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Abstract: In this work, I propose a Caputo–Fabrizio fractional mathematical model of a drilling 

system (CFFMMDS) to investigate the coupled dynamics of an induction motor-driven drilling 

assembly within a unified fractional-order framework. The governing equations were formulated using 

a nonsingular Caputo–Fabrizio fractional derivative with an exponential memory kernel to characterize 

the temporal dependencies among the system state variables. The resulting fractional-order system was 

solved using the Caputo–Fabrizio q-Elzaki homotopy analysis transform method (CFq-EHATM) to 

derive semi-analytical solution series and to conduct a numerical investigation of the system response 

under varying fractional orders. The results indicated that a decrease in the fractional order 𝜇 results 

in attenuated growth and decay rates. This trend is consistent with the intrinsic memory structure of 

the Caputo–Fabrizio operator, which distributes the influence of past states over time. The proposed 

framework enables the analysis of the temporal evolution of coupled state variables in dynamic 

systems exhibiting history-dependent behavior. 
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1. Introduction 

Rotary drilling systems are intricate, multi-component mechanical systems that are commonly 

used in drilling operations and are known for being inherently complex and dynamic [1,2]. This 

complexity arises from the continuous interaction and force transmission occurring between the drill 

bit, bottom-hole assembly components, drill string, and surface equipment [3]. Although drilling 
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systems may operate smoothly under uniform conditions, uncontrollable formation parameters, such as 

variations in rock hardness or softness, often induce irregularities in torque transmission [4]. Therefore, 

stick-slip oscillations or chaotic rotational responses may emerge during drilling operations [5,6]. Figure 1 

shows the standard drilling components. 

 

Figure 1. General schematic of standard drilling components [7]. 

Such chaotic behaviors are undesirable to contractors and operators, as they result in significant 

system level and operational problems and additional operational costs [7,8]. Torque transmission 

variation results in intermittent cutting, and as a result, a significant portion of the mechanical energy 

supplied is dissipated as vibrations rather than being transferred to rock fragmentation [9,10]. 

Consequently, the mechanical specific energy necessary to achieve the target depth is increased, the 

penetration rate decreases and, because of the sudden changes in the loading, drill bits become 

delaminated, causing microcrack formation, which reduces the service lifetime [10,11]. In extreme 

cases, these instabilities can result in drill-string buckling or failure, downhole tool malfunctions, and 

prolonged non-productive time [11]. 

Different vibration modes are encountered due to drilling operations, and these are generally 

arranged into three basic forms: lateral, axial, and torsional [12]. Of these, torsional vibration is 

considered the most dangerous and damaging, as it is most closely related to the occurrence of stick-

slip motions [13]. These oscillations may produce sudden spikes in torque or excessive torsional 

loading, resulting in failure of the drill bit, cracking at the connection regions of bottom-hole assembly 

components, buckling of the drill string, sensor failures inside the BHA, and the excitation of coupled 

axial and lateral vibrations [13]. 

Studies [14,15] have shown that the nonlinear forces caused by bit-formation interaction, 

including friction, which increases as angular velocity decreases, are the principal mechanisms of self-

excited torsional vibrations and dynamic irregularities. Researchers [16,17] have stated that using the 

constant angular velocity at the drilling platform of a drilling system, nonlinear dynamic characteristics 

of drill strings cause limit cycles, bifurcations, and chaotic attractors. Although these works offer 

important insights into the mechanisms of dynamic instabilities in drilling operations, the memory 

effects addressed in such works are mostly confined to delay-based kinematic formulations. However, 
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the hereditary memory behavior due to friction and damping mechanisms along the drill string has yet 

to be sufficiently studied. 

In practice, well-defined legacy effects of the hereditary nature of drilling systems can be seen 

primarily due to different elasticities on varying distances along the drill string, bit-rock interaction-

caused frictional hysteresis, and complicated downhole boundary conditions [18,19]. Long-run energy 

release and accumulation are experienced in the system, and nonlinearity of the motion, characterizing 

the motion, friction-slip behavior, for example, demonstrates the presence of intrinsic delay of time to 

generate the load [20]. Traditional integer order derivatives can capture only short-term dynamics and 

are therefore insufficient for modeling memory effects [21–23]. 

Traditional equations therefore fail to capture the timing or suppression of torsional oscillations, 

like stick-slip behavior, correctly [24]. In recent years, fractional calculus has become a more powerful 

mathematical theory for the modeling of dynamic systems with memory effects, nonlocal interactions, 

and nonlinear damping [25]. However, in comparison to classical derivatives, fractional derivatives 

can show historical system behavior in integral kernels because they make an ideal time dependent 

mechanical and geomechanical process more transparent [26]. However, the Caputo–Fabrizio 

fractional derivative has received more attention because of its nonsingular kernel [27,28]. It is also 

preferred for its exponential memory structure [29]. These properties have made it attractive in many 

recent studies [30,31]. 

In this work, we deal with the nonphysical singularities of the nonphysical fractional derivatives 

but maintain a proper and consistent memory model. 

Fractional derivatives in their modern form include Riemann–Liouville, Caputo, and Atangana–

Baleanu, among others. Some traditional definitions, like Riemann–Liouville and Caputo derivatives, 

use singular power-law kernels to derive their derivatives, which may be problematic from an 

interpretative perspective and in the numerical one. On the other hand, the Caputo–Fabrizio fractional 

derivative is written as a non-singular exponential kernel that removes the singularity at the origin, 

giving better numerical stability. This property makes it especially well-suited to models with fading 

memory and where smooth kernel behavior is desirable. 

Non-singular fractional operators have attracted significant attention due to their ability to 

incorporate memory effects without the singular kernels present in classical fractional derivatives. In 

particular, operators such as the Caputo–Fabrizio formulation provide improved numerical stability 

and physical interpretability by avoiding power-law singularities. Researchers have focused on the 

development of efficient numerical techniques for such models, including decomposition-based and 

collocation methods. For example, Baleanu and Shiri [32] presented a numerical framework for 

fractional Neumann series equations, demonstrating reliable convergence and stability. These 

developments highlight the growing importance of non-singular fractional operators in theoretical 

analysis and numerical computation. 

In an experimental setting, the Caputo–Fabrizio operator has been successfully used in a number 

of areas such as heat transfer and anomalous diffusion [33–35]. It has also been applied to control 

systems [36,37]. Additionally, it has been used in modeling viscoelastic material models, with strong 

agreement on damping and relaxation behaviors [38,39]. 

In mechanical systems, fractional derivatives model instantaneous and history-dependent 

mechanisms of energy dissipation [40]. Because of its slender and distributed-parameter construction, 

drill strings experience large stick-slip torsional vibrations, frictional memories, and complex inertial–

elastic interactions [41]. Therefore, many characteristic properties that are hard to represent using the 

classical derivative-based models can be effectively described by a fractional-order formula [42]. 

Studies have shown that fractional models do considerably enhance the performance in dynamic 
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prediction for damping dominated mechanical systems [43,44]. 

The friction-related limit cycles, nonlinear force interactivity, and energy-based stability criteria 

were investigated in the prior drilling dynamics work, though fractional derivative-based methods have 

been somewhat less studied [45]. Novel works [46,47] demonstrated nonsingular fractional operators, 

in particular fractal-fractional operators, for modeling nonlinear systems that usually show a large 

memory influence. The two works provided a methodological basis for the implementation of Caputo–

Fabrizio-based operators in deep history-based mechanical systems such as drilling assemblies. The 

Caputo–Fabrizio operators are a good framework to assimilate the hereditary effects in torsional-

electromechanical drilling dynamics studied in this work, as it has a nonsingular exponential memory 

kernel with an easily applied implementation [48]. 

While the integer-order formulation in the considered model has been analyzed before by Abro 

and Atangana [49], I substantially advance this framework in several key steps. First, in the application 

of the Caputo–Fabrizio derivative, the classical model is generalized for a fractional-order structure 

where memory effects not captured in integer-order systems may be taken into consideration. Second, 

a novel hybrid analytic technique, the conformable q-Elzaki homotopy analysis transform method 

(CFq-EHATM), is proposed to obtain approximations of solutions for the resulting fractional system. 

Notably, in contrast to the work available, I not only present a more general formulation but also 

propose an efficient solution methodology and study the influence of the fractional-order parameter 

on system dynamics. As a result, this study adds to the literature, methodologically and analytically. 

In this work, I obtain a Caputo–Fabrizio fractional mathematical model of the drilling system 

(CFFMMDS) to analyze the system’s components dynamics in the framework of fractional-order 

differential. The nonsingular exponential kernel of the Caputo–Fabrizio fractional operator is applied 

to the governing equations of the induction motor–driven system, including in a fractional derivative 

representation for a mathematically defined temporal dependence between state variables. The 

obtained fractional-order system is solved using the CFq-EHATM to derive semi-analytical solution 

series and numerically interpret the response of the solution at a different fractional order. It should be 

noted that the Caputo–Fabrizio fractional derivative employed in this study is used in its standard form. 

The novelty of this work lies in its application within the proposed CFq-EHATM framework and its 

use in modeling drilling system dynamics. This framework enables a parametric study of the effect of 

the fractional order μ on the temporal evolution of the solution space, providing a formal mathematical 

basis for the analysis of history-dependent dynamic systems. 

2. The major definitions and the semi-analytical mathematical method 

In this section, the major definitions of CFFC and Elzaki transform (ET) are provided. 

Definition 2.1. Assume that 𝜎(𝑡) ∈ 𝐶1[0, 𝑇]. This ensures the existence of 𝜎′(𝜏) and the well-

posedness of the integral operator. The CFFD of order 𝜇 > 0 for 𝜎(𝑡) is identified as [50,51]: 

𝐷𝑡0

𝐶𝐹
0,𝑡
𝜂 [𝜎(𝑡)] =

𝜛(𝜇)

1−𝜇
∫ 𝜎′(𝜏)

𝑡

0
𝑒𝑥𝑝 [−

𝜇(𝑡−𝜏)

1−𝜇
] 𝑑𝜏, 𝜏 > 0      (1) 

where, 𝝕(𝝁)  denotes the normalization function associated with the Caputo–Fabrizio fractional 

derivative. This function is introduced to preserve consistency with the classical integer-order 

derivative in the limiting cases and is commonly chosen such that 𝝕(𝟎) = 𝝕(𝟏) = 𝟏. 

Definition 2.2. The Elzaki transform is defined for function of exponential order. I consider functions 

in the set 𝑨 defined by 
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𝑨 = {𝝈(𝒕): ∃𝑴, 𝝂𝟏, 𝝂𝟐 > 𝟎, |𝝈(𝒕)| < 𝑴𝒆
|𝒕|

𝝂𝒔, 𝒊𝒇 𝒕 ∈ (−𝟏)𝒔 × [𝟎, ∞)}.     (2) 

For a specified function in the set 𝑨, the constant 𝑴 must be a finite value, but 𝝂 may be either 

finite or infinite. 

The Elzaki transform (ET) of 𝝈(𝒕) is identified as [52]: 

ℨ[𝜎(𝑡)](𝜔) = 𝑇(𝜔) = 𝜔 ∫ exp (
−𝑡

𝜔
)𝜎(𝑡)𝑑𝑡

∞

0
.       (3) 

Theorem 2.1. The CFET of the CFFD for the function 𝝈(𝒕) is identified as [50]: 

ℨ𝜇
𝐶𝐹 { 𝐷𝐶𝐹

𝑡
𝜇[𝜎(𝑡)]} =

1

1−𝜇+𝜇𝜔
( ℨ𝜇

𝐶𝐹 [𝜎(𝑡)] − 𝜔2𝜎(0)), 0 < 𝜇 ≤ 1.    (4) 

2.1. The CFq-EHATM 

It should be noted that the CFq-EHATM used in this study is adopted from the literature [46]; the 

novelty of this work lies in its application to the proposed fractional-order drilling model and the 

analysis of its dynamic behavior. 

To elucidate the fundamental concept of CFq-EHATM, I shall analyze the Caputo–Fabrizio 

partial differential equation (CFPDE): 

𝐷𝐶𝐹
𝑡
𝜇

𝜎(𝑥, 𝑡) + 𝐹𝜎(𝑥, 𝑡) + 𝑅𝜎(𝑥, 𝑡) = 𝑔(𝑥, 𝑡), 𝑛 − 1 < 𝜇 ≤ 𝑛,    (5) 

where F shows the linear differential operator, R demonstrates the nonlinear differential operator, and 

g(x,t) is the nonhomogeneous function. 

Applying CFET to CFPDE and by utilizing initial condition (IC), it is acquired that 

1

1−𝜇+𝜇𝜔
( ℨ𝜇

𝐶𝐹 [𝜎(𝑥, 𝑡)] − 𝜔2𝜎(𝑥, 0)) + ℨ𝜇
𝐶𝐹 [𝐹𝜎(𝑥, 𝑡) + 𝑅𝜎(𝑥, 𝑡)] = ℨ𝜇

𝐶𝐹 [𝑔(𝑥, 𝑡)].  (6) 

If I simplify Eq (6), then I get 

ℨ𝜇
𝐶𝐹 [𝜎(𝑥, 𝑡)] − 𝜔2𝜎(𝑥, 0) + (1 − 𝜇 + 𝜇𝜔) ℨ𝜇

𝐶𝐹 [𝐹𝜎(𝑥, 𝑡) + 𝑅𝜎(𝑥, 𝑡) − 𝑔(𝑥, 𝑡)] = 0.  (7) 

Via the help of HAM for ℱ(𝑥, 𝑡; 𝑞), the nonlinear operator (NO) is described as [53,54]: 

𝑁[ℱ(𝑥, 𝑡; 𝑞)] = ℨ𝜇
𝐶𝐹 [ℱ(𝑥, 𝑡; 𝑞)] − 𝜔2ℱ(𝑥, 𝑡; 𝑞)(0+) + (1 − 𝜇 + 𝜇𝜔) 

× ℨ𝜇
𝐶𝐹 [𝐹ℱ(𝑥, 𝑡; 𝑞) + 𝑅ℱ(𝑥, 𝑡; 𝑞) − 𝑔(𝑥, 𝑡)],     (8) 

where 𝑞𝜖 [0,
1

𝑛
]. 

A homotopy is constructed as 

(1 − 𝑛𝑞) ℨ𝜇
𝐶𝐹 [ℱ(𝑥, 𝑡; 𝑞) − 𝜎0(𝑥, 𝑡)] = ℎ𝑞Φ(𝑥, 𝑡)𝑁[ℱ(𝑥, 𝑡; 𝑞)],    (9) 

where, 𝑛 ∈ ℕ is an auxiliary scaling parameter, and the embedding parameter is defined as 𝑞 = 1/𝑛, 

ensuring that the product 𝑛𝑞 remains dimensionless and is properly normalized within the homotopy 

framework. Additionally, ℎ ≠ 0  and ℨ𝜇
𝐶𝐹   expresses the CFET. For 𝑞 = 0  and 𝑞 =

1

𝑛
,  the 

outcomes are respectively acquired by 

ℱ(𝑥, 𝑡; 0) = 𝜎0(𝑥, 𝑡), ℱ (𝑥, 𝑡;
1

𝑛
) = 𝜎(𝑥, 𝑡).       (10) 

Consequently, by increasing q from 0 to 1/n, the solution ℱ(𝑥, 𝑡; 𝑞) converges from 𝜎0(𝑥, 𝑡) to 
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the solution 𝜎(𝑥, 𝑡). Utilizing the Taylor theorem around 𝑞 and expanding ℱ(𝑥, 𝑡; 𝑞), I obtain 

ℱ(𝑥, 𝑡; 𝑞) = 𝜎0(𝑥, 𝑡) + ∑ 𝜎𝑚(𝑥, 𝑡)𝑞𝑚∞
𝑖=1 ,       (11) 

where 

𝜎𝑚(𝑥, 𝑡) =
1

𝑚!

𝜕𝑚ℱ(𝑥,𝑡;𝑞)

𝜕𝑞𝑚 |
𝑞=0

.        (12) 

Equation (11) converges at 𝑞 =
1

𝑛
 for the appropriate 𝜎0(𝑥, 𝑡),𝑛, ℎ. Therefore, one of the solutions 

of the nonlinear equation is constructed via 

𝜎(𝑥, 𝑡) = 𝜎0(𝑥, 𝑡) + ∑ 𝜎𝑚(𝑥, 𝑡) (
1

𝑛
)

𝑚
∞
𝑚=1 .       (13) 

Differentiating Eq (9) 𝑚-times with regard to 𝑞 and dividing via 𝑚!, for 𝑞 = 0, I acquire 

ℨ𝜇
𝐶𝐹 [𝜎𝑚(𝑥, 𝑡) − 𝑘𝑚𝜎𝑚−1(𝑥, 𝑡)] = ℎΦ(𝑥, 𝑡)ℛ∗(𝜎⃗𝑚−1).     (14) 

The inverse CFET is implemented to Eq (14), so I obtain 

𝜎𝑚(𝑥, 𝑡) = 𝑘𝑚𝜎𝑚−1(𝑥, 𝑡) + ℎ( ℨ𝜇
𝐶𝐹 )

−1
[Φ(𝑥, 𝑡)ℛ∗(𝜎⃗𝑚−1)],     (15) 

where 

ℛ∗(𝜎⃗𝑚−1) = ℨ𝜇
𝐶𝐹 [𝜎𝑚−1(𝑥, 𝑡)] − (1 −

𝑘𝑚

𝑛
) (1 − 𝜇 + 𝜇𝜔)𝜎0(𝑥, 𝑡) 

+(1 − 𝜇 + 𝜇𝜔)[ ℨ𝜇
𝐶𝐹 [𝐹𝜎𝑚−1(𝑥, 𝑡) + Φ𝑚−1(𝑥, 𝑡) − 𝑔(𝑥, 𝑡)]] (16) 

and 

𝑘𝑚 = {
0, 𝑚 ≤ 1,
𝑛, 𝑚 > 1.

         (17) 

where Φ𝑚 is homotopy polynomial and it is identified via 

Φ𝑚 =
1

𝑚!

𝜕𝑚ℱ(𝑥,𝑡;𝑞)

𝜕𝑞𝑚 |
𝑞=0

, ℱ(𝑥, 𝑡; 𝑞) = ℱ0 + 𝑞ℱ1 + 𝑞2ℱ2 + ⋯.   (18) 

Via Eqs (15) and (16), I get 

𝜎𝑚(𝑥, 𝑡) = (𝑘𝑚 + ℎ)𝜎𝑚−1(𝑥, 𝑡) − (1 −
𝑘𝑚

𝑛
) (1 − 𝜇 + 𝜇𝜔)𝜎0(𝑥, 𝑡) 

+ℎ( ℨ𝜇
𝐶𝐹 )

−1
[(1 − 𝜇 + 𝜇𝜔) ℨ𝜇

𝐶𝐹 {𝐹𝜎𝑚−1(𝑥, 𝑡) + Φ𝑚−1(𝑥, 𝑡)−𝑔(𝑥, 𝑡)}]. (19) 

By using CFq-EHATM, the series solution has the form 

𝜎(𝑥, 𝑡) = ∑ 𝜎𝑚(𝑥, 𝑡)∞
𝑚=0 .        (20) 

2.2. Convergence analysis 

Theorem 2.2. [55] The solution of CFPDE obtained via CFq-EHATM is unique for ∀𝛍𝛜(𝟎, 𝟏), where 

𝛍 = (𝐧 + ℏ) + ℏ(𝛗 + 𝛔)𝛀. 
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Theorem 2.3. [55] Assume that 𝝔 is Banach space (BS) and 𝛓: 𝝔 → 𝝔 is the nonlinear mapping. The 

following inequality is provided as 

‖𝜌(𝜘) − 𝜌(𝜅)‖ ≤ δ‖𝜘 − 𝜅‖, ∀𝜘, 𝜅 ∈ 𝜚,      (21) 

so 𝜿 has a fixed point in BS [53]. Furthermore, for any arbitrary selection of 𝝒𝟎, 𝜿𝟎 ∈ 𝝔, the sequence 

acquired via the CFq-EHATM converges to a fixed point of 𝝆 and 

‖𝜘𝑚 − 𝜘𝑛‖ ≤
δ𝑛

1−δ
‖𝜘1 − 𝜘0‖, ∀𝜘, 𝜅 ∈ 𝜚.      (22) 

3. The analysis of mathematical modeling for the drilling system 

Before introducing the fractional order formulation, the corresponding full order drilling system 

model can be expressed in the classical form given in [54] by Eq (23). This formulation describes the 

combined electromechanical dynamics of the drilling system without memory effects. 

3.1. The analysis of classical mathematical modeling for the drilling system 

𝑑𝐴(𝜏)

𝑑𝜏
= 𝐶(𝜏)𝑀(𝜏) − 𝜆1𝐴(𝜏), 

𝑑𝐶(𝜏)

𝑑𝜏
= −𝜆1𝐶(𝜏) − 𝑀(𝜏) − 𝐴(𝜏)𝑀(𝜏), 

𝑑𝐻(𝜏)

𝑑𝜏
= 𝜆1𝐻(𝜏), 

𝑑𝐿(𝜏)

𝑑𝜏
= 𝑉(𝜏) − 𝑀(𝜏), 

𝑑𝑀(𝜏)

𝑑𝜏
= 𝜆2𝐿(𝜏) + 𝜆3(𝑉(𝜏) − 𝑀(𝜏)) + 𝜆4𝐶(𝜏), 

𝑑𝑉(𝜏)

𝑑𝜏
= 𝜆5𝐿(𝜏) + 𝜆6(𝑉(𝜏) − 𝑀(𝜏)) + 𝜆7(𝜛 − 𝑉(𝜏)).    (23) 

The fractional-order model presented in Eq (23) is obtained by generalizing the integer-order 

system through the use of the Caputo–Fabrizio fractional derivative of order 𝜇 ∈ (0,1].  This 

formulation enables the incorporation of memory effects associated with frictional interaction, 

distributed damping, and delayed energy transfer along the drill string. 

3.2. The analysis of Caputo–Fabrizio fractional mathematical modeling for the drilling system 

Fractional-order systems can also be grouped either as commensurate or incommensurate, 

depending on whether the orders of derivatives are the same or different. In commensurate systems, 

all fractional derivatives follow the same order, which eases the analytical formulation and numerical 

implementation. Incommensurate systems, in contrast, involve derivatives of different orders, leading 

to more complex dynamics and analysis. Thus, system (24), which is a commensurate fractional-order 

system, is presented in this study because it enables a definition of all derivative terms in the same 

fractional order μ, so that a consistent and manageable framework can be created. 

Although fractional-order models of drilling systems have been studied, the current approach uses 

the non-singular exponential kernel of the Caputo–Fabrizio fractional derivative, which enables 

smoother memory behavior and eliminates singularities inherent in classical formulations. It is 
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particularly suitable for representing gradual energy dissipation and fading memory effects observed 

in drilling dynamics. It also has a simple analytical structure, which makes it an efficient 

implementation of the proposed semi-analytical method. 

The CFFMMDS actuated by an induction motor is analyzed as follows [49]: 

𝐷𝜏
𝜇𝐶𝐹 𝐴(𝜏) = 𝐶(𝜏)𝑀(𝜏) − 𝜆1𝐴(𝜏), 

𝐷𝜏
𝜇𝐶𝐹 𝐶(𝜏) = −𝜆1𝐶(𝜏) − 𝑀(𝜏) − 𝐴(𝜏)𝑀(𝜏), 

𝐷𝜏
𝜇𝐶𝐹 𝐻(𝜏) = 𝜆1𝐻(𝜏), 

𝐷𝜏
𝜇𝐶𝐹 𝐿(𝜏) = 𝑉(𝜏) − 𝑀(𝜏), 

𝐷𝜏
𝜇𝐶𝐹 𝑀(𝜏) = 𝜆2𝐿(𝜏) + 𝜆3(𝑉(𝜏) − 𝑀(𝜏)) + 𝜆4𝐶(𝜏), 

𝐷𝜏
𝜇𝐶𝐹 𝑉(𝜏) = 𝜆5𝐿(𝜏) + 𝜆6(𝑉(𝜏) − 𝑀(𝜏)) + 𝜆7(𝜛 − 𝑉(𝜏)),    (24) 

subject to ICs 𝑨(𝟎) = 𝟎. 𝟎𝟗, 𝑪(𝟎) = −𝟎. 𝟎𝟗, 𝑯(𝟎) = −𝟎. 𝟗, 𝑳(𝟎) = −𝟎. 𝟏, 𝑴(𝟎) = 𝟎. 𝟐, 𝑽(𝟎) =
−𝟎. 𝟑, where 𝝁 ∈ (𝟎,𝟏] is the order of fractional derivative. 𝑨(𝝉) depicts the torsional state on the 

motor/upper disk side, 𝑪(𝝉) the torsional state on the load/lower disk (bit side), 𝑯(𝝉) the electrical–

electromechanical state on the motor side, 𝑳(𝝉)  the relative angular difference (torsional twist) 

between the motor and load sides, 𝑴(𝝉) the friction/resistance state caused by bit-rock contact, and 

𝑽(𝝉) the motor-side speed/electromechanical state corresponding to the induction motor’s tendency 

toward nominal angular velocity [54]. 

Fractional ordering systems can be of two kinds, commensurate or incommensurate, based on 

whether all the state equations share the same derivative order or involve different orders. In this work, 

system (24) is presented as a commensurate fractional-order system since all derivatives are taken with 

the same order μ. This decision is taken to maintain a constant structure of the memory for all state 

variables and facilitates the construction of the CFq-EHATM approach to achieve greater 

interpretability in the effect of μ on the system dynamics as a whole. In contrast, incommensurate 

systems tend to have richer but more mathematically demanding behavior, and work has been 

concerned with their well-posedness and solution structure in delay and continuous-function settings. 

Moreover, the incommensurate delay fractional differential systems and incommensurate FDEs in 

spaces of continuous functions have also demonstrated improved theoretical interest in these type of 

systems [56,57]. 

Since the governing equations are expressed in a dimensionless framework, the use of fractional 

derivatives does not violate dimensional consistency while acting on normalized state variables and 

preserving the physical structure of the system. 

These initial conditions in the above-mentioned work are generally taken as being analogous to 

the normalized drilling system setting reported in [54]. These values are not precise experimental 

results but rather representative dimensionless initial states chosen to examine the transient response 

of the coupled system under a perturbed operating configuration. 

Table 1 shows the parameter definitions and values used for CFFMMDS. 
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Table 1. Descriptions of the model parameters [54]. 

Parameter Description Value 

λ1 Electrical damping coefficient of the induction motor, representing the ratio of resistance to 

inductance 

0.06 

λ2 Normalized torsional stiffness coefficient acting on the upper disk (motor side), relative to its 

inertia 

0.157 

λ3 Normalized viscous damping coefficient associated with the upper disk dynamics 0.018 

λ4 Normalized electromagnetic coupling coefficient reflecting the influence of motor current on 

the upper disk 

4.407 

λ5 Normalized torsional stiffness coefficient acting on the lower disk (load side) 2.142 

λ6 Normalized viscous damping coefficient associated with the lower disk dynamics 0.257 

λ7 Normalized friction torque coefficient acting on the lower disk 7.428 

𝜛 Nominal angular velocity of the induction motor 6 

The parameter values for Table 1 are chosen within physically reasonable ranges and in line with 

reported values for similar drilling system models. These are selected to guarantee realistic behavior 

and make it easier to investigate the role of fractional order 𝜇. 

Applying CFET to Eq (24) and by utilizing ICs, it is acquired that 

ℨ𝜇
𝐶𝐹 [𝐴(𝜏)] − 𝜔2𝐴(0) − (1 − 𝜇 + 𝜇𝜔) ℨ𝜇

𝐶𝐹 [𝐶(𝜏)𝑀(𝜏) − 𝜆1𝐴(𝜏)] = 0,    (25) 

ℨ𝜇
𝐶𝐹 [𝐶(𝜏)] − 𝜔2𝐶(0) − (1 − 𝜇 + 𝜇𝜔) ℨ𝜇

𝐶𝐹 [−𝜆1𝐶(𝜏) − 𝑀(𝜏) − 𝐴(𝜏)𝑀(𝜏)] = 0,  (26) 

ℨ𝜇
𝐶𝐹 [𝐻(𝜏)] − 𝜔2𝐻(0) − (1 − 𝜇 + 𝜇𝜔) ℨ𝜇

𝐶𝐹 [𝜆1𝐻(𝜏)] = 0,     (27) 

ℨ𝜇
𝐶𝐹 [𝐿(𝜏)] − 𝜔2𝐿(0) − (1 − 𝜇 + 𝜇𝜔) ℨ𝜇

𝐶𝐹 [𝑉(𝜏) − 𝑀(𝜏)] = 0,     (28) 

ℨ𝜇
𝐶𝐹 [𝑀(𝜏)] − 𝜔2𝑀(0) − (1 − 𝜇 + 𝜇𝜔) ℨ𝜇

𝐶𝐹 [𝜆2𝐿(𝜏) + 𝜆3(𝑉(𝜏) − 𝑀(𝜏))+𝜆4𝐶(𝜏)] = 0,  (29) 

ℨ𝜇
𝐶𝐹 [𝑉(𝜏)] − 𝜔2𝑉(0) − (1 − 𝜇 + 𝜇𝜔) ℨ𝜇

𝐶𝐹 [𝜆5𝐿(𝜏) + 𝜆6(𝑉(𝜏) − 𝑀(𝜏))+𝜆7(𝜛 − 𝑉(𝜏))] = 0. (30) 

The nonlinear operators 𝜑1, 𝜑2, 𝜑3, 𝜑4, 𝜑5, 𝜑6 are defined by 

𝑁1[𝜑1(𝜏; 𝑞); 𝜑2(𝜏; 𝑞); 𝜑3(𝜏; 𝑞); 𝜑4(𝜏; 𝑞); 𝜑5(𝜏; 𝑞); 𝜑6(𝜏; 𝑞)] 

= ℨ𝜇
𝐶𝐹 [𝜑2(𝜏; 𝑞)] + 0.09𝜔2 − (1 − 𝜇 + 𝜇𝜔) ℨ𝜇

𝐶𝐹 [𝜑2(𝜏; 𝑞)𝜑5(𝜏; 𝑞) − 𝜆1𝜑1(𝜏; 𝑞)],   (31) 

𝑁2[𝜑1(𝜏; 𝑞); 𝜑2(𝜏; 𝑞); 𝜑3(𝜏; 𝑞); 𝜑4(𝜏; 𝑞); 𝜑5(𝜏; 𝑞); 𝜑6(𝜏; 𝑞)] 

= ℨ𝜇
𝐶𝐹 [𝜑2(𝜏; 𝑞)] + 0.09𝜔2 − (1 − 𝜇 + 𝜇𝜔) ℨ𝜇

𝐶𝐹 [−𝜆1𝜑2(𝜏; 𝑞) − 𝜑5(𝜏; 𝑞) − 𝜑1(𝜏; 𝑞)𝜑5(𝜏; 𝑞)],(32) 

𝑁3[𝜑1(𝜏; 𝑞); 𝜑2(𝜏; 𝑞); 𝜑3(𝜏; 𝑞); 𝜑4(𝜏; 𝑞); 𝜑5(𝜏; 𝑞); 𝜑6(𝜏; 𝑞)] 

= ℨ𝜇
𝐶𝐹 [𝜑3(𝜏; 𝑞)] + 0.9𝜔2 − (1 − 𝜇 + 𝜇𝜔) ℨ𝜇

𝐶𝐹 [𝜆1𝜑3(𝜏; 𝑞)],        (33) 

𝑁4[𝜑1(𝜏; 𝑞); 𝜑2(𝜏; 𝑞); 𝜑3(𝜏; 𝑞); 𝜑4(𝜏; 𝑞); 𝜑5(𝜏; 𝑞); 𝜑6(𝜏; 𝑞)] 

= ℨ𝜇
𝐶𝐹 [𝜑4(𝜏; 𝑞)] + 0.1𝜔2 − (1 − 𝜇 + 𝜇𝜔) ℨ𝜇

𝐶𝐹 [𝜑6(𝜏; 𝑞) − 𝜑5(𝜏; 𝑞)],      (34) 

𝑁5[𝜑1(𝜏; 𝑞); 𝜑2(𝜏; 𝑞); 𝜑3(𝜏; 𝑞); 𝜑4(𝜏; 𝑞); 𝜑5(𝜏; 𝑞); 𝜑6(𝜏; 𝑞)] = ℨ𝜇
𝐶𝐹 [𝜑5(𝜏; 𝑞)] − 0.2𝜔2 

−(1 − 𝜇 + 𝜇𝜔) ℨ𝜇
𝐶𝐹 [𝜆2𝜑4(𝜏; 𝑞) + 𝜆3(𝜑6(𝜏; 𝑞) − 𝜑5(𝜏; 𝑞)) + 𝜆4𝜑2(𝜏; 𝑞)],     (35) 
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𝑁6[𝜑1(𝜏; 𝑞); 𝜑2(𝜏; 𝑞); 𝜑3(𝜏; 𝑞); 𝜑4(𝜏; 𝑞); 𝜑5(𝜏; 𝑞); 𝜑6(𝜏; 𝑞)] = ℨ𝜇
𝐶𝐹 [𝜑6(𝜏; 𝑞)] + 0.3𝜔2 

−(1 − 𝜇 + 𝜇𝜔) ℨ𝜇
𝐶𝐹 [𝜆5𝜑4(𝜏; 𝑞) + 𝜆6(𝜑6(𝜏; 𝑞) − 𝜑5(𝜏; 𝑞))+𝜆7(𝜛 − 𝜑6(𝜏; 𝑞))].    (36) 

Therefore, the 𝑚-th order deformation equations are given as 

ℨ𝜇
𝐶𝐹 [𝐴𝑚(𝜏) − 𝑘𝑚𝐴𝑚−1(𝜏)] = ℎℜ1,∗[(𝐴m−1, 𝐶m−1, 𝐻⃗⃗⃗m−1, 𝐿⃗⃗m−1, 𝑀⃗⃗⃗m−1, 𝑉⃗⃗m−1)],  (37) 

ℨ𝜇
𝐶𝐹 [𝐶𝑚(𝜏) − 𝑘𝑚𝐶𝑚−1(𝜏)] = ℎℜ2,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)],  (38) 

ℨ𝜇
𝐶𝐹 [𝐻𝑚(𝜏) − 𝑘𝑚𝐻𝑚−1(𝜏)] = ℎℜ3,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)],  (39) 

ℨ𝜇
𝐶𝐹 [𝐿𝑚(𝜏) − 𝑘𝑚𝐿𝑚−1(𝜏)] = ℎℜ4,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)],  (40) 

ℨ𝜇
𝐶𝐹 [𝑀𝑚(𝜏) − 𝑘𝑚𝑀𝑚−1(𝜏)] = ℎℜ5,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)],  (41) 

ℨ𝜇
𝐶𝐹 [𝑉𝑚(𝜏) − 𝑘𝑚𝑉𝑚−1(𝜏)] = ℎℜ6,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)],  (42) 

where 

ℜ1,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)] = ℨ𝜇
𝐶𝐹 [𝐴𝑚−1(𝜏; 𝑞)] − 0.09𝜔2 (1 −

𝑘𝑚

𝑛
) 

−(1 − 𝜇 + 𝜇𝜔) ℨ𝜇
𝐶𝐹 [∑ 𝐶𝑠

𝑚−1
𝑠=0 𝑀𝑚−1−𝑠 − 𝜆1𝐴𝑚−1],          (43) 

ℜ2,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)] = ℨ𝜇
𝐶𝐹 [𝐶𝑚−1(𝜏; 𝑞)] + 0.09𝜔2 (1 −

𝑘𝑚

𝑛
) 

−(1 − 𝜇 + 𝜇𝜔) ℨ𝜇
𝐶𝐹 [−𝜆1𝐶𝑚−1 − 𝑀𝑚−1 − ∑ 𝐴𝑠

𝑚−1
𝑠=0 𝑀𝑚−1−𝑠],       (44) 

ℜ3,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)] = ℨ𝜇
𝐶𝐹 [𝐻𝑚−1(𝜏; 𝑞)] + 0.9𝜔2 (1 −

𝑘𝑚

𝑛
) 

−(1 − 𝜇 + 𝜇𝜔) ℨ𝜇
𝐶𝐹 [𝜆1𝐻𝑚−1],              (45) 

ℜ4,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)] = ℨ𝜇
𝐶𝐹 [𝐿𝑚−1(𝜏; 𝑞)] + 0.1𝜔2 (1 −

𝑘𝑚

𝑛
) 

−(1 − 𝜇 + 𝜇𝜔) ℨ𝜇
𝐶𝐹 ⌈𝑉𝑚−1 − 𝑀𝑚−1⌉,             (46) 

ℜ5,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)] = ℨ𝜇
𝐶𝐹 [𝑀𝑚−1(𝜏; 𝑞)] − 0.2𝜔2 (1 −

𝑘𝑚

𝑛
) 

−(1 − 𝜇 + 𝜇𝜔) ℨ𝜇
𝐶𝐹 ⌈𝜆2𝐿𝑚−1 + 𝜆3(𝑉𝑚−1 − 𝑀𝑚−1) + 𝜆4𝐶𝑚−1⌉,       (47) 

ℜ6,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)] = ℨ𝜇
𝐶𝐹 [𝑉𝑚−1(𝜏; 𝑞)] + 0.3𝜔2 (1 −

𝑘𝑚

𝑛
) 

−(1 − 𝜇 + 𝜇𝜔) ℨ𝜇
𝐶𝐹 ⌈𝜆5𝐿𝑚−1 + 𝜆6(𝑉𝑚−1 − 𝑀𝑚−1) + 𝜆7(𝜛 − 𝑉𝑚−1)⌉.     (48) 

On applying inverse CFET on Eqs (37)–(42), it is acquired that 

𝐴𝑚(𝜏) = 𝑘𝑚𝐴𝑚−1(𝜏) + ℎ( ℨ𝜇
𝐶𝐹 )

−1
[ℜ1,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)]],  (49) 

𝐶𝑚(𝜏) = 𝑘𝑚𝐶𝑚−1(𝜏) + ℏ( ℨ𝜇
𝐶𝐹 )

−1
[ℜ2,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)]],  (50) 
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𝐻𝑚(𝜏) = 𝑘𝑚𝐻𝑚−1(𝜏) + ℏ( ℨ𝜇
𝐶𝐹 )

−1
[ℜ3,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)]],  (51) 

𝐿𝑚(𝜏) = 𝑘𝑚𝐿𝑚−1(𝜏) + ℏ( ℨ𝜇
𝐶𝐹 )

−1
[ℜ4,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)]],  (52) 

𝑀𝑚(𝜏) = 𝑘𝑚𝑀𝑚−1(𝜏) + ℏ( ℨ𝜇
𝐶𝐹 )

−1
[ℜ5,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)]],  (53) 

𝑉𝑚(𝜏) = 𝑘𝑚𝑉𝑚−1(𝜏) + ℏ( ℨ𝜇
𝐶𝐹 )

−1
[ℜ6,∗[(𝐴𝑚−1, 𝐶𝑚−1, 𝐻⃗⃗⃗𝑚−1, 𝐿⃗⃗𝑚−1, 𝑀⃗⃗⃗𝑚−1, 𝑉⃗⃗𝑚−1)]].  (54) 

By applying the iterative scheme defined in Eqs (49)–(54) for 𝑚 = 0,1,2, . . .,  the first few 

components of the solution series are obtained as follows: Using the ICs, I have 

𝐴0(𝜏) = 0.09, 𝐶0(𝜏) = −0.09, 𝐻0(𝜏) = −0.9, 𝐿0(𝜏) = −0.1, 𝑀0(𝜏) = 0.2, 𝑉0(𝜏) = −0.3. (55) 

To ascertain the values of 𝐴1(𝜏), 𝐶1(𝜏), 𝐻1(𝜏), 𝐿1(𝜏), 𝑀1(𝜏), 𝑉1(𝜏), replace 𝑚 = 1 into Eqs (49)–(54), 

accordingly, yielding 

𝐴1(𝜏) = −ℎ(1 − 𝜇 + 𝜇𝜏)(−0.09𝜆1 − 0.018),      (56) 

𝐶1(𝜏) = −ℎ(1 − 𝜇 + 𝜇𝜏)(0.09𝜆1 − 0.218),      (57) 

𝐻1(𝜏) = ℎ(1 − 𝜇 + 𝜇𝜏)(0.9𝜆1),       (58) 

𝐿1(𝜏) = 0.5ℎ(1 − 𝜇 + 𝜇𝜏),        (59) 

𝑀1(𝜏) = −ℎ(1 − 𝜇 + 𝜇𝜏)(−0.1𝜆2 − 0.5𝜆3 − 0.09𝜆4),     (60) 

𝑉1(𝜏) = −ℎ(1 − 𝜇 + 𝜇𝜏)(−0.1𝜆5 − 0.5𝜆6 + 𝜆7(𝜛 + 0.3)).     (61) 

It should be noted that the numerical coefficients appearing in this expression are obtained by 

direct substitution of the parameter values listed in Table 1 into the analytical formulation and do not 

represent additional independent parameters. 

Similarly, to ascertain the values of 𝐴2(𝜏), 𝐶2(𝜏), 𝐻2(𝜏), 𝐿2(𝜏), 𝑀2(𝜏), 𝑉2(𝜏), putting 𝑚 = 2 

into Eqs (49)–(54) yields 

𝐴2(𝜏) = (𝑛 + ℎ)[−ℎ(1 − 𝜇 + 𝜇𝜏)(−0.09𝜆1 − 0.018)] 

+ℎ2𝜓(𝜇, 𝜏)(0.09𝜆1
2 + 0.036𝜆1 + 0.009𝜆2 + 0.045𝜆3 + 0.0081𝜆4 − 0.0436),  (62) 

𝐶2(𝜏) = (𝑛 + ℎ)[−ℎ(1 − 𝜇 + 𝜇𝜏)(0.09𝜆1 − 0.218)] − ℎ2𝜓(𝜇, 𝜏) 

× (−0.109𝜆2 − 0.545𝜆3 − 0.0981𝜆4 − 0.236𝜆1 − 0.0036 + 0.09𝜆1
2),    (63) 

𝐻2(𝜏) = (𝑛 + ℎ)[ℎ(1 − 𝜇 + 𝜇𝜏)(0.9𝜆1)] − 0.9ℎ2𝜆1
2𝜓(𝜇, 𝜏),      (64) 

𝐿2(𝜏) = (𝑛 + ℎ)[0.5ℎ(1 − 𝜇 + 𝜇𝜏)] + ℎ2𝜓(𝜇, 𝜏)(𝜆7(𝜛 + 0.3) − 0.1𝜆5 

−0.5𝜆6+0.1𝜆2 + 0.5𝜆3 + 0.09𝜆4),            (65) 

𝑀2(𝜏) = (𝑛 + ℎ)[−ℎ(1 − 𝜇 + 𝜇𝜏)(−0.1𝜆2 − 0.5𝜆3 − 0.09𝜆4)] 

−ℎ𝜓(𝜇, 𝜏)(0.5𝜆2ℎ𝜓(𝜇, 𝜏) − ℎ(𝜆7(𝜛 + 0.3) − 0.1𝜆5 − 0.5𝜆6 

+0.1𝜆2 + 0.5𝜆3+0.09𝜆4)𝜓(𝜇, 𝜏)𝜆3 − 𝜆4ℎ𝜓(𝜇, 𝜏)(0.09𝜆1 − 0.218)),    (66) 

𝑉2(𝜏) = (𝑛 + ℎ)[−ℎ(1 − 𝜇 + 𝜇𝜏)(−0.1𝜆5 − 0.5𝜆6 + 𝜆7(𝜛 + 0.3))] 
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−ℎ𝜓(𝜇, 𝜏)(0.5𝜆5ℎ − 𝜆6ℎ(𝜆7(𝜛 + 0.3) − 0.1𝜆5 − 0.5𝜆6 + 0.1𝜆2 + 0.5𝜆3 

+0.09𝜆4) + ((ℎ(𝜏 − 1)𝜆7𝜛 + (0.3𝜏 − 0.3)ℎ𝜆7 + ((−0.1𝜆5 − 0.5𝜆6)𝜏 + 0.1𝜆5 

+0.5𝜆6)ℎ)𝜇 + (ℎ𝜆7 + 1)𝜛 + 0.3ℎ𝜆7 + (−0.1𝜆5−0.5𝜆6)ℎ)𝜆7),      (67) 

⋮ 

In Eqs (62)–(67), 

𝜓(𝜇, 𝜏) = ((1 − 𝜇)2 + 2𝜇(1 − 𝜇)𝑡 +
𝜇2𝑡2

2
) 

is given as the expression. Additionally, 𝜓(𝜇, 𝜏) is obtained from the analytical formulation of the 

Caputo–Fabrizio fractional derivative after algebraic simplification and does not represent an assumed 

series approximation. 

Higher-order terms become more complex as the series converges quickly and contribute only 

marginally to the solution accuracy. Therefore, only the first few terms are given, which are enough to 

represent the fundamental behavior of the system. Thus, the CFq-EHATM solutions of CFFMMDS 

are introduced by 

𝐴(𝜏) = 𝐴0(𝜏) + ∑ 𝐴𝑚(𝜏)∞
𝑚=1 ,        (68) 

𝐶(𝜏) = 𝐶0(𝜏) + ∑ 𝐶𝑚(𝜏)∞
𝑚=1 ,        (69) 

𝐻(𝜏) = 𝐻0(𝜏) + ∑ 𝐻𝑚(𝜏)∞
𝑚=1 ,       (70) 

𝐿(𝜏) = 𝐿0(𝜏) + ∑ 𝐿𝑚(𝜏)∞
𝑚=1 ,        (71) 

𝑀(𝜏) = 𝑀0(𝜏) + ∑ 𝑀𝑚(𝜏)∞
𝑚=1 ,       (72) 

𝑉(𝜏) = 𝑉0(𝜏) + ∑ 𝑉𝑚(𝜏)∞
𝑚=1 .        (73) 

4. Results and discussion 

The truncated series representation is sufficient due to its rapid convergence. Numerical results 

are presented to analyze the system response under varying fractional orders using the Caputo–Fabrizio 

fractional derivative. In the following figures, two-dimensional solution profiles of the CFFMMDS are 

plotted for ℎ = −1, 𝑛 = 1, and different values of 𝜇, based on the parameter set reported in Table 1. 

In Figure 2, the temporal evolution of 𝐴(𝜏) is presented, while all other model parameters are 

fixed, as given in Table 1. The curves illustrate that decreasing 𝜇 leads to a reduction in the magnitude 

of growth and decay slopes. In Figure 3, the results demonstrate that lower values of 𝜇  yield a 

smoother temporal response, indicating enhanced memory effects within the system. In Figure 4, as 

the fractional order decreases, the evolution of 𝐻(𝜏) becomes more gradual, reflecting attenuation in 

the dynamic response. The Figure 5 shows that decreasing 𝜇 reduces the rate of change in 𝐿(𝜏), 

leading to a smoother and more distributed temporal behavior. In Figure 6, a damping-like effect is 

observed as 𝜇 decreases, resulting in reduced slope magnitudes. In Figure 7, the results indicate that 

smaller values of 𝜇 produce a slower and smoother temporal evolution, which is consistent with the 

memory-dependent nature of the fractional operator. 
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Figure 2. Two-dimensional plot of solution 𝐴(𝜏)  obtained via the CFFMMDS for 

different values of the fractional-order parameter 𝜇. 

 

Figure 3. Two-dimensional plot of solution 𝐶(𝜏) for varying fractional-order values 𝜇. 

 

Figure 4. Two-dimensional plot of solution 𝐻(𝜏) under different values of 𝜇. 



14833 

AIMS Mathematics  Volume 11, Issue 5, 14820–14839. 

 

Figure 5. Two-dimensional plot of solution 𝐿(𝜏) for varying 𝜇. 

 

Figure 6. Two-dimensional plot of the solution 𝑀(𝜏) corresponding to different fractional orders 𝜇. 

 

Figure 7. Two-dimensional plot of the solution 𝑉(𝜏) for different values of 𝜇. 

For example, the fractional order can be illustrated further by studying the solutions concerning 

different 𝜇  of solutions. I find that a decreasing μ results in a slower evolving time scale with a 
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smoother system reaction that seems to have stronger memory effects. The magnitude of values 𝜇 

close to 1, by contrast, reproduces behavior resembling the classical integer-order model. These 

numerical effects validate the large importance of the fractional order in determining the dynamic 

properties of the system and its stability. 

These results can be understood in terms of the physical behavior of the drilling system. Moreover, 

decreasing fractional order 𝜇  introduces stronger memory effects, which act as a damping-like 

mechanism in the system. As a result, the amplitude of oscillations decreases accordingly, and the 

temporal response becomes smoother. This behavior, from a drilling engineering perspective, is related 

to the suppression of undesirable vibration phenomena, including stick-slip oscillations and 

fluctuations in torque and angular velocity. In addition, the attenuation indicates enhanced energy 

dissipation within the system, which contributes to improved operational stability and reduced 

mechanical stress on drilling components. 

In this study, a strict stability or bifurcation analysis is not performed, but the results give 

qualitative information about system dynamics. In particular, decreasing fractional order μ leads to 

smoother responses of the system and reduced oscillation amplitudes, suggesting enhanced stability 

due to stronger memory effects. A detailed stability and bifurcation analysis of the proposed fractional-

order model constitutes an interesting direction for future work. 

The time-dependent decay rate of 𝐴(𝜏)  is strongly dependent on fractional order 𝜇 . As 𝜇 

decreases, the magnitude of the slope of 𝐴(𝜏) is reduced, and the temporal evolution of the solution 

becomes slower and more gradual compared to the integer-order case. Similarly, the time-dependent 

growth behavior of 𝐶(𝜏) exhibits smaller growth slopes for decreasing values of 𝜇, leading to a more 

gradual progression of the solution over time. For 𝐻(𝜏), a comparable trend is observed, where a 

decrease in 𝜇 results in a reduced magnitude of the decay slope and a slower temporal evolution. As 

shown in Figure 5, the growth rate of 𝐿(𝜏) is also sensitive to the fractional order, with lower values 

of 𝜇  yielding diminished growth slopes and a more gradual development of the solution. This 

tendency is further reflected in Figure 6 by the decreasing magnitude of the negative slope of 𝑀(𝜏), 
and in Figure 7 by the more gradual temporal variation of 𝑉(𝜏). Overall, the results presented in 

Figures 2–7 indicate that a decrease in fractional order μ systematically attenuates growth and decay 

slopes across all state variables, leading to a slower and more distributed temporal evolution relative 

to the classical integer-order formulation. With decreasing fractional order μ, there is attenuation of 

growth and decay slopes, and this can physically be interpreted as a result of enhanced memory effects 

in the system. In contrast to classical integer-order models, this fractional representation works in a 

way that incorporates past states into the current processes, which leads to smoothing out the temporal 

evolution over time. The damping-like effect of this phenomenon could be attributed from the drilling 

engineering standpoint. In particular, the lower rate of change in the state variables suggests a 

suppression of rapid oscillations, such as stick-slip vibrations that are common in drilling systems. 

Consequently, lower values of 𝜇 may correspond to improved dynamic stability, reduced mechanical 

wear, and more efficient drilling performance. This unified trend reflects the intrinsic memory structure 

of the Caputo–Fabrizio fractional derivative, which distributes the influence of past states over the 

temporal domain of the solution space. 

The semi-analytical solutions obtained provide a better appreciation of the dynamic response of 

the drilling system to fractional-order effects. More specifically, they enable investigation of how 

fundamental parameters and the fractional order 𝜇 contribute to system stability, transient behavior, 

and oscillatory patterns. In a practical sense, this may contribute to better vibration phenomena control, 

i.e., stick-slip oscillations, and better understanding of energy dissipation mechanisms in drilling. In 

addition, because the solution can be used as an analytical form, efficient parametric studies make the 
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results of the analysis of the solution for optimization and design of more stable and reliable drilling 

operations feasible. 

5. Conclusions 

My goal of this study was to develop a CFFMMDS mathematical model to investigate the 

dynamics of the components of an induction motor-driven drilling system. To examine the influence 

of the fractional order 𝜇  on the temporal behavior of the system state variables, a nonsingular 

fractional derivative with an exponential memory kernel was incorporated into the governing equations. 

The results show that decreasing 𝜇 yields smaller growth and decay slopes, indicating a slower and 

more gradual temporal evolution compared to the classical integer-order formulation. This trend is 

consistent with the memory structure of the Caputo–Fabrizio operator, which distributes the influence 

of past states over time. Overall, the most important contributions of this study can be emphasized as 

follows: First, a fractional-order model of the drilling system is developed using the Caputo–Fabrizio 

derivative, which can integrate the non-singular memory effects. Second, a hybrid semi-analytical 

approach based on the CFq-EHATM method is employed to generate approximate solution series for 

the proposed system. Third, the effect of fractional order μ on the system dynamics is systematically 

evaluated, proving its key involvement in controlling stability and transient behavior. Finally, the 

results obtained provide useful insights into vibration attenuation and energy dissipation mechanisms, 

thus contributing to a better understanding of drilling system dynamics. Despite the excellent results 

of this study, there are some limitations that must be mentioned. The model proposed is of a 

commensurate fractional-order formulation and it takes a simplified characterization of the dynamics 

of the drilling system. Additionally, the semi-analytical CFq-EHATM solutions are presented as 

truncated versions, and higher-order terms are not specified because they become more complex. 

Moreover, researchers could expand the approach to incommensurate fractional-order systems, 

incorporate more realistic physical effects, and validate the results with experimental or field data. It 

has also been suggested that efficient numerical schemes will be used for numerical modeling, so 

hybrid approaches toward more complex fractional models must remain a good direction for future 

research. It should be noted that my results primarily illustrate qualitative trends of the system behavior. 

A quantitative validation with experimental or benchmark data remains an important direction for 

future research. A detailed comparison with numerical methods such as the finite difference method is 

left for future work and will be addressed in subsequent studies. 
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