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Abstract: The diversification of retrieved final neuron states through non-systematic satisfiability
logical representation is pivotal to ensuring the optimality and functionality of Discrete Hopfield
Neural Networks (DHNN) under varying neuron complexities. However, DHNN learning frameworks
are predominantly designed for single-objective optimization, which often leads to repetitive neuron
state patterns, overfitting, and limited storage capacity, particularly under increasing neuron
complexity. These limitations indicate the need for a learning mechanism that can simultaneously
enhance solution optimality and diversity. Motivated by this gap, we proposed a multi-objective
DHNN framework based on a non-systematic Major 2 Satisfiability (MAJ2SAT) logical representation
integrated with a Hybrid Exhaustive Search (HES) learning algorithm enhanced by an intelligent
mutation operator. The proposed framework jointly optimized neuron fitness and neuron state diversity,
enabling the systematic generation of high-quality and diversified neuron states. Unlike conventional
exhaustive or heuristic search methods, the intelligent mutation operator selectively modified neuron
states associated with unsatisfied clauses, thereby improving exploration efficiency while preserving
solution feasibility. To further enhance the learning capability of DHNN, the proposed model
introduced the concept of power strings, which facilitated the construction of multiple content
addressable memories and effectively expanded the storage capacity of the network. Extensive
experiments conducted on simulated datasets demonstrated that the proposed approach consistently I
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outperforms several state-of-the-art learning algorithms across problem sizes. The results showed
reduced learning error in neuron diversity, increased total neuron variation, and a higher global
minimum attainment ratio under varying clause configurations. Overall, the proposed multi-objective
DHNN-MAJ2HES framework establishes a robust and scalable learning paradigm that enhances
solution quality and diversity, with strong potential for extension to other logic-based neural
optimization problems.

Keywords: major 2 satisfiability; Discrete Hopfield Neural Network; multi-objective optimization;
HES; intelligent mutation; power strings
Mathematics Subject Classification: 68N17, 68R07, 68T27

1. Introduction

Artificial Neural Networks (ANN) are among the most powerful models used in optimization
problems. The ANN model can learn data effectively due to its well-known memory capability. This
includes auto associative and associative properties [1]. Among these models, Discrete Hopfield
Neural Networks (DHNN) belong to the class of recurrent neural networks and have been widely
applied in complex optimization problems and pattern retrieval tasks. The DHNN model introduced
by Hopfield and Tank demonstrates strong memory performance even under noisy conditions [2]. This
capability originates from its Content Addressable Memory (CAM), which encodes input and output
patterns through synaptic weights. These synaptic weights are later applied during the testing phase to
generate final neuron states as outputs. However, as the number of stored patterns increases, the
network may retrieve suboptimal solutions. To address this issue, Abdullah introduced the Wan
Abdullah method to compute synaptic weights. This method ensures stable convergence and supports
the attainment of global minimum solutions [3]. Further enhancement was achieved by Sathasivam
through the integration of Horn Satisfiability logic within the DHNN framework [4]. This approach
represented input and output patterns using logical clauses. Experimental results showed that the global
minima ratio decreases as the number of neurons increased. This observation suggests that improving
the satisfiability representation is essential for enhancing DHNN performance.

Motivated by these findings, logic programming has become an important research direction
within artificial intelligence. Boolean Satisfiability (SAT) logic is commonly expressed in conjunctive
normal form and produces binary outcomes. SAT logic has been extensively embedded into DHNN
models and is commonly referred to as DHNN-SAT. In this framework, each neuron corresponds to a
variable or literal. Researchers have focused on Horn SAT before progressing toward systematic k
Satisfiability. In systematic kSAT, each clause contains non repetitive literals. As reported in [5],
systematic 2SAT was incorporated into DHNN and achieved a higher global minima ratio compared
to Horn SAT. Building on this progress, Mansor ef al. introduced systematic 3SAT to further improve
solution quality [6]. Their findings showed that 3SAT outperforms 2SAT in terms of global minima
ratio. These results highlight the importance of cost function minimization in DHNN optimization.
Beyond systematic SAT, Kasihmuddin et al. introduced Maximum k Satisfiability (MAXkKSAT) to
incorporate non satisfiable clauses [7]. Their study demonstrated that MAX2SAT and MAX3SAT
surpasses Kernel Hopfield Neural Networks in learning error and global minima ratio. Another
development was the Discrete Mutation Hopfield Neural Network, which applied an estimation
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distribution algorithm during the testing phase [8]. This approach expanded the solution space and
increased neuron state diversity. These advancements indicate that optimization algorithms play a
critical role in improving the DHNN learning phase.

In parallel with logic-based optimization studies, advances in Hopfield neural networks have
entailed alternative research directions focusing on nonlinear dynamics and hardware-oriented
implementations. In particular, memristive Hopfield neural networks [9] have been shown to exhibit
rich dynamical behaviors, including periodic and chaotic bursting, multiscroll attractors, and practical
realization on reconfigurable hardware platforms such as field-programmable gate arrays. These
studies primarily emphasize continuous-time dynamics, circuit design, and application-driven
demonstrations such as image encryption. While such developments highlight the versatility of
Hopfield-based models, they do not address optimization-driven learning, satisfiability-based logical
representation, or multi-objective performance evaluation in discrete Hopfield neural networks.
Therefore, advancing logic-based DHNN frameworks remains necessary to improve learning
efficiency, solution diversity, and storage capacity.

In solving complex optimization problems, heuristic and metaheuristic approaches are widely
employed. Heuristic methods such as Exhaustive Search lack search operators and rely on trial-and-
error mechanisms [10]. In contrast, metaheuristics include global and local search operators. These
operators enhance exploration and exploitation capabilities. Within the DHNN context, metaheuristics
are commonly applied to minimize the cost function during learning [11]. Early DHNN-SAT models
relied heavily on Exhaustive Search. However, studies revealed that Exhaustive Search performs poorly
as the number of neurons increases [5]. Genetic Algorithm was later introduced to address this limitation
through mutation and crossover operators. These operators reduce learning complexity and improve
performance. Election Algorithm was also implemented in non-systematic SAT based DHNN models
[12]. This algorithm introduces exploration and exploitation strategies through socio political operators.
Comparative studies using Random 2 Satisfiability showed that Election Algorithm outperformed
Exhaustive Search and Genetic Algorithm in most learning metrics. These findings emphasize the
importance of operator rich metaheuristics. Despite these efforts, the integration of non-systematic SAT
with advanced metaheuristics in DHNN remains limited. This gap motivates further investigation.

In subsequent studies, researchers explored Weighted Random k Satisfiability (#2SAT) within the
DHNN framework [13]. This model regulated the proportion of negative literals to improve navigation
within the SAT space. Comparative evaluations demonstrated that metaheuristic assisted learning
generates more diverse neuron states and improved global minima attainment. Karim et al. later
introduced Random 3 Satisfiability (RAN3SAT) to increase logical complexity and further enhance
performance [14]. This approach achieved higher global minima ratios compared to Random 2
Satisfiability (RAN2SAT). Election Algorithm was later combined with RAN3SAT to further optimize
learning [15]. The results showed improved diversity and reduced learning error. Although these
researchers achieved strong performance in single objective optimization, they did not focus on
expanding the DHNN search space. This limitation restricts the model’s ability to handle more complex
optimization tasks.

Advances in artificial intelligence have intensified research on optimization problems across
domains. These problems often involve objectives that must be optimized simultaneously.
Evolutionary algorithms and metaheuristics have shown strong performance in multi objective
optimization within large search spaces [16]. Studies have shown that modified metaheuristic
strategies with enhanced exploration and exploitation mechanisms can significantly improve
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convergence efficiency and solve diversity in complex optimization problems. For example, dynamic
swarm-based metaheuristics have achieved notable improvements in convergence speed and
population diversity when solving multi—objective problems with large decision spaces [17]. Similarly,
nature inspired algorithms that emphasize structured and adaptive search behaviors have been shown
to provide effective alternatives for solving complex and constrained optimization problems [18].
However, conventional evolutionary algorithms often suffer from high computational cost as the
decision space expands. To overcome this challenge, modified operators are required to balance
efficiency and performance. Karim et al. addressed this issue by integrating Random 3 Satisfiability
into the Hybrid Election Algorithm [19]. Their approach introduced a caretaker party operator to
improve search balance. This model achieved higher fitness values, greater neuron diversity, and
increased storage capacity. Nevertheless, excessive algorithm modification can increase computational
complexity, as highlighted by Luo et al. [20]. Therefore, efficient and minimal operator design remains
crucial. Motivated by these insights, we extend the work of Alway et al. by integrating Major 2
Satisfiability (MAJ2SAT) into the DHNN framework for multi objective optimization [21].

It is important to emphasize that our objective of this study is to investigate the effectiveness of
logic representation and learning optimization within the DHNN framework rather than application-
specific data modeling. Major 2 Satisfiability is selected due to its majority-based logical structure,
which introduces redundancy and robustness in clause representation, making it suitable for evaluating
complex pattern storage and retrieval behavior in DHNN. The use of simulated datasets enables
controlled and systematic assessment of learning performance, convergence behavior, and multi-
objective optimization capability without the influence of external data variability. This abstraction
enables fair comparison across metaheuristic strategies and provides clear insight into the contribution
of MAJ2SAT and HES to DHNN optimization.

Therefore, the major contributions of this paper are summarized as follows:

1. Major 2 Satisfiability is hybridized into the discrete Hopfield neural network using second
and third order conjunctive normal form logic. This formulation minimizes the cost
function and produces optimal synaptic weights.

2. The mutation operator from the Genetic Algorithm is adapted and embedded into HES.
This operator is referred to as intelligent mutation and enhances the DHNN learning phase.

3. We address multi objective optimization by maximizing fitness, diversity, and power
string utilization. The proposed approach aims to reduce computational cost and improve
storage capacity.

4. The proposed DHNN-MAJ2HES model is evaluated against five benchmark models using
simulated datasets. Performance is assessed in learning and testing phases.

The remainder of this paper is organized as follows: In Section 2, we present our motivation of
the study. In Sections 3 and 4, we describe Major 2 Satisfiability and the discrete Hopfield neural
network. In Section 5, we explain the multi objective functions. In Section 6, we introduce the HES
algorithm. In Section 7, we outline the experimental setup. In Section 8, we present the results and
discussion. We conclude with a summary of findings. Figure 1 illustrates the overall framework of the
proposed model.
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Figure 1. Diagrammatic view of the DHNN-MAJ2HES model.
2. Motivation

In this section, we highlight the key limitations of existing DHNN models and learning strategies,
which motivate the development of the proposed MAJ2HES framework. Specifically, we focus on the
rigidity of systematic SAT logic, excessive modification of metaheuristic algorithms, limited storage
capacity in DHNN, and insufficient diversification of synaptic weights.

2.1. Inflexible systematic SAT logic

In systematic 2SAT logic, the number of literals per clause is restricted to two, constraining the
logical representation to a single SAT structure. Studies have shown that DHNN performance is
strongly influenced by the flexibility of the underlying SAT formulation [22-23]. Non-systematic
kSAT logic provides a more adaptable structure by allowing variable clause lengths. For example,
Karim et al. introduced higher-order RAN3SAT to improve DHNN performance [14]. In addition,
Reuben ef al. demonstrated that majority-based Boolean logic performs efficiently in modern
integrated circuits [24], while Chattopadhyay et al. reported that majority elements enhance decision-
making processes [25]. Motivated by these findings, we incorporate a majority term into a flexible
higher-order logical structure to improve DHNN learning capability.

2.2. Excessive modifications in metaheuristic algorithms

Researchers have proposed numerous enhancements to existing metaheuristic algorithms to
improve optimization performance. However, excessive modifications do not necessarily guarantee
robust or feasible solutions. For instance, Song et al. proposed an adaptive artificial bee colony
algorithm by introducing additional search equations to balance exploration and exploitation [26], yet
their approach suffered from identical fitness values during the onlooker bee phase. In contrast,
exhaustive search (ES) remains a simple yet reliable algorithm with guaranteed optimality, as
demonstrated by Kammerer et al. [27]. Rather than extensively altering ES, we introduce a single
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Genetic Algorithm-inspired mutation operator to enhance exploration while preserving the
fundamental characteristics of ES.

2.3. Limited storage capacity of DHNN

The DHNN model employs Content Addressable Memory (CAM) to store neuron states, logical
strings, and synaptic weights obtained during learning. The presence of unsatisfied interpretations can
adversely affect the storage of optimal synaptic weights. Moreover, the storage capacity of CAM is
limited to approximately 14% of the DHNN size [28]. Researchers [22,29] have focused on single-
objective optimization, restricting DHNN to a single CAM and limiting solution space exploration.
Researchers integrating SAT logic into DHNN has enabled multi-objective learning with multiple
CAMs [19]. Building on these advances, we propose a hybrid metaheuristic framework to construct a
multi-objective DHNN with multiple CAMs, thereby expanding storage capacity and solution diversity.

2.4. Promoting diversification of synaptic weights

Neuron state generation during learning directly influences the synaptic weights of DHNN.
Earlier models integrating systematic SAT logic [5,10] did not explicitly emphasize neuron state
diversity, increasing the likelihood of repetitive solutions and overfitting. Karim et al. addressed this
issue by introducing a high-order logic structure with the Hybrid Election Algorithm, demonstrating
improved neuron state diversity and synaptic weight optimization [19]. High diversification of neuron
states is indicative of enhanced synaptic weight diversity, which is essential for producing high-quality and
distinct solutions in multi-objective optimization. Motivated by this observation, the proposed MAJ2HES
framework explicitly promotes diversification to improve DHNN robustness and solution quality.

3. Materials and methods

In this section, we describe the methodology employed in developing the proposed DHNN-
MAJ2HES model. First, the formulation of Major 2 Satisfiability (MAJ2SAT) logic and its integration
into the Discrete Hopfield Neural Network (DHNN) framework are presented. Next, the construction
of the multi-objective DHNN model is explained. Finally, the HES algorithm, which serves as the
learning mechanism of the proposed model, is introduced. This systematic description provides a clear
understanding of how the proposed approach operates in solving complex multi-objective optimization
problems.

3.1. Major 2 satisfiability

The logical structure defining the input and output neurons of the Discrete Hopfield Neural
Network (DHNN) is based on a non-systematic Major 2 Satisfiability (MAJ2SAT) formulation. The
term major refers to the dominance of second-order (2SAT) clauses within the logical structure. From
a flexibility perspective, studies on non-systematic SAT have demonstrated that MAJ2SAT provides
a suitable logical representation for improving the performance of DHNN models [21]. The MAJ2SAT
logical structure, denoted by ¢p4;2547, is characterized by the inclusion of multiple SAT clause orders,
the ratio of second-order clauses, and the total number of clauses. The key elements of the MAJ2SAT
formulation are defined as follows:
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e A set of m second-order clauses
e A set of n third-order clauses
e A setofliterals a; € {1, —1}
e The ratio of second-order clauses, a
e The total number of clauses, TC
The general formulation of MAJ2SAT is expressed as:

@ G
Pmaj2sar = /\ A7 A /\ A7, (1)
i=1 i=1

where AEZ) and A§3) denote the i-th second-order and third-order clauses, respectively. Index i
represents the clause index. Each second-order clause and third-order clause are defined in Eqs (2) and
(3), respectively, as below.

m
N\ AP = @ V) A A @ Vb, @
-

n
A A§3) = (C1Vd1Vel)/\"-/\(CannVen), (3)
=1

i=

where a;, b;, c;, d;, e; are literals represented by bipolar neuron states in {1, —1}. The subscripts
associated with the literals serve as identifiers and do not indicate temporal or iterative indices. The
proportion of second-order clauses in the MAJ2SAT structure is defined as in Eq (4)

a = E' (4)

where TC = m + n represents the total number of clauses. To ensure a non-systematic logical
structure, the value of « is constrained such that 0.5 < a < 1. When a = 0.5, the number of second-
order clauses equals the number of third-order clauses, yielding a structure similar to RAN3SAT.
Conversely, when a = 1, the formulation reduces to a purely systematic 2SAT structure. Therefore,
maintaining awithin the specified range ensures a balanced and flexible logical representation.

An example MAJ2SAT structure with @ = 0.67 and TC = 3 is illustrated as follows:

Omajzsar = (mag Vb)) A(az Vb)) A(cy VdyV—ey). )

In this example, the first two clauses correspond to second-order clauses, while the third clause
represents a third-order clause. The integration of non-systematic SAT knowledge into the learning
and testing phases of DHNN has gained increasing attention [23-29]. Accordingly, we employ a non-
systematic MAJ2SAT formulation to enhance the learning capability and overall performance of the
DHNN model.

3.2. Major 2 satisfiability in the Discrete Hopfield Neural Network

A pioneer work by the researchers in [30] emphasized the potential of Satisfiability (SAT) to
represent neuron connections in symmetric weight networks, such as the Hopfield network. It was
further explained that the set of SAT truth assignments may correspond to the set of solutions that
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minimize the network cost function. Notably, the discrete Hopfield neural network (DHNN) was
initially introduced by Hopfield and Tank with the associative property of Content Addressable
Memory (CAM) for storing synaptic weights [2]. Other key characteristics of DHNN include a
feedback architecture with no hidden layers and the use of bipolar neuron states in {1, —1}. Inspired by
earlier studies, Abdullah introduced a method that embeds SAT as a logical rule in DHNN and optimizes
logical consistency to retrieve synaptic weights [3], later known as the Wan Abdullah (WA) method.
This work also demonstrated the applicability of the method to non-Horn and higher-order clauses.

Accordingly, in this paper, the formulated @p4;2547 1s embedded into the DHNN model, referred
to as DHNN-MAJ2SAT. The primary motivation for embedding @p4;254r into DHNN is to represent
neuron states S; through literals in a logical structure, thereby providing a symbolic representation for
an otherwise non-symbolic DHNN model. This integration reveals complex inter-neuron relationships
and introduces nonlinearity in the information processing mechanism, from raw inputs to optimal final
neuron states. The DHNN-MAJ2SAT model consists of two major phases: learning and testing.
During the learning phase, the objective is to minimize the cost function, where a zero-cost value
indicates that all clauses in @4 2547 are satisfied. This phase is essential for ensuring effective
synaptic weight management [29] and directly influences the generation of global energy solutions
during the testing phase via local field computations. The cost function of DHNN-MAJ2SAT is
formulated in Eq (6) as

Eomaasar = %Z , (174 Q) + %ijl(l_[?=1 Q)j (6)

J=1

The literal contribution used in Eq (6) is defined in Eq (7) as

0 = {(1 + Sa,)s if a4, o

(1 —3S8g4,), otherwise.

Here, S; denotes a bipolar neuron state in {1, —1}, while m and n represent the total number of second-
order and third-order clauses, respectively. Index j is used exclusively to enumerate clauses. Based on the
satisfied assignments of @ 472547, the probability of achieving a zero-cost solution is given in Eq (8) as

P(Bownsr =0) = ()" ()" ®)

SAT-based DHNN studies have reported lower probabilities of satisfied assignments than those
predicted by Equation (8), primarily due to the inclusion of first-order logic [29,31], which degrades
the effectiveness of the learning phase. In this work, the synaptic weights are derived using the Wan
Abdullah method by equating Eq (8) with the Lyapunov energy function defined in Eq (9) as

N
N
1 N @
H(pMA/ZSAT(t) - T3 Zk:l i£j£k Wi'j'k Si%55k
j=1,i%j#k ’
i=1,i#j#k

N
N N
_1 Z VVL(]2) SLS] _ Z VVi(l) Sii
2 T Ay RN =Y A i=1
1=1,i#j

©)
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where indices i, j, k € {1, ..., N} denote neuron indices, N is the total number of neurons, and M/l(]3])€’

Wi'(jz), and Wi(l) correspond to third, second, and first-order synaptic weights, respectively. To ensure
the convergence of the DHNN, the synaptic weights are arranged in matrix form with symmetry and
zero-diagonal constraints. In particular, the second-order weight matrix is defined as W® =
[Wl(]z)] NxN » Where M/i,(jZ) = I/IG.‘(iz) and WL-,(L-Z) = 0, thereby eliminating self-loop connections and
ensuring that all diagonal elements are zero [2].

Each string of satisfied assignments for ¢ 4,254r corresponds to a complete set of synaptic
weights across all interaction orders and is stored in the Content Addressable Memory (CAM) for
subsequent retrieval during the testing phase. In this paper, multiple p-CAMs are introduced, where p
represents the number of satisfied assignment strings of @ 4;254r Obtained during the learning phase
of DHNN-MAJ2SAT. This approach was initially proposed by Karim et al. [19] to enhance the storage
capacity of the fundamental DHNN. By incorporating CAMs, the overfitting issue associated with
synaptic weights can be alleviated, while the search space for locating global solutions during the
testing phase is effectively expanded. Furthermore, we propose improvements to the learning
algorithm to successfully generate non-repetitive p-CAMs, which will be discussed in the subsequent
section. Each p-CAM performs its own testing phase, thereby improving the diversification of the final
neuron states (Slf inal).

Accordingly, the generation of the optimal final neuron state S Lf mal for each p-CAM in DHNN-

MAIJ2SAT is computed using the local field formulation. The local field computation is defined in Eq

(10) as
N
N 3) N @) €Y
hi(t) = > wRss-)  wPs+w®, (10)
k=1, j#k Jj=1,j#i Jj=1, j#i

where h;(t) denotes the local field acting on neuron i at time t. The neuron state update rule
corresponding to the local field is given in Eq (11) as

— 1, tanh (hl) = (i)
SO={_1 1o (h) < G D

where Eq (11) applies the Hyperbolic Tangent Activation Function (HTAF) to squash the local field
value h;. Parameter {; denotes the threshold constraint of DHNN-MAJ2SAT and can be set to zero to
ensure that the network energy decreases uniformly [32]. To evaluate the quality of the final neuron
states in terms of energy convergence, the stopping criterion is defined in Eq (12) as

l Hglnilrjuzmr - H‘PMA]ZSAT I< 6, (12)

where § is a tolerance value, typically set to 0.001, in agreement with other studies [4,19]. The
minimum energy of the network is given in Eq (13) as

min _ n+2m
H<.0MA]25AT - g ’ (13)
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which is derived based on the total number of second-order and third-order clauses. To formally
establish the convergence of the DHNN-MAJ2SAT model, Theorem 1 is introduced, which guarantees
the nonincreasing property of the energy function under asynchronous updates.

Theorem 1

Suppose that the DHNN model is defined by D = (W, {). When D operates under asynchronous serial

mode with symmetric and zero-diagonal weight matrix W, the network always converges to a stable
final

state S; .

To prove Theorem 1, the Lyapunov energy at time t + 1 is expressed in Eq (14) as

N
N N
_ _1 E (3) o+
HfPMA]zSAT(t + 1) - 3 Zk=1 ik I/Vi,j,k, Si SjSk
j=1,i%j#k ’
i=1,i%j#k

(14)
N N N
_1 Z Vl/l(z) SL*S] _ z Vl/i(l) Sl*'
z o Ljmriej Y i=1
1=1,i#]
where S; = S;(t + 1). The corresponding change in energy is defined in Eq (15) as
AH(PMAJZSAT = HfPMAJZSAT(t) - H‘PMA]ZSAT(t + 1)' (15)

By substituting Eqs (9) and (14) into Eq (15), the energy difference can be simplified as shown in Eq (16),

! ZN 3) E :N @ €
AH(PMAJZSAT = _(Si_Si) VVi,j,k SJ'Sk - VVI_] Sj + VV[ , (16)
k=1, j=k

Jj=1,j=*i Jj=1,j*i

which can be further compactly expressed in Eq (17) as

PMAJ2SAT

Equations (16) and (17) demonstrate that the energy of the DHNN-MAIJ2SAT model is
nonincreasing and converges to a point at which further energy reduction is not possible. Hence, the
convergence of the DHNN energy function, as stated in Theorem 1, is formally established. In this
paper, the resulting final neuron states S lf mal o re evaluated using multiple performance metrics related
to diversity and global energy solutions, thereby highlighting the effectiveness of DHNN-MAJ2SAT
in producing global minimum solutions for combinatorial optimization tasks.

3.3. Multi—objective Discrete Hopfield Neural Network

In this study, a multi-objective Discrete Hopfield Neural Network (MOF-DHNN) is proposed to
address limitations associated with restricted storage capacity and insufficient solution diversity in
conventional DHNN models. Unlike the single-objective DHNN (SOF-DHNN), which typically
converges to a single optimal neuron state, the MOF-DHNN is designed to generate multiple high-
quality neuron state configurations by jointly considering several optimization objectives. Studies on
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DHNN optimization have primarily entailed minimizing a single cost function derived from systematic
SAT logic [33,34]. Although such approaches are effective in achieving global energy minimization,
they often neglect the quality and diversity of the resulting neuron states. This limitation increases the
likelihood of repetitive solutions and restricts the model to a single Content Addressable Memory
(CAM), thereby constraining the exploration of the solution space.

To overcome these issues, the proposed MOF-DHNN integrates a non-systematic MAJ2SAT
logical structure, denoted as @y 472547, Which enables greater flexibility in logical representation and
supports multi-objective optimization. The MAJ2SAT formulation plays a critical role in the MOF-
DHNN, as it encodes satisfied logical assignments that are directly associated with the optimization
objectives. In the proposed framework, three objective functions are introduced: The fitness function
f, the diversity function d, and the production of power strings H. These objectives are formulated
within a hierarchical multi-objective optimization structure, rather than a Pareto-based framework.
Specifically, objectives are optimized sequentially, where higher-priority objectives must be satisfied
before subsequent objectives are evaluated. This formulation avoids ambiguity associated with Pareto
dominance and is well suited to the layered architecture of DHNN. Accordingly, the MOF-DHNN is
defined as a multi-objective maximization problem, expressed as in Eq (18)

Maximize: F(f,d, H), (18)

where each objective contributes to improving the quality, diversity, and storage capability of the DHNN
model. The detailed formulations of these objective functions are described in the following subsections.

3.3.1. Fitness function

The first objective function aims to maximize the number of satisfied clauses in the MAJ2SAT
formulation, as shown in Eq (19). The fitness function evaluates the degree to which a neuron state

configuration satisfies the logical constraints encoded in @p452547. Achieving maximum fitness
corresponds to minimizing the DHNN energy function, i.e., E, ... = 0, which ensures optimal
synaptic weight formation.

The fitness maximization problem is defined as

S fi
= i=1Ji, 19
max f {ﬁ- >0,i=12,..TC, (19)

where f; denotes the satisfaction status of the i-th clause in ¢,,47547, and TC represents the total
number of clauses, given by TC = m + n. The maximum fitness value is therefore f.x = TC,
indicating that all clauses are satisfied.

3.3.2. Diversity function

While fitness optimization ensures logical consistency, it does not guarantee diversity among neuron
state configurations. To address this limitation, a diversity function is introduced as the second objective to
promote variation in neuron states and reduce the risk of overfitting. The diversity function measures the
difference between generated neuron states and benchmark neuron states. Let d; denote the number of
distinct neuron states in a solution. The diversity maximization problem is defined as in Eq (20)
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2m+3n 5 _
max d = {.u Zi:l cfil >.Lt)(2m + 371): (20)
i ,

where pu is the diversity threshold, and m and n represent the number of 2SAT and 3SAT clauses,
respectively. In this study, u = 0.1. Optimal diversity is achieved when the number of distinct neuron
states reaches u(2m + 3n), ensuring sufficient variation among candidate solutions.

3.3.3.  Power string production

The third objective focuses on the production of power strings, denoted as H. A power string is
defined as a neuron state configuration that simultaneously satisfies the maximum fitness and diversity
criteria. Each power string is unique and represents a high-quality solution suitable for storage in CAM.
The power string maximization problem is formulated as Eq (21)

H € max(f,d),
max H = H+0, (21
HeN.

Each selected power string is stored in its own CAM, resulting in a multi-CAM DHNN
architecture. If p power strings are generated, the DHNN model will consist of p —CAMSs. This
mechanism enables the MOF-DHNN to expand its storage capacity while maintaining solution quality.

Figure 2 illustrates the structural differences between the SOF-DHNN and the proposed MOF-
DHNN. In contrast to the single-layer architecture of SOF-DHNN, the MOF-DHNN employs a layered
structure consisting of a fitness layer, a diversity layer, and a power string layer. This layered
formulation supports hierarchical multi-objective optimization and facilitates the generation of
diversified and high-quality neuron states.

MOF
SOF Input
Input Objective function 1:
max [ f]=7C
Objective function 1:
max[ /]=71C
Objective function 2:
max |d|= u(2m+3n
Single CAM [ ] A( )
1
Objective function 3:
max[l:[:'e max|[f, d]
Fitness Layer
Diversity Layer Multi-CAM

Power String Layer

1 2 P

Figure 2. An illustration of SOF and MOF of the DHNN model.
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3.4. The Hybrid Exhaustive Search algorithm

To achieve the proposed multi-objective functions (MOF), a learning algorithm is incorporated
into the DHNN framework. In this study, a HES algorithm is implemented within the DHNN model
using MAJ2SAT logic, referred to as DHNN-MAJ2HES. The HES algorithm is inspired by the
classical Exhaustive Search (ES) method but is enhanced with a targeted search operator known as
intelligent mutation. Conventional ES relies on a trial-and-error strategy that evaluates all possible
candidate solutions to guarantee optimality. Although ES is theoretically optimal, its computational
cost becomes prohibitive for large problem sizes [35]. In the proposed framework, exhaustiveness is
not applied to the complete neuron state space 2V. Instead, exhaustive evaluation is restricted to the
clause satisfaction level, while solution improvement is guided by intelligent mutation within bounded
generations. This design significantly reduces computational complexity while preserving the
systematic nature of ES.

The intelligent mutation operator is inspired by the mutation mechanism in Genetic Algorithms
(GA), but with fundamental differences. Standard GA mutation typically flips genes randomly,
whereas the proposed intelligent mutation detects unsatisfied MAJ2SAT clauses and selectively
modifies only the neuron states contributing to unsatisfaction. This targeted detect-and-mutate strategy
enables the algorithm to focus on promising regions of the search space, thereby reducing unnecessary
exploration and accelerating convergence.

Unlike classical SAT heuristics such as GSAT or WalkSAT [36—38], which rely on probabilistic
variable flipping and random walks, the proposed intelligent mutation operates in a deterministic and
clause-guided manner within the DHNN framework. Mutation is applied only to neuron states
associated with unsatisfied clauses and is evaluated jointly using fitness and diversity objectives. This
integration distinguishes the proposed approach from conventional local search heuristics and aligns
it with neural optimization principles. Overall, the DHNN-MAJ2HES algorithm consists of six major
stages: population initialization, intelligent mutation, fitness assessment, diversity assessment,
selection of power strings, and termination.

3.4.1. The Full Implementation DHNN-MAJ2HES Algorithm

A detailed description and stages involved in multi—objective DHNN-MAJ2HES algorithm is
presented below.

Stage 1: Population initialization

Each iteration of the HES algorithm utilizes a population P with a random distribution, denoted
by Pz[Hl,Hz,H3,...,H,~] . Every H;eP , is referred to as a solution of @ /472547 -

H; :[A Slk),Agc),ASl];)} shows the solution consists of a set of clauses, 4 Sg), where k=2,3,

denoting the 2SAT and 3SAT clause with i iteration and dimension space D. Moreover, each clause
represented either a satisfied (true) or unsatisfied (false) solution. Then, the solutions pass to a fitness
calculation based on satisfied clauses.

Stage 2: Intelligent mutation
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This operator simulates the mutation operator in GA. It is obvious that not all solutions return
maximum fitness value at the initial stage, but only a proportion of the population. Therefore, this
operator introduces the detection of all unsatisfied clauses in each solution before mutating the neuron

states, S; € Ai(k). Figure 3 shows the neuron states before (S lb efore ) and after (S l_aft er) applying

intelligent mutation. Additionally, the mutation rate is the probability that states in given unsatisfied
clauses in each solution will change from 1 to —1 or vice versa. If mutation rate is equal to 1, there is
100% possibility the solution will be mutated.

Before

oy [ faf o fofafafn]

After
ay [ fu | fafaa]

Figure 3. The neuron states before and after applying the intelligent mutation.

To mathematically model this operator, at each iteration, for each generation in intelligent
mutation operator, y number of solutions are selected to mutate because of f; #TC . Here, it is

assumed that 7C =3 by referring to Eq (4). The operator detect solution that gives f; =1 instead of
fi =3. Thus, the operator will attempt to mutate the neuron states toward the maximum fitness. As

can be seen from Figure 3, the yellow box shows that the algorithm managed to detect states in
unsatisfied clause. These states will be mutated according to mutation rate. Moreover, green states are
the updated states which give the best solution f; =3 . The process will iterate until all sets of

improved solutions attain maximum fitness. The iteration will stop until it reaches the maximum
number of generations (NG). Overall, the differences between normal mutation with intelligent
mutation are the nature of mutation and the number of states to be mutated. In normal mutation [5],
the states are mutated randomly with random number of states to mutate. Moreover, intelligent
mutation applies a detection process on the unsatisfied clause before it mutates the states in that
unsatisfied clause only. Intelligent mutation does not mutate the states that will lead to unsatisfied logic.
Eq (22) shows the piecewise equation on which states need to be mutated.

s dfter o gbefore, Al.(k) -1

Si= (22)
after _ o before k)
st _sptre 400,

;=
Stage 3: Fitness assessment

All sets of solutions that have passed the intelligent mutation will be evaluated based on the fitness
value according to Eqgs (23) and (24). The process will iterate until all sets of improved solutions attain
S 'max - Furthermore, the iteration will stop until it reaches the maximum number of generations.

=545 40 (23)
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y (k) _ {l, satisfied (24)

i 0, wunsatisfied

Stage 4: Diversity assessment

The effectiveness of the diversity phase is computed based on the full fittest solution. The full fittest
solution is defined as all solutions that achieves fyax . The diversity neuron states for each solution will

be evaluated whether equal and exceed d 3¢ or not. A solution that exceeds d j5x Will return gz value.

This condition needs to be fulfilled by all sets of solutions. Otherwise, the algorithm will be repeated until
a maximum number of learning in the learning phase of DHNN. The total number of different neuron states

that exceed u (d 2 ,u) is denoted as optimal diversity results as referred to Eqs (25) and (26).

Ui (Sa) (-5
d= if aj ai (25)
0 otherwise
2m+3n d;
> 26
-1 2m+3n H (26)

Stage 5: Selection of power strings

This stage is the most significant process in assuring the MOF of the proposed algorithm is
achieved. The aim to increase the storage capacity of DHNN model depends on the production of
power strings. Here, the solution that achieve two objective functions which are maximum fitness and
maximum diversity is called as power string (FI ) . We select p number of power strings

(I;V = [I:I 1> H Dsens H p J) to store in CAM thus carry the information into the testing phase of DHNN.

Stage 6: Termination criteria

The process of finding H p will keep iterating until reach maximum number of learning. If the
simulation is unable to retrieve H p » the process will be repeated from initialization phase until the

selection of power strings. Figure 4 shows the overall process in HES algorithm. Moreover, Algorithm
1 outlines the proposed MAJ2HES learning framework. The HES component systematically explores
feasible neuron state combinations within the MAJ2SAT solution space, while an intelligent mutation
operator is applied across successive generations (gen = 1, ..., NG) to identify and modify neuron
states associated with unsatistied MAJ2SAT clauses. Multi-objective optimization is achieved by
jointly considering fitness, diversity, and power string utilization, thereby ensuring a balanced trade-
off between exploration and exploitation throughout the learning process.
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Figure 4. A schematic of the HES algorithm.

ALGORITHM 1. Pseudocode for Multi-objective DHNN with Hybrid Exhaustive Search.

Input:
Population size P
MAJ2SAT clause ratio a
Total clauses 7C
Diversity threshold u
Maximum learning iteration w
Maximum generation NG
Output:
Number of power strings p

BEGIN

Repeat.

While iter < w do.

Initialization:

Randomly initialize the population P in the search space.

Evaluate the fitness value f(H;) for all solutions H;.

For gen = 1 to NG do.

Intelligent Mutation:

Detect unsatisfied clauses Agk) = —1.

Mutate the neuron states S; from 1to —1 or vice versa to produce an updated solution H;.
Fitness Assessment:

Select the top x solutions with maximum fitness f,,x to calculate the fitness error.
End for.

Diversity Assessment:

Select the top x solutions with maximum diversity d .5 to calculate the diversity error.
Selection of Power Strings:

Select power strings p, which consist of solutions satisfying both f;,,x and d ;..
End while.

Until the desired number of power strings p is achieved.

Return the number of power strings p.

END
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3.4.2. Storage capacity expansion of DHNN-MAJ2HES

A large set of potential solutions may require increased storage capacity to produce optimal
outputs in the DHNN model. The researchers in [28] report that the storage capacity of a conventional
DHNN is approximately limited to 0.14N, where Ndenotes the number of optimal solutions that can
be stored. In other studies [12,20], the search space and storage capacity of DHNN were restricted by
the use of a single Content Addressable Memory (CAM), resulting in a storage complexity of
approximately 0.14. In contrast, the proposed DHNN-MAJ2HES framework expands storage capacity
through the selective generation of power strings, rather than through naive replication of network
structures. Each power string represents a high-quality neuron state configuration that simultaneously
satisfies fitness and diversity constraints. Only these qualified solutions are stored in CAM, ensuring
that additional memory resources are allocated conditionally and efficiently.

Following the recommendation in [39], multiple CAMs are introduced only after the generation
of optimal final neuron states Siﬁnal. As a result, the storage complexity of the DHNN-MAJ2HES
model becomes proportional to the number of power strings p, yielding an effective storage capacity
of approximately 0.14p. This mechanism enables the proposed algorithm to increase storage capacity
by up to p times while avoiding redundant memory allocation. Although the use of multiple CAMs
introduces additional hardware requirements, this increase is not a direct scaling of network resources.
Instead, it reflects an algorithmic improvement in solution selection and storage efficiency, as only
diversified and optimal neuron states are retained. Consequently, the proposed approach achieves a
balanced trade-off between enhanced storage capacity and hardware cost.

4. Experimental study

The effectiveness of the DHNN-MAJ2HES model is described in this section. The experiment
runs using the A315-57G device with Windows 11, an Intel® Core™ 17-1065G7 processor, and 8GB
RAM. The learning and testing data set employed in our study are generated synthetically by the software
Dev C++ (version 5.11). It is important to use same device and programming language to avoid bias in
generating results. The simulated data sets are produced in bipolar neuron states either 1 or —1

(S i € {l, —1}). The utilization of bipolar representation is important in this paper to ensure the DHNN

model can operate in asynchronous neuron updating and carry the optimal synaptic weight [40].
4.1. Experimental setting

We cover a wide range dimension space of a higher number of 7C and « . The value of 7C range
from 10 to 40 considering the step size equal to 10. The range for « is dependent on the 7C size. In

this paper, the step size for o issetto 0.1 and 0.05. For 7C =10,30 therangeis o = {0.6,0.7,0.8,0.9} )
Moreover, as for T7C =20,40 , the range is a:{0.55,0.6,0.65,0.7,0.75,0.8,0.85,0.9,0.95} . This
means that we consider the imbalance of « in this paper to show the flexibility of @ jz472547 to

explore parameter settings. Additionally, we want to prove that the results of the proposed DHNN—
MAJ2HES model are consistent throughout the experiment with a variation of 7C and « . The range
for 7C and « can be set to a high or low value. However, we restrict the range according to Table 1
to have a fair comparison between two different ranges of « . Table 1 shows the possible combination
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of 2SAT and 3SAT clauses generated in this paper according to 7C and « . Although Table 1 reports
large neuron counts for higher values of TC, the proposed DHNN-MAJ2HES algorithm does not
perform exhaustive enumeration over the full neuron state space 2V, Instead, exhaustive evaluation
is applied at the clause satisfaction level, while solution updates are guided by intelligent mutation
within bounded generations.

Table 1. Possible combinations of 2SAT and 3SAT clauses for different values of TC and
a, and the corresponding number of neurons (NN).

TC m n o NN
6 4 0.6 24
10 7 3 0.7 23
8 2 0.8 22
9 1 0.9 21
11 9 0.55 49
12 8 0.6 48
13 7 0.65 47
14 6 0.7 46
20 15 5 0.75 45
16 4 0.8 44
17 3 0.85 43
18 2 0.9 42
19 1 0.95 41
18 12 0.6 72
30 21 9 0.7 69
24 6 0.8 66
27 3 0.9 63
22 18 0.55 98
24 16 0.6 96
26 14 0.65 94
28 12 0.7 92
40 30 10 0.75 90
32 8 0.8 88
34 6 0.85 86
36 4 0.9 84
38 2 0.95 82

4.2. Parameter assignment

Following most of the guidance provided in [19], the proposed model executes the learning
and testing phase 100 times independently. The difference is that we run the algorithm based on one
neuron combination, unlike in [19], where a 100—neuron combination was run. This is due to the reason
that we want to see the real implication of one neuron combination to the results and reduce the
computational time. The population size is initialized to 100 solutions (or strings) for all proposed
algorithms. A set of 100 solutions is obtained randomly in each simulated data set. The parameter
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settings for all benchmark algorithms are adopted from their respective reference studies and
commonly used configurations in the literature to ensure fair comparison, while the population size is
fixed across all methods. In accordance with the settings suggested in the original works, additional
parameters for each method are specified and listed in Table 2. The neuron states in the learning and
testing phase are initialized randomly following the work by [40]. Notably, the simulation that exceeds
more than 24 hours is terminated, and the results are not valid. The Hyperbolic Tangent activation
function (HTAF) is used in this experiment to increase the capability of DHNN-MAJ2HES model in
retrieving stable final neuron states.

Table 2. Parameters specifications of DHNN-MAJ2HES and comparison algorithms.

Parameter Value/Range
Number of power strings, (p) 5

2SAT ratio in @ 7472547 > (@) 0.55<@ <095
Total clauses in @ y472547 > (TC) 10<7C<40
Diversity threshold, (u) 0.1
Population size, (P) 100

Neuron combination 1

Number of generations, (NG) 100

Number of learning, (@) 100 [19]
Number of trials, (v) 100 [19]
Threshold time 24 hours [19]
Tolerance value, (0) 0.001 [4]
Relaxation rate 3 [4]

4.3. Baseline models

To investigate the performance of the DHNN-MAJ2HES model, we select six benchmark
algorithms representing metaheuristic and heuristic approaches: Particle Swarm Optimization (PSO),
Clonal Selection Algorithm (CSA), Election Algorithm (EA), Genetic Algorithm (GA), Artificial Bee
Colony (ABC), and Exhaustive Search (ES). GA and CSA are evolutionary—based, PSO and ABC
utilize swarm—intelligence principles, EA is rooted in socio—political algorithms, and ES operates as a
heuristic algorithm. The key distinction among these methods lies in the presence of global and local
search operators. It is crucial to note that HES algorithms are compared to these benchmarks without
the integration of an intelligent mutation operator, ensuring a fair comparison. By focusing on
individual merits, this approach enables us to highlight the distinctive features of DHNN-MAJ2HES,
emphasizing the effectiveness of its intelligent mutation operator as a vital component. This
comprehensive evaluation provides valuable insights into the unique advantages offered by our
proposed approach within the landscape of optimization algorithms. Below are the detailed
descriptions of chosen algorithms that will be compared with HES.

4.3.1. Particle Swarm Optimization

PSO was initially introduced in [41], which imitates the social behavior of birds flocking. There

AIMS Mathematics Volume 11, Issue 5, 15074-15119.



15093

are no recent studies from the perspective of SAT in DHNN that utilizes PSO as the learning algorithm
to achieve a zero-cost function. However, the researchers in [40] concluded that PSO obtained
competitive performance compared to the Grey Wolf Optimization (GWO) algorithm in terms locating
local-best and global-best solutions. This creates an opportunity to see the ability of PSO operators to
learn MAJ2SAT logical rules in the learning phase of DHNN. In PSO, each bird in the flock serves as
a swarm particle. This particle in turn represents a potential solution (a leader who has the closest
position to the food). The particle swarm searches space in each dimension for the best solution that
optimizes the problem at hand [42].

4.3.2. Clonal Selection algorithm

The CSA mimics the clonal selection principle where the fundamental features of an immune
response to an antigenic stimulus [43]. CSA consists of cloning, mutation, and selection operators.
Cloning is used to generate new individuals with higher affinity values. Clones are perturbed by
mutation, which also keeps the population diverse. Lower affinity individuals are eliminated through
selection. Through an experiment carried out by Zamri et al. with a simulated dataset, CSA has showed
optimal performance in the learning phase of DHNN due to the somatic hypermutation operator [11].

4.3.3. Election algorithm

In the last few years, the Election algorithm (EA) has been popular in DHNN because of the
iterative operators and systematic partition of the solution space that can reduce the potential of DHNN
trapped in a suboptimal solution. An experiment conducted by Bazuhair et al. displayed the potential
of EA in achieving optimal synaptic weight management of RAN3SAT in DHNN [15]. Even when
RAN3SAT considered high number of first—order logic, EA can locate the satisfied interpretation of
the logical rule.

4.3.4. Genetic algorithm

The Genetic algorithm (GA) is based on finding a potential solution set for a given population.
Once the first population is generated, the next generation evolves to produce a better near—optimal
population. The crossover and mutation operator will occur to improve the subsequent population of
the solution. The GA can improve the learning phase of DHNN and attains 90% of global minima
solutions [5]. This study further concluded that GA works efficiently in DHNN due to the balanced
optimization operators in the algorithm such as crossover (responsible for exploring solutions in other
search spaces) and mutation (responsible for exploiting near—optimal solutions).

4.3.5. Artificial Bee Colony algorithm

Inspired by the foraging behavior of honeybees, Karaboga and Basturk proposed a new variant
of swarm intelligence, namely Artificial Bee Colony (ABC) [44]. There are three major operators in
ABC: employed bee, onlooker bee, and scout bee. It is worth mentioning that the performance of ABC
depends on the updated rule equation of ABC, which controls the movement of the bees toward
profitable nectar around the hive. The work by Kasihmuddin et al. reported the superior performance
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of ABC in learning the logical rule of 2SAT in the Radial Basis Function Neural Network (RBFNN)
[45]. The proposed ABC outperforms other state—of the art algorithms such as GA and PSO.

4.3.6. Exhaustive Search algorithm

The ES algorithm, also known as the brute-force search algorithm, is a simple and easy-to-
implement approach [46]. However, this algorithm may incur high computational cost and can become
infeasible for large problem sizes. Despite this limitation, ES is intentionally included in this study as
a baseline model, particularly in the investigation of SAT-based DHNN models, where ES is widely
regarded as the benchmark searching technique during the learning phase. Although ES does not
employ any optimization operators, it has been reported to effectively minimize the DHNN cost
function when the number of neurons is small [12]. Therefore, its inclusion enables a direct and fair
assessment of how the proposed HES improves upon the fundamental ES framework.

4.4. Performance indicators

The effectiveness of the DHNN-MAJ2HES in terms of learning and testing phase is assessed
using several performance metrics. In the learning phase of DHNN-MAJ2HES, the Mean Absolute
Error (MAE) for respective objective functions as in Eqs (23) and (25) is formulated in Eqs (27) and
(28). According to a study by the researchers in [47], MAE is widely used to measure model fitting. In
this context, the value of MAE is convenient to show us how close the obtained value is with the
desired value. As presented in Eq (27), the formulated MAE to evaluate the performance of respective

learning algorithms in terms of fitness is represented as MAE f - Notably, the values of MAE f

investigate the minimization of cost function of DHNN.

P o
Z Z ‘fmax‘fij‘
MAE p =L , 27)
P

where f; refers to fitness value for j—th number of learning for i—th power string. Additionally, another

formulated MAE to measure the quality of satisfied neuron interpretation in terms of diversity is

represented as MAE ;j, as shown in Eq (28). The values of MAE ; indicate the diversified neuron

states of MAJ2SAT.

p o
Z Z ‘dmax_dij‘

MAE ;= =L

, (28)
PO

whereby d jj 1s the diversity value for j—th number of learning for the i—th power string. All solutions

that obtain d ij 2 @ will standardized to the d max value. This explains the strategy of evaluating
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diversity neuron states. The total number of power strings or p depicts the total number of strings that

possess the desired quality of strings in terms of fitness and diversity. A high number of p is

considered optimal, as this exhibits the successful rate of the respective learning algorithm in solving

MOF problems. Eq (29) highlights the criteria considered in categorizing o as follows:

P= n(fmax mdmax) (29)

Conjointly, three performance metrics are assessed in the testing phase to investigate the impact of
HES compared to other baselines in terms of the production of final neuron states. The first

performance metrics to assess the testing phase is the ratio of global solutions or R . R(; are widely
used in related studies such as in [48] and [23]. According to both works, when R approaches one
(R G~ 1) , this finding aftirms that the logical rule is successfully embedded in DHNN. Equation (30)

shows the formulation of R as follows:

L L
';1 'Z—“l G(PMAJZSAT
RG="—= (30)
yol¥)
where G, MATISAT is defined as number of global minimum solutions more than 0. Equations (31)

and (32) measure the quality of the retrieved final neuron states by respective DHNN models. In this
context, the quality refers to whether the states are overfitting or not. R, , or ratio of variations,

evaluates the variations of neuron states, where higher values of R, showcase dissimilarity among

other retrieved states. Based on a study by the researchers in [19], high variations highlight DHNN’s
ability to locate non—overfitting solutions. In relation to this, the researchers in [19] also included a
similarity index measurement formula to measure the co—occurrences of positive—negative states. This
has inspired us to include the Jaccard Index or Rjpgp to see the positive states produced by the

DHNN-MAJ2HES model and other baselines. The formulation of Rjpgy can be seen in Eq (33).
Moreover, Table 3 depicts the details of all coefficients in R jpsj.

¢ %0
_i=lj=1
yol¥)

R, 31)

AIMS Mathematics Volume 11, Issue 5, 15074-15119.



15096

0, if n _n+l
(n) ) P MAT2SAT =P MAT2SAT
g\ _ (32)
l L n + n+l
o U Paa2SAT * P MAT2SAT

P Di
Rips =2
izlp(Pi +q; +ri)

(33)

Table 3. Similarity coefficient in R jpgy.

Coefficient Benchmark, S Final, S ifmal

p 1 1
1 -1
r —1 1

4.5. Full implementation of the DHNN-MAJ2HES algorithm

The basic idea of implementing @ p7472547 and the HES algorithm in DHNN is to improve the

pioneer work from having one objective function into multi—objective functions. In this way, multi—
objective functions can increase the search space and storage capacity of DHNN. As the HES algorithm
takes advantage of the original ES algorithm, this new algorithm is proposed to outperform other
benchmark learning algorithms. As shown in Figure 5, we provide a flowchart of the proposed model,

which implements ¢ 37472547 and HES in DHNN (DHNN-MAJ2HES) in solving multi—objective

functions. The proposed DHNN-MAJ2HES model is split into the learning phase and testing phase.

In the early process, it is important to create @ js472547 according to « , which the number of 2SAT

clauses (m) need to be more than the number of 3SAT clauses (). The process then follows solving
multi—objective functions through the learning algorithms. In this paper, the learning algorithm used
is the HES to navigate the fitness and diversity stage. The output of HES is the production of power
strings with the top highest positive literals. After that, the synaptic weight calculation using the Wan
Abdullah method is performed, and all the information is fused and stored in Content Addressable
Memory (CAM). It is important to store each power string according to its own CAM. The testing
phase is focused on producing high quality and stable final neuron states. This phase starts by
calculating the local field equation followed by the final neuron states filtering through the Hyperbolic
Tangent activation function (HTAF). Notably, the proposed model needs to be relaxed using the
Sathasivam relaxation method with a relaxation rate equaling three to generate more stable final neuron
state with global minimum energy. At the end of the process, the performance of the proposed model
will be evaluated using suitable metrics. The results are recorded to verify the effectiveness of the
DHNN-MAJ2HES model outperforming the benchmark algorithms.
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Figure 5. A flowchart of the proposed DHNN-MAJ2HES model.
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5. Results and discussion

The findings of the experiments are presented and analyzed in this section. First, the performance
of DHNN-MAJ2HES is analyzed and then compared with metaheuristics. The results are divided into
two phases, namely the learning phase and the testing phase. They are reported using graphical
representations for four cases, average results summarizing all cases, and the Friedman test for the
chosen metric in each phase. Graphical plots and numerical tables are presented to provide a
comprehensive evaluation. In some cases, algorithms exhibit identical or near-identical performance,
causing their curves to coincide in the figures. Therefore, the following tables are included to enable
precise quantitative comparisons when visual distinction is limited.

5.1. Analysis of the learning phase

For the analysis of learning phase performance, four cases with different 7C sizes are selected to
evaluate the behavior of each metaheuristic under varying network complexity. The results of the
learning phase are presented in Figure 6 and Table 4, where the mean absolute error of the fitness
function (MAE f) is used to assess the effectiveness of each algorithm in minimizing the DHNN cost
function. The objective of this evaluation is to determine which optimization strategy performs most
effectively with the MAJ2SAT fitness formulation in achieving fully satisfied interpretations. From the
results, the proposed HES consistently achieves MAE ; = 0 across all tested 7C and a values,
indicating complete cost function minimization during the learning phase. This outcome does not arise
from dataset simplicity or overfitting, but rather from the targeted learning mechanism embedded in
HES. Specifically, the intelligent mutation operator detects unsatisfied MAJ2SAT clauses and
selectively mutates only the neuron states associated with these clauses. This clause-driven mutation
strategy prevents unnecessary random state flipping and ensures that learning progress is directly
guided toward cost reduction. As a result, the DHNN consistently converges to satisfied interpretations
regardless of problem size.

The second-best algorithm is PSO that managed to achieve optimal MAE f at TC=10 and

TC =20. However, PSO start showing increasing MAE ¢ results when TC gets higher. This trend is
also like the performance of the EA, which attains optimal MAE f at TC =10 and the error increasing

as TC increases. We strongly agree that both algorithms are unable to achieve full satisfied
interpretation as 7C. The main reason behind this result is that PSO is easily trapped in the suboptimal
solution despite their fast convergence speed [49]. The particle’s position is not guaranteed to always
achieve optimal results due to the transfer function of PSO and the influenced of randomly generated
values that decide the 1 or —1 interpretation [50]. As for EA, the positive advertisement is unable to
give an assurance that the current voter will improve its fitness. This is because of the process of
flipping the neuron states randomly (from 1 to —1 or from —1 to 1) on the chosen voters occurring.
Therefore, there is a possibility that the current voter has less fitness compared to previous voters.
According to Table 4, we can see that the performance of CSA, GA, ES, and ABC is similar. These
four metaheuristics share almost the same MAE f in each case. For example, in the first case, which

is TC =10, these algorithms obtain MAE r =9.9 . This explains that the stated algorithms require 99

iterations to achieve E 0.

P MAJ2SAT —
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Table 4. MAE # values obtained per metaheuristic for all 7C. The bracket indicates the ratio

of improvement.
C (24 HES PSO EA CSA ABC GA ES
10 0.60 0.0000 0.0000 0.0000 9.9000 9.9000 9.9000 9.9000
(0.0000) | (0.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)
0.70 0.0000 0.0000 0.0000 9.9000 9.9000 9.9000 9.9000
(0.0000) | (0.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)
0.80 0.0000 0.0000 0.0000 9.9000 9.9000 9.9000 9.9000
(0.0000) | (0.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)
0.90 0.0000 0.0000 0.0000 9.9000 9.9000 9.9000 9.9000

(0.0000) | (0.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)
Average | 0.0000 | 0.0000 | 0.0000 | 9.9000 | 9.9000 | 9.9000 | 9.9000

20 0.55 0.0000 | 0.0000 | 0.0000 | 19.8000 | 19.8000 | 19.9200 | 19.8000
(0.0000) | (0.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.60 0.0000 | 0.0000 | 0.0000 | 19.8000 | 19.8000 | 19.8000 | 19.8800
(0.0000) | (0.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.65 0.0000 | 0.0400 | 0.0000 | 19.8000 | 19.8000 | 19.8000 | 19.9600
(0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.70 0.0000 | 0.0400 | 0.0000 | 19.8000 | 19.8800 | 19.8400 | 19.8000
(0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.75 0.0000 | 0.0000 | 4.0000 | 19.8000 | 19.8000 | 19.8000 | 19.8000
(0.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.80 0.0000 | 0.0000 | 4.0000 | 19.8000 | 19.8000 | 19.8000 | 19.8000
(0.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.85 0.0000 | 0.0000 | 8.0000 | 19.8000 | 19.8000 | 19.8000 | 19.8000
(0.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.90 0.0000 | 0.1200 | 8.0000 | 19.8000 | 19.8800 | 19.8000 | 19.8400
(0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.95 0.0000 | 0.0400 | 16.0000 | 19.8000 | 19.8800 | 19.8400 | 19.8000

(0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)
Average | 0.0000 | 0.0267 | 4.4444 | 19.8000 | 19.8267 | 19.8222 | 19.8311

30 0.60 0.0000 | 3.0000 | 28.0000 | 29.7000 | 29.7600 | 29.7000 | 30.0000
(0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.70 0.0000 | 1.1400 | 24.0000 | 29.7000 | 29.9400 | 29.8800 | 29.8200

(0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.80 0.0000 | 3.8400 | 18.0000 | 29.7000 | 30.0000 | 29.9400 | 30.0000

(0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.90 0.0000 | 3.3600 | 27.0000 | 29.7000 | 30.0000 | 29.9400 | 30.0000

(0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)
Average | 0.0000 | 2.8350 | 24.2500 | 29.7000 | 29.9250 | 29.8650 | 29.9550

40 0.55 0.0000 | 1.9200 | 36.0000 | 39.8400 | 40.0000 | 40.0000 | 40.0000
(0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.60 0.0000 | 16.2400 | 37.3333 | 39.6800 | 40.0000 | 40.0000 | 39.8400
(0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.65 0.0000 | 16.8000 | 40.0000 | 39.6000 | 40.0000 | 40.0000 | 40.0000
(0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.70 0.0000 | 16.5600 | 36.0000 | 39.6000 | 40.0000 | 40.0000 | 40.0000
(0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.75 0.0000 | 9.7600 | 36.0000 | 39.6000 | 40.0000 | 40.0000 | 40.0000
(0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.80 0.0000 | 16.0800 | 37.3333 | 39.6000 | 40.0000 | 40.0000 | 40.0000
(0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.85 0.0000 | 21.2800 | 36.0000 | 39.6000 | 40.0000 | 40.0000 | 40.0000
(0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)

0.90 0.0000 | 27.6000 | 37.3333 | 39.6000 | 40.0000 | 39.9200 | 40.0000

(0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)
Continued on next page
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TC a HES PSO EA CSA ABC GA ES
0.95 0.0000 | 15.1200 | 37.3333 | 39.6000 | 40.0000 | 40.0000 | 40.0000
(0.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000) | (1.0000)
Average | 0.0000 | 15.7067 | 37.0370 | 39.6355 | 40.0000 | 39.9911 | 39.9822
Overall Average | 0.0000 | 5.8823 | 18.0897 | 26.6661 | 26.8362 | 26.8223 | 26.8362

Minimum 0.0000 | 0.0000 0.0000 9.9000 9.9000 9.9000 9.9000
Maximum 0.0000 | 27.6000 | 40.0000 | 39.8400 | 40.0000 | 40.0000 | 40.0000
Std 0.0000 8.2220 16.0287 10.9183 11.0720 11.0668 11.0651

Win/Equal/Loss | 15/11/0 | 0/9/15 0/8/18 0/0/26 0/0/26 0/0/26 0/0/26
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Figure 6. MAE # values produced per metaheuristic for different o with respect to 7C.

Importantly, the robustness of the proposed DHNN-MAJ2HES model is further supported by its
stable performance across a wide range of a values and increasing 7C sizes. The persistence of
MAE ¢ = 0 under these varying conditions demonstrates that the learning behavior is not sensitive to

specific parameter settings. Moreover, MAE ¢ reflects the inability to reach a fully satisfied

interpretation and the number of iterations required to achieve a zero cost function. Therefore, the zero-
error results obtained by HES indicate not only solution optimality but also learning efficiency. These
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findings confirm that the proposed HES-based learning strategy provides a robust and scalable
optimization mechanism for DHNN under multi-objective constraints.

Following the previous fitness phase, all sets of solutions (strings) with improved fitness are
brought forward in the diversity phase. The point of evaluating the diversity function is to identify
which algorithms can avoid redundancy and promote a diversified neuron state with respect to the
initial combination of @ 7472547 in the learning phase of the DHNN model. Less MAE ; denotes

the more diverse of the learning phase of the DHNN-MAJ2SAT model. As may be seen from the
results of 7C =10 in Figure 7, all tested metaheuristics achieve optimal MAE ; =0. It should be

noticed that all these metaheuristics have equal and more than 10% diversified neuron states with a
lowest dimension space 7C =10. In other words, suppose when ¢ =0.6 at 7C =10, the number of
neurons is equal to 24. Therefore, there exists one set of newly generated solutions that contains at
least two neuron states that are different with the initial set of solutions. Additionally, HES, PSO, and
CSA depict competitive performances at all &« and 7TC . These three algorithms successfully produce
a new set of solutions with more diversified neuron states. The importance of having diversity in the
learning phase of the DHNN model is to ensure that the quality of final neuron states is approaching
global minima solutions. HES can preserve optimal diversity because the solutions focus on exploring
and exploiting the solution space effectively. In [51], the researchers discussed classical PSO, when
there is no effort of producing diversity particles (solutions). This surely will result in the swarm falling
into suboptimal or local solutions. This justifies that having a diversification set of solutions helps the
proposed model obtain high quality results. Furthermore, although CSA shows the suboptimal result
for MAE # inTable 5, and this algorithm successfully gains more than threshold diversity value in the

diversity phase. This is due to the fact that CSA is known as the search algorithm with a high iterative
process of generate and testing that can increase the diversity of the solutions [52]. The result of the
diversity error for the ES algorithm is the worst among all metaheuristics, which can be seen in Figure
7 in each case. ES depicts high MAE ; in each case.

ES exhibits the highest peak of diversity error at 7C =20, TC =30, and 7C =40 . As the
decision space increases, the exhaustive nature of ES becomes increasingly impractical, preventing the
MAIJ2SAT formulation from consistently achieving maximum fitness within the allocated
computational time. Consequently, ES tends to repeatedly generate identical neuron states due to its
trial-and-error search strategy and the absence of dedicated operators for promoting solution diversity
[21]. Unlike metaheuristic-based approaches, ES lacks mechanisms to generate new non-redundant
neuron states from previously obtained solutions. As a result, the search process is often prematurely
terminated before sufficient exploration of the solution space can be achieved. Therefore, the high
diversity error observed for ES in Figure 7 is primarily attributed to an incomplete search caused by
computational time constraints at higher TC values, rather than limitations of the underlying logical
formulation. This premature termination restricts the number of retrieved neuron states and leads to
reduced apparent diversity in the learning phase. The result trend of ES is almost similar to ABC. The
error difference between ABC and ES is only 0.2846. ABC suffers from limited colony diversity when
tackling an optimization problem [39]. It is worth mentioning that the random feature of ABC, which
uses the probability distribution, might become trapped in a suboptimal solution. The characteristics
of the operator included in the metaheuristic can help in escaping suboptimal solutions and ensure the
diversity of the neuron states attained.
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Table 5. MAE ; values obtained per metaheuristic for all 7C. The bracket indicates the

ratio of improvement.

TC a HES PSO EA CSA ABC GA ES

10 0.60 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)

0.70 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)

0.80 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)

0.90 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000

(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)
Average | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000

20 0.55 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 1.2000 | 0.0000
(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (1.0000) | (0.0000)

0.60 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 1.9200
(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (1.0000)

0.65 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 3.7600
(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (1.0000)

0.70 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.4000 | 0.0000
(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (1.0000) | (0.0000)

0.75 0.0000 | 0.0000 | 0.9000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0000) | (1.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)

0.80 0.0000 | 0.0000 | 0.8800 | 0.0000 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0000) | (1.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)

0.85 0.0000 | 0.0000 | 1.7200 | 0.0000 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0000) | (1.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)

0.90 0.0000 | 0.0000 | 1.6800 | 0.0000 | 0.8000 | 0.0000 | 0.8400
(0.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000)

0.95 0.0000 | 0.0000 |3.2800 | 0.0000 | 1.6400 | 0.4000 | 0.0000

(0.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (0.0000)
Average | 0.0000 | 0.0000 | 0.9400 | 0.0000 | 02711 | 02222 | 0.7244

30 0.60 0.0000 | 0.0000 | 5.7600 | 0.0000 | 0.6000 | 0.0000 | 7.2000
(0.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000)
0.70 0.0000 | 0.0000 | 4.1400 | 0.0000 | 2.4000 | 1.8000 | 2.7600
(0.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000)
0.80 0.0000 | 0.0000 | 3.9600 | 0.0000 | 6.6000 | 2.4000 | 6.6000
(0.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000)
0.90 0.0000 | 0.0000 | 5.0400 | 0.0000 | 63000 | 2.4000 | 6.3000

(0.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000)
Average | 0.0000 | 0.0000 | 4.7250 | 0.0000 | 3.9750 | 1.6500 | 5.7150

40 0.55 0.0000 | 0.0000 | 7.8400 | 0.0000 | 9.8000 | 9.8000 | 9.8000
(0.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000)

0.60 0.0000 | 0.0000 | 7.6800 | 0.0000 | 9.6000 | 9.6000 | 5.7600
(0.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000)

0.65 0.0000 | 0.0000 | 9.4000 | 0.0000 | 9.4000 | 9.4000 | 9.4000
(0.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000)

0.70 0.0000 | 0.0000 | 7.3600 | 0.0000 | 92000 | 9.2000 | 9.2000
(0.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000)

0.75 0.0000 | 0.0000 | 7.2000 | 0.0000 | 9.0000 | 8.8000 | 9.2000
(0.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000)

0.80 0.0000 | 0.0000 | 7.0400 | 0.0000 | 8.8000 | 8.6000 | 8.8000
(0.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000)

0.85 0.0000 | 0.0000 | 6.8800 | 0.0000 | 8.6000 | 8.4000 | 8.6000
(0.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000)

0.90 0.0000 | 0.0000 | 6.7200 | 0.0000 | 8.4000 | 3.2000 | 8.4000

(0.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000)
Continued on next page
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TC a HES PSO EA CSA ABC GA ES
0.95 0.0000 | 0.0000 | 49200 | 0.0000 | 82000 | 8.2000 | 8.2000
(0.0000) | (0.0000) | (1.0000) | (0.0000) | (1.0000) | (1.0000) | (1.0000)
Average | 0.0000 | 0.0000 | 7.2267 | 0.0000 | 9.0000 | 8.3556 | 8.5956
Overall Average | 0.0000 | 0.0000 | 3.5538 | 0.0000 | 3.8208 | 3.2231 | 4.1054

Minimum 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Maximum 0.0000 0.0000 9.4000 0.0000 9.8000 9.8000 9.8000
Std 0.0000 0.0000 3.1758 0.0000 4.1350 3.9568 3.9178

Win/Equal/Loss | 0/26/0 0/26/0 0/8/18 0/26/0 0/11/15 0/10/16 0/10/16
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Figure 7. MAE ; values produced per metaheuristic for different o with respect to 7C.

The number of power strings obtained in each scenario per metaheuristic is depicted in Figure 8.
Table 6 shows the average number of power strings completed during the experiment. The number of
power strings is similar to the number of CAM that DHNN can produce. In this simulation, a set of
solutions that satisfy maximum fitness and maximum diversity with more top positive states is
considered a power string and will be stored in CAM. It is revealed from the figure that HES constantly
achieves a maximum number of power strings and covers the solution search space effectively. One
major reason behind this is that ¢ 37472547 has a good compatibility with the HES algorithm. The

inclusion of second and third order logic in ¢ ,1472547 gives a high probability of satisfied
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interpretation compared to RAN2SAT that consists of first and second order logic [12]. The full
utilization of second and third order logic in the proposed model can maximize the production of power
strings. The work in [19] neglects the involvement of mutating the first order logic, creating bias in the
model. Other than that, PSO portrays competitive performance as HES particularly at 7C =20 and
TC =30. From 7TC =40, based on Figure 8, we can see that the number of power strings achieved by
PSO decreases as « increases. The average difference between PSO and HES is only 20 power strings.
As the dimension of space increases, PSO tends to be stuck in local minima solutions. After PSO, CSA
ranks as third best algorithm in producing power strings. Moreover, GA and ABC rank as the fourth
best algorithms in the learning phase of DHNN, followed by ES and EA, which are the worst among
all. From the observation, we can see that the performance of swarm intelligence and evolutionary
algorithms give good performance compared to the heuristic and socio—political algorithm. According
to the researchers in [53], who assessed the performance between swarm intelligence and evolutionary
algorithms, they concluded that both types of metaheuristics perform well when dealing with the most
problems. This proves that these metaheuristics rank as top metaheuristics in solving multi—objective
optimization problems. It has been pointed out that the mutation operator helps avoid poor performance
[54,55]. Thus, our findings of HES, which implement intelligent mutation, is evidenced to be the best
metaheuristic among all benchmark metaheuristics since it is inspired from GA.
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Figure 8. Number of power strings produced per metaheuristic for different « with respect to 7C.

AIMS Mathematics Volume 11, Issue 5, 15074-15119.



15105

Table 6. Average number of power strings obtained per metaheuristic for all 7Cs. The
bracket indicates the ratio of improvement. ** indicates a value is not available due to no
power strings achieved.

TC o HES PSO EA CSA ABC GA ES
10 0.60 100.00 | 82.00 | 23.00 100.00 | 51.00 63.00 39.00
(0.0000) | (0.22) | (3.35) (0.00) (0.96) (0.59) (1.56)
0.70 100.00 | 88.00 | 21.00 88.00 48.00 54.00 48.00
0.00) | (0.14) | (3.76) (0.14) (1.08) (0.85) (1.08)
0.80 100.00 | 81.00 | 12.00 81.00 48.00 49.00 50.00
0.00) | (023) | (7.33) (0.23) (1.08) (1.04) (1.00)
0.90 100.00 | 65.00 | 9.00 79.00 40.00 34.00 48.00
0.00) | (0.54) | (10.11) | (0.27) (1.50) (1.94) (1.08)
Average | 100.00 | 79.00 | 16.25 87.00 46.75 50.00 46.25
20 0.55 100.00 | 100.00 | 11.00 100.00 | 13.00 2.00 6.00
0.00) | (0.00) | (8.09) (0.00) (6.69) (49.00) | (15.67)
0.60 100.00 | 100.00 | 8.00 52.00 5.00 25.00 3.00
0.00) | (0.00) | (11.50) | (0.92) (19.00) | (3.00) (32.33)
0.65 100.00 | 100.00 | 6.00 68.00 5.00 7.00 1.00
0.00) | (0.00) | (15.67) | (0.47) (19.00) | (13.29) | (99.00)
0.70 100.00 | 100.00 | 6.00 100.00 | 3.00 4.00 6.00
0.00) | (0.00) | (15.67) | (0.00) (32.33) | (24.00) | (15.67)
0.75 100.00 | 100.00 | 4.00 55.00 15.00 6.00 17.00
0.00) | (0.00) | (24.00) | (0.82) (5.67) (15.67) | (4.88)
0.80 100.00 | 100.00 | 4.00 56.00 14.00 5.00 7.00
0.00) | (0.00) | (24.00) | (0.79) (6.14) (19.00) | (13.29)
0.85 100.00 | 100.00 | 3.00 81.00 12.00 10.00 9.00
0.00) | (0.00) | (32.33) |(0.23) (7.33) (9.00) (10.11)
0.90 100.00 | 100.00 | 3.00 56.00 3.00 5.00 4.00
0.00) | (0.00) | (32.33) |(0.79) (32.33) | (19.00) | (24.00)
0.95 100.00 | 100.00 | 1.00 59.00 3.00 4.00 16.00
0.00) | (0.00) | (99.00) | (0.69) (32.33) | (24.00) | (5.25)
Average | 100.00 | 100.00 | 5.11 69.67 8.11 7.56 7.67
30 0.60 100.00 | 51.00 | 1.00 28.00 4.00 6.00 0.00
0.00) | (0.96) | (99.00) | (2.57) (4.00) | (15.67) | (*®
0.70 100.00 | 100.00 | 2.00 31.00 1.00 2.00 3.00
0.00) | (0.00) | (49.00) | (2.23) (99.00) | (49.00) | (32.33)
0.80 100.00 | 100.00 | 2.00 34.00 0.00 1.00 0.00
0.00) | (0.00) | (49.00) | (1.94) (%) (99.00) | (*%
0.90 100.00 | 100.00 | 1.00 37.00 0.00 1.00 0.00
0.00) | (0.00) | (99.00) | (1.70) (%) (99.00) | (*%)
Average | 100.00 | 87.75 | 1.50 32.50 1.25 2.50 0.75
40 0.55 100.00 | 100.00 | 1.00 2.00 0.00 0.00 0.00
0.00) | (0.00) | (99.00) | (49.00) | (**) (*%) (%)
0.60 100.00 | 86.00 | 1.00 4.00 0.00 0.00 2.00
0.00) | (0.16) | (99.00) | (24.00) | (**) (*%) (49.00)
0.65 100.00 | 78.00 | 0.00 6.00 0.00 0.00 0.00
(0.00) (0.28) (**) (15.67) | (**) (**) (**)
0.70 100.00 | 61.00 | 1.00 6.00 0.00 0.00 0.00
0.00) | (0.64) | (99.00) | (15.67) | (**) (*%) (%)
0.75 100.00 | 53.00 | 1.00 10.00 0.00 0.00 0.00
0.00) | (0.89) | (99.00) | (9.00) (*%) (*%) (%)
0.80 100.00 | 54.00 | 1.00 12.00 0.00 0.00 0.00
0.00) | (0.85) | (99.00) | (7.33) (*%) (*%) (*%)
0.85 100.00 | 43.00 | 1.00 14.00 0.00 0.00 0.00
0.00) | (1.33) | (99.00) | (6.14) (%) (*%) (%)

Continued on next page
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TC a HES PSO EA CSA ABC GA ES
0.90 100.00 | 18.00 | 1.00 16.00 0.00 1.00 0.00
(0.00) | (4.56) | (99.00) | (5.25) (%) (99.00) | (*%
0.95 100.00 |21.00 | 2.00 18.00 0.00 0.00 0.00
0.00) | (3.76) | (49.00) | (4.56) (*%) (*%) (%)
Average | 100.00 | 57.11 1.00 9.78 0.00 0.11 0.22
Overall Average | 100.00 | 80.04 | 4.85 45.88 10.19 10.73 9.96
Minimum 100.00 | 18.00 | 0.00 2.00 0.00 0.00 0.00
Maximum 100.00 | 100.00 | 23.00 100.00 | 51.00 63.00 50.00
Std 0.00 2545 | 5.93 32.73 16.33 17.96 16.21
Win/Equal/Loss | 12/14/0 | 0/13/13 | 0/026 | 0/3/23 0/026 | 0/026 | 0/0/26

5.2. Analysis of the testing phase

To test the robustness of the DHNN-MAJ2HES model in the testing phase, it is executed for three
evaluation metrics with six benchmark metaheuristics. In the testing phase, the quality of final neuron
states is discussed thoroughly. In producing high quality final neuron states, it is important to analyze
synaptic weight management and the number of global solutions accomplished by the model.
Therefore, the results for the ratio of global minima solution, ratio of total neuron variations, and total
of Jaccard index are represented and debated in this subsection. Figure 9 and Table 7 show the results
for the ratio of global solutions achieved by each metaheuristic. The number of power strings achieved

by the proposed model is highly related to the ratio of global minimum solutions (RG). In this

experiment, five optimal power strings are selected to store in respective CAM. Specifically, the
information in five CAM are analyzed in the testing phase. Note that the characteristics of the optimal
power string are that it must comprise maximum fitness, maximum diversity, top positive neuron states,
and be unique. Every R achieved by the proposed model is denoted based on the number of five

power strings. In Table 7, R =1 implies that all five power strings successfully stored in CAM can

produce global minima solutions. In short, all final neuron states achieve optimal solutions. As shown
in Figure 9, HES and PSO dominate the search space as both produce maximum R ;. As for CSA,

although the number of power strings attain more than five, the global minimum solutions are unable
to give an optimal value. This is because neuron oscillations occur during the testing phase. It is likely
that neuron oscillation happens because of the high number of clauses [56]. Therefore, HTAF is needed
to reduce the neuron oscillations [57]. from Figure 9 and Table 7, we can analyze that EA, GA, ES,
and ABC start showing suboptimal R when 7C =30 and 7C =40 . ABC gives lowest R; =0

throughout 0.55 <« <0.95 at 7C =40. This trend is quite similar to ES, which gets R; =0.15 on
average at 7C =30. The justification to this trend that converge to suboptimal R is due to poor

synaptic weight management. The concept of this multi—objective DHNN is if there exists a model
that cannot achieve desired 5-CAM, then the synaptic weight will be randomized. Randomized
synaptic weight is well defined as wrong a synaptic weight is assigned to the respective clause in

(2)

@ pag2s47 - For example, when A4 =(a1vb1) , the optimal synaptic weight should be

{chlz)’Wb(lz)’chfb)l } = {0.25,0.25, —0.25}. If synaptic weight achieved by the proposed model for

the stated clause is different from the optimal synaptic weight value, then it is signified that a
randomized synaptic weight is being assigned. This is applicable only to the model that cannot achieve

AIMS Mathematics Volume 11, Issue 5, 15074-15119.



15107

5—CAM in the learning phase. To clarify, this penalty concept has been applied to ensure that the model
will not execute the simulation. Additionally, the calculation of the Wan Abdullah method is crucial to
confirm the optimal synaptic weight management. Therefore, the producibility of maximum 5-CAM
in the learning phase is crucial to guarantee that high global minimum solutions are being produced.

Table 7. Average ratio of global solutions obtained per metaheuristic for all 7Cs. The
bracket indicates the ratio of improvement. ** indicates the value is not available due to
no global minima solutions are achieved.

TC o HES PSO EA CSA ABC GA ES

10 0.60 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)

0.70 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)

0.80 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)

0.90 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000

(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)
Average | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000

20 0.55 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.4000 | 1.0000
(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (1.5) (0.0000)

0.60 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.6000
(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.6667)

0.65 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.2000
(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (4.0000)

0.70 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.8000 | 1.0000
(0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.2500) | (0.0000)

0.75 1.0000 | 1.0000 | 0.8000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
(0.0000) | (0.0000) | (0.2500) | (0.0000) | (0.0000) | (0.0000) | (0.0000)

0.80 1.0000 | 1.0000 | 0.8000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
(0.0000) | (0.0000) | (0.2500) | (0.0000) | (0.0000) | (0.0000) | (0.0000)

0.85 1.0000 | 1.0000 | 0.6000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
(0.0000) | (0.0000) | (0.6667) | (0.0000) | (0.0000) | (0.0000) | (0.0000)

0.90 1.0000 | 1.0000 | 0.6000 | 1.0000 | 0.6000 | 1.0000 | 0.8000
(0.0000) | (0.0000) | (0.6667) | (0.0000) | (0.6667) | (0.0000) | (0.2500)

0.95 1.0000 | 1.0000 | 0.2000 | 1.0000 | 0.6000 | 0.8000 | 1.0000

(0.0000) | (0.0000) | (4.0000) | (0.0000) | (0.6667) | (0.2500) | (0.0000)
Average | 1.0000 | 1.0000 | 0.7778 | 1.0000 | 0.9111 | 0.8889 | 0.8444

30 0.60 1.0000 | 1.0000 | 0.2000 | 1.0000 | 0.8000 | 1.0000 | 0.0000
(0.0000) | (0.0000) | (4.0000) | (0.0000) | (0.2500) | (0.0000) | (**)
0.70 1.0000 | 1.0000 | 0.4000 | 1.0000 | 0.2000 | 0.4000 | 0.6000
(0.0000) | (0.0000) | (1.5000) | (0.0000) | (4.0000) | (1.5000) | (0.6667)
0.80 1.0000 | 1.0000 | 0.4000 | 1.0000 | 0.0000 | 0.2000 | 0.0000
(0.0000) | (0.0000) | (1.5000) | (0.0000) | (**) (4.0000) | (*%)
0.90 1.0000 | 1.0000 | 0.2000 | 1.0000 | 0.0000 | 0.2000 | 0.0000
(0.0000) | (0.0000) | (4.0000) | (0.0000) | (**) (4.0000) | (*%)
Average | 1.0000 | 1.0000 | 0.3000 | 1.0000 | 0.2500 | 0.4500 | 0.1500
40 0.55 1.0000 | 1.0000 | 0.2000 | 0.4000 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0000) | (4.0000) | (1.5000) | (**) (%) (%)
0.60 1.0000 | 1.0000 | 0.2000 | 0.8000 | 0.0000 | 0.0000 | 0.4000
(0.0000) | (0.0000) | (4.0000) | (0.2500) | (**) (*%) (1.5000)
0.65 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0000) | (*%) (0.0000) | (*%) (*%) (%)
0.70 1.0000 | 1.0000 | 0.2000 | 1.0000 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0000) | (4.0000) | (0.0000) | (**) (*%) (*%)

Continued on next page
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TC (04 HES PSO EA CSA ABC GA ES
0.75 1.0000 1.0000 0.2000 1.0000 0.0000 0.0000 0.0000
(0.0000) | (0.0000) | (4.0000) | (0.0000) | (**) (%) (*%)
0.80 1.0000 1.0000 0.2000 1.0000 0.0000 0.0000 0.0000
(0.0000) | (0.0000) | (4.0000) | (0.0000) | (**) (%) (*%)
0.85 1.0000 1.0000 0.2000 1.0000 0.0000 0.0000 0.0000
(0.0000) | (0.0000) | (4.0000) | (0.0000) | (**) (*%) (%)
0.90 1.0000 1.0000 0.2000 1.0000 0.0000 0.2000 0.0000
(0.0000) | (0.0000) | (4.0000) | (0.0000) | (**) (4.0000) | (**)
0.95 1.0000 1.0000 0.4000 1.0000 0.0000 0.0000 0.0000
(0.0000) | (0.0000) | (1.5000) | (0.0000) | (**) (%) (*¥)
Average | 1.0000 1.0000 0.2000 09111 0.0000 0.0222 0.0444
Overall Average | 1.0000 1.0000 0.5385 0.9692 0.5077 0.5385 0.4846
Minimum 1.0000 1.0000 0.0000 0.4000 0.0000 0.0000 0.0000
Maximum 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Std 0.0000 0.0000 0.3585 0.1202 0.4682 0.4464 0.4580
Win/Equal/Loss 0/26/0 0/26/0 0/8/18 0/24/2 0/11/15 0/11/15 0/10/16
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Figure 9. Ratio of global minima solutions per metaheuristic for different «¢ with respect to 7C.
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Another fact on how we can measure the quality of final neuron states attained by the proposed

model is through the total logical variations’ metric (Rr ) This metric measures how many logical
variations produced by the proposed model, with the structure of previous ¢ 4747, must not be

similar to the current R . = 0. The maximum number of logical variations is 500, where each power

string generates 100 variations since there is 100 number of trials in the testing phase of DHNN.
Although, the maximum number of logical variations is 500, the HES algorithm remains the best
metaheuristic with 433 logical variations, which is equivalent to R =0.8679 , on average. As

expected, Table 8 illustrates that the second—best algorithm is obtained by PSO. PSO outperform HES
at TC = 40 by 0.018 because of no mutation calculations, which slightly affects the logical variations
computation [21]. Furthermore, most fluctuations happen at 7C =20 as & keeps increasing. This is
likely to happen since there is no optimizer at the testing phase to ensure the smoothness of retrieving
final neuron states with global minimum solutions and more logical variations. Moreover, from Figure
10, we can examine that ES is the worst algorithm since it gives R, =0 at & =0.8,0.9 when 7C =30.

ES also accomplishes suboptimal R =0 at 7C =40 for all @ except when « 0.6 that gives
R, = 0.4. The reason for this suboptimal trend for metaheuristics, which acquire the value of R . — 0, 1s

due to the absence of 5-CAM stored in the testing phase. Moreover, investigating the ratio of logical
variations is important since it denotes the flexibility of the DHNN-MAJ2HES model in the testing phase.
As in [21], the range for the Jaccard index (JDSI) is within (0.5,1) . A lower JDSI value denotes

the optimal results. However, in this paper, the goal of evaluating the Jaccard similarity index ratio

(R JDSI ) is to calculate the number of positive final neuron states in the generated solutions compared
to the benchmark neuron states based on the p -CAM. Higher R jpgq; denotes a high number of

positive states achieved by the model. The reason we assess positive states is to verify the flexibility
of the DHNN-MAJ2HES model in achieving any condition that has been set. The flexibility of the
DHNN-MAJ2HES model is proven since it gives the best value according to the average value of
R jpsp based on Table 9. Figure 11 portrays the R jpgp value per metaheuristic per 7C for all ranges

of & . According to 7C =10, GA outperforms other models at & =0.6,0.8,0.9. Moreover, GA can
produce 75.29% positive states compared to HES, which is only 69.73% when confronted with the
lowest dimension of 21< NN <24. As dimension space increases, CSA manages to get the best
performance at 7C =20. We can observe that there is a competitive performance between CSA (blue
line) and HES (red line) during 0.55 <« <0.75 and leaving HES behind after « =0.75. Judging from
these two cases, we can state that evolutionary algorithms can produce more positive states. This
analysis explains one of the reasons HES algorithms inherit the mutation operator inspired by GA and
CSA. Another viewpoint we explore is that many fluctuations happen at the lowest 7C. Fluctuations
are likely to happen due to the neuron oscillations in finding high—quality final neuron states.
Furthermore, there is no optimizer or conditions set in the testing phase to reduce neuron oscillations.
Moving to the highest, which is 7C =30,40, HES successfully outperforms all benchmark models for

all . The most optimal R ypgy result attained by HES is 72% at & =0.6,0.95 when 7C =40. The
performance of HES has proved that this proposed model can maintain a high number of positive states
despite there being no modifications made to retain the characteristics of 5-CAM in the testing phase.

Having more positive final neuron states in the non—simulated data sets can increase the accuracy of
the proposed model in doing data mining [58].
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Overall, the DHNN-MAJ2HES model has the top rank in all metrics for both phases. The second
rank and third rank belong to the DHNN-MAJ2PSO and DHNN-MAJ2CSA models, respectively. The
DHNN-MAJ2EA and DHNN-MAJ2GA model switch the fourth and fifth ranks in the learning and
testing phase, respectively. This is followed by DHNN-MAJ2SATES in sixth place, and DHNN-—
MAJ2ABC is the worst model. Generally, we can validate that the DHNN-MAJ2HES model achieves
the best performance for tackling multi—objective optimization problems in both phases of DHNN. We
note that the Friedman test is conducted with six degrees of freedom for metrics p and R . The p—

value for the p metricis 2.56x10 "% with a chi-square of ¥ 2 _123.824 . Additionally, the p—value

for the R 5 metric is 5.04x10 —8 \ith a chi-square of ¥ 2_ 44.8393 . From these results, the null

hypothesis is rejected. Therefore, we can confirm that the DHNN-MAJ2HES model is not similar to
other benchmark learning algorithms.
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Figure 10. Ratio of total neuron variations per metaheuristic for different & with respect to 7C.

AIMS Mathematics Volume 11, Issue 5, 15074-15119.



15111

Table 8. Average ratio of total neuron variations obtained per metaheuristic for all 7Cs.
The bracket indicates the ratio of improvement. ** indicates that the value is not available
due to no neuron variations being achieved.

c |« HES PSO EA CSA ABC GA ES
10 0.60 0.3820 | 0.2600 | 0.2900 | 0.1360 | 0.1680 | 0.1144 | 0.1140
(0.0000) | (0.4692) | (0.3172) | (1.8088) | (1.2738) | (2.3392) | (2.3509)
0.70 0.4620 | 02880 | 0.2080 | 0.0440 | 0.1320 | 0.1920 | 0.0360
(0.0000) | (0.6042) | (1.2212) | (9.5000) | (2.5000) | (1.4063) | (11.8333)
0.80 0.3140 | 02740 |0.1920 |0.0720 | 0.0560 | 0.0360 | 0.2200
(0.0000) | (0.1460) | (0.6354) | (3.3611) | (4.6071) | (7.7222) | (0.4273)
0.90 0.3600 | 03320 | 0.1500 |0.0720 | 0.1160 | 0.0820 | 0.1700

(0.0000) | (0.0843) | (1.4000) | (4.0000) | (2.1035) | (3.3902) | (1.1177)
Average | 0.3795 | 0.2885 |0.2100 | 0.0810 [ 0.1180 | 0.1061 | 0.1350

20 0.55 0.8140 | 0.8900 | 0.7300 | 0.5220 | 0.5180 | 0.2480 | 0.9360
(-0.1499) | (0.0517) | (0.2822) | (0.7931) | (0.8070) | (2.7742) | (0.0000)

0.60 0.8700 | 0.8300 | 0.9200 | 0.7020 | 0.7520 | 0.6680 | 0.5840
(-0.0575) | (0.1084) | (0.0000) | (0.3105) | (0.2234) | (0.3773) | (0.5753)

0.65 0.9640 | 0.8800 | 0.8840 | 0.7100 | 0.3920 | 0.9460 | 0.1980
(0.0000) | (0.0955) | (0.0905) | (0.3578) | (1.4592) | (0.0190) | (3.8687)

0.70 0.9480 | 0.8300 | 0.8800 | 0.6660 | 0.8380 | 0.7560 | 0.9200
(0.0000) | (0.1422) | (0.0773) | (0.4234) | (0.1313) | (0.2540) | (0.0304)

0.75 0.8800 | 0.8160 | 0.7820 | 0.7480 | 0.9120 | 0.8960 | 0.9220
(-0.0477) | (0.1299) | (0.1790) | (0.2326) | (0.0110) | (0.0290) | (0.0000)

0.80 0.8520 | 0.9440 | 0.5880 | 0.6560 | 0.5880 | 0.9560 | 0.7660
(-0.1221) | (0.0127) | (0.6259) | (0.4573) | (0.6259) | (0.0000) | (0.2480)

0.85 09120 | 0.9460 | 0.5020 | 0.5280 | 0.7280 | 0.6760 | 0.8980
(-0.0373) | (0.0000) | (0.8845) | (0.7917) | (0.2995) | (0.3994) | (0.0535)

0.90 09120 | 0.7900 | 0.5040 | 0.7640 | 0.5360 | 0.8720 | 0.7920
(0.0000) | (0.1544) | (0.8095) | (0.1937) | (0.7015) | (0.0459) | (0.1515)

0.95 0.9100 | 0.8700 | 0.1980 | 0.6340 | 0.5940 | 0.6600 | 0.8020

(0.0000) | (0.0460) | (3.5960) | (0.4353) | (0.5320) | (0.3788) | (0.1347)
Average | 0.8958 | 0.8662 | 0.6653 | 0.6589 | 0.6509 | 0.7420 | 0.7576

30 0.60 0.9960 | 0.8700 | 0.2000 | 0.9880 | 0.7820 | 0.9900 | 0.0000
(0.0000) | (0.1448) | (3.9800) | (0.0081) | (0.2737) | (0.0061) | (**)
0.70 1.0000 | 0.9980 |0.3960 | 0.9920 | 0.2000 | 0.4000 | 0.6000
(0.0000) | (0.002) | (1.5253) | (0.0081) | (4.0000) | (1.5000) | (0.6667)
0.80 0.9960 | 0.9980 | 0.4000 | 0.9740 | 0.0000 | 0.2000 | 0.0000
(-0.0020) | (0.0000) | (1.4950) | (0.0246) | (*¥) (3.9900) | (*%)
0.90 1.0000 | 1.0000 | 0.2000 | 0.8960 | 0.0000 | 0.2000 | 0.0000
(0.0000) | (0.0000) | (4.0000) | (0.1161) | (*%) (4.0000) | (*%)
Average | 0.9980 | 0.9665 | 0.2990 | 0.9625 | 0.2455 | 0.4475 | 0.1500
40 0.55 1.0000 | 1.0000 | 0.2000 | 0.4000 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0000) | (4.0000) | (1.5000) | (**) (*%) (%)
0.60 0.9960 | 1.0000 | 0.2000 | 0.8000 | 0.0000 | 0.0000 | 0.4000
(-0.0040) | (0.0000) | (4.0000) | (0.2500) | (**) (*%) (1.5000)
0.65 1.0000 | 0.9980 | 0.0000 | 0.9980 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0020) | (**) (0.0020) | (*%) (%) (%)
0.70 1.0000 | 1.0000 | 0.2000 | 1.0000 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0000) | (4.0000) | (0.0000) | (**) (%) (%)
0.75 1.0000 | 1.0000 | 0.2000 | 1.0000 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0000) | (4.0000) | (0.0000) | (**) (%) (%)
0.80 1.0000 | 1.0000 | 0.2000 | 1.0000 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0000) | (4.0000) | (0.0000) | (**) (%) (%)
0.85 1.0000 | 1.0000 | 0.2000 | 1.0000 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0000) | (4.0000) | (0.0000) | (**) (%) (*%)

Continued on next page
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TC a HES PSO EA CSA ABC GA ES
0.90 1.0000 1.0000 0.2000 1.0000 0.0000 0.2000 0.0000
(0.0000) (0.0000) | (4.0000) | (0.0000) | (**) (4.0000) | (**
0.95 0.9980 1.0000 0.4000 1.0000 0.0000 0.0000 0.0000
(=0.0020) | (0.0000) | (1.5000) | (0.0000) | (** (** (**)
Average | 0.9993 0.9998 0.2000 0.9109 0.0000 0.0222 0.0444
Overall Average | 0.8679 0.8390 0.3778 0.7039 0.2812 0.3497 0.3215
Minimum 0.3140 0.2600 0.0000 0.0440 0.0000 0.0000 0.0000
Maximum 1.0000 1.0000 0.9200 1.0000 0.9120 0.9900 0.9360
Std 0.2160 0.2446 0.2594 0.3176 0.3219 0.3660 0.3691
Win/Equal/Loss | 11/7/8 3/8/15 1/0/25 0/6/20 0/0/26 1/0/25 2/0/24
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Table 9. Average ratio of Jaccard index obtained per metaheuristic for all 7Cs. The bracket
indicates the ratio of improvement. ** indicates that the value is not available due to no Jaccard
index being obtained.

TC a HES PSO EA CSA ABC GA ES
10 0.60 0.6373 | 0.6262 | 0.6318 | 0.6504 | 0.6989 | 0.7047 | 0.6276
(-0.1058) | (0.1253) | (0.1154) | (0.0834) | (0.0083) | (0.0000) | (0.1228)
0.70 0.6879 | 0.6133 |0.6926 |0.7012 | 0.6532 | 0.6850 | 0.7309
(-0.0626) | (0.1918) | (0.0554) | (0.0425) | (0.1190) | (0.0671) | (0.0000)
0.80 07037 | 0.6511 | 0.6279 | 0.6480 |0.7545 | 0.8032 | 0.7962
(-0.1414) | (0.2335) | (0.2792) | (0.2394) | (0.0645) | (0.0000) | (0.0087)
0.90 0.7603 | 0.6304 | 0.7788 | 0.7608 | 0.7035 | 0.8187 | 0.7295

(-0.0768) | (0.2988) | (0.0513) | (0.0761) | (0.1637) | (0.0000) | (0.1222)
Average | 0.6973 | 0.6303 | 0.6828 | 0.6901 [ 0.7025 [ 0.7529 | 0.7211

20 0.55 0.6538 | 0.5940 | 0.6089 | 0.6501 | 0.6918 | 0.2342 | 0.5767
(-0.0581) | (0.1645) | (0.1361) | (0.0641) | (0.0000) | (1.9531) | (0.1995)

0.60 0.6991 | 0.6271 | 0.5692 | 0.6887 | 0.6143 | 0.6740 | 0.3429
(0.0000) | (0.1148) | (0.2282) | (0.0151) | (0.1380) | (0.0372) | (1.0388)

0.65 0.6742 | 0.6019 | 0.6115 | 0.6742 | 0.6176 | 0.6106 | 0.1087
(0.0000) | (0.1201) | (0.1026) | (0.0000) | (0.0916) | (0.1042) | (5.1996)

0.70 0.6792 | 0.6203 | 0.5810 | 0.6764 | 0.6575 | 0.4938 | 0.6066
(0.0000) | (0.0949) | (0.1689) | (0.0041) | (0.0330) | (0.3753) | (0.1196)

0.75 0.6334 | 0.6112 | 04522 | 06172 | 0.6675 | 0.6277 | 0.6607
(-0.0539) | (0.0921) | (0.4761) | (0.0814) | (0.0000) | (0.0634) | (0.0103)

0.80 0.6456 | 0.5754 |0.5251 | 0.7215 | 0.6772 | 0.5967 | 0.6424
(-0.1176) | (0.2540) | (0.3741) | (0.0000) | (0.0654) | (0.2092) | (0.1232)

0.85 0.6627 | 0.5464 | 03369 |0.7208 | 0.7032 | 0.7271 | 0.6664
(-0.0972) | (0.3307) | (1.1584) | (0.0088) | (0.0341) | (0.0000) | (0.0912)

0.90 0.7309 | 0.6348 | 03674 | 0.7147 | 04014 | 0.5673 | 0.4686
(0.0000) | (0.1513) | (0.9893) | (0.0226) | (0.8207) | (0.2885) | (0.5598)

0.95 0.6706 | 0.6129 |0.1150 | 0.6338 | 0.3505 | 0.5055 | 0.7010

(=0.0455) | (0.1437) | (5.0951) | (0.1061) | (1.0003) | (0.3868) | (0.0000)
Average | 0.6722 [ 0.6027 [ 04630 | 0.6775 [ 0.5979 [ 0.5597 | 0.5304

30 0.60 0.6672 | 0.5914 | 0.1123 | 0.6464 | 04707 | 0.6009 | 0.0000
(0.0000) | (0.1283) | (4.9435) | (0.0323) | (0.4177) | (0.1104) | (**)
0.70 0.6948 | 0.5683 | 02617 | 0.6340 |0.1222 | 02314 | 0.3020
(0.0000) | (0.2226) | (1.6547) | (0.0958) | (4.6841) | (2.0022) | (1.3009)
0.80 0.6565 | 0.6041 | 02462 | 0.6460 | 0.0000 | 0.1047 | 0.0000
(0.0000) | (0.0866) | (1.6669) | (0.0162) | (**) (5.2693) | (*%)
0.90 0.6847 | 0.5483 | 0.1231 | 0.6687 | 0.0000 | 0.1304 | 0.0000
(0.0000) | (0.2489) | (4.5643) | (0.0240) | (**) (4.2526) | (*%)
Average | 0.6758 | 0.5780 | 0.1858 | 0.6488 | 0.1482 | 0.2669 | 0.0755
40 0.55 0.6513 | 0.5940 |0.1076 | 0.2322 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.0965) | (5.0516) | (1.8047) | (**) (%) (%)
0.60 0.7182 | 0.6009 | 0.1184 | 0.4536 | 0.0000 | 0.0000 | 0.2575
(0.0000) | (0.1952) | (5.0675) | (0.5833) | (**) (%) (1.7896)
0.65 0.6741 | 0.5652 | 0.0000 | 0.5923 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.1927) | (*%) (0.1381) | (*%) (%) (%)
0.70 0.6816 | 0.5993 |0.1303 | 0.5872 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.1374) | (4.2293) | (0.1607) | (**) (%) (%)
0.75 0.6798 | 0.6116 | 0.1153 | 0.6115 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.1114) | (4.8982) | (0.1116) | (**) (%) (%)
0.80 0.6825 | 0.5939 |0.1253 | 0.6825 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.1493) | (4.4469) | (0.0000) | (**) (%) (%)
0.85 0.6822 | 0.6108 |0.1195 | 0.6300 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.1168) | (4.7078) | (0.0829) | (**) (*%) (*%)

Continued on next page
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TC a HES PSO EA CSA ABC GA ES

0.90 0.6634 | 0.6038 | 0.1120 | 0.6594 | 0.0000 | 0.1122 | 0.0000
(0.0000) | (0.0986) | (4.9216) | (0.0060) | (**) (4.9143) | (*%)

0.95 0.7168 | 0.6117 | 02470 | 0.6541 | 0.0000 | 0.0000 | 0.0000
(0.0000) | (0.1718) | (1.9018) | (0.0959) | (**) (%) (*%)

Average | 0.6833 | 0.5990 | 0.1195 | 0.5670 | 0.0000 | 0.0125 | 0.0286

Overall Average 0.6804 0.6019 0.3353 0.6368 0.3378 0.3549 0.3161

Minimum 0.6334 0.5464 0.0000 0.2322 0.0000 0.0000 0.0000
Maximum 0.7603 0.6511 0.7788 0.7608 0.7545 0.8187 0.7962
Std 0.0286 0.0248 0.2338 0.0986 0.3163 0.3065 0.3094

Win/Equal/Loss 15/2/9 0/0/26 0/0/26 1/2/23 2/0/24 4/0/22 2/0/24

The superior performance of the proposed DHNN-MAJ2HES model can be attributed to the
synergistic interaction between the MAJ2SAT logical formulation and the intelligent mutation
mechanism embedded in the HES. The majority-based structure of MAJ2SAT introduces redundancy
in clause representation, which increases the probability of getting satisfied interpretations and
stabilizes convergence toward global minimum. This effect is particularly evident in the improved
global minima ratio and enhanced neuron state diversity, as majority voting reduces sensitivity to
individual literal fluctuations. In addition, the intelligent mutation operator plays a critical role by
selectively modifying neuron states associated with unsatisfied clauses, rather than performing random
or population-wide updates. This targeted mutation strategy preserves high-quality partial solutions
while efficiently correcting local inconsistencies, thereby preventing premature convergence and
repetitive neuron state patterns commonly observed in conventional metaheuristics. Nevertheless, the
proposed model may exhibit reduced adaptability in scenarios involving extremely large neuron counts
or higher-order logical dependencies, where the current MAJ2SAT formulation and limited mutation
operators may constrain exploration. These observations suggest that while DHNN-MAJ2HES is
highly effective for structured multi-objective optimization, further extensions incorporating adaptive
operators or higher-order satisfiability rules could enhance its scalability and generality.

6. Conclusions

In this study, we addressed several limitations observed in conventional discrete Hopfield neural
networks, particularly their reliance on single-objective optimization, limited search space exploration,
and reduced storage capacity as network complexity increases. Previous DHNN learning approaches
often suffer from repetitive neuron states, suboptimal convergence, and insufficient diversity, which
restrict their effectiveness in solving complex optimization problems.

To overcome these challenges, we proposed a novel DHNN-MAJ2HES model that integrates
Major 2 Satisfiability logic with a HES algorithm enhanced by an intelligent mutation operator. The
proposed MAJ2SAT formulation, incorporating 2SAT and 3SAT structures, was successfully
embedded into the DHNN framework to improve cost function minimization. In addition, the
intelligent mutation mechanism significantly enhanced the learning phase by expanding the search
space and improving exploration—exploitation balance. Experimental results demonstrated that the
proposed DHNN-MAJ2HES model consistently outperformed six state-of-the-art learning algorithms
across all evaluation metrics in learning and testing phases. Notably, the model achieved zero cost
function with higher neuron state diversity and increased storage capacity, expanding from a single
CAM to multiple CAM configurations. These findings confirm the effectiveness of hybrid
optimization strategies in improving DHNN learning performance under multi-objective settings.
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Despite the encouraging results, the proposed model presents several limitations. The HES
framework employs a limited set of search operators, which may restrict adaptability in highly complex
or large-scale problem instances. In addition, the logical formulation is confined to Major 2
Satisfiability, which may limit representational expressiveness for higher-order logical dependencies.
In future work, we will focus on incorporating additional adaptive search operators to further balance
exploration and exploitation, such as advanced initialization strategies inspired by particle swarm
optimization [59]. Moreover, extending the proposed framework to higher-order logical rules, such as
Major 3 Satisfiability, is expected to further enhance solution diversity and optimization capability in
multi-objective DHNN models [19].
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