) exp

ehy − 1
yt

n∑
i=1

E
(
|Xi|

t) − hx

 . (4.2)

Taking h = 1
y log

(
1 + xyt−1∑n

i=1 E(|Xi |t)

)
in the right-hand side of (4.2), we obtain (2.2). □

Proof of I21 < ∞ and I22 < ∞ in the proof of Theorem 3.1 . For I21, if p > 1, taking r > max{2, p},
then by Cr inequality, the similar proof of (2.8) of Zhang [25], and Lemma 2.3 of Xu [26], we see that

I21 ≤ C
∞∑

n=1

f (n)
∫ ∞

nα
x−r

∞∑
i=−∞

|ai|

i+n∑
j=i+1

CV
{
|Y (1)

x |
r
}

dx

≤ C
∞∑

n=1

f (n)n
∞∑

m=n

∫ (m+1)α

mα

x−rCV
{
|Y (1)

x |
r
}

dx

≤ C
∞∑

n=1

f (n)n
∞∑

m=n

mα(1−r)−1CV
{
|Y (1)

(m+1)α |
r
}

≤ C
∞∑

m=1

mα(1−r)−1
∫ (m+1)α

0
V (|Y | > x) xr−1dx

m∑
n=1

f (n)n

≤ C
∞∑

m=1

mα(1−r)−1
∫ (m+1)α

0
V (|Y | > x) xr−1dxmαp−αl(m)

≤ C
∞∑

m=1

mα(p−r)−1l(m)
m+1∑
k=1

∫ kα

(k−1)α
V (|Y | > x) xr−1dx

≤ C
∞∑

k=1

∫ kα

(k−1)α
V (|Y | > x) xr−1dx

∞∑
m=1

∨
(k−1)

mα(p−r)−1l(m)

≤ C
∞∑

k=2

V (|Y | > (k − 1)α) krα−1kα(p−r)l(k) +C
∞∑

m=1

mα(p−r)−1l(m)
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≤ C
∞∑

k=2

V (|Y | > (1/2)αkα) kαp−1l(k) +C < ∞. (4.3)

For I21, if p = 1, taking r > max{1 + λ′, 2}, where 0 < λ′ < λ, then by the similar discussion as above,
we see that

I21 ≤ C
∞∑

m=1

mα(1−r)−1
∫ (m+1)α

0
V (|Y | > x) xr−1dx

m∑
n=1

f (n)n

≤ C
∞∑

m=1

mα(1−r+λ′)−1
∫ (m+1)α

0
V (|Y | > x) xr−1dxl(m)

≤ C
∞∑

m=1

mα(1−r+λ′)−1l(m)
m+1∑
k=1

∫ kα

(k−1)α
V (|Y | > x) xr−1dx

≤ C
∞∑

k=1

∫ kα

(k−1)α
V (|Y | > x) xr−1dx

∞∑
m=1

∨
(k−1)

mα(1−r+λ′)−1l(m)

≤ C
∞∑

k=2

V (|Y | > (k − 1)α) krα−1kα(1−r+λ′)l(k) +C
∞∑

m=1

mα(1−r+λ′)−1l(m)

≤ C
∞∑

k=2

V (|Y | > (1/2)αkα) kα(1+λ′)−1l(k) +C < ∞. (4.4)

For I22, if 1 ≤ p < 2, observing that g(n) = O(nδ) and taking r > 2 fulfilling that αp + r/2 − αpr/2 −
1 + δ = (αp − 1)(1 − r/2) + δ < 0 and r/2 + αp − 2 − α + δ > −1, then by Cr inequality, we conclude
that

I22 ≤ C
∞∑

n=1

nr/2 f (n)g(n)
∫ ∞

nα
x−r

(
E

∣∣∣Y (1)
x

∣∣∣2)r/2
dx

≤ C
∞∑

n=1

nr/2 f (n)g(n)
∞∑

m=n

∫ (m+1)α

mα

×

x−r

(
E

(
|Y |2g̃µ

(
µ|Y |

x

)))r/2

+

(
E

(
1 − g̃µ

(
|Y |
x

)))r/2 dx

≤ C
∞∑

m=1

mα(1−r)−1E

(
|Y |2g̃µ

(
µ|Y |

(m + 1)α

))r/2

+ mα−1
(
E

(
1 − g̃µ

(
|Y |
mα

)))r/2
×

m∑
n=1

nr/2 f (n)g(n)

≤ C
∞∑

m=1

mα(p−r)+r/2+δ−2l(m)
[
E

(
|Y |p|Y |2−pg̃µ

(
µ|Y |

(m + 1)α

))]r/2

+C
∞∑

m=1

mαp+r/2+δ−2l(m)
(
E

(
1 − g̃µ

(
|Y |
mα

)))r/2

≤ C
∞∑

m=1

mαp+r/2−αpr/2+δ−2l(m) (E|Y |p)r/2 < ∞. (4.5)
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For I22, if p ≥ 2, observing that g(n) = O(nδ) and taking r > (αp − 1)/(α − 1/2) ≥ p satisfying
α(p − r) + r/2 + δ − 1 < 0, then by Cr inequality and the similar proof of (4.5), we have

I22 ≤ C
∞∑

m=1

mα(1−r)−1E

(
|Y |2g̃µ

(
µ|Y |

(m + 1)α

))r/2

+ mα−1
(
E

(
1 − g̃µ

(
|Y |
mα

)))r/2
×

m∑
n=1

nr/2 f (n)g(n)

≤ C
∞∑

m=1

mα(p−r)+r/2+δ−2l(m)
(
E|Y |2g̃µ

(
µ|Y |

(m + 1)α

))r/2

+C
∞∑

m=1

mαp+r/2+δ−2l(m)
(
E

(
1 − g̃µ

(
|Y |
mα

)))r/2

≤ C
∞∑

m=1

mα(p−r)+r/2+δ−2l(m)
(
E|Y |2

)r/2
< ∞. (4.6)

□
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