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1. Introduction and previous definitions

Definition 1.1. An arbitrary linear space A, over a base field K, is said to be an algebra if it is endowed
with a bilinear map
AXA — A,

(x,y) = xy,
called the product of A.

We note that A is considered in its highest level of generality. That is, A is a linear space of
arbitrary dimension, the base field K is arbitrary, and we do not require the product of A to satisfy
any identity. Hence, our results apply to every class of algebras (associative, alternative, Lie, Jordan,
Leibniz, evolution, etc.).

An ideal of an algebra A is a linear subspace [ such that A/ + IA C I.

Definition 1.2. An algebra A is called indecomposable if it cannot be expressed as the direct sum of
two nonzero ideals.
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The problem of whether a given algebra A is the direct sum of indecomposable ideals is an old topic
in algebra. The importance of such a decomposition

jeJ
lies in the fact that it provides the finest way of operating in A componentwise (each I;). In other

words, if {A;};c; 1s an arbitrary family of algebras on a same base field, we get a new algebra A by

considering the linear space A = (P A; and considering the product by components. The converse
jeJ

problem is whether a given algebra]A arises from the aforementioned construction for some family of

algebras {A j} ;. Furthermore, being the finest way of doing, is the problem of asking if A is the direct

sum of indecomposable ideals.

Many papers have appeared on this subject since the early works. Indeed, there has been much
activity regarding this problem in the last years. However, almost all of them only concern particular
classes of algebras (associative, Lie, Leibniz, etc.), and with finiteness conditions. See for instance [1—
3].

Furthermore, it is noteworthy that this problem has been investigated within the framework of
arbitrary algebras equipped with various types of bilinear forms. Specifically, we highlight the
contributions of [6]. In this reference, the authors examine H*-algebras and establish a decomposition
theorem for the case of a zero annihilator.

Definition 1.3. An algebra A is called perfect if A = AZ?. That is,
A = span{xy : x,y € A}.

Our aim is to show the role the linear group of A plays in the possible decomposition of A as the
direct sum of indecomposable ideals. From now on the linear group of a given algebra A will be
denoted by

GL(A) ={f: A — A: fis alinear bijection on A}.

The paper is organized as follows. In Section 2, we will begin by recalling known results about
decomposition of algebras induced by bases (mainly from the references [4,5]). Then we will prove
the uniqueness of certain decompositions of an algebra A as a direct sum of ideals when A is perfect.
From here, we will be able to introduce an adequate action from the linear group of A onto the set of
linear bases B of A,

GL(A) xB — P(D), (1.1)

where P(I) denotes the power set of I, I being the set of nonzero ideals of A. In Section 3, we
will show how the action (1.1) allows us to provide a characterization for A to be the direct sum of
indecomposable ideals. In Section 4, we will also state a useful sufficient condition for A to be a direct
sum of indecomposable ideals, by means of the action (1.1).

2. Decompositions depending on bases

In the paper [5], it studies certain decompositions of a pair (A, B), where A is an arbitrary algebra
and B a fixed basis of A:
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Fixing an above pair (A, 8), it is said that an ideal / of A is a B-ideal if / admits a basis B; C B. Also,
A is called B-indecomposable if A cannot be expressed as the direct sum of two nonzero B-ideals.
The main result in [5] asserts:

Theorem 2.1. Let (A, B) be an arbitrary algebra A with a fixed basis B. Then A is the direct sum

A:@I',

jeJ
where any 1 is a B-ideal of A. Moreover, each 1 is B-indecomposable.
Let us prove that in case A is perfect and the above decomposition is unique.
Proposition 2.1. Let (A, B) be an arbitrary algebra A with a fixed basis B such that A is perfect. Then
the decomposition
A=Pr,
jeJ

provided by Theorem 2.1 is unique (up to permutation of the factors).

A:@Ik

1s another decomposition of A as the direct sum of B-indecomposable B-ideals of A. Since A is perfect,

Proof. Suppose

we have
A=Ar= (DD D an.
jeJ keK jeJkeK
and so
A= P unn.
jeJkeK

From here, for any j, € J we have that
I, = @(1,0 N 1.
keK

Now observe that any 1, N I above is a B-ideal of A. Since /;, is B-indecomposable, we can assert
that I;, C I, for some k; € K.

In a similar way, we have that I;; C I, and so I;, = I;,. That is, the decomposition in Theorem 2.1
is unique (up to a permutation of the factors). O

Remark 2.1. Of course, the above decomposition of A depends on the fixed basis B as [5, Example 4.1]
shows. This implies, in particular, that an ideal / can be B-indecomposable but not $’-indecomposable
for a different linear basis 8’ # 8. Hence, I cannot be indecomposable (in an absolute way).

Now, for an arbitrary perfect algebra A, let us denote by
B = {8 : Bis a linear basis of A},

by
I={I c A:]Iisanonzero ideal of A}
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and by P(I) the power set of I.
For any B € B, Theorem 2.1 and Proposition 2.1 give us a unique decomposition of A as a direct
sum of nonzero ideals

where each /; is B-indecomposable.
In this case, we denote
Ig ={I;: j € Jg} € P).

For any f € GL(A) and 8 = {e;};c;, we denote by

f(B) ={f(ed}ics € B,

and we define the key map
GL(A) x B — P(D), (2.1)

S, B~ -8,
as
[-B=le
for any f € GL(A) and B € B.

3. Characterization theorem

We will provide in this section a characterization for A to be the direct sum of indecomposable
ideals, through the above action (2.1). We will denote by

Id A — A, Id(x)=x

for any x € A, the identity linear bijection on A.

The present study is motivated by Proposition 2.1. Given that this proposition yields distinct
decompositions of an algebra A depending upon the choice of a linear basis, it is necessary to establish
a framework for relating all possible bases of A. To this end, we utilize the linear group GL(A), which
serves as a fundamental component in our characterization theorem.

Theorem 3.1. Let A be an arbitrary perfect algebra. Then A is the direct sum of indecomposable ideals
if and only if there exists B € B such that for any f € GL(A), there is an onto map o¢ : 1d -8B — f- B

satisfying that any J € f - B is of the form
I= P &

1ke<r;1 )

A= @I,- (3.1)

i€l

Proof. Suppose

is the direct sum of indecomposable ideals.
For any i € I, let us fix a linear basis B; of the ideal /;. Hence,
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B:Uﬂ

i€l
is a linear basis of A. Let us verify that B is the linear basis we are looking for:
First, observe that the decomposition (3.1) is in particular a decomposition of A through B-
indecomposable $B-ideals, and so

Id-B={l:iel}. (3.2)

Second, consider any
f € GL(A)

and write f - B = {J}} e/
Since A% = A, we have

A= =P @i Puiyc Paniy.

icl jeT icl,jeJ icl,jeJ
and so
A= @(1,- nJ)). (3.3)
i€l,jeJ
From here, for any i, € I we have
Iio = @(L‘O N J])
jeJ

Since the decomposition (3.1) is by means of indecomposable ideals, we get that there exists a
unique jy € J such that
Iio - Jj (34)

and so I;, N J; = {0} for any j € J such that j # jp.
In a similar way, Eq (3.3) allows us to get that for any j, € J, we have

iy =Puin ).
i€l
From the above, either I; N J;, = I; or I; N J;, = {0}, and so
Jiy=P1 (3.5)
iEIjO

for some nonempty /;, C I.
If we now define
or:ld-B— -8B

as o ¢(l;,) = Jj,, where J;; is the only element in f - 8 such that [;, C J;, (see Eq (3.4)), we can assert
by Eq (3.5) that for any j, € J, we have that o is onto and

=P 1

I,EO'}I(JJ'O)
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as desired.
Conversely, suppose there is 8 € B such that for any f € GL(A), there is anonto map o4 : Id -8 —
f - B satisfying that any J € f - B is of the form

J= EB L.

Ikecr;l )

Observing the fact that o is onto ensures 0';] (J)y#0forany J € f- 8.
Denote Id - 8 = {I;},; and verify that
A:EBL

i€l
1s a decomposition of A as a direct sum of indecomposable ideals:
In case there exists some iy € I such that

I,'O:P@Q

with P and Q being nonzero ideals of A, if we fix Bp a linear basis of P, B a linear basis of Q and B;
a linear basis of 7;, for any i € I with i # iy, we have that

zyzspuBQu(LJBg
i€l i#ig
is a linear basis of A. Hence, there exists f € GL(A) such that f(8) = 8.
Since P, Q, and any [;, i € I,i # iy are $’-ideals of A, we get that P and Q are direct sums of some

elements in f - B. That is, the map

0£P= (B I,

Ipea (P1)

0#£Q= {B I,

1,071 (Q1)
with Py, Q) C f - B, which contradicts the facts [;, = P® Q and A = EB I;. We conclude [, is an
iel
indecomposable ideal of A. O

satisfies in particular that

and

Example 3.1. Consider the complex algebra with basis B = {u,},en defined by the nonzero products
among the elements of B, (the product is extended by bilinearity to the whole algebra), given by

%un - %unﬂ, ifnis odd,
Uplty =

2n2—1un_1 - %un, if nis even,

_ _ 2n+l 1 : :
UpUpyl = Upp1 Uy = D) Upy1 — Eun: lfl’l is odd.

We can verify from the above identities that A is a perfect algebra. Indeed, we have

2n+1
2n(n+1)

_ 1 . .
U, = Unlly + Zroy Unns1, if nis odd
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and
2n—1

Ty Un—1Un> if n is even.

u, = u,u, +

1
2n(n—1)
Let us check that A is the direct sum of indecomposable ideals by using Theorem 3.1:
First, consider the new basis B of A given by

B = {en}neN’

where

U, + Upyy, Iifnisodd,
e, =
U, — Uy, Ifniseven.

Following [5] (see also Section 2), we have that the decomposition of A as the direct sum of B-
indecomposable B-ideals is

A:@In,

neN
with
I, = Ce, 3.6)

forany n € N. Indeed, we can verify that the nonzero products among the elements of B are e, e, = 2ne,,
neN.
From Eq (3.6), we get
Id -8B ={Ce, : n € N}. (3.7

Given now any f € GL(A), to obtain f - B, we have to consider the decomposition of A as the direct
sum of f(B)-indecomposable f(B)-ideals, where f(B) denotes the linear basis f(B) = {f(e,) : e, € B}.

Let us write
A= @ A

as such a decomposition. Then we can write

f-B8={J:keK}. (3.8)

Since A®> = A, we have

A=2 = (@D c D dnip.

neN keK neN,keK
From here,
A= D L. (3.9)
neN,keK
and for any ko € K, we have
Jiy = P00 1)
meMy

with Jko N1, #0.
Since dim(1,,) = 1, for any m € M, (see Eq (3.6)), we get J;, N I, = I,,, and so
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Jiy =P I (3.10)

meM

Taking into account Eqs (3.7)—(3.10), we can define the onto map
O'f]dB—)fB,

such that o ¢(I,,) = Ji, for any m € M.
Observe that any Jy, € f - B is of the form

o= I

Imea;l (o)

by Eq (3.10).
Theorem 3.1 allows now to assert that A is the direct sum of indecomposable ideals.

4. A sufficient condition

Recall from the previous section that we are denoting by
B = {8 : Bis a linear basis of A},

and by
I={I c A:Iisanonzero ideal of A}.

In this section, we will give a useful sufficient condition for A to be the direct sum of
indecomposable ideals in terms of the below action (see Eq (2.1)):

GL(A) x B — P(I),
(f,B) - f-8B.
Observe that if we look at Eq (3.2), we see that the set

Id-B={ld-B:8c¢cB}

gives us all of the different possible decompositions of A as a direct sum of 8-indecomposable B-ideals
of A.
Finally, we will denote by #(C) the cardinal of any set C.

Theorem 4.1. Let A be an arbitrary perfect algebra. If #(Id - B) < oo, then

A:@I-,

jeJ

where any I; is an indecomposable ideal of A. Furthermore, this decomposition is unique (up to a
permutation of the factors).
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Proof. First, let us introduce the following relation on B : Given 8,8’ € B, we say that 8 ~ 8’ if and
only if Id - B = Id - B’. Observe that the relation ~ is an equivalence relation, and so we can consider
the quotient set

B/ ~={[8]: B € B}.

It is easy to verify that the map
B/ ~) — (d-B),

(Bl Id-B
is well-defined and bijective. Hence,
#(B/ ~) =#(Ild - B) < oo. 4.1)
Consider now the set of maps
F={f:B/~)—=1:f(8B]¢cld- B} 4.2)

Second, observe that if
A=@PLandA=PI,

keK pEP

are two decompositions of A as the direct sum of ideals, then we get as in the proof of Theorem 3.1

that
A=aA =B w1 c @ wni,).
keK peP keK,peP
That is,
A= @ (I N 1). (4.3)
keK,peP

Third, recall that for any 8 € B, Theorem 2.1 gives us the decomposition of A as the direct sum of

nonzero B-ideals
A= (4.4)

Jjels
where each /; is B-indecomposable.
From Eqgs (4.1)—(4.4), we get
A= () rasm, (4.5)

f€F  [Ble®/~)

beingany () f([B]) anideal of A.
[Ble(B/~)
Let us show thatany 0 # ()  f([8B]) is indecomposable:
[Ble(B/~)
Suppose
0# (] fUBh=reQ (4.6)
[Ble(B/~)
with P and Q being ideals of ()  f([B]). Let us fix Bp and B, two linear bases of P and Q,
[Ble(®B/~)

respectively. For any f” € F with f” # f, fix also a linear basis 8y of () f'([8]). Then
[Ble®B/~)
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B =BpUByU( U B,)
S eR\f}
is a linear basis of A. By considering the pair (A, 8’), Theorem 2.1 gives us

A:EBI,,

reR
where any I, is a 8’-indecomposable $’-ideal of A.
By Eq (4.5), we also have

A=PeQe(P ([ rasm.

S'eF\{f} [Ble(B/~)
Taking now into account Eqgs (4.8) and (4.9), we get

A=aa=@Prrece P () rasm

reR ' eR\{f} [Ble@®/~)

c@enryeE@eninec B [ FABHNL).

reR reR f'eF\{f},reR [Ble(B/~)

Hence,

A= @Penye@entec @ [ rasnni,

reR reR f'eF\{f},reR [Ble(B/~)

and so we have

L=U,nPednQe(PH () rasnni)

S eER\{f} [Ble(B/~)
for any r € R.

4.7)

(4.8)

4.9)

(4.10)

Since Eq (4.8) tells us that any 7, r € R, is $’-indecomposable, Eqs (4.7) and (4.10) imply that any

I, r € R satisfies just one of the next possibilities:

(a) Bither ,NnP=1,,nQ=0and P ( N (FABDHNI)) =0.
FreR\(f) [BIEB/~

®) Orl,NnP=0,I,nQ =1 and @ ( N fqspni)) =0.
freR\(f) [BI€B/~

© Or,NnP=0,,nQ=0and P ( N FABYNL)) =1,
f€R\(f) [BIEB/~

Hence, R is the disjoint union R = R; U R, U R3, where
R, = {r € R : I, satisfies the above possibility (a) },

R, = {s € R : I satisfies the above possibility (b) },

and
R; = {t € R : I, satisfies the above possibility (c) }.

From here, we can write (see Eq (4.8))

A=Pne@ne@n

reR) SER, teR;3
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with
P=@ILand Q=PI

reRy SERy

Observe that we can also write
Id -8B ={l, :re R} U{l;:s€R}U{I, :t€Rs}.

Now we have three cases to distinguish:
In the first one, f([B’]) € {I, : r € R;}. Then

0% () faBhcPnC ()  FIBDCP
[Ble®/~) [Ble®/~\[8']}

which contradicts Eq (4.6).
In the second one, f([B']) € {I; : s € R,}, and we get a contradiction with Eq (4.6) as in the previous

case.
Finally, in the third case f([B’]) € {I, : t € R3}. Then

0% () fa8hchnC ()  fA8Mcl,
[Ble®/~) [Ble®/~\[8'}]

with I, " P =0, I, n Q = 0, which also contradicts Eq (4.6).
Consequently, Eq (4.6) does not hold, and any

0 () £asy

[Ble(®/~)

is an indecomposable ideal of A.
By defining
F'={feF: (1] fABD#0),

[BleB/~)
and denoting () f([B]) as I; for any f € F*, we show that

[Ble(B/~)
A= @ I (4.11)

feF*

with any /; an indecomposable ideal of A.
Finally, let us prove the uniqueness of the decomposition of Eq (4.11):

Suppose
A=
jeJ

is another decomposition of A as a direct sum of indecomposable ideals. By Eq (4.3), we have that

A= B uiniy

JjeJ, feF*
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being so any

Ijo = @(Ijo N If)’

feF*

j() eJ.

Since /;, is indecomposable, we get that there exists fo € F* such that /;, = I;, N1y Thatis, I, C I,.
In a similar way, we have that I C I, and so I;, = I;,. That is, the decomposition of Eq (4.11) is
unique (up to a permutation of the factors). O

Example 4.1. Consider the complex algebra with basis
B={e,:z7€Z} (4.12)
defined by the nonzero products among the elements of B given by
ee = ey,

€_1e_1 = —€é_,
e.e_, =ey forany neN — {1},
epe; = ze, forany z€2Z—{0,1,-1}.

We can verify from the above identities that A is a perfect algebra. Indeed, we have

€ =eey,
€| =—e_ 1y,
€y = €267,
and
1
e, = —epe,
Z

forz¢{0,1,-1}.
Let us prove that A is the direct sum of indecomposable ideals by using Theorem 4.1:
Observe the condition to verify: That is, #(Id-B) < oo, means that the set of possible decompositions
of A as direct sums of B-indecomposable B-ideals, where B ranges in the set of bases of A, is finite.
Let B € B. Then we can write

B=A{u,:z€7Z}
with any u,, 7 € Z, of the form

U, = Z Ae;, 4.13)

i€l,

where any A; € C\ {0} and any e; € B (see Eq (4.12)). We can distinguish six possibilities for the basis
B. From now, zo will denote an arbitrary element in Z \ {1, —1}:
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(a) There exists z € Z such that all the elements of {e,,e_y, e,,} appear in the expression (4.13) of u,
as a linear combination of the elements of B. Then by following [5], (see also Section 2), we have
that the decomposition of A as the direct sum of B-indecomposable B-ideals is

A=A

From here, we get

1d - B = {A). (4.14)

(b) There do not exist any z € 7Z such that all the elements of {ei,e_1,e,} appear in the
expression (4.13) of u,, and there exist some 71,7, € Z such that all the elements of {e|,e_;}
appear in the expression (4.13) of u.,; either all the elements of {e;, e, } or all the elements of
{e_1, e} appear in the expression (4.13) of u,,. Applying [5], (see also Section 2), we find that the
decomposition of A as the direct sum of B-indecomposable B-ideals is again

A=A,
and so
Id-B={A}. (4.15)

(c) There exists some 7, € Z such that all the elements of {e|,e_1} appear in the expression (4.13) of
21, there not exist any z, € Z such that either all the elements of {e;, e,,} or all the elements of
{e_1, e} appear in the expression (4.13) of z».

By [5], we find that the decomposition of A as the direct sum of B-indecomposable B-ideals is

Azll@lz

withl; =Ce; ®Ce_yandl, = €P Ce,. Hence,
z€Z\{1,~1}

Id- B ={I,1,}. (4.16)

(d) There do not exist any z; € Z such that all the elements of {e|, e_,} appear in the expression (4.13)
of u,,; there exists z, € Z such that all the elements of {e;, e, } appear in the expression (4.13)

of u,,; and there do not exist any zz € Z such that all the elements of {e_;, e, } appear in the

expression (4.13) of u.,.
We get as above that the decomposition of A as the direct sum of B-indecomposable B-ideals is

A:I3@I4

with Iz = Ce; @ ( @ Ce,) and 1, = Ce_y, and so
z€Z\{1,-1}

Id - B = {I5,1,}. (4.17)

(e) There do not exist any z; € Z such that all the elements of {e,, e_} appear in the expression (4.13)
of u,,; there exists zo € Z such that all the elements of {e_,, e,,} appear in the expression (4.13)
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of u,,; and there do not exist any z3 € Z such that all the elements of {e,,e,,} appear in the
expression (4.13) of u,.
We obtain that the decomposition of A as the direct sum of B-indecomposable B-ideals is

A=I1&I
with Is = Ce; and Is = Ce_  ®( & Ce,). Hence,
z€Z\{1,-1}
Id - B = {Is, Is}. (4.18)

(f) There are no z; € Z such that the elements of {e,, e_,} appear in the expression (4.13) of u.,, nor
any 7, € Z such that the elements of {e,, e,,} appear in the expression (4.13) of u,,, nor any zz € Z
such that the elements of {e_,, e.,} appear in the expression (4.13) of u,.

We find that the decomposition of A as the direct sum of B-indecomposable B-ideals is A =
L &I, ®Is with I, as in item (¢), 1, as in item (d), and Is as in item (e).
From here, hence

Id -B= {]2,[4,]5}. (419)

By Eqs (4.14)—(4.19), we can assert
Id-B ={A{l, ® L}, {10 14},{Is® Is}, {1, ® 1, ® Is}}

and so
#(Id-B) =5 < .

Theorem 4.1 gives us now that A is a direct sum of indecomposable ideals.

Remark 4.1. Observe that the condition on Theorem 4.1 holds for any finite dimensional perfect
algebra over a finite base field.

Remark 4.2. The sufficient condition in Theorem 4.1 can be obtained as a consequence of the
characterization theorem in Theorem 3.1.

Although the proof is less intrinsic, we provide in this remark a way of proving Theorem 4.1 using
Theorem 3.1:

Suppose A is an arbitrary perfect algebra satisfying

#(Ild - B) < oo. (4.20)
We wish to prove that
A=D1,
jeJ

where any /; is an indecomposable ideal of A. By Theorem 3.1, this is equivalent to show that A admits
a linear basis B such that for any
f € GL(A)

there is an onto map o : Id - B — f - B satisfying that any J € f - B is of the form

J= @ I

Ikea}l(J)
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Since condition (4.20) means that the set of possible decompositions of A as the direct sum of B-
indecomposable B-ideals, where B ranges in the set of linear bases of A, is finite, we can write this

above set of decompositions of A as direct sums of B-indecomposable B-ideals, B € B, as

D={A= Pl iell,..nl,

Ji€Ji

and so
Id-B = {{I(i,j,-) : j,’ eJy:ief{l,.., n}.

If we denote by A! = A and A" = A""'A for any n > 2, the fact A> = A implies

A" =A.

From here, Eq (4.21) allows us to assert

A=A = (- (P 10D ED lopED Ia0) - HED i)

J1€1 J2€)2 J3€J3 Jn€Jn

C @ ( ﬂ Liij)-

(1:J250sJn)EJ1 X2 XX Ty i€{1,...,n}

Hence,

A= @ ( ﬂ Lij)

15725 Jn)EJ1X T2 X% Ty P€{1,...,n}
and we have as a consequence that

Lig.jiy) = @ Lig.jiy) N ( ﬂ Lij)

1T Tig 15X 150 Ty i€(1,...n}\lio}

for any (i, j;,) with iy € {1, ...,n} and j;, € Jj,.
Let us denote by

Q= {(jt, jor i) €y X Ty dy s () gy # O,

and let us fix any linear basis B, ;, ;. for any (ji, j2, ..., ja) € Q.
We denote by

8= | Bipi

(J15J25e5Jn)EQ

Equation (4.23) allows us to assert that 8 is a linear basis of A.

4.21)

(4.22)

(4.23)

(4.24)

(4.25)

Let us verify that 8B is the basis we are looking for: So, let us fix any f € GL(A). On the one hand,

Eqgs (4.23) and (4.25) give us

Id -8B = { ﬂ I(l',ji) . (]1,,],,) S Q}

On the other hand, since
f-B=1Id-f(B)eld-B,

(4.26)
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Eq (4.22) gives us that there exists iy € {1, ..., n} such that

f -B = {I(i(JJiO) . j,‘o S Jio}' (427)
From here (see Eqs (4.24)—(4.27)), we can define the onto map
or:ld-B— -8B

as

o) Tai) = Taoip 0 C () Tai)

i€{l,...,n} i€{l,...,n}\{io}

for any (jy, ..., Ju) € Q.
Now observe that Eq (4.24) gives us

Lio.jiy) = @ Lig.jiy) N ( ﬂ Lijp),

J1seesgn)€J1X e Jim i X i 1 X d iefl,....n1\{io}

and so we can assert that any /;, ;. ) € f - B is of the form

Lo i) = @ ( ﬂ L jn)-

N )I(i’ji))E(r}l(I(’.Ovjio)) i€{l,...,n}

i€{l,...,n

From here, the necessary condition of Theorem 3.1 holds, and we can assert that A decomposes as
a direct sum of indecomposablem ideals.

5. Conclusions
We have introduced a new way of treating the problem of the decomposition of an arbitrary algebra

A as a direct sum of indecomposable ideals by showing the importan role the general linear group
GL(A) plays in this problem.
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