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1. Introduction

Impulse is a pervasive phenomenon in nature and human social activities, such as pharmacokinetics,
secure communication, and population dynamics [1, 2]. Impulsive differential equations are usually
employed to probe into impulse phenomenon, and it is not a simple superposition of the continuous
system and discrete system, but a synthesis of the characteristics of the continuous system and discrete
system. However, it goes beyond the research scope of continuous and discrete systems and forms
a new hybrid system, which can effectively delineate the impulse phenomenon, for example, in the
stability of impulsive neural networks, the infectious disease model of impulse immunity, the orbit-
changing technology of satellite orbit and so on. Generally speaking, the impulsive systems consist
of continuous dynamics that are depicted by an ordinary differential equation; discrete jumps at some
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instances with abrupt changes, showing when a resetting event happens, and the states of the system
change instantaneously; and a criterion that resolves when the states of the systems will be reset. The
development of impulsive differential equations has furnished a more accurate means of modeling
some real-world processes and phenomenon, such as harvesting, disasters, and so on. The existence
results and qualitative properties of solutions have been widely explored, see, e.g., [3–5] and the cited
references.

Nevertheless, some phenomena in real life cannot be delineated by the action of instantaneous
impulses, for instance, earthquakes and tsunamis. In view of the duration of the change process, the
impulse can be divided into an instantaneous impulse and non-instantaneous impulse. As the name
implies, the instantaneous impulse shows that the time of the sudden change process is very short
relative to the whole development process and can be ignored. A non-instantaneous impulse signifies
that the process of change is dependent on the state and lasts for a period of time that cannot be ignored.
Hernández and O’Regan [6] first introduced the non-instantaneous impulsive equations based on the
context of a person injecting drugs. In Banach space, by utilizing the theory of a semigroup, they
obtained the existence and uniqueness results. Along this line, non-instantaneous impulse differential
equations have received a significant amount of attention, see, e.g., [7–9]. Yang and Wang [8] studied
non-instantaneous impulsive equations with boundary value conditions and found the existence results
by the fixed point theorem. Wang [9] considered a kind of non-instantaneous impulse equation
with state-dependent delay in Banach space. Combining semigroup theory, the existence result of
the system was obtained by the fixed point method. In addition, the controllability of differential
systems with non-instantaneous impulse has received considerable attention, see, e.g., [10–14] and the
references cited therein. In [10], the authors considered the controllability of the nonlinear integro-
differential equation and nonlocal problem with non-instantaneous impulse via Rothe’s fixed point
theory. In [13], the authors considered the fuzzy delay differential system with non-instantaneous
impulses and investigated the existence, uniqueness, and total controllability results via nonlinear
functional analysis, the Banach fixed point theorem, and fuzzy theory, respectively.

Since the speed limitation and connection between the system internal subsystem takes time, which
makes time delay inevitable in almost all dynamic systems. A differential equation is usually utilized
as the mathematical model of time delay. For example, the mathematical model put forward in the
fields of biomedicine, chemical reactions, and so on have apparent time-delay phenomenon [15, 16].
Recently, delay differential equations have been deeply studied and incorporated into models in
different branches of science [17–19]. Nelson [17] applied the delay equation to pharmacokinetics
to study the correlation between drug administration and decreased viral load in HIV infections.

To our knowledge, the two-point boundary value condition is common for the first-order impulsive
boundary value problem (BVP), which is a special case of the integral BVP, and the works on
nonlinear differential equations including non-instantaneous impulses, integral boundary conditions,
and state-dependent delay are rare. Motivated by this, in this paper, we study the non-instantaneous
impulsive evolution equations with state-dependent delay under integral boundary conditions. The
main contributions of this paper are as follows:

• We present the evolution processes of 1D and 2D non-instantaneous impulsive delay systems to
improve understanding, which are rarely addressed in existing literature.
• We introduce the C0-semigroup and infinitesimal generator −B, clarify their relation to mild

solutions, and use an abstract phase spaceD to address delayed systems.
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• The integral BVP is studied as an extension and supplement to the two-point BVP.
• Sufficient existence conditions are obtained under compact and equicontinuous semigroups,

where the equicontinuous case complements the compact one.

Notations: R, R+, and Z+ signify the sets of real numbers, positive real numbers, and positive
integers, respectively. Rn signifies n-dimensional Euclidean space with norm ∥ · ∥. Set K :=
[0, 1]. C(K,G) is the set of mapping ζ : K → G whose components are continuous functions. It
forms a Banach space and ∥ζ∥C denotes the norm. PC(K,G) = {ζ : K → G : ζ ∈
C((t j, t j+1],G) and there exist ζ(t−j ) and ζ(t+j ) with ζ(t−j ) = ζ(t j)}, where the norm is denoted
by ∥ζ∥PC. Denote M := supt∈K ∥U(t)∥. The noncompact Kuratowski measure is represented
by µ(·), µC(·), µPC(·) on the bounded set of G,C(K,G), PC(K,G), and we refer readers to [20] and
the reference therein for more details.

2. Preliminaries

Consider the existence of solutions of the following delay differential equation with non-
instantaneous impulse, 

ζ′(t) + Bζ(t) = h(t, ζϖ(t,ζt)), t ∈
⋃k

j=0(s j, t j+1],
ζ(t) = U(t − t j)I j(t, ζ(t)), t ∈

⋃k
j=1(t j, s j],

ζ(0) =
∫ 1

0
ζ(s)ds,

(1)

where B : Z(B) ⊆ G → G is a linear operator and is also closed, {U(t), t ≥ 0} denotes the C0-semigroup,
the infinitesimal generator is denoted by −B on Hilbert space G, and 0 = s0 < t1 < s1 < t2 < · · · <

tk < sk < tk+1 = 1. ζ(t) ∈ Rn signifies the state vector. h ∈ C(K × D,G), where D is a phase space,
which will be specified later and I j ∈ C([t j, s j] × G,G), j = 1, 2, · · · , k. For ζt : (−∞, 0] → G, we
define ζt(θ) = ζ(t + θ), θ ∈ (−∞, 0], where ζt(·) is the element of D and it denotes the history of the
state from each time θ up to the present time t. For any t ≥ 0, let ζϖ(t,ζt) = ζ(ϖ(t, ζ(t+ θ))), θ ∈ (−∞, 0].
Remark 1. In order to facilitate the understanding of non-instantaneous impulsive systems, the
evolution process of a one-dimensional non-instantaneous impulsive system and two-dimensional non-
instantaneous impulsive system are taken as examples, see Figure 1.
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Figure 1. One-dimensional and two-dimensional non-instantaneous impulsive systems.
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One may observe from the above two figures that the system evolves continuously on the
intervals (s j, t j+1], j = 0, 1, 2, · · · , k (red line with arrow); when t = t j, j = 1, 2, · · · , k, the state
of the system changes abruptly (impulse occurs) and then the impulse lasts on the intervals (t j, s j], j =
1, 2, · · · , k (green line with arrow), which cannot be ignored during the whole evolution process.
Lemma 1. ( [21])D is a function mapping (−∞, 0] into G, which is seminormed linear, endowed with
the norm ∥ · ∥D, and satisfies:
(i). If ζ ∈ PC(K,G) and ζ0 ∈ D, then for every t ∈ K, it holds that

• ζt ∈ D.
• There is C0 > 0 such that ∥ζ(t)∥ ≤ C0∥ζt∥D, where C0 is a constant.
• There exist C1 : R+ → R+ and C2 : R+ → R+ such that

∥ζt∥D ≤ C1(t) sup
s∈[0,t]
∥ζ(s)∥ +C2(t)∥ζ0∥D, (2)

where C1,C2 are both independent of ζ(·) with C1 continuous and C2 locally bounded.

(ii). For function ζ(·) defined in (i), ζt is aD-valued continuous function on K.
(iii). D is a complete space.
Lemma 2. ( [20]) G is a complete normed vector space, Λ is a bounded subset of G, and there is a
countable subset Λ0 of Λ satisfying µ(Λ) ≤ 2µ(Λ0).
Lemma 3. ( [20]) G is a complete normed vector space, Λ = {ζn} is a subset of PC(K,G), which is
bounded and countable, and therefore, µ(Λ(t)) satisfies

µ
({ ∫

K
ζn(t)ds|n ∈ N

})
≤ 2
∫

K
µ(Λ(t))dt.

In addition, it is Lebesgue integral on K.
Lemma 4. ( [20]) G is a complete normed vector space and for each [t j, t j+1], j = 0, 1, · · · , k, Λ ⊂
PC(K,G) is bounded and equicontinuous, thus µ(Λ(t)) ∈ PC(K,R+) and µPC(Λ) = sup

t∈K
µ(Λ(t)).

Lemma 5. ( [20]) G is a complete normed vector space. S ⊂ G and S is nonempty. Q : S → G is
continuous, which is called the strict µ-set-contraction operator if for every Γ ⊂ S (Γ is bounded),
there is a constant 0 ≤ ∆ < 1 such that µ(Q(Γ)) ≤ ∆µ(Γ).
Lemma 6. ( [20]) G is a complete normed vector space. Suppose Γ is a bounded subset on G and is
also closed and convex. Φ : Γ→ Γ is the µ-set-contraction operator, therefore, Φ has at least one fixed
point in Γ.
Lemma 7. ( [8])M ⊂ G is closed, nonempty, and convex, and a mapping Pγ = Aγ + Bγ satisfies
(i)Aσ + Bβ ∈ M, σ, β ∈ M;
(ii)A is a continuous mapping with compactness;
(iii) B is contractive.
Therefore, there exists ζ ∈ M satisfying ζ = Aζ + Bζ.
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Lemma 8. A function ζ ∈ PC(K,G) is a mild solution of problem (1) if and only if ζ satisfies

ζ(t) =



Z1 + Z2 + Z3

1 − t1
+

∫ t

0
U(t − s)h(s, ζϖ(s,ζs))ds, t ∈ [0, t1],

U(t − t j)I j(t, ζ(t)), t ∈
k⋃

j=1

(t j, s j],

U(t − t j)I j(s j, ζ(s j)) +
∫ t

s j

U(t − s)h(s, ζϖ(s,ζs))ds, t ∈
k⋃

j=0

(s j, t j+1],

(3)

where

Z1 =

∫ t1

0

∫ s

0
U(s − τ)h(τ, ζϖ(τ,ζτ))dτds,

Z2 =

k∑
j=1

∫ s j

t j

U(s − t j)I j(s, ζ(s))ds,

Z3 =

k∑
j=1

∫ t j+1

s j

U(s − t j)I j(s j, ζ(s j))ds +
k∑

j=1

∫ t j+1

s j

∫ s

s j

U(s − τ)h(τ, ζϖ(τ,ζτ))dτds.

Proof: Suppose ζ satisfies (1). Then for t ∈ [0, t1], we integrate the first equation in (1) from 0
to t yielding

ζ(t) = ζ(0) +
∫ t

0
U(t − s)h(s, ζϖ(s,ζs))ds. (4)

For t ∈ (s j, t j+1], combining the impulsive condition in (1), one has

ζ(t) = U(t − t j)I j(s j, ζ(s j)) +
∫ t

s j

U(t − s)h(s, ζϖ(s,ζs))ds. (5)

According to the integral boundary value condition in (1), we have

ζ(0) =
∫ 1

0
ζ(s)ds =

∫ t1

0
ζ(s)ds +

∫ s1

t1
ζ(s)ds +

∫ t2

s1

ζ(s)ds + · · · +
∫ sk

tk
ζ(s)ds +

∫ tk+1

sk

ζ(s)ds

=

∫ t1

0

[
ζ(0) +

∫ s

0
U(s − τ)h(τ, ζϖ(τ,ζτ))dτ

]
ds +

k∑
j=1

∫ s j

t j

U(s − t j)I j(s, ζ(s))ds (6)

+

k∑
j=1

∫ t j+1

s j

[
U(s − t j)I j(s j, ζ(s j)) +

∫ s

s j

U(s − τ)h(τ, ζϖ(τ,ζτ))dτ
]
ds

= ζ(0)t1 + Z1 + Z2 + Z3.

Then, from (6), we have

ζ(0) =
Z1 + Z2 + Z3

1 − t1
. (7)
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Thus, combining (4) and (7), one obtains

ζ(t) =
Z1 + Z2 + Z3

1 − t1
+

∫ t

0
U(t − s)h(s, ζϖ(s,ζs))ds, t ∈ [0, t1]. (8)

Hence, from (5) and (8), Eq (3) is satisfied.
If ζ ∈ PC(K,G) satisfies (3), then it can be easily verified that the conclusion holds, which completes

the proof.
Lemma 9. Suppose {U(t), t ≥ 0} is the operator semigroup and satisfies

lim
t→0+
∥U(t) − I∥ = 0,

where I represents the identity operator. Then, we call {U(t), t ≥ 0} the uniformly continuous operator
semigroup.

3. Main results

3.1. Existence of mild solutions

We assume h and I j satisfy the conditions:
(H1) h ∈ C(K ×D,G) and I j ∈ C([t j, s j] ×G,G), j = 1, 2, · · · , k.
(H2) For ζ1, ζ2 ∈ G and each t ∈ [s j, t j+1], j = 0, 1, · · · , k, there exists a positive
constant L1 satisfying ∥h(t, ζ1) − h(t, ζ2)∥ ≤ L1∥ζ1 − ζ2∥D.
(H3) For ζ ∈ G and each t ∈ [s j, t j+1], there is ∥h(t, ζ)∥ ≤ ϕ(t)w(∥ζ∥D), where ϕ : [s j, t j+1] → G is
integrable and w : G → G is integrable and nondecreasing.
(H4) For ζ1, ζ2 ∈ G and each t ∈ [t j, s j], there is ∥I j(t, ζ1) − I j(t, ζ2)∥ ≤ L2∥ζ1 − ζ2∥, where L2 > 0 is a
constant, j = 1, 2, · · · , k.
(H5) For ζ ∈ G and each t ∈ [t j, s j], there is ∥I j(t, ζ)∥ ≤ ξ j(t)α(∥ζ∥PC), where ξ j : [t j, s j] → G is
integrable and α : K→ G is an integrable and nondecreasing function.
(H6) For any countable subset D of G, there is L j > 0 such that

µ(h(t,D)) ≤ L jµ(D), t ∈
k⋃

j=0

(s j, t j+1].

Theorem 1. Suppose conditions (H1),(H3),(H4), and (H5) hold, {U(t), t ≥ 0} is compact, and ML2 < 1.
Then, at least one mild solution of system (1) can be obtained.
Proof: Set M j =

∫ s j

t j
ξ j(t)dt, L = max

j=1,2,··· ,k
M j, K =

∫ 1

0
ϕ(t)dt, Br = {ζ ∈ PC(K,G) : ∥ζ∥PC ≤ r},

where r ≥ max{ 2kMLα(r)+(2−t1)MKw(ς)
1−t1

, Mξ j(s j)α(r) + MKw(ς)}, ς = max
s∈[0,t]
{δr +C2(s)r}. Define

(Pζ)(t) =



1
1 − t1

( k∑
j=1

∫ s j

t j

U(s − t j)I j(s, ζ(s))ds +
k∑

j=1

∫ t j+1

s j

U(s − t j)I j(s j, ζ(s j))ds
)
, t ∈ [0, t1],

U(t − t j)I j(t, ζ(t)), t ∈
k⋃

j=1

(t j, s j],

U(t − t j)I j(s j, ζ(s j)), t ∈
k⋃

j=1

(s j, t j+1],
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and

(Qζ)(t) =



∫ t

0
U(t − s)h(s, ζϖ(s,ζs))ds +

1
1 − t1

k∑
j=0

∫ t j+1

s j

∫ s

s j

U(s − τ)h(τ, ζϖ(τ,ζτ))dτds, t ∈ [0, t1],

0, t ∈
k⋃

j=1

(t j, s j],∫ t

s j

U(t − s)h(s, ζϖ(s,ζs))ds, t ∈
k⋃

j=1

(s j, t j+1].

(a) For any ζ ∈ Br, we will prove Hζ = Pζ + Qζ ∈ Br holds.
For t ∈ [0, t1], one gets

∥Hζ∥ ≤
∫ t

0
Mϕ(s)w(∥ζϖ(s,ζs)∥)ds +

M
1 − t1

( k∑
j=1

∫ s j

t j

ξ j(s)α(∥ζ∥)ds +
k∑

j=1

∫ t j+1

s j

ξ j(s j)α(∥ζ∥)ds

+

k∑
j=0

∫ t j+1

s j

∫ s

s j

ϕ(τ)w(∥ζϖ(s,ζs)∥)dτds
)
. (9)

From (2), we have

∥ζϖ(s,ζs)∥ ≤ C1(t) sup
s∈[0,t]
∥ζ(s)∥ +C2(t)∥ζ0∥D ≤ δ∥ζ(s)∥ +C2(t)∥ζ0∥D ≤ δr +C2(t)r ≤ ς, (10)

where δ = sups∈[0,t] C1(s). Combining (9), (10), and the fact that w is nondecreasing, we have

∥Hζ∥ ≤
2kMLα(r) + (2 − t1)MKw(ς)

1 − t1
. (11)

For each t ∈ (t j, s j] and t ∈ (s j, t j+1], we have

∥Hζ∥ ≤ ∥U(t − t j)∥∥I j(s j, ζ(s j))∥ ≤ Mξ j(s j)α(r),
∥Hζ∥ ≤ Mξ j(s j)α(r) + MKw(ς). (12)

Therefore, from (11) and (12), for any ζ ∈ Br, Hζ = Pζ + Qζ ∈ Br holds.
(b) Next, we will prove P is contractive on Br.

For each t ∈ [0, t1], one gets

∥(Pζ1)(t) − (Pζ2)(t)∥ ≤ ML2
1−t1

( k∑
j=1

(s j − t j) +
k∑

j=1
(t j+1 − s j)

)
∥ζ1 − ζ2∥ = ML2∥ζ1 − ζ2∥. (13)

For each t ∈
⋃k

j=1(t j, s j] and t ∈
⋃k

j=1(s j, t j+1], one can easily verify

∥(Pζ1)(t) − (Pζ2)(t)∥ ≤ ML2∥ζ1 − ζ2∥, (14)

and then, from (13) and (14), one can obtain that P is a contractive mapping.
(c) We are going to prove Q is continuous.
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For t ∈ [0, t1] and t ∈ (s j, t j+1], we have

∥(Qζ′)(t) − (Qζ)(t)∥ ≤
( M
2(1 − t1)

k∑
j=0

(t j+1 − s j)2 + Mt1

)
∥h(·, ζ′ϖ(·,ζ′)) − h(·, ζϖ(·,ζ))∥. (15)

∥(Qζ′)(t) − (Qζ)(t)∥ ≤ M(t j+1 − s j)∥h(·, ζ′ϖ(·,ζ′)) − h(·, ζϖ(·,ζ))∥. (16)

For t ∈ (t j, s j], one has

∥(Qζ′)(t) − (Qζ)(t)∥ = 0. (17)

Therefore, from (15) and (17), we have ∥(Qζ′)(t) − (Qζ)(t)∥ → 0 as n→ ∞ since h is continuous.
(d) We will show that Q is compact.

Since ∥Qζ∥PC ≤ r, Q is uniformly bounded on Br. For α1, α2 ∈ [0, t1] and α1 < α2, we have

∥(Qζ)(α2) − (Qζ)(α1)∥

≤

∫ α1

0
∥U(α2 − s) − U(α1 − s)∥∥h(s, ζϖ(s,ζs))∥ds +

∫ α2

α1

∥U(α2 − s)∥∥h(s, ζϖ(s,ζs))∥ds

≤ Mw(ς)
( ∫ α1

0
∥U(α2 − α1) − I∥∥ϕ(s)∥ds +

∫ α2

α1

∥ϕ(s)∥ds
)
. (18)

For α1, α2 ∈ (t j, s j] and α1 < α2, we have

∥(Qζ)(α2) − (Qζ)(α1)∥ = 0. (19)

For α1, α2 ∈ (s j, t j+1] and α1 < α2, one gets

∥(Qζ)(α2) − (Qζ)(α1)∥ ≤ Mw(ς)
( ∫ α2

α1

∥ϕ(s)∥ds +
∫ α1

s j

∥U(α2 − α1) − I∥∥ϕ(s)∥ds
)
. (20)

Since {U(t), t ≥ 0} is compact, according to semigroup theory, we can derive that {U(t), t ≥
0} is uniformly continuous (uniformly operator topology continuous). Thus, from Lemma 9, we
have ∥U(α2 − α1) − I∥ → 0 as α2 → α1. Besides, from ϕ being an integral and (18)–(20), we can
conclude ∥(Qζ)(α2) − (Qζ)(α1)∥ → 0 as α2 → α1, which means Q is equicontinuous.

We define E(t) = {(Qζ)(t) : ζ ∈ Br}, t ∈ K. Since U(·) is compact, then E(0) is relatively
compact. Set

Eϵ(t) := QϵBr(t) = {(Qζ)(t − ϵ) : ζ ∈ Br}, 0 < ϵ < t ≤ 1,

and it can be easily verified that Eϵ(t) is relatively compact for t ∈ (ϵ, 1]. For t ∈ (0, t1] and t ∈
(s j, t j+1], we get

∥(Qζ)(t) − (Qϵζ)(t)∥ ≤ Mw(ς)
( ∫ t

t−ϵ
∥ϕ(s)∥ds +

∫ t−ϵ

0
∥U(ϵ) − I∥∥ϕ(s)∥ds

)
, (21)

∥(Qζ)(t) − (Qϵζ)(t)∥ ≤ Mw(ς)
( ∫ t

t−ϵ
∥ϕ(s)∥ds +

∫ t−ϵ

s j

∥U(ϵ) − I∥∥ϕ(s)∥ds
)
. (22)
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For t ∈ (t j, s j], we have

∥(Qζ)(t) − (Qϵζ)(t)∥ = 0, (23)

which is independent of ϵ. Since {U(·), t ≥ 0} is compact and ϕ is integrable, according to Lemma
9 and (21)–(23), we have ∥(Qζ)(t) − (Qϵζ)(t)∥ → 0 as ϵ → 0. By the Arzela-Ascoli theorem, we get
that Q : Br → Br is completely continuous. From Lemma 7, one can obtain that ζ is a fixed point of
the operator H, which means ζ is a solution of problem (1).
Remark 2. Compared with [8], we have introduced the concepts of a C0-semigroup and infinitesimal
generator −B. Moreover, one can notice that there exists a link between the generator −B and the mild
solutions of problem (1).
Theorem 2. Suppose (H1), (H3), (H4), and (H6) hold, {U(t), t ≥ 0} is equicontinuous, and M

(
L2 +

4(k+2)
1−t1
η
)
< 1, where η := max

j=0,1,··· ,k
L j(t j+1 − s j). Then at least one mild solution of problem (1) can be

obtained.
Proof: Combining the proof of Theorem 1, one can easily get that Q is continuous and for any ζ ∈
Br, there is Hζ ∈ Br, where Br = {ζ ∈ PC(K,G) : ∥ζ∥PC ≤ r}.

For t ∈ [0, t1], t ∈ (t j, s j], and t ∈ (s j, t j+1], it holds that

∥(Pζ1)(t) − (Pζ2)(t)∥ ≤ ML2∥ζ1 − ζ2∥, (24)

which implies P is Lipschitz continuous. For e1, e2 ∈ [0, t1] and e1 < e2, we have

∥(Qζ)(e2) − (Qζ)(e1)∥ ≤ w(ς)
∫ e1

0
∥U(e2 − s) − U(e1 − s)∥∥ϕ(s)∥ds + Mw(ς)

∫ e2

e1
∥ϕ(s)∥ds. (25)

For e1, e2 ∈ (t j, s j] and e1 < e2, we have

∥(Qζ)(e2) − (Qζ)(e1)∥ = 0. (26)

For s j < e1 < e2 < t j+1, one gets

∥(Qζ)(e2) − (Qζ)(e1)∥ ≤ w(ς)
∫ e1

s j
∥U(e2 − s) − U(e1 − s)∥∥ϕ(s)∥ds + Mw(ς)

∫ e2

e1
∥ϕ(s)∥ds. (27)

Since the semigroup is equicontinuous and ϕ is integrable, combining (25)–(27), we can
conclude Q is equicontinuous as e2 → e1. For any D ⊂ Br, according to Lemma 2, there is D0 =

{ζ′}, which is a subset of D and countable such that

µ(Q(D))PC ≤ 2µ(Q(D0))PC. (28)

From the boundedness and equicontinuity of Q(D0) ⊂ Q(Br), by Lemma 4, one gets

µPC(Q(D0)) = max
t∈[t j,t j+1]

µ(Q(D0)(t)). (29)

Since ∫ t j+1

s j

∫ s

s j

U(s − τ)h(τ, ζ′ϖ(τ,ζ′τ)
)dτds =

∫ t j+1

s j

∫ t j+1

τ

U(s − τ)h(τ, ζ′ϖ(τ,ζ′τ)
)dsdτ,
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for t ∈ [0, t1], from condition (H6), Lemma 3, and −∞ < ϖ(s, ζ′s) ≤ s, we have

µ(Q(D0)(t)) = µ
( ∫ t

0
U(t − s)h(s, ζ′ϖ(s,ζ′s)

)ds +
1

1 − t1

k∑
j=0

∫ t j+1

s j

∫ t j+1

τ

U(s − τ)h(τ, ζ′ϖ(τ,ζ′τ)
)dsdτ

)
≤ Mµ

( ∫ t

0
h(s, ζ′ϖ(s,ζ′s)

)ds
)
+

M
1 − t1

µ
( k∑

j=0

∫ t j+1

s j

h(s, ζ′ϖ(s,ζ′s)
)ds
)

≤ 2ML j

∫ t

0
sup
θ∈(−∞,0]

µ(ζ′(s + θ))ds +
2M

1 − t1

k∑
j=0

∫ t j+1

s j

L j sup
θ∈(−∞,0]

µ(ζ′(s + θ))ds

≤ 2Mt1L jµPC(D) +
2M

1 − t1

k∑
j=0

((t j+1 − s j)L j)µPC(D). (30)

Therefore, combining (28)–(30), one has

µ(Q(D))PC ≤ 4MηµPC(D) +
4M

1 − t1
(k + 1)ηµPC(D) ≤

4M(k + 2)
1 − t1

ηµ(D)PC. (31)

By (24) and the properties of noncompact Kuratowski measures, for any bounded D ⊂ Br, we have

µ(P(D))PC ≤ ML2µ(D)PC. (32)

According to (31) and (32), we can obtain

µ(H(D))PC ≤ µ(P(D))PC + µ(Q(D))PC ≤ M
(
L2 +

4(k + 2)
1 − t1

η
)
µ(D)PC.

For t ∈ (s j, t j+1], from (28), (H6), and Lemma 3, we have

µ(Q(D))PC ≤ 2µ(Q(D0))PC ≤ 4M
( ∫ t

s j

µ(h(s, ζ′ϖ(s,ζ′(s))))ds
)
≤ 4Mηµ(D)PC.

Combining (32), we get

µ(H(D))PC ≤ µ(P(D))PC + µ(Q(D))PC ≤ M(L2 + 4η)µ(D)PC.

Then, the operator H : Br → Br is a µ-set-contraction operator. We can conclude from Lemma 6 that
the defined operator H has at least one fixed point, which is a PC-mild solution of (1).
Remark 3. In the previous literature, most authors assume the semigroup is compact. However, in
Theorem 2, we obtain the existence result when the associated semigroup is equicontinuous, which can
be regarded as a supplement to the fact that the solution semigroup is compact.

3.2. Controllability

Consider the controllability of the following system:
ζ′(t) + Bζ(t) = h(t, ζϖ(t,ζt)) + Bu(t), t ∈

⋃k
j=0(s j, t j+1],

ζ(t) = U(t − t j)I j(t, ζ(t)), t ∈
⋃k

j=1(t j, s j],

ζ(0) =
∫ 1

0
ζ(s)ds,

(33)
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where B is a bounded linear operator from K into a Hilbert space G, and we denote MB :=
sup ∥B∥. u : K → G is a control function and all other symbols are the same as in system (1). In the
following, B∗ and U∗(t) represent the adjoint operator of B and adjoint semigroup of U(t), respectively.
Definition 1. A function ζ ∈ PC(K,G) is called a mild solution of system (33), if and only if ζ satisfies

ζ(t) =



Z1 + Z2 + Z3

1 − t1
+

∫ t

0
U(t − s)h(s, ζϖ(s,ζs))ds +

∫ t

0
U(t − s)Bu(s)ds, t ∈ [0, t1],

U(t − t j)I j(t, ζ(t)), t ∈
k⋃

j=1

(t j, s j],

U(t − t j)I j(s j, ζ(s j)) +
∫ t

s j

U(t − s)h(s, ζϖ(s,ζs))ds +
∫ t

s j

U(t − s)Bu(s)ds, t ∈
k⋃

j=0

(s j, t j+1],

(34)

where Z1, Z2, and Z3 are the same as in Lemma 8.
{Definition 2. The non-instantaneous delay system (33) is said to be controllable on [t0,T ], if it is
controllable on (0, t1] and (s j, t j+1] for j = 1, 2, · · · , n, i.e., there exists ζt1 ∈ G and ζt j+1 ∈ G such
that ζ(t1) = ζt1 and ζ(t j+1) = ζt j+1 , j = 0, 1, 2, · · · , n. The target states ζt1 and ζt j+1 are arbitrary within
the state space G, serving as the equation constraints ζ(t1) = ζt1 and ζ(t j+1) = ζt j+1 that the system must
satisfy at the terminal time t1 and t j+1, respectively.
Lemma 9. For any ζt1 ∈ G, the solutions of system (33) on [0, t1] satisfy ζ(t1) = ζt1 with the control
function

u(t) = −
B(s)∗U(t0 − s)∗

t1

( ∫ t1

0
U(t1 − s)B(s)B(s)∗U∗(t0 − s)ds

)−1[Z1 + Z2 + Z3

1 − t1
− ζt1

+

∫ t1

0
U(t1 − s)h(s, ζϖ(s,ζs))ds

]
. (35)

Proof: Consider the solution ζ(t) of system (33) on [0, t1] defined by (34). For t = t1, we have

ζ(t1) =
Z1 + Z2 + Z3

1 − t1
+

∫ t1

0
U(t1 − s)Bu(s)ds

=
Z1 + Z2 + Z3

1 − t1
+

∫ t1

0
U(t1 − s)h(s, ζϖ(s,ζs))ds −

1
t1

∫ t1

0
U(t1 − s)BB(s)∗U(t0 − s)∗

·
( ∫ t1

0
U(t1 − s)B(s)B(s)∗U∗(t0 − s)ds

)−1[Z1 + Z2 + Z3

1 − t1
− ζt1 +

∫ t1

0
U(t1 − s)h(s, ζϖ(s,ζs))ds

]
ds

= ζt1 ,

which completes the proof of Lemma 9.
Lemma 10. For any ζt j+1 ∈ G, j = 1, 2, · · · , n, the solutions of system (33) on (s j, t j+1] satisfy ζ(t j+1) =
ζt j+1 with the control function

u(t) = −
B(s)∗U(s j − s)∗

t j+1 − s j

( ∫ t j+1

s j

U(t j+1 − s)B(s)B(s)∗U∗(s j − s)ds
)−1[

U(t j+1 − t j)I j(s j, ζ(s j)) − ζt j+1
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+

∫ t j+1

s j

U(t j+1 − s)h(s, ζϖ(s,ζs))ds
]
ds. (36)

Proof: Consider the solution ζ(t) of system (33) on (s j, t j+1] defined by (34). For t = t j+1, we have

ζ(t j+1) = U(t j+1 − t j)I j(s j, ζ(s j)) +
∫ t j+1

s j

U(t j+1 − s)h(s, ζϖ(s,ζs))ds +
∫ t j+1

s j

U(t j+1 − s)Bu(s)ds

= U(t j+1 − t j)I j(s j, ζ(s j)) +
∫ t j+1

s j

U(t j+1 − s)h(s, ζϖ(s,ζs))ds

−
1

t j+1 − s j

∫ t j+1

s j

U(t j+1 − s)BB(s)∗U(s j − s)∗
( ∫ t j+1

s j

U(t j+1 − s)B(s)B(s)∗U∗(s j − s)ds
)−1

·
[
U(t j+1 − t j)I j(s j, ζ(s j)) − ζt j+1 +

∫ t j+1

s j

U(t j+1 − s)h(s, ζϖ(s,ζs))ds
]
ds

= ζt j+1 ,

which completes the proof of Lemma 10.
Theorem 3. Suppose (H1), (H2), and (H4) hold. If

ρ : = max
{M2M2

B
+ 1

1 − t1

(
ML2(1 − t1) +

δML1

2

k∑
j=0

(t j+1 − s j)2
)
+ δ(1 + 2Mt1L1),

M2M2
B(t j+1 − s j)(ML2 + δ(ML1(t j+1 − s j) + 1)

}
< 1, (37)

and then, system (33) is controllable.
Proof: Define operator H : PC(K,G)→ PC(K,G) by

(Hζ)(t) =



Z1 + Z2 + Z3

1 − t1
+

∫ t

0
U(t − s)h(s, ζϖ(s,ζs))ds +

∫ t

0
U(t − s)Bu(s)ds, t ∈ [0, t1],

U(t − t j)I j(t, ζ(t)), t ∈
k⋃

j=1

(t j, s j],

U(t − t j)I j(s j, ζ(s j)) +
∫ t

s j

U(t − s)h(s, ζϖ(s,ζs))ds +
∫ t

s j

U(t − s)Bu(s)ds, t ∈
k⋃

j=0

(s j, t j+1],

where u(t) is defined by (35) and (36) in (0, t1] and (s j, t j+1], j = 1, 2, · · · , n, respectively. From
Lemmas 9 and 10, we have ζ(t1) = ζt1 and ζ(t j+1) = ζt j+1 . In the following, we will prove the defined
operator H has a unique fixed point.

Obviously, H is well-defined. For ζ ∈ PC(K,G), Hζ ∈ PC(K,G). For ζ′ ∈ PC(K,G), ζ′′ ∈
PC(K,G) and t ∈ [0, t1], and one gets

∥Z′1 − Z′′1 ∥ ≤ M
∫ t1

0

∫ s

0
∥h(τ, ζ′ϖ(τ,ζ′τ)

) − h(τ, ζ′′ϖ(τ,ζ′′τ ))∥dτds ≤ ML1

∫ t1

0

∫ s

0
∥ζ′ϖ(τ,ζ′τ)

− ζ′′ϖ(τ,ζ′′τ )∥Ddτds.

(38)
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From (2), we have

∥ζ′ϖ(s,ζ′s)
− ζ′′ϖ(s,ζ′′s )∥D ≤ C1(t) sup

s∈[0,t]
∥ζ′(s) − ζ′′(s)∥ ≤ δ∥ζ′ − ζ′′∥, where δ = sup

s∈[0,t]
C1(s). (39)

Therefore, combining (38) and (39), yields

∥Z′1 − Z′′1 ∥ ≤
Mt2

1

2
L1∥ζ

′
ϖ(s,ζ′s)

− ζ′′ϖ(s,ζ′′s )∥D ≤
δMt2

1

2
L1∥ζ

′ − ζ′′∥.

Similarly, we have

∥Z′2 − Z′′2 ∥ ≤ ML2

k∑
j=1

(s j − t j)∥ζ′ − ζ′′∥,

and

∥Z′3 − Z′′3 ∥ ≤
(
ML2

k∑
j=1

(t j+1 − s j) +
δML1

2

k∑
j=1

(t j+1 − s j)2
)
∥ζ′ − ζ′′∥.

What’s more, we have

∥u′(t) − u′′(t)∥

=
∥∥∥∥B(s)∗U(t0 − s)∗

t1

( ∫ t1

0
U(t1 − s)B(s)B(s)∗U∗(t0 − s)ds

)−1∥∥∥∥
·

∥∥∥∥ (Z′1 − Z′′1 ) + (Z′2 − Z′′2 ) + (Z′3 − Z′′3 )
1 − t1

− (ζ′t1 − ζ
′′
t1 ) +
∫ t1

0
U(t1 − s)(h′(s, ζϖ(s,ζs)) − h′′(s, ζϖ(s,ζs)))ds

∥∥∥∥
≤

MMB
t1

[ 1
1 − t1

(
∥Z′1 − Z′′1 ∥ + ∥Z

′
2 − Z′′2 ∥ + ∥Z

′
3 − Z′′3 ∥

)
+ δ∥ζ′ − ζ′′∥ + Mt1L1∥ζ

′ − ζ′′∥
]

≤
MMB

t1

[ 1
1 − t1

(
ML2(1 − t1) +

δML1

2

k∑
j=0

(t j+1 − s j)2
)
+ δ(1 + Mt1L1)

]
∥ζ′ − ζ′′∥.

Thus,

∥(Hζ′)(t) − (Hζ′′)(t)∥

≤
1

1 − t1

(
∥Z′1 − Z′′1 ∥ + ∥Z

′
2 − Z′′2 ∥ + ∥Z

′
3 − Z′′3 ∥

)
+ MMBt1∥u′(t) − u′′(t)∥ + δMt1L1∥ζ

′ − ζ′′∥

≤
[M2M2

B
+ 1

1 − t1

(
ML2(1 − t1) +

δML1

2

k∑
j=0

(t j+1 − s j)2
)
+ δ(1 + 2Mt1L1)

]
∥ζ′ − ζ′′∥. (40)

For ζ′ ∈ PC(K,G), ζ′′ ∈ PC(K,G) and t ∈ (t j, s j], and we have

∥(Hζ′)(t) − (Hζ′′)(t)∥ ≤ ML2∥ζ
′ − ζ′′∥. (41)

For ζ′ ∈ PC(K,G), ζ′′ ∈ PC(K,G) and t ∈ (s j, t j+1], and one can obtain

∥(Hζ′)(t) − (Hζ′′)(t)∥ ≤ M2M2
B(t j+1 − s j)(ML2 + δ(ML1(t j+1 − s j) + 1)∥ζ′ − ζ′′∥. (42)
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Then, according to (40)–(42), we can get

∥(Hζ′)(t) − (Hζ′′)(t)∥ ≤ ρ∥ζ′ − ζ′′∥,

which implies the operator H is contractive. Therefore, combining with Banach fixed point theory,
system (33) has a unique solution, which means system (33) is controllable.
Remark 5. Compared with [8], in this paper, we introduce time delay into non-instantaneous
impulsive systems, and analyze the existence of solutions via the fixed point theorem and semigroup
theory respectively, under the conditions that the operator semigroup possesses compactness and
equicontinuity. Since [8] only derive existence results by means of the fixed point theorem, the
conclusions obtained in this paper can be regarded as a supplement and generalization to the above two
references. Besides the existence of solutions, we also discuss the controllability of non-instantaneous
impulsive systems with delay, which has not been involved in [8].

4. Examples

Set G = L2([0, 1],R) as a complete normed vector space equipped with the L2 norm ∥ · ∥2. Set K =
[0, 1], 0 = s0 < t1 =

1
4 < s1 =

1
2 < t2 =

3
4 = s2 < t3 = 1, k = 2. Define Bζ = − ∂

2

∂x2 ζ for ζ ∈
D(B) with D(B) = {ζ ∈ G : ∂ζ

∂x ,
∂2ζ

∂x2 ∈ G, ζ(0) = ζ(1) = 0}. From [22], −B generates an analytic C0-
semigroup {U(t), t ≥ 0} on G with M = sup

t∈K
∥U(t)∥ ≤ 1.

Example 1. Consider

∂

∂t
ζ(t, x) −

∂2

∂x2 ζ(t, x) =
∫ t

−∞

es−t ·
ζ(s −ϖ1(s)ϖ2∥ζ(s)∥, x)

4
ds, x ∈ (0, 1), t ∈ (0, 1

4 ]
⋃

( 1
2 ,

3
4 ],

ζ(t, x) =
1
7

U(t −
1
4

)ζ(t), t ∈ (1
4 ,

1
2 ],

ζ(t, 0) = ζ(t, 1) = 0, t ∈ (0, 1
4 ]
⋃

( 1
2 ,

3
4 ],

ζ(0, x) =
∫ 1

0
ζ(s, x)ds, x ∈ (0, 1).

(43)

Set ζ(t)(x) = ζ(t, x),ϖ(t, ζ) = ϖ1(s)ϖ2(∥ζ(0)∥) and I j(t, ζ(t)) = 1
7 |ζ(t)| with L2 =

1
7 , and then we can

rewrite (43) as 
ζ′(t) + Bζ(t) =

∫ 0

−∞
es ·

ζ

4ds, t ∈ (0, 1
4 ]
⋃

(1
2 ,

3
4 ],

ζ(t) = U(t −
1
4

)I j(t, ζ(t)), t ∈ ( 1
4 ,

1
2 ],

ζ(0) =
∫ 1

0
ζ(s)ds.

(44)

Then, for all ζ ∈ G and each t ∈ [0, 1
4 ]
⋃

(1
2 ,

3
4 ], one has ∥h(t, ζ(t))∥ ≤ 1

4∥ζ∥D, ϕ(t) =
1
4 , and w(t) =

t. For t ∈ (1
4 ,

1
2 ], we have ∥I(t, ζ(t))∥ ≤ 1

7∥ζ∥ with ξ(t) = 1
7 and α(t) = t. Besides, L =

∫ 1
2

1
4

1
7dt =

1
28 and K =

∫ 1

0
1
4dt = 1

4 . Obviously, the conditions in Theorem 1 are satisfied, and system (44) has at
least one mild solution.
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Example 2. Set I j(t, ζ)(x) = 1
3 sin ζ(t, x), where h(t, ζ) and other symbols keep the same as in

Example 1. We consider the following control problem:
ζ′(t) + Bζ(t) =

∫ 0

−∞
es ·

ζ

4ds + Bu(t), t ∈ (0, 1
4 ]
⋃

( 1
2 ,

3
4 ],

ζ(t) = U(t −
1
4

)I(t, ζ(t)), t ∈ (1
4 ,

1
2 ],

ζ(0) =
∫ 1

0
ζ(s)ds.

(45)

Evidently, h(t, ζ) and I j(t, ζ) are both continuous functions and the condition (H1) is satisfied. In
addition, we have

∥h(t, ζ)∥2 ≤
( ∫ 1

0

( ∫ 0

−∞

es ·
∥ζ∥

4
ds
)2

dx
) 1

2
≤
( ∫ 1

0

(1
4

∫ 0

−∞

es · sup ∥ζ∥ds
)2

dx
) 1

2
≤

1
4
∥ζ∥D

and

∥h(t, ζ1) − h(t, ζ2)∥2 ≤
( ∫ 1

0

( ∫ 0

−∞

es ·
∥ζ1 − ζ2∥

4
ds
)2

dx
) 1

2
≤

1
4

( ∫ 1

0

( ∫ 0

−∞

es · sup ∥ζ1 − ζ2∥ds
)2

dx
) 1

2

≤
1
4
∥ζ1 − ζ2∥D,

which implies that condition (H2) is satisfied with L1 =
1
4 . Besides, there exists

∥I j(t, ζ1) − I j(t, ζ2)∥ ≤
1
3
∥ζ1 − ζ2∥,

which signifies that conditions (H4) is satisfied with L2 =
1
3 . Obviously, the condition ρ < 1 is also

satisfied. Then, combining with Theorem 3, we can conclude that system (45) is controllable.

5. Conclusions

We have mainly considered non-instantaneous impulsive equations with state-dependent delay
under integral boundary conditions. The abstract phase space has been brought out to provide the
system with delay by means of fulfilling the ensuing axioms put forward by Hale and Kato. By
utilizing the operator semigroup theorem and standard fixed point theory, the existence results have
been obtained when the related semigroups are compact and equicontinuous, respectively. Besides, the
controllability of the non-instantaneous impulsive probem has been taken into consideration. However,
compared with the classical instantaneous impulse differential system, the theoretical development
of the existing non-instantaneous impulse differential system is still lagging behind and the research
results on the properties of solutions are not perfect. Therefore, in later work, we may consider the
periodicity and stability of solutions of other different non-instantaneous impulse boundary value
equations. Also, we can consider whether the novel step-function method is suitable for the non-
instantaneous impulsive problem.
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