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Abstract: Typhoid fever remains a major public-health problem, particularly in regions with poor
sanitation, unsafe water, and limited healthcare. Motivated by persistent transmission, treatment
failure, and relapse, this study proposes a deterministic typhoid fever model with direct and
environmental transmission, treatment, and relapse mechanisms. The model is formulated in the
modified Atangana—Baleanu—Caputo (mABC) fractional framework to incorporate memory effects. Its
main qualitative properties, including positivity, boundedness, existence, and uniqueness of solutions,
are established. Numerically, the Laplace—Adomian decomposition method (LADM) is applied to
obtain approximate solutions for different fractional orders. The results show that the fractional order
strongly affects transient disease dynamics while preserving biologically meaningful behavior. A deep
neural network (DNN) surrogate is also trained on the generated trajectories and assessed through
standard diagnostics. In addition, parameter estimation is performed using clean and noisy synthetic
data, showing good agreement between fitted and reference dynamics.
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1. Introduction

Caused by Salmonella Typhi, typhoid fever is a bacterial disease that is chiefly spread through
contaminated food and drinking water [1, 2]. Although sanitation systems and public-health
awareness have improved in many places, the disease continues to impose a considerable burden in
developing areas where safe water, hygiene facilities, and healthcare services remain
insufficient [3, 4]. Clinically, typhoid fever may present with prolonged fever, abdominal pain,
headache, vomiting, diarrhea, and systemic complications, and if treatment is delayed, the infection
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may become severe and life-threatening [5, 6]. For this reason, typhoid fever continues to attract
considerable attention from epidemiologists, clinicians, and mathematical modelers.

Despite the routine use of antibiotics in typhoid treatment, the infection remains difficult to eliminate
effectively. In some cases, symptoms may reappear when treatment is incomplete or when the clinical
response is unsatisfactory [7,8]. Moreover, a fraction of recovered individuals may continue to shed
the bacteria for a long time, thereby sustaining disease transmission in the community [8, 9]. The
growing problem of antimicrobial resistance further complicates treatment outcomes and reduces the
overall effectiveness of standard control measures [10]. These features show that typhoid dynamics are
influenced not only by infection and recovery, but also by treatment response, relapse behavior, and
environmental persistence.

The study of infectious disease transmission and control has been greatly supported by mathematical
modeling. For typhoid fever in particular, deterministic compartmental frameworks have been widely
employed to investigate transmission routes, optimal intervention policies, forecasting behavior, and
disease management strategies [3, 11]. Such models help to identify key epidemiological mechanisms
and provide insight into the possible effects of treatment, sanitation, and vaccination policies [12, 13].
However, many classical models are formulated with integer-order derivatives, which describe only
local interactions in time and may not adequately reflect memory-dependent biological processes.

In epidemic modeling, fractional calculus has attracted considerable attention because it extends
classical differential equations by incorporating nonlocal memory and hereditary effects into the
system dynamics [14, 15]. Compared with ordinary differential operators, fractional derivatives
provide greater flexibility for describing disease evolution, delayed responses, and history-dependent
transmission processes [16, 17]. Several recent studies have applied fractional-order methods to
infectious-disease models, including typhoid-related systems, and have shown that the fractional
order can significantly influence transient epidemic behavior [18]. This makes fractional modeling
particularly suitable for diseases such as typhoid fever, where environmental contamination, treatment
delay, carrier effects, and relapse may all contribute to memory-dependent dynamics. Recent
contributions further demonstrate the usefulness of fractional operators in both epidemiological and
nonlinear dynamical systems. For example, Ahmad et al. [19] investigated the global stability and
computational behavior of a fractional HIV/AIDS epidemic model under the Caputo operator, while
Ahmad et al. [20] analyzed norovirus transmission involving contaminated food and water. Beyond
epidemiological applications, fractional operators have also been employed to study nonlinear
physical systems, including soliton dynamics in fractional coupled Higgs systems and nonlinear
spatiotemporal fractional quantum-mechanics equations [21, 22]. These studies highlight the
effectiveness of fractional calculus in capturing memory effects, nonlinear interactions, and complex
temporal behavior, thereby providing strong motivation for wusing the modified
Atangana—Baleanu—Caputo (mABC) fractional framework in the present typhoid fever model. Recent
studies have shown the importance of fractional calculus and machine-learning techniques in disease
modeling. Al-Quran et al. [23] investigated a normalized Caputo—Fabrizio fractional model for
ischemic heart disease progression, while Shafqat et al. [24] wused fractional
susceptible-infected-recovered-deceased (SIRD) dynamics with deep learning for epidemic
prediction. Similar hybrid approaches have also been applied to rabies [25], Zika virus [26], and
poliomyelitis dynamics [27]. These works highlight the effectiveness of fractional operators and
learning-based methods in capturing memory effects and improving disease prediction.
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The mABC operator is selected in this study because it combines a nonlocal fractional structure
with a nonsingular Mittag—Lefller kernel. Unlike classical integer-order derivatives, which depend
only on the instantaneous state of the system, the mABC derivative allows the present disease dynamics
to depend on the previous history of infection, treatment, relapse, and environmental contamination.
Compared with fractional operators with singular kernels, the nonsingular Mittag—Leffler kernel of the
mABC operator provides a smoother memory representation and avoids kernel singularity at the initial
time. This property is particularly suitable for typhoid fever dynamics, where bacterial persistence in
the environment, delayed treatment response, carrier effects, and relapse after incomplete treatment
are all history-dependent processes. Therefore, the mABC framework offers a biologically meaningful
and mathematically flexible tool for describing memory-dependent transient epidemic behavior.

Beyond classical epidemic models, other nonlinear population-dynamics frameworks also provide
useful mathematical insight into boundedness, transient behavior, and the role of nonlinear
interactions. In particular, Keller—Segel-type chemotaxis models describe aggregation,
attraction—repulsion effects, and spatio-temporal pattern formation in biological systems. Although
these models arise in a different biological setting, they share conceptual similarities with epidemic
models in which nonlinear interaction terms, nonlocal effects, and stability properties strongly
influence the qualitative behavior of solutions. Recent studies on local and nonlocal
attraction—repulsion chemotaxis models have shown how nonlinear dissipative mechanisms and
combined production—consumption effects can prevent singular behavior and ensure
boundedness [28,29]. These contributions provide a broader mathematical background for the present
work, where boundedness, positivity, memory effects, and transient disease dynamics are central parts
of the analysis.

A number of studies have already investigated typhoid fever from different mathematical
perspectives. Existing contributions include optimal control formulations, stochastic analyses, and
fractional-order transmission models [11, 30]. Other works have employed techniques such as the
differential transform method, Adomian decomposition, and related semi-analytical approaches to
obtain approximate solutions of typhoid systems [31,32]. Even so, the available literature still leaves
room for improvement. In particular, many models do not simultaneously incorporate direct
transmission, indirect environmental transmission, differentiated infectious classes, saturated
treatment uptake, limited treatment efficacy, and relapse after treatment within a single
fractional-order setting [11, 13]. Furthermore, only a limited number of studies combine rigorous
mathematical analysis with modern data-driven approximation and calibration tools in the same
framework.

Motivated by the preceding discussion, we propose a fractional-order typhoid fever model that
describes the dynamics of susceptible, exposed, mildly infected, severely infected, carrier, treated,
and recovered individuals, together with an environmental bacterial compartment. The formulation is
established within the mABC framework, where the nonsingular Mittag—Leffler kernel makes it
possible to account for memory-dependent effects in the transmission process [30]. We then analyze
the principal mathematical properties of the system and prove positivity, boundedness, existence, and
uniqueness of solutions, thereby ensuring that the model is both mathematically sound and
biologically meaningful. An approximate recursive solution is subsequently constructed through the
Laplace—Adomian decomposition method (LADM), and the resulting scheme is employed to
investigate the influence of different fractional orders on the temporal behavior of the state variables.

AIMS Mathematics Volume 11, Issue 5, 14984—-15007.



14987

Existing mathematical studies on typhoid fever have addressed several important aspects of
disease transmission and control. For example, some works have focused on the impact of limited
public-health resources and optimal intervention strategies, while others have developed forecasting
and optimal-control frameworks for typhoid transmission dynamics [11,30]. Fractional and stochastic
formulations have also been proposed, including fractional co-infection models involving pneumonia
and typhoid fever with cost-effective control measures, as well as fractional typhoid fever models
incorporating mass-vaccination perspectives [11, 13]. These studies provide important theoretical and
computational contributions; however, most of them focus mainly on vaccination, optimal control,
stochastic effects, or general fractional transmission dynamics. In contrast, the present study develops
a unified mABC fractional-order typhoid model that simultaneously incorporates direct
human-to-human transmission, indirect environmental transmission, mildly infected, severely
infected and carrier classes, saturated treatment uptake, limited treatment efficacy, relapse after
treatment, and environmental bacterial persistence. Moreover, the proposed work goes beyond
qualitative and numerical analysis by combining LADM-based approximation, DNN surrogate
learning, and parameter calibration using both clean and noisy synthetic observations. Therefore, the
present framework provides a more integrated analytical-computational approach for studying
typhoid fever dynamics with treatment relapse and environmental contamination.

Beyond the theoretical and numerical analysis, the study also includes a data-driven stage. In
particular, a DNN surrogate is built from the simulated trajectories to provide an efficient
approximation of the system dynamics, while a parameter-calibration procedure is applied to estimate
selected epidemiological quantities from both clean and noisy synthetic observations. In this way, the
study does not stop at qualitative analysis alone, but also explores computational prediction and
calibration aspects that are increasingly important in modern mathematical epidemiology.

The motivation of this paper comes from the need to better understand typhoid fever dynamics in
situations where treatment is not fully effective, relapse may occur, and bacteria can persist in the
environment. These mechanisms naturally suggest a memory-dependent formulation, which is more
suitably described by a fractional operator than by a purely classical one. The novelty of the present
study lies in developing a unified mABC typhoid modeling framework that incorporates direct and
indirect transmission, explicit treatment and relapse pathways, qualitative well-posedness analysis,
LADM-based numerical solutions, DNN-based surrogate modeling, and parameter calibration using
both clean and noisy synthetic observations. Thus, the paper contributes not only a richer epidemic
model, but also an integrated analytical-computational methodology for investigating typhoid fever
transmission and treatment relapse. Based on the above motivation and identified research gap, we
now formulate the proposed fractional-order typhoid fever model and describe its epidemiological
compartments and transmission mechanisms.

2. Model formulation

This section develops a fractional-order compartmental model for typhoid fever that includes
treatment, relapse, and environmental bacterial contamination. To capture memory-dependent effects
that cannot be represented adequately by the classical integer-order setting, the model is formulated
by means of the mABC derivative. In this way, nonlocal temporal interactions are incorporated
without losing the biological meaning of the disease transitions. We denote the total human
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population by N,(t) = S(¢t) + E(¢) + L,(t) + I,(t) + I.(t) + T(¢#) + R(¢), where the compartments
correspond to susceptible, exposed, mildly infected, severely infected, carrier, treated, and recovered
individuals, respectively. The variable B.(f) is used for the bacterial load in the contaminated
environment. Based on these compartments, the mABC typhoid fever model is formulated as follows:
MABEDIS () = A — ANDS (t) — uS (1) + 02R(1),

MECDYE) = ADS (1) - (u+ OE),

MARCDVL(1) = porE@) + @a(1 = )T (1) — (u+ do + ¢ + 73) (1),

MECDII(1) = (1 = p = Qo EW@) + ¢lu(1) = HU(D) = (u + d)L(0),

MABCDPI(6) = qoE(t) + 71T (1) — (u + 12)1.(1), 2.1)
mABCDIT (1) = HUI(1) + T31,(1) + Tolo(t) = (u + ds + 71 + 0y + @a(1 — )T (1),
"ABEDIR(t) = oy T (1) — (u + 02)R(D),

BLIEI)) + i dy(2) + mol,, (1) + 3l (2) — ’uBBC(t),

mABC DY B .(t) = aB.(f) (1 -~

with the initial conditions S (0) = Ny, E(0) = N», 1,,(0) = N3, [,(0) = Ny, 1.(0) = N5, T(0) = Ng, R(0) =
N7, and B.(0) = Ng. The parameters 7y, >, and 73 denote the bacterial shedding rates from the severe
infected, mild infected, and carrier classes, respectively. The parameter o represents the recovery
rate from treatment, whereas o, represents the loss of immunity rate from the recovered class to the
susceptible class. In the saturated treatment function H(/;) = lfg; T the parameter @w; denotes the
treatment saturation coefficient. The parameter @, is used only for the relapse-response term w,(1 —
6,)T, where 6, measures treatment efficacy. This notation is used consistently in all model equations,
recurrence relations, parameter tables, and numerical simulations.

This function is nonnegative, increasing, and bounded, and it represents the fact that treatment
demand rises with the number of severely infected individuals but eventually saturates because of

.. . . .. I In I.
limited treatment capacity. The force of infection is defined by A(¢) = o '(t)m;vh(g)mz ®) Igf;:(tt)).

The first term describes direct human-to-human transmission, where severe, mild, and carrier infective
individuals contribute differently to transmission. The second term represents indirect transmission
through the bacteria-contaminated environment.

Figure 1 shows the compartmental organization of the model. The susceptible class gains
individuals through recruitment at rate A and through waning immunity from the recovered class at
rate 0,, while infection and natural mortality reduce its size. After infection, individuals enter the
exposed class E(¢), remain there during the latent stage, and then progress at rate 0. From the exposed
compartment, a proportion p becomes mildly infected and enters I,(¢), a proportion 1 — p — ¢
becomes severely infected and enters /,(¢), and the rest, given by g, move into the carrier class 1.(¢).
Mildly infected individuals may be treated at rate 73, worsen to severe infection at rate ¢, or leave
through natural and disease-related death. Severely infected individuals move to treatment according
to H(I,) and may also experience disease-induced death at rate d;. Treated individuals recover at rate
01, although incomplete treatment success can produce relapse. In particular, some re-enter the mild
infection class at rate @, (1 — 6,), while others become carriers at rate 7,. Here, 6, quantifies treatment
efficacy, and lower values indicate weaker treatment performance and stronger relapse effects. The
recovered compartment contains individuals who have successfully responded to treatment, but they
may later lose immunity and move back into the susceptible class at rate 0.

AIMS Mathematics Volume 11, Issue 5, 14984—-15007.



14989

Figure 1. Schematic representation of the proposed typhoid fever model.

The environmental compartment B, (f) represents the bacterial load in contaminated surroundings.
The environmental bacterial population follows logistic growth characterized by intrinsic rate @ and
carrying capacity K, while additional bacteria are introduced through shedding from the severe, mild,
and carrier compartments at rates my, m,, and 3, respectively. The bacteria concentration decreases
through natural removal at rate yug. This environmental component enables the model to capture
indirect transmission due to contaminated water, food, or unsanitary conditions. Therefore, the
proposed model incorporates the principal epidemiological mechanisms of typhoid fever, namely
direct transmission, indirect environmental transmission, treatment, relapse, carrier formation, and
waning immunity, within a fractional-order framework. This formulation provides a more realistic
basis for studying the effect of memory on typhoid fever dynamics. After presenting the biological
structure of the model, we next introduce the fractional-calculus tools required for the subsequent
mathematical analysis.

3. Auxiliary tools

We begin by presenting some standard results from fractional calculus that will be used later.

Definition 3.1. [33] For a function f € L'(0, T), the mABC derivative is defined by

mARCDY f (t)— f(t) Ey(—191") £(0) — a9 f (t = )" Egg(~ps(t — w)") f (u)du] (3.1)

Here, Ey denotes the one-parameter Mittag—Leffler function, whereas Ey g denotes its two-parameter
form. In particular; it follows from this definition that ™8“D? f = 0.

Definition 3.2. [33] For f € L'(0,T), the corresponding mABC integral operator is given by

mABCIﬂ M(l

o = ) i L0 = 701+ MR - F0)] (3.2)

Lemma 3.1. Let f € L'(0, o) and suppose that 9 € (0, 1). Then one has

mABCIﬂ mABCy? YF(t) = f(1) — f(0). (3.3)
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In addition, the Laplace transform of the mABC derivative takes the form

_ M@) 5" L(f; 5) = f(0)s""!
S 1-9 s7 + g ’

Ko
s?

L["5Dg £ 5]

<1 (3.4)

Using these preliminary definitions, we now examine the fundamental qualitative properties of the
proposed system.

4. Qualitative analysis of the proposed model

In this section, we examine the main qualitative features of the proposed typhoid fever system
governed by the mABC operator. For notational convenience, system (2) is rewritten in compact
vector form as X(f) = (S(1), E(®), L.(t), I,(t), I.(t), T(t), R(t), B.())", with total human population
Nuy(t) = S@) + E@t) + L,(t) + I,(t) + I.(t) + T(¢) + R(t). To avoid ambiguity between the treated
compartment 7'(f) and the treatment response term, we denote the saturated treatment function by

H,) = lf;;l —, which remains nonnegative, bounded, and increasing for I; > 0. Furthermore, the
. : : B1(15+(l’11,,l+(12](-) BB, . . .
force of infection is taken as A(¢) = N + Kti, so that the corresponding infection

incidence is A(?)S (7).
Accordingly, the proposed model can be written as

mABCDYS = A — AS — uS + oR,

mABCDYE = 28 — (u + o)E,

mABCDU = poE + wy(1 — 0)T — (u+ dy + ¢ + 3)1,,

mABCD?IS =(1-p-q0E +¢l, —HU,) — (u+d)I,

mABCDI = qoE + 11T — (u + )L, 4.1)
MABCDVT = H(L,) + 130 + Tol. — (U + d3 + 71 + 0y + w2(1 — )T,

mABCDYR = o\ T — (u + 02)R,

B,
mABCD?Bc - ch (1 — 7) + 7T11s + 7T2[m + 7T3Ic _ﬂBBc,

with the initial values S (0) = Ny, E(0) = N,, 1,,(0) = N3, 1,(0) = N4, 1.(0) = N5, T(0) = Ng, R(0) = N5,
and B.(0) = Ng, where N; > 0 fori = 1,...,8. We consider the biologically feasible region ) =
{X € Ri 0Ny < %, 0<B.(r) < MB} , where My > 0 is a sufficiently large constant.

4.1. Positivity of solutions

Theorem 4.1. Let X(0) € R3. Then every solution of system (4.1) remains nonnegative for all t > 0.
In other words, the nonnegative orthant R® is positively invariant.

Proof. We examine the right-hand side of each equation on the boundary of the nonnegative orthant.
When S = 0, we have "8 DS ‘s—o = A+0,R > 0. When E = 0, it follows that "B DV E ‘E—O =15 > 0.
When I,, = 0, one obtains ”’ABCD?Im‘] = poE + @,(1 —6,)T > 0. When I; = 0, since H(0) = 0,

m=

we have ™BCDV [

§=

0" (1-p-q0cE + ¢l, > 0. When I, = 0, ™BCD?], .= qoE +7,T > 0.

I.=
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When T = 0, ’"ABCD?T‘T_O = H(L) + T3l + T2l 2 0. When R = 0, "*D/R| = 1T > 0.

Finally, when B. = 0, ’"ABCD?BC'B e ml; + mol,, + m3l. > 0. Thus, on each coordinate hyperplane,

the fractional derivative points inward or is tangent to the boundary. By the fractional comparison
principle, no trajectory starting in R® can cross into the negative orthant. Hence, all state variables
remain nonnegative for all > 0. O

4.2. Boundedness and invariant region

Theorem 4.2. All solutions of system (4.1) with nonnegative initial conditions are uniformly bounded
in Q.

Proof. Summing the first seven equations of system (4.1), we obtain
"ABCDIN, = A — uNy, — dyl,, — diI; — dsT < A — uN,,.
Applying the fractional comparison theorem gives

Ni(1) < Ny(0)Eg(=ut”) + A fo (1 = &' Eyg(~u(t - £)°) d¢.

Consequently,

A
0 < Nju(t) < max {Nh(O), E}, t>0.

Hence, the total human population is bounded.
Next, for the environmental bacteria concentration,

B,
mABCDYB. = aB, (1 -~ 7) + 71y + myl,, + m3l. — pipB..

Using the boundedness of N,(f) and the nonnegativity of the infectious classes, we have

ml + mol, + 3l < (71'1 + 1 + 7T3)Nh(t) < (7'(1 +m + 7T3) max {Nh(O), —} .
u

Therefore,
A
"ABCDYB. < (@ — pp)B. — %Bi + (7 + my + 7r3) max {Nh(O), —} .
7
The right-hand side is a logistic-type upper bound, and thus B.(¢) remains bounded for all # > 0. Hence,
every solution enters and remains in the positively invariant bounded set €. O

4.3. Existence and uniqueness of solutions

Let X = C([0, T],R®) equipped with the norm ||X||c = max;cj.r Zfz | 1Xi(®)]. Denote by F(t, X) the
vector field associated with system (4.1). By the mABC integral operator, system (4.1) is equivalent to
the integral equation

X(l) =Xy +

-9 o t N
M(ﬁ)F(t,X(t)HW fo (=& F(&, X(£) de. (4.2)
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Theorem 4.3. Assume that F : [0,T] x Q — R? is continuous and Lipschitz continuous with respect
to X on Q; that is, there exists L > 0 such that ||F(t,X) - F(t, V)| < LIX-Y|, X,Y € Q, t € [0, T]. If

(I-9L LT?
= + <1,
M) MG + 1)

(4.3)

then system (4.1) admits a unique solution on [0, T].

Proof. Define the operator ¥ : X — X by

(?_—X)(l‘) = XO + I-

19 -1
S P X0 + M(ﬂ)m) f (- & P& X(@) de.

For X, Y € X,

IFX) @) = (FYOIl <

)IIF(t X(0) = Ft, Y|

9-1
Wf(f—f) IF(¢,X(€)) — F(&, Y(é)lldé.

Using the Lipschitz condition yields

B (1 -9L B ol
I(FX)(@) = (FY)DI < M) IX = Yl + M(ﬁ)l"(ﬂ)f(t &7 dEIX = Ylleo-
Since fo(t— &)1 dé = &, we obtain

(1 -9L LT?

IFX - FYl|lo < X = Yl = &lIX = Yl.

M®)  MOT@+ 1)

Condition (4.3) implies that ¥ is a contraction. Hence, by Banach’s fixed-point theorem, ¥ has a
unique fixed point in X, which is the unique solution of system (4.1) on [0, T]. m|

Remark 4.4. Since the nonlinear incidence and treatment functions are smooth on C, the vector field
F is locally Lipschitz on the positively invariant bounded region established above. Therefore, the
previous theorem applies on every finite interval [0, T].

5. Approximate solution by the Laplace—Adomian decomposition method

In this section, we derive a recursive approximation for system (4.1) by means of the LADM.
The method is carried out directly on the full nonlinear typhoid fever model and treats the nonlinear
incidence, the saturated treatment term, and the environmental logistic contribution through Adomian
polynomials.

5.1. Integral form suitable for decomposition

For any sufficiently smooth function f, define the fractional integral-type operator

-1
Dyl £1(0) = mf() M(Mw) f (t - & F(&) d.
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Then, the mABC system (4.1) can be written as

X(1) = Xo + @p(F (-, X(N)®). (6.1

To simplify the nonlinear terms, we introduce 7 (S, I,,, I, I., B.) = (ﬁ l(l’m;vi'"mzl) [/Z‘; )S H(,) =

1 pr— 1 ,and G(B,) = (1 - —) Hence, system (4.1) becomes

S =Ny + ®y[A— T —uS +o1R],

E =N, + ®y[I — (u+0)E],

I, = N3 + ®y[poE + wr(1 — )T — (u+dr + ¢ + 13)1,],

Iy = Ny + @y[(1 = p = Q)0 E + ¢, — H(I) — (u+ d)], (5.2)
I. = Ns + ®y[qoE + 71T — (u+1)1.],

T = Ng + Op[HUy) + 131, + T2l — (u+ d3 + 11 + 0 + @2 (1 — )T,

R = N7 + g0 T — (u + 0»)R],
B. = Ng + ®y[aG(B,) + m I + 31, + m3l. — upB.] .

5.2. Adomian decomposition

We seek the solution in the series form

S(t) = Z; S.(n), E() = Z; E(t), L) = Z; La(),  I(1) = Z; L),

L() = ZO L), T(@) = ZO T.(1), R@)= ZORM, B.(1) = ZO B (D).

The nonlinear terms are expanded as

r=Na,  Hw= 8 6B)=>cn
n=0 n=0 n=0

where the Adomian polynomials are defined by

A= — d [ [Z P*S k. Z P L i P, i P e i pch,k)

p=0
1L d [ 632 p 1 a (< BN
= —' - ! Zk—Ooop ;(k :| ’ C, = _' " (Z Pch,k) [l - = Z pkBC,k)
n! dp 1+ w1 Zkzop Is,k =0 n dp =0 k k=0 p=0
The ﬁrst few Adomian polynomials needed in practice are By = 1:)11;:}’ o , B = Tranio? j'ﬂll"; i and Cy =
Bc,o( ) Ci = B.; (1 — ZB“’) The polynomial Ay is simply the incidence function evaluated at

the zeroth components,

Lo+ al,o+ axl. B,
Ay = B0+ ail, o+ axl.o) N BBy S
Nh,() K+ Bc,O

where Nh,O = So + E() + Im,O + I&O + IC’() + To + Ro.
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5.3. Recursive scheme

Substituting the series expansions into (5.2) and comparing like terms gives the following recurrence

relations.

The zeroth-order components are the initial data: So = Ny, Ey = No, L0 = N3, Ijo = Nyl =
Ns, Ty = Ng, Ry = N7, and B,y = Ns. For n > 0, the higher-order terms are obtained recursively from

Sne1 = Oyg[A = A, — uS, + o2R,],
E, .1 = Oyg[A, — (u+0)E,],
Lyps1 = Oy|poE, + woy(1 =0T, — (u+dy + ¢+ 13) ],
Lpi1 = Og[(1 = p = @)OE, + ¢l — By — (u+ d)ls ]
Ienst = Op[qoE, + 71T, — ( + 1) 0] s
Thi1 = ©y[By + T3y + Tolen — (U + ds + 71 + 0y + @o(1 = 0)T,],
Ry = Qo T, — (u+ 02)R,],
Beni1 = @plaC, + midyy + molyy + m3ley — pBe ] .

Consequently, the truncated m-term LADM approximation is

S™() = D SO, E (W) = D E 0,150 = ) a0, 170 = D L0,
n=0 n=0 n=0 n=0

104 = D 1ea(@), T (@) = Y To(0), R™ (@) = ) Ru(0), B (6) = D Be(d).
n=0 n=0 n=0 n=0

Using (5.3), the first-order components are

S

DOy[A — Ay — uSo + 02Ro],

Dy Ay — (u+ 0)Ey],

@y[poEg + @r(1 = 02)To — (U + dy + ¢+ 73) 0] ,

@y[(1 = p = @TEo + ¢lno — Bo — (u+ di)lso],

®y[gorEo + 71Ty — (1 + 12)1cp]

@y[Bo + 1310 + T2lo— (u+ds + 11 + 01 + @r(1 = 0:))T],
OyloTo — (u+ 02)Ro]

OylaCo + milyo + Mol + m3leo — pBeo] .

Similarly, the second-order terms are

S
E,
L2
I,
I
T,

AIMS Mathematics

DOy[A — A, —uS 1 + 02Ry],

Oy A — (u+ 0)E],

Oy[poE) + @r(1 = 0)T) — (u+dy + ¢ + 13) 1],

Oy[(1 = p = @QTE\ + ¢l — B1 — (u+d)l,],

DylgqoE + 11Ty — (u + 1)1 ],

Oy By + 13ly1 + ol — (+ds + 71 + 0 + (1 = 6)T],

(5.3)
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R, = (Dﬁ[O'lTl —(u+ 0'2)R1] s
B., = (Dﬁ[@Cl +milyy + ol + 13l _,uBBc,l]-

Hence, the approximate series solution of the proposed typhoid model is given by X(r) ~ X™)(¢) =
Yo X (1), for a sufficiently large truncation index m.

5.4. Convergence of the decomposition series

Theorem 5.1. Let F satisfy the contractive condition given in (4.3). Then the decomposition series
generated by (5.3) converges uniformly on [0, T] to the unique solution of system (4.1).

Proof. The recursive construction (5.3) is obtained from the fixed-point equation (5.1). Since the
associated operator is a contraction under condition (4.3), the Picard sequence converges uniformly
to the unique fixed point. The LADM components represent successive correction terms of the same
operator, and therefore the partial sums converge to the unique solution of the original system. O

In practice, the truncated approximation X®(¢) is used for numerical simulations, and the iteration
is stopped once max;cpo.r) || XV (£) — X"(#)|| < & for a prescribed tolerance & > 0. After establishing
the well-posedness and deriving the approximate solution scheme, we now investigate the numerical
behavior of the proposed model.

6. Numerical simulation

This section examines the numerical dynamics of the proposed typhoid fever model governed by
the mABC fractional operator. To obtain the trajectories of the state variables, we employ the recursive
approximation developed in Section 4 and evaluate the model for several fractional-order values. The
numerical simulations are carried out by using the parameter set and initial conditions listed in Table 1,
namely S(0) = 10000, E(0) = 300, 1,(0) = 100, I,(0) = 10, 1.(0) = 10, T(0) = 100, R(0) =
0, and B.(0) = 100000. To investigate the role of memory effects in the epidemic dynamics, we
consider the fractional orders ¥ = 0.80, 0.85,0.90, 0.95, and we interpret the limiting case ¥} = 1 as the
corresponding classical integer-order model. These values allow us to compare the effect of weaker
and stronger memory on the temporal evolution of all model compartments.

Table 1. Comparison between true and estimated parameter values, along with absolute and
percentage errors.

Parameter True Value Estimated Value Absolute Error Percent Error (%)

Bi 50x%x 107 0.0087224 0.0086724 17345.0
B 0.0007 0.00015202 0.00054798 78.282
T3 0.65 0.5202 0.1298 19.969
0, 0.50 0.6481 0.1481 29.620
ws 0.56 0.35006 0.20994 37.490
Ey 300 373.89 73.886 24.629
B 1.0 x 10° 1.5967 x 10° 59671 59.671
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Some parameters in Table 2 are marked as assumed because direct typhoid-specific empirical
estimates are not available for all epidemiological, treatment, relapse, and environmental mechanisms
considered in the proposed model. These assumed values are not intended to represent fixed universal
constants; rather, they are used as biologically admissible baseline values for numerical simulation.
They were chosen to remain positive, to satisfy the feasible-region assumptions of the model, and to
generate epidemiologically meaningful trajectories consistent with the qualitative properties proved
above. To reduce the uncertainty associated with these assumed quantities, the most influential
transmission- and treatment-related parameters, namely Sy, 5>, 73, 62, @>, E(0), and B.(0), are further
examined through the parameter-estimation procedure using both clean and noisy synthetic data.
Therefore, the assumed values provide a baseline scenario, while the calibration results help evaluate
the influence and recoverability of key parameters on the model output.

Table 2. Parameters and their numerical values in model 2.1.

Notation Value Source Notation Value Source Notation Value Source

A 100 [3] o) 0.000904 [34] 1) 0.04  Assumed
a 0.014 [35] DP,q [0,1] Assumed T3 0.65 Assumed
u 0.00005 [8] d, 0.12 [36] ds 0.015 [8]

d, 0.004 Assumed T 0.7 [3] 10} 0.8 Assumed
3 0.9 [37] Up 0.0345 [35] B 0.00005 Assumed
T 0.055 Assumed B2 0.0007 Assumed K 500000 [37]

6, 0.2827 [38] 6, 0.5 Assumed w5 0.56 Assumed
W 0.62 [30] ) 0.6 [37] s 1.2 [37]

o 0.0556 [38] T 0.2 Assumed S(0) 10000 Assumed

Figure 2 presents the simulated trajectories of the proposed system for the chosen fractional-order
values. As displayed in Figure 2(a), the susceptible class declines steadily with time, reflecting the
continued movement of individuals into infection through both direct contact and environmental
transmission. The exposed class in Figure 2(b) first increases, reaches a peak, and then exhibits a
slight decline, reflecting the transient accumulation of newly infected individuals before they progress
to the infectious stages. In Figure 2(c), the mildly infected class initially decreases slightly and then
rises gradually, indicating the combined influence of disease progression, treatment, and relapse
effects. Figures 2(d)-2(f) display the temporal behavior of the severe infected, carrier, and treated
classes, respectively. These profiles show that the disease burden is redistributed among clinically
different infectious groups as the epidemic evolves. In particular, the treated class increases with time,
which is compatible with the transfer of infected individuals into treatment. Figure 2(g) demonstrates
the monotone increase of the recovered population due to successful treatment, while Figure 2(h)
shows the growth of the bacteria-contaminated environment caused by bacterial shedding from
infected individuals together with environmental persistence. Overall, the trajectories remain smooth,
nonnegative, and biologically meaningful for all tested fractional orders, which agrees with the
positivity and boundedness results established in the qualitative analysis.

Although the simulations in Figure 2 are presented for fractional orders ¢ = 0.80, 0.85,0.90, 0.95,
it is important to relate these results to the classical integer-order model. The limiting case = 1
corresponds to the standard memory-free formulation, in which the future evolution depends only on
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the current state of the system. In contrast, when 9 < 1, the mABC operator incorporates nonlocal
memory effects through the Mittag—Leffler kernel. Therefore, the fractional-order parameter acts as a
memory index that controls the speed and intensity of the transient epidemic response. Compared
with the integer-order case, smaller values of © allow delayed and history-dependent changes in the
susceptible, infected, treated, recovered, and environmental bacterial compartments. This is
particularly relevant for typhoid fever because environmental contamination, treatment delay, carrier
effects, and relapse are processes that may depend on previous disease history. Hence, the
fractional-order formulation provides additional modeling flexibility beyond the classical
integer-order model, especially in describing transient disease dynamics.
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Figure 2. State trajectories of the proposed typhoid fever system for ¢ =
0.80,0.85,0.90,0.95: (a) S(1), (b) E(0), (¢) 1u(1), (d) I;(1), (e) L(), () T(7), (2) R(r), and
(h) B(2).

The simulations further indicate that the fractional order has a clear influence on the transient
behavior of the system. Although the qualitative pattern of each compartment remains unchanged, the
speed of increase or decrease and the corresponding population levels vary with 3. This confirms that
the modified fractional operator introduces a memory effect into the model, allowing the dynamics to
capture nonlocal temporal dependence that cannot be represented by the classical integer-order
framework. Hence, the fractional-order formulation provides additional flexibility in describing the
spread of typhoid fever and the interaction between infection, treatment, relapse, and environmental
contamination.

To support the data-driven component of the study, the numerically generated solutions are also
used to train a DNN surrogate model. The purpose of this surrogate is to learn the relationship between
the model inputs and the corresponding state trajectories, thereby reducing the computational cost of
repeated simulations. For reproducibility, the DNN architecture is described as follows. The input
layer consists of the time variable and the fractional-order value, while the output layer predicts the
state variables S (), E(¢), L,(¢), I,(?), I.(¢), T (¢), R(t), and B.(t). The network is constructed as a feed-
forward DNN with four hidden layers containing 50, 30, 20, and 10 neurons, respectively. Hyperbolic
tangent sigmoid activation functions are used in the hidden layers, and a linear activation function is
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used in the output layer. The training data are generated from the LADM numerical solutions of the
proposed mABC typhoid model for different fractional orders. The dataset is divided into training,
validation, and testing subsets to evaluate the learning accuracy and generalization performance of the
network. In the present study, a single DNN is trained for all state variables and all fractional orders.

The training performance and diagnostic results are presented in Figure 3. Figure 3(a) displays the
mean squared error curves for the training, validation, and testing datasets. The three curves decrease
rapidly and remain close to one another, indicating stable learning and good generalization. The best
validation performance is achieved at epoch 200, with a value on the order of 10-%, which confirms
the high predictive accuracy of the network. Figure 3(b) shows the gradient, damping parameter, and
validation checks during training, all of which indicate a stable convergence behavior of the
optimization procedure.

0 Best Validation Performance is 1.7373e-08 at epoch 200 § Gradient = 5.6839e-07, at epoch 200 Error Histogram with 20 Bins

12000

5 10000

Mu = 1608, at epoch 200 8000

Instances

6000

[ —— 1 4000

Validation Checks = 0, at epoch 200 2000

Mean Squared Error (mse)

0 50 100 150 200 i

200 Epochs Errors = Targets ~OUtputs
200 Epochs

(a) (b) (0

10000 > g 10000

Train: R=1 Validation: R=1

8000 8000

6000 6000 Function Fit for Output Element 1

4000 4000

2000 2000

Output ~= 1"Target + -3.2-06
Output ~= 1*Target + -0.00099

2000 4000 G000 8000 10000 2000 4000 G000 8000 10000
Target Target

Test: R=1 All: R=1

Output and Target
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4000

2000

Output ~= 1°Target + 0.0003

Output ~= 1*Target + -7.2¢-05

o
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(d) (e)
Figure 3. DNN performance and training diagnostics for the proposed typhoid fever
model: (a) mean squared error curves for the training, validation, and testing sets, (b)
gradient, damping parameter yu, and validation checks versus epochs, (c) error histogram,
(d) regression plots for training, validation, testing, and overall data, and (e) function fitting
together with residual errors.

Figure 3(c) presents the error histogram, where the residuals are concentrated near zero, showing
that the prediction errors are small and well controlled. The regression plots in Figure 3(d) demonstrate
an excellent agreement between the network outputs and the target values for the training, validation,
testing, and overall datasets, with the fitted lines lying very close to the ideal regression line. Finally,
Figure 3(e) shows the function fitting and residual behavior, further confirming that the trained network
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accurately reproduces the numerical solutions of the proposed fractional typhoid model.

To further clarify the practical role of the DNN surrogate, we compared its computational cost
with that of the LADM approximation. The LADM scheme serves as the reference numerical method
and is used to generate the training trajectories. However, for each new simulation setting, LADM
requires recursive construction and evaluation of the decomposition terms. In contrast, once the DNN
has been trained, prediction is obtained through direct forward propagation, which is computationally
inexpensive. Therefore, the DNN is not intended to replace LADM in the theoretical construction of
the solution; rather, it provides a fast surrogate model for repeated simulations, parameter screening,
calibration loops, and uncertainty analysis. This is particularly useful when many trajectories must
be evaluated for different fractional orders or parameter values. The numerical experiments and the
deep learning diagnostics together verify that the proposed model is capable of producing stable and
biologically consistent dynamics, while the neural network surrogate provides an efficient and accurate
computational tool for approximation, calibration, and further predictive analysis. Having analyzed
the numerical trajectories and the performance of the DNN surrogate, we next examine the parameter-
estimation problem using synthetic data.

7. Parameter estimation

The proposed typhoid fever model captures the essential mechanisms of direct transmission,
environmental contamination, treatment, and relapse, thus several parameters in Table 2 are assumed
rather than directly measured. For this reason, parameter estimation is performed in order to improve
the quantitative reliability of the model and to assess how well the model can recover important
epidemiological quantities from trajectory data. In this section, we calibrate a biologically meaningful
subset of the model parameters while keeping the remaining parameters fixed at the baseline values
reported in Table 2.

Lety;, i =1,2,...,n denote the available observed data collected at times 0 < #; < f, < -+ < 1,.
Since the present study is based on model-generated trajectories, we consider synthetic observations
constructed from the numerical solution of the proposed system. To connect the data with the epidemic
dynamics, we use the model states directly and calibrate the system by minimizing the discrepancy
between the observed trajectories and the model-predicted trajectories over the observation window.
In particular, we estimate the parameter vector ® = (B, 2, T3, 8, @, E(0), B.(0)), where 3, and 3,
are the direct and indirect transmission rates, 73 is the treatment rate of mildly infected individuals, 6,
measures the limited clinical efficacy of antibiotics, @, denotes the relapse response after treatment,
and E(0) and B.(0) represent the initial exposed population and the initial bacteria concentration in the
environment, respectively.

The unknown vector © is obtained by solving a nonlinear least-squares optimization problem of
the form ®* = arg mingeq J(®), where J(®) = XL, [|1X(#;; ©) — Yi|*. Here, X(;; ®) denotes the model-
predicted state vector at time #;, ¥; denotes the corresponding observed or synthetic data vector, and Q
is the biologically admissible parameter region. In the present study, the admissible set is chosen as
B1>0,6,>00<13;<1,0<6, <1,m,, >0,EQ0) >0, and B.(0) > 0. These constraints ensure that
the estimated quantities remain epidemiologically meaningful throughout the calibration process.

To evaluate the robustness of the fitting procedure, two calibration settings are considered. In the
first setting, the model is fitted to clean synthetic trajectories generated from the proposed
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fractional-order system. In the second setting, noisy synthetic observations are used in order to mimic
measurement uncertainty and report variability that typically arise in epidemiological data. This
two-stage analysis provides a useful test of whether the calibration framework remains reliable when
the data are perturbed.

Figure 4 presents the comparison between the synthetic true trajectories and the corresponding fitted
trajectories for all state variables of the model. It is observed that the fitted curves closely follow the
reference solutions for all compartments, showing that the calibration procedure is able to reproduce
the main temporal patterns of the epidemic system. In particular, the agreement is very strong for
the susceptible, exposed, mild infected, severe infected, carrier, treated, recovered, and environmental
bacteria classes, which indicates that the estimation framework successfully captures the dominant
interactions among transmission, treatment, relapse, and environmental contamination.

10

B,

4 10 20 30 40 50 60
Time

(e) ® (® (h)
Figure 4. Comparison between the synthetic true trajectories and the corresponding fitted
trajectories for the state variables of the proposed typhoid fever model. The close agreement
between the reference and fitted solutions confirms that the calibration procedure accurately
reconstructs the main dynamical patterns of the system.

The large percentage error observed for (; deserves further comment. Although the fitted
trajectories reproduce the overall epidemic patterns, accurate trajectory fitting does not necessarily
guarantee accurate estimation of each individual parameter. In the present model, §8; enters the
direct-transmission part of the force of infection,

I, + a1, + asl, B,

A(t) = ,
(0 =p=—— " B

whereas the early infection dynamics are also influenced by S,, E(0), and B.(0). Hence, different
combinations of these parameters may generate similar values of the total force of infection and
consequently similar state trajectories. This compensatory behavior explains why the trajectory-level
fit can remain satisfactory even when the recovered value of §; differs substantially from its reference
value. Moreover, because the true value of ; is very small, even a moderate absolute deviation can
produce a very large relative percentage error. Therefore, the present results suggest that g, is
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practically weakly identifiable under the current synthetic-data configuration. However, this should
not be interpreted as proof of structural unidentifiability, since a formal structural identifiability
analysis is beyond the scope of the present work.

Figure 5 shows the fitting results when noisy synthetic observations are used instead of clean
trajectories. As expected, the observed data exhibit visible fluctuations around the underlying
epidemic trends. Nevertheless, the fitted trajectories still capture the global shape of the data and
preserve the principal temporal behavior of each compartment. This confirms that the proposed
estimation method is stable under moderate perturbations and is capable of extracting meaningful
model dynamics even in the presence of observational noise.

To further investigate the variability of the calibrated dynamics, Figure 6 displays multiple virtual
trajectories generated around the fitted solution. These trajectories provide an ensemble-type
representation of the uncertainty surrounding the estimated model response. Although the realizations
differ in amplitude and local variation, their overall trends remain consistent with the fitted solution,
demonstrating that the calibrated model preserves structural stability across repeated simulations.

A more compact visualization of this uncertainty is given in Figure 7, where the mean fitted
trajectory is plotted together with +1 standard deviation bands for each state variable. The shaded
bands quantify the dispersion of the virtual trajectories around the mean solution. It can be seen that
the uncertainty is relatively small for some compartments and more pronounced for others, especially
in phases where the system changes rapidly. These plots provide additional confidence that the
calibrated model not only reproduces the central epidemic trend but also offers a reasonable
description of variability in the fitted dynamics.

o 10 20 20 a0 50 60
Time

(e) ® (® (h)

Figure 5. Comparison between noisy synthetic observations and the fitted trajectories for
the state variables of the proposed typhoid fever model. The fitted curves capture the main
trends of the noisy data, indicating the robustness of the parameter estimation procedure in
the presence of measurement perturbations.
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Figure 6. Multiple virtual trajectories generated around the fitted solution for the state
variables of the proposed typhoid fever model. The ensemble of trajectories reflects
variability in the simulated dynamics, while the central trend highlights the dominant
temporal behavior of each compartment.
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Figure 7. Mean fitted trajectories with +1 standard deviation bands for the state variables of
the proposed typhoid fever model. The shaded regions quantify the dispersion of the virtual
trajectories around the mean solution and provide a visual summary of the uncertainty in the
fitted dynamics.

Figure 8 provides heatmap representations of the normalized clean trajectories, normalized fitted
trajectories, and normalized absolute error. The first two heatmaps show very similar temporal
patterns across the model compartments, while the absolute-error heatmap indicates that the fitting
errors remain concentrated in relatively low ranges across the simulation window. This visual
agreement supports the conclusion that the calibrated model is able to recover the main structure of
the synthetic epidemic data in a consistent manner.

AIMS Mathematics Volume 11, Issue 5, 14984-15007.



15003

lass
lass

SR X S

60 0 10 20 30 40 50 60
Time

(a) (b) (c)
Figure 8. Heatmap representation of trajectory patterns for the proposed typhoid fever
model: (a) normalized clean trajectories, (b) normalized fitted trajectories, and (c) normalized
absolute error. The maps summarize the temporal variation across all model compartments
and highlight the overall agreement between the reference and fitted solutions.

The numerical values of the estimated parameters are summarized in Table 1, together with the
corresponding absolute and percentage errors. The results show that some parameters are recovered
with relatively good accuracy, while others exhibit larger deviations from their true values. In
particular, 73, 6,, @,, E(0), and B.(0) are estimated with moderate error levels, whereas the relative
error in B, is large. This behavior suggests that certain parameters may be more practically
identifiable than others under the available data configuration. Even so, the trajectory-level fits in
Figures 4—-8 remain satisfactory in reproducing the main dynamical patterns, although the large error
in B, indicates that good trajectory reconstruction does not necessarily imply reliable recovery of
every individual parameter.

The results of this section demonstrate that the proposed calibration framework provides a reliable
way to estimate important transmission- and treatment-related quantities in the typhoid fever model.
The fitted solutions remain in close agreement with both clean and noisy synthetic data, the
uncertainty analysis confirms the stability of the calibrated trajectories, and the heatmap comparison
further illustrates the consistency between the reference and estimated dynamics. Therefore, the
parameter estimation procedure offers a solid foundation for subsequent prediction, sensitivity
analysis, and data-driven surrogate modeling of the proposed fractional typhoid fever system.

8. Conclusions

This study introduced and analyzed a fractional-order typhoid fever model that incorporates
treatment relapse and environmental bacterial contamination through the mABC derivative. The
model was designed to represent the principal epidemiological features of the disease, including
direct transmission, indirect infection through the environment, treatment dynamics, relapse after
treatment, and bacterial shedding. The theoretical analysis verified key properties of the system,
namely positivity, boundedness, existence, and uniqueness of solutions, showing that the model is
both mathematically reliable and biologically admissible. To investigate the dynamics of the system,
an approximate recursive solution was derived by applying the LADM. The resulting numerical
experiments, carried out for several fractional-order values, revealed that memory effects play an
important role in shaping the transient behavior of all compartments. In particular, variations in the
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fractional order were found to alter the temporal profiles of the susceptible, exposed, mild infected,
severe infected, carrier, treated, recovered, and environmental bacterial populations, while preserving
nonnegative and epidemiologically meaningful trajectories. On the computational side, a DNN
surrogate was trained using the numerically generated solutions in order to approximate the model
outputs efficiently. The performance measures obtained from training, validation, testing, regression,
and error analysis indicated that the surrogate model reproduced the simulated trajectories with high
accuracy. In addition, a calibration procedure based on clean and noisy synthetic observations was
implemented to estimate selected parameters and assess the robustness of the fitted solutions. The
resulting fitted trajectories, uncertainty bands, and heatmap visualizations showed satisfactory
agreement with the reference dynamics. The proposed framework offers a comprehensive approach
for examining typhoid fever dynamics in the presence of relapse, treatment effects, and environmental
contamination. By combining fractional-order modeling, decomposition-based approximation,
neural-network surrogates, and parameter calibration, the study provides a useful foundation for
future work on prediction, sensitivity analysis, and data-driven epidemiological assessment. A
limitation of the calibration results is that some parameters, especially £, appear to be practically
weakly identifiable under the present synthetic-data setting. Future work will include formal
structural and practical identifiability analysis, profile-likelihood assessment, and calibration using
richer observational data to improve the reliability of individual parameter estimates.
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