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Abstract: In this paper, we prove the stability of traveling wave solutions for a three-species
cooperation-competition system. To ensure the existence of traveling wave fronts, i.e. monotone
traveling wave solutions, for this system, the wave speed ¢ must be greater than or equal to a critical
value c.. In the existing literature, the weighted energy method has been employed to prove that
traveling wave fronts are stable when c is sufficiently larger than c,. This paper improves this result by
showing that, under certain conditions on the system parameters, traveling wave fronts with ¢ > ¢, (i.e.,
non-critical waves) are stable. First, by virtue of the asymptotic behavior and positivity of traveling
wave fronts, we establish some estimates. Then, we prove the estimates for solutions to the perturbed
system. Finally, the exponential stability of non-critical waves is obtained by the weighted energy
method and the squeezing technique. Our conclusions expand the range of speeds for which traveling
wave fronts are stable, thereby strengthening existing conclusions.
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1. Introduction

In recent years, with the advancement of scientific research, single-species and two-species models
can no longer adequately explain complex and diverse interspecific relationships. Consequently, the
study of the spread of multi-species models has emerged as a new focus of academic inquiry. This
paper mainly considers the propagation problem of a class of three-species cooperative-competitive
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systems as follows:
(u1); = di(ur)xx + ruun (1 — uy + anus — azusz),

(U2); = do(Ua)xx + U (1 + anyuy — up — axuz), (L.1)
(u3)r = d3(u3)x + r3u3(1 — azjuy — axnuy — us),

where u;(i = 1,2,3) denotes the density of the i-th species, and all parameters in the system are
positive. The coeflicients d; (i = 1,2, 3) are the diffusion rates, which describe the spatial dispersal of
the species; r; (i = 1,2, 3) are the intrinsic growth rates; and a;; (i # j) characterize the strengths of
interspecific interactions. The above system is a three-species Lotka—Volterra type reaction diffusion
model, which extends the classical Lotka—Volterra competition model by incorporating both
cooperative and competitive effects. In the framework considered here, species u; and u, cooperate
with each other, and both compete with the third species, u3. The equilibria of (1.1) are given by

€9 =1(0,0,0), e =(1,0,0), e=(0,1,0), e3=(0,0,1),

1 - as O 1 - asy )
b b b
I —apas 1 —apas

1+Cl12 1+(121
€4 =

s ,0) = (b1,0,,0), es= (
I —apax 1 -apay

( 1—6123 1—6132 ) (Dl D2 D3)
€6 = 0 > €1 = P

’ 1 - a23a32’ 1 — ar3dsn 3’ 3’ 5
where
1 —d;p aiz 1 —dip di3 1 1 a3 1 —ai 1
D=|-ay 1 ax|,Di=|1 1 axn|,Dy=|-an 1 ax|,D3=|-ay 1 1j.
asy asy 1 1 asy 1 asy 1 1 asy asy 1

In this paper, we assume that

(Ay) O<apay <1,0<aj3, a3 <1,1-asb, —anb, <0,d; <min{d,, d,},
r3(az1by + axby) < min{ri(1 — a;3), r2(1 — azs)},

where
blz 1+a12 ,bzz 1+6121 .
1 — apan 1 —apan

Assumption (A1) admits the following biological interpretation. The condition 0 < aja,; < 1 ensures
that the mutual cooperation between species u; and u, is not excessively strong, which guarantees the
existence of a positive and bounded coexistence equilibrium (b, b,). The inequalities 0 < a3, a3 < 1
describe moderate competitive effects exerted by species u3 on u; and u,. Moreover, the key condition
1 — az1by — apb, < 0 implies that, when u; and u, reach their equilibrium states, their combined
inhibitory effect on us is sufficiently strong to drive an invasion process, leading to the eventual
replacement of u3. In addition, the condition d; < min{d,, d,} reflects that species u3 has a relatively
weaker spatial dispersal ability, which further facilitates the invasion of u#; and u,. Finally, the
inequality r3(as;b; + axb,) < min{r;(1 — a3), r2(1 — a»3)} ensures that u; remains at a competitive
disadvantage even when its intrinsic growth is taken into account.
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It follows from [11] that, under part of Assumption (A1), namely
0< appdy < 1, 0< aiz, dyy < 1, 1- Cl31b1 - a32b2 < O,

for the corresponding ordinary differential system associated with (1.1), the equilibrium e; = (0,0, 1)
is unstable, whereas e4 = (b1, b,, 0) is locally asymptotically stable. This indicates that the competitive
ability of species uj is relatively weak compared to that of species u; and u,. In this framework,
species u; and u, cooperate with each other, and both compete with species u3, which naturally leads
to the invasion of (by, b,, 0) into (0, 0, 1). This invasion process can be characterized by traveling wave
solutions connecting these two equilibria. For the existence, minimal wave speed selection mechanism,
uniqueness, and asymptotic behavior of these traveling wave solutions and wavefront solutions (strictly
monotonic traveling wave solutions), one may refer to [2-5, 10-12]. In practical problems, we are
concerned with the long-time behavior of species, namely the long-time behavior of solutions to the
initial value problem of (1.1). Due to the properties of traveling wave solutions, the study of such
problems can be transformed into the study of the stability of traveling wave solutions. Recently, for
sufficiently large wave speeds, Ma et al. [6] proved the exponential stability of the wavefront solutions
of (1.1), connecting (0,0, 1) and (b, by, 0) by using the weighted energy method.

Mei et al. [7-9] have conducted extensive work on the stability of traveling wave solutions for scalar
equations using the weighted energy method. More precisely, in [7], they proved the stability of non-
critical waves (wavefront solutions with a wave speed greater than the critical wave speed) by using L2
estimates. Later, in [8], they combined L' estimates and L? estimates to prove the stability of both non-
critical waves and critical waves. In [9], they demonstrated the algebraic exponential stability of critical
waves through the Fourier transform and the weighted energy method. For reaction-diffusion Lotka—
Volterra competition systems with two species, Cao et al. [1] proved the stability of non-critical waves
by improving the weighted energy method. Compared with the existing works on scalar equations
and two-species systems, the three-species cooperative—competitive system (1.1) considered in this
paper involves additional difficulties due to the coupling of cooperative and competitive interactions.
In particular, the lack of a comparison principle and the increased dimensionality make the stability
analysis more challenging. Inspired by [1], in this paper we further refine the weighted energy method
and, by exploiting the strict positivity of wavefront solutions, establish the exponential stability of non-
critical traveling waves of (1.1) that connect (0, 0, 1) and (b, b,, 0), thereby relaxing the restriction on
the wave speed imposed in [6].

We would like to stress that the three-dimensional cooperative—competitive system considered in
this paper is significantly more difficult to analyze than classical one- or two-species models. The
main difficulty arises from the strong coupling among the three components, which leads to a more
involved structure of the characteristic equation and makes the analysis more delicate. Furthermore,
the presence of multiple interaction terms introduces additional challenges in deriving suitable a priori
estimates. In particular, the weighted energy method must be carefully adapted to handle the nonlinear
interaction terms. Therefore, the extension of stability results from lower-dimensional systems to the
present three-species case is nontrivial.

The rest of the paper is organized as follows. In Section 2, we present some preliminaries and state
the main result. In Section 3, we complete the proof of the main result by using the improved weighted
energy method. Finally, we provide conclusory remarks in Section 4.
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2. Preliminaries and main conclusions

In this section, we will introduce the notation, function spaces used in the following text, and main
conclusions. In this paper, C denotes a general constant, and C;(i = 1,2,---) represents a specific
constant. Let I be an interval, in particular, when I = R, L’(I)(p > 1) denotes the Lebesgue integrable
space defined on the interval /, and WhP(I)(k > 0, p > 1) is the space defined on I for which derivative

diif(x)(i = 1,2,---,k) also belongs to L’(I). When p = 2, W*2(I) is denoted as H*(I). LI(I)
X

represents the weighted space with weight function w(x) > 0, whose norm is

1/p
£l = ( f w(x)lf(x)l”dx) :
1

and Wff;” (1) is a weighted Sobolev space with norm

S df), 1
11y = (ZO f, W()|= =1 d)r.

In order to study the exponential stability of non-critical waves connecting (0,0, 1) and (b4, b,,0)
of (1.1), weletit; = u;, i = 1, 2, i3 = 1 — us3. Then, for convenience, we omit the “~” and obtain the
following cooperative system from (1.1):

(u1); = di(ur)x + ruun (1 — a3 — uy + apuy + auz),
(U2); = da(u2)x + raua(l — ans3 + azuy — up + axus), (2.1)

(u3)r = d3(u3)xx + r3(1 — uz)(aziuy + axnuy — uz).

Obviously, the existence of wavefront solutions of (1.1) connecting (0,0, 1) and (by, b,,0) which is
equivalent to the existence of wavefront solutions of (2.1) connecting (0,0,0) and (b, b,,1). The
wavefront solution ¢(&) := (¢1(E), P2(E), d3()), & = x + ct, to (2.1) satisfies the following boundary
value problem:

di¢] —cd| +rigi(1 — a3 — ¢ + ang, + aizgs) =0,
dr¢l) — )y + rapo(1 — a3 + an ¢y — ¢y + anes) = 0, (2.2)
d3¢5 — ey + r3(1 — ¢3)(az1¢1 + ands — ¢3) = 0,

g_l)i_)n}m(¢1(§),¢2(§),¢3(§)) =(0,0,0), §_1>i_f>r}rm(¢1(§),¢2(f)s $3(£)) = (b1, b2, 1), (2.3)

$:(&)>0,i=1,2,3. (2.4)

In the following, the wavefront solutions of (2.1) we mention are the solutions satisfying (2.2)—(2.4).
Next, we linearize (2.2) at (0, 0, 0) and the corresponding characteristic equation is

A1(A1, €)Ax (A2, ©)As(A3,¢) = 0, (2.5)
where

A, ¢) = di 2 = cd+ (1 —ap3), Ay, ¢) = dod® = cd + (1 — ay), As(A,¢) = d3A% — cA —rs.
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Direct computation shows that, when ¢ > ¢, := max{2 Vrid;(1 — a3), 2 Vrad>(1 — ay)}, (2.5) has five
positive roots and one negative root:

c— et —4rd (1 - a3) g c+ et —4nd (1 —ap3) 0

A; = 0, A7 = ,
! 2d, ! 2d,
e c- \/c2 —4rydy(1 — as3) S0 o= c+ \/c2 —4rydr(1 — as3) >0
2 2d, B 2d, ’
R \e? + drids .t N +4nd;
3= <0, A3 = > 0.
2d3 2d3
Obviously A; < A7, i = 1, 2. We further assume that
(A2) (A7, A7) € (45, 47) or (A5, 47) € (A7, A7).
The choice of 4 in the weighted function
e—ﬂ(x—fo)’ x < ‘fO,
w(x) = (2.6)

I, x = &,

where & is an undetermined constant, depends on the relationships of the roots of (2.5). Before the
main results, we classify the roots into categories as follows:

—A (/l’ C) —A (/17 C) - - .
10 MO ) e, an 0 (g A

—A1(4,0) =My (4, ¢) - — ).

(i) max{As, ;) < A7 < min{d}, A3, 7y < min{_Aél(;}’ ) —Ag,gj’ )

(145, 43);
V) A, > A7, A7 - A 0) =AM
(i) Ay > A0, A7 < A3 < 43,713 < mm{ 611(31 )’ 21(32 )

(i) A7 > max(At, A2}, rs < min{

(i) min{Ar, A} < A < max(A, A2}, rs < min{

}, A € (A7,47) N (45, 43) N

}, ¢ > max{c., er), A € (A7, A0 N (45, 10,
2
where ¢; = M;

—Al(/l,C) _Az(/la C')
as ’ asn

W) A > 45,45 <Ay <A],r3< min{ } ¢ > max{c,,ci}, 4 € (4], A7) N (15, 47);

(i) 0 < A < min{d7, 45}, 73 < min{ bithe) —B(4, C)}, ¢ > max{e., 1), A € (7,49 N (45, 4.

With the above preliminaries, we introduce the main results of this paper as follows.

Theorem 2.1. Under Assumptions (A) and (Ay), let (¢1, 2, ¢3) be the wavefront solution of (2.1). We
introduce the initial condition as follows:

ui(x,0) =u,(x), i=1,2,3. 2.7)
If the initial condition satisfies

O<u,(x)<b;, 1=1,23,b3=1, xeR,
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and
iy (x) — ¢i(x) € WHR) N H*R), i=1,2,3,

where w is given in (2.6). Then there exists a unique nonnegative solution
(1 (x, 1), ua(x, 1), uz(x, 1))
to (2.1) with (2.7). This solution satisfies
(0,0,0) < (uy(t, x), ux(t, x), u3(t, x)) < (by,b2,b3), x€R, t>0,

and
ui(t, x) — ¢i(x + ct) € C([0, ), WL (R) n H*(R)), i=1,2,3.

Furthermore, the solution (uy, u,, us) of the initial value problem converges to the wavefront solution

(¢l ’ ¢2’ ¢3)’ namely

sup lui(x, 1) — di(x + ct)| < Ce ., >0, i=1,2,3,
xeR

where u is a sufficiently small positive number, if ay», a1, a3, ass, r3 are sufficiently small, and a3, +asz;
is sufficiently large, and one of the conditions (i) — (vi) is satisfied.

Remark 2.2. In [6], the wavefront solution is stable if the wave speed c satisfies
¢ > ¢" =2 max{c,, c3, c3},

where

C = \/i’lbl + rbyay + r3az, ¢z = \/’”1]916112 + (1 + an3) + r3as,

Cq4 = \/r1b1a13 + r2b2a23 + 27‘3.

Obviously, when di = d, = d; = 1, noting that by > 1, we have ry(1 + ay3) > ry(1 — ax), ribja;z >
ri(1—ay3). According to Theorem 2.1, when the wave speed c. < ¢ < c*, the wavefront solution remains
stable. Therefore, the results of this paper expand the range of wave speeds for which the wavefront
solution is stable.

3. Stability of non-critical waves

In this section, we will prove the stability of non-critical waves. According to [8], when the
assumptions in Theorem 2.1 hold, the solution (u, u,, u3) to the initial value problems (2.1) and (2.7)
satisfies

ui(x, 1) — ¢i(x + ct) € C([0, +o0), WEL(R) N HA(R)).

Furthermore, by applying the comparison principle, we conclude that O < u;(x,¢) < b;, fori =1, 2, 3.

To prove the stability of non-critical waves, it suffices to show that as time tends to infinity, the
difference between the solution to the initial value problems (2.1) and (2.7) and the wavefront solution
tends to zero. For this purpose, let (u}, u5, u3) denote the solution to the initial value problems (2.1)
and (2.7) with the initial condition

u; (x,0) = max{u;(x), g:(x)},  u;, (x,0) = minfu; (x), g:(x)}, i=1,2,3.
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It is easy to prove that

0 < (%) < (%) <ui(x) < b, 0 <y (%) < dilx) <uj (x) < by, i=1,2,3.
Due to the lack of smoothness of the initial value, according to [8,9], we can choose a smooth function
ui) satisfying, fori = 1, 2, 3,

0 < (%) < Uy (%) < wig(x) < uj (%) < uy (x) < by,

0 < u; (%) < Uy (%) < di(x) <y (x) < uy (x) < by
Let (u7, uy, u3) be the solution to the initial value problem with the initial condition (ufo, ujo, u?o). Then,
by the comparison theorem, we deduce that fori = 1, 2, 3,

0 <u;(x,0) u(x,t) <u(x,0) <b;, 0<u;(x,1)<Pi(x+ct)<uj(x,1) < b

Subsequently, for i = 1, 2, 3, we will estimate the difference between ;" and ¢;. The estimation
process of the difference between ;" and ¢; is similar to that of «; and ¢;. Therefore, we only present
the estimation of the difference between u;” and ¢;. For this purpose, let

Ui(‘f’ t) = I/t?—(_x, t) - ¢t(€:)7l = 1’2,3’
and then U; satisfies the following system:
(U +cUe —di(Uiee = [l — a3 —2¢1 + app(Us + ¢2) + ai3(Us + ¢3)]1U;
—rU7 + nei(anUs + ai3Us),

(U2) + c(Uz)e = day(Up)eg = 12l — a3 + ax (U + ¢1) — 22 + ax(Us + ¢3)]U;
—nUj + n¢x(an Uy + anUs),

(U3) + c(Uz)s = d3(Uz)eg = 13[2¢3 — 1 + Uz — a3 (U + ¢1) — an(U; + ¢,)]Us
+r3(1 = ¢3)(az Uy + a3 Us).

(3.1)

To give the estimate of the difference between u; and ¢;, we first present the following estimate.
Lemma 3.1. Suppose that the assumptions in Theorem 2.1 hold. Let

17 ’
w

w
A& ) =—d; o ri(l —ai3) + 2ri¢; — appri(Us + ¢2) — apri(Us + ¢3)

— axra¢sy — azr3(1l — ¢3),

’7 ’

w w
A =—d, T (1 —ax) +2r¢, —ax)r(U; + ¢1) — anr(Us + ¢3)
—aprn @) —anr(l — ¢3),
w// a)’
As(&, 1) =—ds o s +r3+ar(Up + ¢1) + azrs(Us + ¢2) — 2r3¢3 — 3 U3

—aprip) — axrd,,
Ay, ) = =2r(1 —ai3) +4rid; — 2a1r(Us + ¢2) — 2a13r(Us + ¢3) — ax s
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14864

—azr(l = ¢3) +2rU, — ri(an + as)é,
As(&,1) = = 2r(1 — ax) + 4rdy — 2a,1 (Ut + ¢1) — 2ax3r2(Us + ¢3) — anpriéy

—axnr3(1 —¢3) + 2rU; — r(ax + ax)és,
As(&,1) =r3 + 2a3113(Uy + ¢1) + 2a3r3(Us + ¢2) — 4r3¢s — 2r3Us — azridy — anrngs

+ 13— r3(as + azn)(l — ¢3).
There exists a positive constant Kand a sufficiently large &y such that
A€, 1) > K, £ € (—00,+0), 1 =1,2,3, Ai(&,1) > K, € € (&, +0), i =4,5,6.
Proof. Because U, € W(},’I(R), we have

lim Uw=0,i=1,2,3.

E—+o0
From (2.6), we know that

lim U; = lim Uwww™ ' =0, lim U; = lim Uww™ = 0.

E—+0 E—+00 E——0 E——0
Therefore, a direct computation yields

ri+ riap = 2ax1,

lim A&, 1) = —ri(1 — ai3) + 2r1by — ayporiby — apsry — ax by >
E—too I —apay

If ay, < 2’—;2, then
sclim A&, > 0.
&—+00

Similarly, when ajs < 5=,
flim Ay(€é,1) > 0.
E—+00

Observe that
gl_i){rﬂooA3(§, t) = r3(asz by + anb, — 1) — ai3r1by — axprb;,

and in view of (A;), it follows that when a3 and a3 are sufficiently small,

gl_i)rgoA3(§, 1) > 0.
By repeating the foregoing arguments, we obtain that
fg&nwA4(§, 1) =nl(l = a)by + (1 = ai3)bi] — axrbs.
Therefore, by (A;), when a5, is sufficiently small,

lim A4(&,1) > 0
E—+00

is valid. Similarly, when a;, is sufficiently small, we deduce from (A;) that

lim As(&,1) > 0.
£+
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Analogous to the derivation for
flim As(é,1) > 0,
—+00

by (A1), when a3 and a,; are sufficiently small,

lim Ag(&, 1) > 0.
E—+o0

Next, we prove that
glim Ai¢é,0>0, i=1,2,3.

Likewise, a direct computation shows that,

é‘lll'Il A](é‘:, 1= —dl/lz +cd—ri(1 —aj3)—asrs.

When one of (i) — (vi) holds, because ¢ > ¢, and A € (4], A7) N (45, A7), then A;(4, ¢) < 0. Therefore,
for a sufficiently small r3,
Elim A&, > 0.

Similarly,
Eyclirn Ay(&,1) > 0.

Direct computations give
flim As(€, 1) = —ds A% + cAd + 3.

If one of (i) — (iii) holds, then A3(4, ¢) < 0. Therefore,

Jim Ay£.0 > 0.

On the other hand, if one of (iv) — (vi) holds, because ¢ > ¢, we find that

Jim Asé.1) > 0.

In summary, there exists a sufficiently large &, and a positive constant K; such that
A& > Ky, i=1,2,3, &€ (—00,-&) U (&, +00),
A ) > Ky, 1=4,56, &€ (&, +).
When & € [-&, &1, by the strict monotonicity and positivity of the wavefront solution, we have
A€ D) > = d\ X+ cd—ri(1 = ap3) + 2r1¢1(—&)

—apr — apr¢2(&) — aizry — apri¢z (o) — anrga (&) — azirs

=—d\A* + cAd— (1 — a;3) — anrapy(&) — azrs

+ r1(2¢1(=&y) — ain — apg2(&o) — a3 — ags(&o)).
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From (i) — (vi), we see that —A(4,¢) < 0. Therefore, for sufficiently small a5, a»;, a3, r3, and by

the positivity of the wavefront solution, we conclude that K,; > 0, such that when ¢ € [-&,&],
A€, 1) > K.

Similarly, for sufficiently small ay,, a,1, ass, 3, there exists K, > 0, such that A,(¢,1) > Ky, when

& € [-&, &o). Finally, for sufficiently small a;3, a,; and sufficiently large as; + as;, when & € [-&), &),
there exists K>3 > 0, such that

A€, 1) > = ds A + cd — 13 + r3(az1$1 (&) + aznda(—Ey) — 2¢3(£) — D)
— ari$i(&o) — axnrada(&o)
> K.
Let K; = min{K>, Ky, K>3} and K = min{K, K,}. Thus, the lemma is proved. O

For the L'-estimates and L’-estimates of the solutions to (3.1), similar to the proof procedures
in [1,6-9], we can obtain the following lemmas.

Lemma 3.2. Suppose that the assumptions in Theorem 2.1 hold, then

3 t
2 MUl e, + f e INUIS)Lym)ds) < Ce™
i=1 0

where 0 < u < K.

Proof. Multiplying both sides of (3.1) by w(¢£)e*, we obtain the following result.

0 0
a(we’”Ul) + e’”—[chl - dlw(Ul)g + dla)’Ul] = - rlwe"’U% + r1¢1[a12U2 + a13U3]we’”

73
+(B) + pwe' Uy,

0 0
E(we’”Ug) + ' —[cwlU; — dyw(Us)s + dow'Us] = — rwe'' Uz + rgylan Uy + ayUslwe”

3
+ (Bs + pwe' U,

0 0
E(we’”Uﬁ + €”Za—§[C¢UU3d3w(U3)§ +dsw'Us] =r3(1 = ¢3)(az1 Uy + anUsy)wet”

+ (B3 + p)we' Us

where

17 ’

w w
Bi(&,1) =d, » + = +ri[l —aiz = 2¢ + ap(Uy + ¢2) + ai3(Us + ¢3)],

17 ’

w w
By(&,1) = d, 5 + = + [l —asz — 2¢y + ax1 (U + ¢1) + axs(Us + ¢3)],

’7 ’

B3(&,1) = dsa; + C% +13[2¢3 — 1 + Uz — a31(U; + ¢1) — az(Usz + ¢)].
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Integrating the above identities with respect to & over (—oo, +00) and with respect to ¢ over (0, ), and
summing the resulting expressions, the conclusion follows from Lemma 3.1 and the arguments in [7].
]

By similar proof process in Lemma 3.2, we can deduce the following estimates.

Lemma 3.3. Suppose that the assumptions in Theorem 2.1 hold, then

3 3 L
S IR+ f U eyl < C.
i=1 =19

Lemma 3.4. Suppose that the assumptions in Theorem 2.1 hold, then

3 t
D UV, + f IUDe()IE2 5, ds) < C.
i=1 0

By Lemmas 3.2 and 3.4, it is not difficult to verify the following lemmas hold.

Lemma 3.5. Suppose that the assumptions in Theorem 2.1 hold, then

3
S MWDoz < Ce¥, 1> 0,
i=1
Lemma 3.6. Suppose that the assumptions in Theorem 2.1 hold, then

_H
NUi(Dll =g r00) < Ce™3', £ > 0.

3
i=1

From Lemmas 3.5 and 3.6, we have

sup [uf (£,1) — p(x + et < Ce™™', >0, i=1,2,3.
xeR

Similarly,
sup lu; (&,1) —p(x + )| < Ce™5', >0, i=1,2,3.

x€R
Therefore, by combining the previous two formulas and the squeezing technique, we can finish the
proof of Theorem 2.1.

4. Conclusions

In this paper, we investigated a three-species cooperative—competitive reaction—diffusion system and
studied the traveling wave solutions connecting the equilibria (0, 0, 1) and (b4, b,, 0), which describe the
invasion dynamics of the cooperative species. We established the stability properties of the traveling
wave solutions and analyzed their asymptotic behavior. Compared with existing results, our work
extends the known stability results by relaxing certain restrictions, providing a more general framework
for such systems. Our approach can be applied to a broader class of reaction—diffusion models. It would
be interesting to further explore the stability of traveling wave solutions under weaker conditions or in
higher-dimensional cases, which will be left for future research.
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