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1. Introduction

Impulse is a pervasive phenomenon in nature and human social activities, such as pharmacokinetics,
secure communication, and population dynamics [1,2]. Impulsive differential equations are usually
employed to probe into impulse phenomenon, and it is not a simple superposition of the continuous
system and discrete system, but a synthesis of the characteristics of the continuous system and discrete
system. However, it goes beyond the research scope of continuous and discrete systems and forms
a new hybrid system, which can effectively delineate the impulse phenomenon, for example, in the
stability of impulsive neural networks, the infectious disease model of impulse immunity, the orbit-
changing technology of satellite orbit and so on. Generally speaking, the impulsive systems consist
of continuous dynamics that are depicted by an ordinary differential equation; discrete jumps at some
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instances with abrupt changes, showing when a resetting event happens, and the states of the system
change instantaneously; and a criterion that resolves when the states of the systems will be reset. The
development of impulsive differential equations has furnished a more accurate means of modeling
some real-world processes and phenomenon, such as harvesting, disasters, and so on. The existence
results and qualitative properties of solutions have been widely explored, see, e.g., [3—5] and the cited
references.

Nevertheless, some phenomena in real life cannot be delineated by the action of instantaneous
impulses, for instance, earthquakes and tsunamis. In view of the duration of the change process, the
impulse can be divided into an instantaneous impulse and non-instantaneous impulse. As the name
implies, the instantaneous impulse shows that the time of the sudden change process is very short
relative to the whole development process and can be ignored. A non-instantaneous impulse signifies
that the process of change is dependent on the state and lasts for a period of time that cannot be ignored.
Hernandez and O’Regan [6] first introduced the non-instantaneous impulsive equations based on the
context of a person injecting drugs. In Banach space, by utilizing the theory of a semigroup, they
obtained the existence and uniqueness results. Along this line, non-instantaneous impulse differential
equations have received a significant amount of attention, see, e.g., [7-9]. Yang and Wang [8] studied
non-instantaneous impulsive equations with boundary value conditions and found the existence results
by the fixed point theorem. Wang [9] considered a kind of non-instantaneous impulse equation
with state-dependent delay in Banach space. Combining semigroup theory, the existence result of
the system was obtained by the fixed point method. In addition, the controllability of differential
systems with non-instantaneous impulse has received considerable attention, see, e.g., [10-14] and the
references cited therein. In [10], the authors considered the controllability of the nonlinear integro-
differential equation and nonlocal problem with non-instantaneous impulse via Rothe’s fixed point
theory. In [13], the authors considered the fuzzy delay differential system with non-instantaneous
impulses and investigated the existence, uniqueness, and total controllability results via nonlinear
functional analysis, the Banach fixed point theorem, and fuzzy theory, respectively.

Since the speed limitation and connection between the system internal subsystem takes time, which
makes time delay inevitable in almost all dynamic systems. A differential equation is usually utilized
as the mathematical model of time delay. For example, the mathematical model put forward in the
fields of biomedicine, chemical reactions, and so on have apparent time-delay phenomenon [15, 16].
Recently, delay differential equations have been deeply studied and incorporated into models in
different branches of science [17-19]. Nelson [17] applied the delay equation to pharmacokinetics
to study the correlation between drug administration and decreased viral load in HIV infections.

To our knowledge, the two-point boundary value condition is common for the first-order impulsive
boundary value problem (BVP), which is a special case of the integral BVP, and the works on
nonlinear differential equations including non-instantaneous impulses, integral boundary conditions,
and state-dependent delay are rare. Motivated by this, in this paper, we study the non-instantaneous
impulsive evolution equations with state-dependent delay under integral boundary conditions. The
main contributions of this paper are as follows:

e We present the evolution processes of 1D and 2D non-instantaneous impulsive delay systems to
improve understanding, which are rarely addressed in existing literature.

e We introduce the Cy-semigroup and infinitesimal generator —B, clarify their relation to mild
solutions, and use an abstract phase space D to address delayed systems.
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e The integral BVP is studied as an extension and supplement to the two-point BVP.
o Sufficient existence conditions are obtained under compact and equicontinuous semigroups,
where the equicontinuous case complements the compact one.

Notations: R, R*, and Z, signify the sets of real numbers, positive real numbers, and positive
integers, respectively. R" signifies n-dimensional Euclidean space with norm || - [|. Set K :=
[0,1]. C(K,G) is the set of mapping { : K — G whose components are continuous functions. It
forms a Banach space and ||{||c denotes the norm. PC(K,G) = {{ : K —- G : ( €
C((#j,tj411,G) and there exist §(th) and {(t}“) with g“(t]T) = {(t;)}, where the norm is denoted
by [|{llpc. Denote M := sup, [|U®)|. The noncompact Kuratowski measure is represented
by u(-), uc(+), upc(-) on the bounded set of G,C(K,G), PC(K,G), and we refer readers to [20] and
the reference therein for more details.

2. Preliminaries

Consider the existence of solutions of the following delay differential equation with non-
instantaneous impulse,

L0+ BLD) = (1, Loz 1€ Uo(s)s tals
L) =U@-tpl;t,L@), 1€ U@ s8],

1 (1)

£0) = fo {(s)ds,
where B : Z(B) € G — G is a linear operator and is also closed, {U(?), t > 0} denotes the Cp-semigroup,
the infinitesimal generator is denoted by —B on Hilbert space G, and 0 = s < #t; < 51 < th < -+ <
I < Sk < ty1 = 1. () € R" signifies the state vector. 1 € C(K X D, G), where D is a phase space,
which will be specified later and I; € C([t},s;] X G,G), j = 1,2,--- k. For {; : (=00,0] — G, we
define £;(0) = {(t + 0), 8 € (—o0,0], where {(-) is the element of D and it denotes the history of the
state from each time 6 up to the present time ¢. For any t > 0, let () = {(w(t, {(t +6))), 6 € (=0, 0].
Remark 1. In order to facilitate the understanding of non-instantaneous impulsive systems, the
evolution process of a one-dimensional non-instantaneous impulsive system and two-dimensional non-
instantaneous impulsive system are taken as examples, see Figure 1.
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Figure 1. One-dimensional and two-dimensional non-instantaneous impulsive systems.
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One may observe from the above two figures that the system evolves continuously on the
intervals (s;,tj+1], j = 0,1,2,--- ,k (red line with arrow); when t = ¢;, j = 1,2,--- ,k, the state
of the system changes abruptly (impulse occurs) and then the impulse lasts on the intervals (¢}, s;1, j =
1,2,---,k (green line with arrow), which cannot be ignored during the whole evolution process.
Lemma 1. ( [21]) D is a function mapping (—oo, 0] into G, which is seminormed linear, endowed with
the norm || - ||p, and satisfies:

(). If £ € PC(K, G) and ¢, € D, then for every ¢ € K, it holds that

o [,eD.
e There is Cy > 0 such that ||(?)|| < Coll¢:llp, where Cy is a constant.
e There exist C; : R, —» R, and C, : R, — R, such that

I5illo < Ci(®) sup [IK(s)I + C2dDliollo, 2)

s€[0,1]
where Cy, C, are both independent of £(-) with C; continuous and C, locally bounded.

(i1). For function £(-) defined in (i), ; is a D-valued continuous function on K.

(111). D 1s a complete space.

Lemma 2. ( [20]) G is a complete normed vector space, A is a bounded subset of G, and there is a
countable subset Ay of A satisfying u(A) < 2u(Ay).

Lemma 3. ( [20]) G is a complete normed vector space, A = {(,} is a subset of PC(K, G), which is
bounded and countable, and therefore, u(A(t)) satisfies

u({ fK Li(tydsln € N}) <2 fK u(A())dt.

In addition, it is Lebesgue integral on K.

Lemma 4. ( [20]) G is a complete normed vector space and for each [tj,t;.1],j = 0,1,--- ,k, A C
PC(K, G) is bounded and equicontinuous, thus u(A(t)) € PC(K,R") and upc(A) = sup u(A(1)).
teK

Lemma 5. ( [20]) G is a complete normed vector space. S C G and S is nonempty. Q : S — G is
continuous, which is called the strict u-set-contraction operator if for every I' C S (I is bounded),
there is a constant 0 < A < 1 such that u(Q(I')) < Au(T).

Lemma 6. ( [20]) G is a complete normed vector space. Suppose I is a bounded subset on G and is
also closed and convex. ® : I — T is the u-set-contraction operator, therefore, ® has at least one fixed
pointinT.

Lemma 7. ( [8]) M C G is closed, nonempty, and convex, and a mapping Py = Ay + By satisfies

() Aoc+BBe M,o0,BeM;

(it) A 1s a continuous mapping with compactness;

(iti) B is contractive.

Therefore, there exists { € M satisfying { = AL + BL.
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Lemma 8. A function { € PC(K, G) is a mild solution of problem (1) if and only if { satisfies

W + f U(t - S)h(s, {m’(&[s))ds’ te [05 tl]a
-1 0 ' .
c(y = ) U= E0), re| Jay s,
=1
t k
U(t—tj)lj(sj,{(sj))+f U(t = (S, {as.c,)ds, te U(sj,tj+1],
Sj i—0

where

51 S
Zl = f f U(S - T)h(T’ {m‘(‘r,é’r))deS,
0 0
k 5
%= Zf U(s = 1)lj(s, {(s))ds,
j=1 1
k fjr k i s
“s Z f Uls =115, (s s + Z f f U(s = DT, {og))dTds.
j=1 S ‘o s 5

3)

Proof: Suppose ¢ satisfies (1). Then for ¢+ € [0,7;], we integrate the first equation in (1) from 0

to ¢ yielding

£() = £(0) + fo Ut = $)h(s, Cooc)dS.

For t € (sj,1,1], combining the impulsive condition in (1), one has
!
L) = U@ —tpli(s;,{(s)) + f U(t = $)h(s, {o(s.,))dSs.

According to the integral boundary value condition in (1), we have

{(0)—f§(s)ds—f {(s)ds+f {(s)ds+f L(s)ds + -+ f{(s)ds+ tkﬂ{(s)ds

f [{(O) + f U(s — T)h(T, {w(Tm)dT ds + Z f U(s —t)l(s,{(s))ds

+Z f (UG = 1)1, L5 ) + f U(s = DT, Liezy)dT[ds
j=1 V5i

S

={0) +Z,+7Z, + Z;.

Then, from (6), we have

2y +72,+ 75

(===

4

(&)

(6)

(7
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Thus, combining (4) and (7), one obtains

i+ 2+ 7 !
L) = % + f U(t = IS, Lasc)ds, 1 € [0,11]. (8)
—-h 0
Hence, from (5) and (8), Eq (3) is satisfied.
If { € PC(K, G) satisfies (3), then it can be easily verified that the conclusion holds, which completes
the proof.
Lemma 9. Suppose {U(t), t > 0} is the operator semigroup and satisfies

lim [|U(®) - 1]l = 0,
t—0*

where I represents the identity operator. Then, we call {U(¢), ¢ > 0} the uniformly continuous operator
semigroup.

3. Main results

3.1. Existence of mild solutions

We assume & and /; satisfy the conditions:
(H)he CKxD,G)and I; € C([t}, 5,1 X G,G), j=1,2,--- k.
(H,) For ¢,{, € G and each t € [sjtjq]l,j = 0,1,---,k there exists a positive
constant L, satisfying [|h(z, {1) = h(t, &Il < Lillgi = Lllo.
(Hs) For { € G and each 1 € [s.1;,1], there is (Ol < ¢Ow(ldllp). where ¢ : [s).1:1] = G is
integrable and w : G — G 1is integrable and nondecreasing.
(H4) For {1,{, € G and each 1 € [t}, 5], there is [|I;(t, 1) — 1;(t, I < Lolly — &ll, where Ly > Ois a
constant, j = 1,2,--- ,k.
(Hs) For { € G and each t € [1j, s;], there 1s ||[I;(z, DIl < &;(Da(ll{llpc), where &; @ [t;,5;] — G is
integrable and @ : K — G is an integrable and nondecreasing function.
(He) For any countable subset D of G, there is L; > 0 such that

k
p(h(t, D)) < Lip(D), t € |_J(sj, 15011,
j=0

Theorem 1. Suppose conditions (H,),(Hs),(H,), and (Hs) hold, {U(t),t > 0} is compact, and ML, < 1.
Then, at least one mild solution of system (1) can be obtained.

Proof: Set M; = [ &xnydt, L = max M, K = fo‘ p(t)dt, B, = {¢ € PCKK,G) : ||lllpc < 1},
J J=12,m

where r > max{ ZkML“(r)J“l(i_f')MWW@), MEéi(spa(r) + MKw(s)), ¢ = ?16[%),(]{& + C,(s)r}. Define

1 k Sj k 1+

=1 ( Z;ft U(s —t)I(s,{(s))ds + Z; fg U(s — tj)lj(sj,{(sj))ds), te[0,1],
j= j= )

(PO = UGt = 1)1t £()), rel Ju s,
j=1
k

Ut = 1)I(sj, (s, tel Jesptil,

j=1
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and
t 1 k 141 S
j‘Ua—sm@¢gmmms+ EJJ‘ j\UU—TMﬁggmmMnh,tede
0 ' 1- L =0 V5 Sj .
k
Q) =1 0, rel s,
j=1
t !
f U(t - S)h(s, gw(s,{ﬂ)ds, re U(Sj’ tj+1]'
Sj j:1

(a) For any ¢ € B,, we will prove Hl = P{ + Q( € B, holds.
For ¢ € [0, 1], one gets

- I J Sj

k Lj+1 S
+) f f HOW (ot INdrds). )
j=0 ¥Sj Sj

From (2), we have

! M k S j k Tj+1
IHZ < fo MWz Dds + ——( f g(s)aidiDds + ) f & (spedlidlds
j:] z j:1 S

gm0l £ C1(2) sup [I()] + C2(D)N1ollp < OSSN + Co(D)NIollp < 6r + Cor()r < g, (10)

s€[0,¢]

where 6 = Supo. Ci (s). Combining (9), (10), and the fact that w is nondecreasing, we have

2kMLa(r) + (2 — t) ) MKw(s)

H/|| < 11
IHZ) < — (11)
For eacht € (¢;, s;] and 1 € (s},;.1], we have
HZI < U = )l (s S(sp)Il < MEj(s)a(r),
IHZN < ME(s)a(r) + MEw(s). (12)
Therefore, from (11) and (12), for any { € B,, H{ = P{ + Q( € B, holds.
(b) Next, we will prove P is contractive on B,.
For each ¢ € [0, #,], one gets
k k
I(PL)(@) — (PN < IleL,f( Zl(sj —tj) + Zl(tjﬂ - Sj))||§1 = Ol = ML) = &l (13)
= =
For each r € U’;zl(tj, silandt € U'Jf:](sj, ti+1], one can easily verify
I(PE(@) — (PL)DI < MLs[IEy — 4ol (14)

and then, from (13) and (14), one can obtain that P is a contractive mapping.
(c) We are going to prove Q is continuous.
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Fort € [0,7;]and t € (s;,1;+1], we have

, M < ,
100 = @)W < (5715 ;(rm — 5+ MG, Coe ) = G LoDl (15)
1(QL)(@) — (@O < M(tj1 = sPIAC, Lo ) — hCs Lo ) (16)
For 1 € (¢}, 5,1, one has
1(QL)(®) = (QO@®)]| = 0. (17

Therefore, from (15) and (17), we have [|(Q")(t) — (Q)(?)|| — 0 as n — oo since & is continuous.
(d) We will show that Q is compact.
Since ||Q¢||pc < r, Q is uniformly bounded on B,. For a1, a; € [0, ] and a; < a,, we have

Q) (az) — (Q)) ()l
< f U (az = 5) = Ula; = IS, ose)lds + f 1U (a2 = IACS, Lais.z,)llds
0

ay

< Mw(s)( f UGz = @) = llig(s)llds + f 6(s)lids). (18)
0 al
For ay,a, € (¢}, s;] and a; < a», we have

(@) (@2) = (Q4)(a)l| = 0. (19)

For ay,as € (sj,1j,1] and a; < a», one gets

(@) (@2) = (QO)(a)ll < MW(?)(f lIp(s)llds + f U@z —ay) - 1||||¢(S)|IdS)- (20)

) s

Since {U(#),t > 0} is compact, according to semigroup theory, we can derive that {U(f),t >
0} is uniformly continuous (uniformly operator topology continuous). Thus, from Lemma 9, we
have ||U(a; — ay) — I|| — 0 as @, — «a;. Besides, from ¢ being an integral and (18)—(20), we can
conclude ||[(Q{)(a,) — (Q&)(ay)|| = 0 as a; — a;, which means Q is equicontinuous.
We define E(r) = {(Q{)(t) : { € B}, t € K. Since U(-) is compact, then E(0) is relatively
compact. Set
E(t) = 0B, () ={(Q))t-€):{€B,}, 0<e<t<],

and it can be easily verified that E.(7) is relatively compact for ¢ € (¢, 1]. For ¢t € (0,1;] and ¢ €
(sj, 2411, we get

QD) — (R < Mw(s)( f Ip(s)lids + f U@ - TIgslds), 1)
t—e 0

||(Q§)(f)—(Qe§)(f)||SMW(S‘)(f ||¢(s)||ds+f_ IIU(E)—IIIII¢(S)IIdS). (22)

J
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For t € (¢, 5], we have

Q@) = (QH Il = 0, (23)

which is independent of €. Since {U(:),t > 0} is compact and ¢ is integrable, according to Lemma
9 and (21)—(23), we have [|(Q{)(t) — (QO)(?)|| — 0 as € — 0. By the Arzela-Ascoli theorem, we get
that Q : B, — B, is completely continuous. From Lemma 7, one can obtain that { is a fixed point of
the operator H, which means  is a solution of problem (1).

Remark 2. Compared with [8], we have introduced the concepts of a Cy-semigroup and infinitesimal
generator —B. Moreover, one can notice that there exists a link between the generator —B and the mild
solutions of problem (1).

Theorem 2. Suppose (H,), (Hz), (Hy), and (Hg) hold, {U(t),t > 0} is equicontinuous, and M(Lz +
45%2)77) < 1, where n := j:rgfla}}’k Li(tjs1 — s;). Then at least one mild solution of problem (1) can be

obtained.
Proof: Combining the proof of Theorem 1, one can easily get that Q is continuous and for any { €
B,, there is H{ € B,, where B, = {{ € PC(K,G) : ||{|lpc < 1}.

Fort € [0,11], t € (¢j, s;], and t € (5,411, it holds that

IPL)() ~ (P < ML - &l (24)
which implies P is Lipschitz continuous. For e;, e € [0,#] and ¢; < e», we have
QL) (e2) = (QDenll < w(s) [ 1U(e2 = 5) = Uler = 9lllg()lids + Mw(s) [ Ig(s)lids.  (25)
For ey, e; € (), s;] and e; < e, we have
100 (e2) — (QL)(en = 0. (26)
For 5; < e < €5 < 1},1, One gets
I00)(e2) = (@)Dl < w(e) [ 1U(es = 5) = Uler = lig(s)lids + Mw(e) [ I#(s)lids.  (27)

Since the semigroup is equicontinuous and ¢ is integrable, combining (25)—(27), we can
conclude Q is equicontinuous as e, — e;. For any D C B,, according to Lemma 2, there is Dy =
{’}, which is a subset of D and countable such that

pu(Q(D))pc < 2u(Q(Do))pc- (28)
From the boundedness and equicontinuity of Q(Dy) C Q(B,), by Lemma 4, one gets

Hrc(Q(D) = max u(Q(Do)()). (29)

Eltjljr

Since

tjs1 s 1+l 1j+1
f f U(s = (T, opdrds = f f U(s = (T, odsdr,

AIMS Mathematics Volume 11, Issue 5, 15056-15073.
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for ¢ € [0, #,], from condition (Hg), Lemma 3, and —co < @ (s, {}) < s, we have

! 1 k Tjvl 7j+1
QD)) = pu( fo Ut = Dh(s, Eopds + 7 > f f U(s = DT, Ly 1)dsdT)
j=0 VSi T

{ M k tjr1
< M“(fo (s, Ly ))dls) + 1—t1”(zf h(S. Loy y)5)

J=0

d DM & [
< 2MLjf sup u(d'(s+0))ds + Z f L; sup u({'(s+6))ds
0 j=0 V'Si

fe(—00,0] -1 fe(—00,0]

< 2Ml1Lj,Upc(D) +

M
T 2 (@1 = $)Lre(D). (30)
j=0

Therefore, combining (28)—(30), one has

aM AM(k +2
:U(Q(D))PC < 4M77/1pc(D) + (k+2)

(k + Dnupc(D) < nu(D)pc. (€19
1-¢ 1-1
By (24) and the properties of noncompact Kuratowski measures, for any bounded D C B,, we have
U(P(D))pc £ MLyy(D)pc. (32)
According to (31) and (32), we can obtain
4k +2)
HHDYre < p(PD))pe + p(QDYre < M(Ly + ——=n)u(D)rc.
-1

For t € (sj,t,1], from (28), (Hg), and Lemma 3, we have

M(Q(D))PC < 2/J(Q(DO))PC < 4M( f /.l(h(S, f;;,@,gr(s»))dS) < 4M77/J(D)Pc.

S

Combining (32), we get

H(H(D))pc < u(P(D))pc + u(Q(D))pc < M(Ly + 4m)u(D)pc.

Then, the operator H : B, — B, is a u-set-contraction operator. We can conclude from Lemma 6 that
the defined operator H has at least one fixed point, which is a PC-mild solution of (1).

Remark 3. In the previous literature, most authors assume the semigroup is compact. However, in
Theorem 2, we obtain the existence result when the associated semigroup is equicontinuous, which can
be regarded as a supplement to the fact that the solution semigroup is compact.

3.2. Controllability

Consider the controllability of the following system:

L'(t) + BLWD) = h(t, {oigy) + Bu(®), 1€ U o(s)stjnl,
L(0) = Ut — t)I(t,{(1)), e Ui ), s, (33)

1
£0) = fo {(s)ds,

AIMS Mathematics Volume 11, Issue 5, 15056-15073.
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where 8 is a bounded linear operator from K into a Hilbert space G, and we denote Mg :=
sup||B||. u : K — G is a control function and all other symbols are the same as in system (1). In the
following, 8" and U*(¢) represent the adjoint operator of B and adjoint semigroup of U(t), respectively.
Definition 1. A function { € PC(K, G) is called a mild solution of system (33), if and only if { satisfies

WJr f U(t — $)h(S, Lorszo)ds + f U(t — 5)Bu(s)ds, t € [0, 1],
1 0 0 «
2y = | U= 1pI(t. @), teU(’f”sf]’ (34)
j=1
¢ d k
U(t = t)I(s;, {(s)) + f U(t = (S, {asg))ds + f Ut = $)Bu(s)ds, t € | J(s;, 1],
S Sj ]:0

where Z;, Z,, and Z; are the same as in Lemma 8.

{Definition 2. The non-instantaneous delay system (33) is said to be controllable on [ty, T], if it is
controllable on (0,1,] and (sj,tj.1] for j = 1,2,--- ,n, ie., there exists {;, € G and lia €G such
that {(t)) = §, and {(tjy1) = &i,ys J = 0,1,2,- -+ n. The target states {;, and (.., are arbitrary within
the state space G, serving as the equation constraints {(t,) = {, and {(t;+1) = {,,,, that the system must
satisfy at the terminal time t| and tj,,, respectively.

Lemma 9. For any {,, € G, the solutions of system (33) on [0, t;] satisfy {(t;) = {,, with the control

function
u(r) = ~ 2 =9 f U - BB U1y - 9)ds) | AE2IE
1 0 -1
o [ U= 9. o] (35)
0

Proof: Consider the solution {(f) of system (33) on [0, #;] defined by (34). For ¢ = ¢;, we have

Zi+ 72, + 7 1
() = LitLrt sy +f U(t, — 5)Bu(s)ds
1-1 0
Z Z Z iz 1 11
= 1+1—2t+g + f U(ll - S)h(S, gw(s,gs))ds - t_f U(l‘1 _ S)BB(S)* U(lo _ S)*
- 0 1 Jo

. (fl Ut = 5)B()B(s)" U™ (to — s)dS)_l[%z:Z3
0

:él’

1]
— {tl + f U(tl - S)]’l(S, gw(s’gx))ds]ds
0

which completes the proof of Lemma 9.
Lemma 10. Forany {,,, € G, j=1,2,--- ,n, the solutions of system (33) on (s, t;,1] satisfy {(tj:1) =
{1, with the control function

B(s) U(s; = s)" (M - -
u(t) = - —( f Ultyr = BB U'(s; = $)ds)  [Ultjr = 1)1, £(5))) = &,
J S

Ljis1 — S
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lj+1
+ f U(tjar = (s, Lasgo)ds]ds. (36)

J

Proof: Consider the solution {(¢) of system (33) on (s}, t;+1] defined by (34). For ¢ = ¢;,, we have

$(tj1) = Uty — 11055, {(s7) + fﬁ U(tjvi = (S, Lax(sz,))ds + fﬁ U(tjs1 — $)Bu(s)ds

1j+1
= Ul(tj1 — t)I(s},L(s))) +f U(tjs1 — (s, {os,))ds
1 1j+1 ' 1j+1 1
- - - f U(tis1 — $)BB(s) ' U(s; — s)*(f U(tjis1 — )B($)B(s) U'(s; — s)ds)
j+1 - _] N S

: [U(l‘j+1 = t)1;(s;,4(s)) — &y, + fﬁ U(tj1 — $)h(s, §w(s,gx))ds]ds

J

= {l/q.],

which completes the proof of Lemma 10.
Theorem 3. Suppose (H,), (H»), and (H,) hold. If

M*M2 + 1 SML, <&
R B 1 2
p.= max{Tll(MLg(l —-H)+ 5 j_go(tj+l — Sj) )+ o(1 +2MHLy),
M*M(tj1 = 5,)(MLy + 6(ML(tj1 = s7) + D} < 1, (37)

and then, system (33) is controllable.
Proof: Define operator H : PC(K,G) — PC(K, G) by

21 +7,+ 75
1-1

k
HO@) = | V=1 L0), te ]L:Jl(tj’ ot

+ f U(t = $)h(S, {o(s,))ds + f U(t — 5)Bu(s)ds, te|0,1],
0 0

t

t k
U(f - tj)lj(Sj,g(Sj)) + f U(f - S)h(S, {ms,m)ds + f U(f — S)BM(S)dS, te U(Sj, tj+1],

Sj J j=0

where u(t) is defined by (35) and (36) in (0,#] and (s;,tj+1], j = 1,2,---,n, respectively. From
Lemmas 9 and 10, we have {(#;) = ¢, and {(7j;1) = ¢, In the following, we will prove the defined
operator H has a unique fixed point.

Obviously, H is well-defined. For { € PC(K,G), H{ € PC(K,G). For ' € PC(KK,G), (" €
PC(K,G) and t € [0, #,], and one gets

11 S 11 S
Iz -zl < M fo fo (T (o)) = h(T L lldTds < MLy fo fo 1 egr) = Lieerllodds.
(38)
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From (2), we have

1rscn = Loisnllo < Cr(@) sup [IK7(s) = &7 (I < 6lI¢" = £”ll, where 6 = sup Ci(s). (39)

s€[0,¢] s€[0,¢]

Therefore, combining (38) and (39), yields

2 2
S M2 . oMt
12 = 20 < il = Lasepllo < — Ll = 7

Similarly, we have

k
=1
and
S SML, <&
’ 17 : / )
12 = 280 (MLs ) (g =5+ =5 ) (g = s =
= =1

What’s more, we have

[l (2) = u” Dl

= HB(s)*U(to - s)*(fn Uty — $)B(s)B(s) Ul — S)ds)_lH
f 0

. H Z -2+ (T, - Z)) + (Z, - ZY)

~ (@ -+ fo Ut = ) (5, Lasi) = 1 (5, Loy )|

1-1

MM 1 , . , ., , y L, o

< ——2|—(1Z{ = Z/11+ 11z = Z W1 + 123 = Z{W) + 6" = &Il + M Llig’ = ¢
1 1 -1
k

MMgp 1 oML, ) o

<= [1 — (MLy(1 - 1) + > ]Z:(;(zjﬂ — 5;) + 81+ MuLy|ig’ = "
Thus,

I(HE (@) = (HE")(@)|
1 ! 17 ! 17 4 2 / 144 / 24
< ——(IZ; = Z{11+ 12 = ZN + 1125 = Z 1) + MMt |l (£) = (Ol + SMt Lol = £

1-1
M*MZ + 1 SML, <& o
<[—"— . (MLy(1 = 1)+ = jz:(;(tj+1 —5)%) + 61+ 2Mu L)L = "l (40)

For " € PC(K,G), {" € PC(K,G) and t € (¢}, 5;], and we have
I(HE)(@) — (HE)ON < MLo|IE" = £l (41)
For {’ € PC(K,G), {” € PC(K,G) and t € (s,1j;1], and one can obtain

ICHZ )@) = (HEYON < MPM(tj00 = s)(MLy + S(MLy (tj1 = ;) + DIC = "Il (42)
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Then, according to (40)—(42), we can get

I(HE )0 — (HE)ONl < plid" = 71,

which implies the operator H is contractive. Therefore, combining with Banach fixed point theory,
system (33) has a unique solution, which means system (33) is controllable.

Remark 5. Compared with [8], in this paper, we introduce time delay into non-instantaneous
impulsive systems, and analyze the existence of solutions via the fixed point theorem and semigroup
theory respectively, under the conditions that the operator semigroup possesses compactness and
equicontinuity. Since [8] only derive existence results by means of the fixed point theorem, the
conclusions obtained in this paper can be regarded as a supplement and generalization to the above two
references. Besides the existence of solutions, we also discuss the controllability of non-instantaneous
impulsive systems with delay, which has not been involved in [8].

4. Examples

Set G = L*([0, 1],R) as a complete normed vector space equipped with the L?> norm || - ||,. Set K =

0,1, 0=s<t=%1<si=1<n=23=45<n=1 k=2 Define Bl = —5¢ for{ €

PD(B) with D(B) = {{ € G : %, g% € G,Z(0) = £(1) = 0}. From [22], —B generates an analytic C-
semigroup {U(?),t > 0} on G with M = sup |[|[U(?)|| < 1.

teK
Example 1. Consider

i

9 5 _ ,
E“” X) - @g(t, X) = Iw ol {(s wl(S)leli(S)ll x)ds, xe (0,11 € (0, U(, 21,
1 1
£, x) = UG = )W), 1€ (53], 43)
£(t,0) = K(t,ll) =0, 1€(0,31U@4. 3],
£(0,x) = f {(s, x)ds, x € (0, 1).
0

Set £(1)(x) = {(t, x), @(t,{) = @ (s)@2(IL(0)]]) and I;(z, {(r)) = 2|£(1)] with L, = 1, and then we can
rewrite (43) as

£0)+ B = [0 e-Lds, e, UG, 2,
{0 = U= DI, 1€G 3, (44)

1
£0) = fo {(s)ds.

Then, for all { € G and each 1 € [0, ;] U(3, 21, one has [|h(z, L)l < HILllp, ¢(t) = %, and w(r) =

t. Fort € (%,%], we have ||I(z,{(1))]] < %ll{ll with &(r) = % and a(f) = t. Besides, L = f %dt =
7

5 and K = fol 1dt = 1. Obviously, the conditions in Theorem 1 are satisfied, and system (44) has at

least one mild solution.
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Example 2. Set /;(t,{)(x) = %sin {(t, x), where h(t,{) and other symbols keep the same as in
Example 1. We consider the following control problem:

2(t) + BL(D) - [ et Lds+ Bu, 1e©,UG, 2,
(o =U@- —)I(t £@®), t€ (3.3, (45)

£0) = f {(s)ds.

Evidently, h(t,{) and I;(t,{) are both continuous functions and the condition (H,) is satisfied. In
addition, we have

L I e A 2 ]
It Oll2 < ( fo ( f 2 ds) dx)* < ( fo (3 f ¢’ sup|llids) dx)” < 21l

and
1 0 1 0 1
e =l < ([ ([ e B Eafar)’ < o f ([ e suplie - clas) )
< 216~ Gl

which implies that condition (H,) is satisfied with L, = ‘1—‘. Besides, there exists

1
152 &) = 1t L)1 < 31y = &ll,

which signifies that conditions (H,) is satisfied with L, = % Obviously, the condition p < 1 is also
satisfied. Then, combining with Theorem 3, we can conclude that system (45) is controllable.

5. Conclusions

We have mainly considered non-instantaneous impulsive equations with state-dependent delay
under integral boundary conditions. The abstract phase space has been brought out to provide the
system with delay by means of fulfilling the ensuing axioms put forward by Hale and Kato. By
utilizing the operator semigroup theorem and standard fixed point theory, the existence results have
been obtained when the related semigroups are compact and equicontinuous, respectively. Besides, the
controllability of the non-instantaneous impulsive probem has been taken into consideration. However,
compared with the classical instantaneous impulse differential system, the theoretical development
of the existing non-instantaneous impulse differential system is still lagging behind and the research
results on the properties of solutions are not perfect. Therefore, in later work, we may consider the
periodicity and stability of solutions of other different non-instantaneous impulse boundary value
equations. Also, we can consider whether the novel step-function method is suitable for the non-
instantaneous impulsive problem.
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