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1. Introduction

Coding theory over finite rings and modules has developed into an active area of research, motivated
both by its intrinsic algebraic structure and by applications to error detection and correction. The
classical Hamming metric, introduced by Hamming [6], provides the foundational framework for
measuring the number of corrupted coordinates in a codeword. Later, Lee [10] introduced the Lee
metric, which is particularly suitable for codes over residue class rings and has led to an extensive
theory of perfect codes and related packing problems; see also the work of Golomb and Welch [5].
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Beyond these classical metrics, partially ordered set (poset) metrics were introduced by Brualdi,
Graves, and Lawrence [2] as a generalization of the Hamming metric in which the support of a vector
is governed by an underlying partial order. Later, Ahn et al. [1] classified perfect linear codes with
crown poset structure, while Kim and Krotov [9] characterized poset metrics admitting binary perfect
codes of codimension m. D’Oliveira and Firer [4] investigated packing radii for poset metrics, and
Hyun and Kim [7] studied maximum distance separable (MDS) poset codes. Further structural aspects
of poset metrics and their linear isometries were investigated in [13, 14].

A further extension of this direction replaces ordinary posets by more general ordered structures
adapted to metric constructions over finite alphabets. In this context, partially ordered multiset
(pomset) metrics and their coding-theoretic properties have been investigated in [17,18]. More recently,
block versions of these metrics have received increasing attention, as in many coding models, the
coordinates are naturally grouped into blocks rather than treated individually. Such block structures
are especially relevant when different groups of coordinates represent correlated information or are
subjected to different error mechanisms. Block codes in pomset metrics were studied in [12, 15],
and weighted poset block metrics and related Singleton-type bounds were investigated in [11, 16].
In the setting of poset block codes, the work of Dass, Sharma, and Verma [3] established important
connections between MDS codes and I-perfect codes.

Parallel to these developments, the subgroup structure of Z,, provides another natural source of
metric information. Because the lattice of subgroups of a cyclic group is isomorphic to the divisor
lattice of m, it is possible to encode algebraic information about coordinates through subgroup data
rather than merely by their zero or nonzero status. This perspective was recently explored in [8], where
weighted poset metrics based on the lattice of subgroups of Z,, were introduced. That construction
shows that the arithmetic of m and the combinatorics of the divisor lattice can be combined effectively
to produce new metric structures and new classes of perfect codes.

The aim of the present paper is to develop a block version of this lattice-subgroup approach by
combining three ingredients: a poset on the block index set, a block decomposition of Z},, and the
multiset structure arising from the prime factorization of m. This leads to the notion of a block LS—
poset metric, which simultaneously generalizes subgroup-based weighted metrics and block poset-
type metrics. The resulting distance reflects not only which blocks are nonzero, but also the subgroup
complexity of the entries appearing inside each block. Consequently, the associated balls and packing
conditions exhibit features that do not occur in the classical Hamming or ordinary poset settings.

The main contributions of this paper are as follows. First, we introduce the block LS —poset weight
and prove that the induced distance on Z], is a metric. Next, we study the structure of r-balls and 7-
balls, obtaining explicit formulas and algebraic descriptions that depend on the corresponding ideals in
the product poset P x (M) equipped with the partial order <p defined below. We then characterize 7 -
perfect block LS —poset codes in both the full-count and partial-count cases, and establish a Singleton-
type bound for block LS—poset codes. This bound motivates the notions of MDS and partial-MDS
block LS —poset codes, and we show how these notions are related to perfectness with respect to suitable
ideals. Finally, for certain special posets such as chains and star posets, we derive consequences for
r-perfect codes and describe situations in which MDS, 7 -perfect, and r-perfect notions coincide.
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2. Preliminaries

2.1. Multisets and the power set of a multiset

To formulate the theory precisely, we begin with the multiset language associated with the prime
decomposition of m, which provides a convenient combinatorial model for the lattice of subgroups of
Z,,. The notion of a multiset used here follows the standard definition and basic operations described
in [17].

Let X be a finite nonempty set. A multiset (in short, mset) M over X is a pair M = (X, ¢)s), where
ey : X = Ny is a function, called the multiplicity function, which assigns to each x € X a non-negative
integer ¢y,(x). The value ¢y, (x) represents the number of times x appears in the multiset M.

An mset M, drawn from X = {x,..., x;}, is commonly written as M = {k,/xy,k>/x2,...,k;/x;}, or

equivalently, in compact form [8],

M = 2Tyl

where ¢y(x;)) = k; >0fori=1,...,t. Ifk/a € M, then r/a € M for all 1 < r < k. The cardinality of
an mset M = (X, cy) is defined as [M| = ), .cx cp(x). The root set of M is defined by M* := {x € X :
cu(x) > 0}

Given two msets M; and M,, we say that M, is a submultiset (or submset) of M,, written as M; €
M, if M7 € M and ¢, (x) < ¢y, (x) for all x € M;. For example, b2 = al%p!? € a!''p!?). Here, a!”!
indicates the absence of a from the root set. The relation € induces a partial order on the collection of
multisets.

The power set of the mset M = x[lk” [l xy"] is denoted by &?(M), and is defined as

PM) = AP 0 < <k foralli= 1.1,

Here, the empty multiset x&olxg” [OJ is denoted by 0y,. Then, (Z(M), €) is a poset.
Recall some operations in @(M) where M = Ek‘] [2k2] . Ek’]. Let a1, € H(M), in which
) = xEl']x[;ﬂ . [l’] ,and ap = x[lh']xg’ﬂ . xy”]. Then,
(Addition) a) +ay = x[lal(xl)] [o2Ge2)] [“’(x’)] where a;(x;) = min{k;, [; + h;};
(Subtraction) a; —ay = x[g‘(x‘)] 52(“)] . g”’(x’)], where s;(x;) = max{l; — h;,0};
(Union) aUa, = x[l"l(xl)] Do)l Ol - where 1,(x;) = max{l;, bi);

Xy
(Intersection) a; Nay = x[l”(m]x[‘zm)] x?’(x’)], where 1;(x;) = min{l;, h;},

foralli=1,...,t. Foreach a € #(M), the smallest 8 € (M) such that & + 8 = M is called the dual
of @, denoted by a.

2.2. Ideals in the product poset P X (M)

Given a poset (Q, <), a subset I of Q is called an order ideal (or simply an ideal) of Q if it satisfies
the following: If x € Tandy < xin Q, theny € I. For § C Q, we denote (S) the smallest ideal
containing S'.

Let P = ([n], <p) be a poset on the set [n] := {1, 2,...,n}. We define a partial order <p on [n]x (M)
by

L) <p (B) © {l Janda € p

i <p jwherei# j.
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An ideal I of the poset P X &y = ([n] X Z(M),<p) is called an ideal with full count if (i, @) €
I = (i, M) € I, otherwise, it is called an ideal with partial count. The set of all ideals in P X ), is
denoted by I(P X Py). For I € I(Px Py), weletMy(I)={i€[n] : ((M)e I},MnJ)=1{i€
M¢(Z) : (i, M) is maximal}, and M,(J) = {i € [n] : (i,@) € 1 but a # 0y, M}.

For a = x[lh‘]x[zhﬂ ‘e xgh’] € # (M), for which M = x[lk‘]x[zkﬂ ‘e xy"], we define -] : P (M) — Ny by

O, 1fa = 0M’
La] :=<al, if hj=k;=1forsome je{l,...,t},
la] + 1, otherwise.

For example, Lx&”xgﬂxgu] =6= Lxgzlxgjxg”], where the mset M = x?Jx[;ng”xL”.

We obtain the following result directly from the definition of |-].

Proposition 2.1. Let M = xEkl]ng]---xgk’] and @ = x[lh‘]xghﬂ---xgh’] € P (M). Then, there exists

B € P (M) such that B € a and | 8] = la] — 1 except for the case a = xl[l],for which k; > 1.

Let 3,(P x Z)) denote for the set containing 7 € J(P x ) in which for each i € My, (7) U
M,(Z), ! a; € Z(M) such that |e;] > | ] for all (i,8) € 1. _ _

The dual poset with respect to P of P X &) is the poset P x &), where P is the dual poset of P.
For T € 3,(P x Z)), the complement of 7, denoted by 7, is the ideal of P x &), which satisfies: (i)
M(T%) = [n\M(Z) UM,(1)), (il) M,(I*) = M,(Z), and (iii) ¥j € M,(Z°). If (j, @) is the maximal
element of 7, then (j, @) is the maximal element of 7°.

2.3. Block LS —poset support and weight

Consider Z,, = {0,1,...,m — 1} and the mset M = p[lk']p[zkﬂ --~p£k’], where m is written as

p'f‘ p';z e plt" with distinct primes p; and positive integers k;. Let £(Z,,) denote the lattice of subgroups

of Z,,. Define a map y : £(Z,) — P(M) by y(H) = a,, := p"'pl> ... pll "where |H| = pl p% .- pl.
It is clear that ¢ is an order-isomorphism.
N
Let 7 : [s] — N be a label map such that Z n(i) = n. We consider the space Z;, as the direct sum

i=1
of modules Z*V, 7*® . 7" That s,

2. =7'"eZP e o7
m m m m °

Each v € Z; can be written uniquely as v = v ® v, & --- @& v, where v; = (v;,...,v;,) € ZZU).
For each i € [s], there exists a unique element of {“<v,~1>’ .. -’0‘<viﬂ(,.)>}’ denoted by @y, for which
lamwm1 2 Lyl forally € {ag,),....aq, )}, and ™ (@m,y)) has maximal cardinality among elements

U @), - (@ ,)-

Forv=v,®v,®---®v, € Z,, the m, . -support of v is defined as
supps (V) := {(i, @) : i € [s] and @) # O}

The LS —poset block weight of v € Z! is defined as

wisa(V) = My(supps (WD LMT+ D7 e

jeMp ((SuppLS,n(V»)
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The LS —poset block distance between two vectors u, v € Z), is defined as
dﬂ'LS (u7 V) = WLS,?T(u - V)'

In the next theorem, we prove that d,, is a metric on Z],.

3. Block LS —poset metric

Lemma 3.1. Let M = p[lk‘] pgkz] e py"]. For a,B € P (M), the following statements hold:
(1) If @ € B, then |a] < |B].
(2) la +B1 < el + B]

Proof. Suppose @ &€ B. That is, each multiplicity in « is less than or equal the corresponding

multiplicity in 3. By the definition of | -], we have [a] < |S].

As the mset sum, let @ + 8 = pE“I(P')] p[2a2(1’2)] ... pluedl

p[ll‘]p[zh] . -py’] and 8 = p[lh‘]pg'z] . ~p£h’]. It is clear that

, a;(p;) = min{k;,[; + h;}, where a =

-+ Bl =D ap) < D (Ui +hi) = lal + Bl

1 l

Then, we have @ + B] < e+ 8|+ 1 < (la| + 1) + (|8] + 1). Up to a root with multiplicity 1 and k; = 1
in each of @, 8, @ + 3, it can be shown directly that @ + 8] < |a] + |B]. O

Lemma 3.2. Letx,y € Z),. Then, wis (X +Y) < wrs 2(X) + wrs 2(y).

Proof. For each i € [s], we write X; = (X, ..., Xiyy)s Yi = Vips-++5 Vi) € Z’,,rfi). Fix a block i. For
each coordinate j in this block, the cyclic subgroup (x;; + y;;» has an order dividing the least common
multiple of the orders of (x; ) and (y;;). Hence, under the order-isomorphism ¢, we obtain

Uiy € Uy U Ayyy € Q) + gy )
By the definition of the maximal element a,., in block i, it follows that
Amy(x+y) € Uy Y Amyy) € Amyx) + Xmy(y)-

Therefore, the ideal generated by the support of x + y is contained in the ideal generated
by the blockwise sums coming from x and y. In particular, every full-count or partial-count
contribution appearing in {(supp;s (X + y)) is dominated by the corresponding contribution coming

from (supp; (%)) and (supp; .(¥))-
Now, Lemma 3.1 gives

|tmxin | < L@ + @y | < L@ | + [ |-

Summing over all blocks, we conclude that the total contribution of X +y to the LS —poset block weight
cannot exceed the sum of the contributions of x and y. Hence, wys (X +y) < wis.(X) + wis(y). O

Theorem 3.1. The LS —poset block distance dy, (-, ") is a metric on Z),.

AIMS Mathematics Volume 11, Issue 5, 14735-14756.
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Proof. Clearly, d,, (x,y) > 0 for x,y € Z;,. Because (x) = (—x) for x € Z,,, we have that d,,(-,-) is a

symmetry. Using the inequality as in Lemma 3.2, d,, (-, -) satisfies the triangle inequality. O

The metric d,, (-, ) on Z], is called the LS —poset block metric. A submodule C of a space (Z),, d,,)
is called an (n, K, d)"Ls -code, where K is the cardinality of C, and d is the minimum distance of C,
denoted by d,, (C),
dr,(C) = min{wys ,(v) : 0 #veC}

The dual of an (n, K, d)”Ls -code C is defined as

C-={veZ :u-v=wuv;+--+u,yw,=0foralluecC}.
Example 3.1. Let P, = {1,2,3,4,5} be a subposet of the poset P as given in Figure 1, and let M =
21315121, Con51der Zigo = Zeoy®L2 0, ®Z3 1 OZj DLy, thatis, m(1) = 2,7(2) = 5,7(3) = 3,7(4) = 1,
and 7(5) =

LetS = {V =vieov ®(0,24,600 208 (8,12) : v, € Zsoo’v2 € Z(,oo} Then, for any v € §,

(suppzs (V) = ((3,5), (5,258,

Hence, wig.(v) = 2 - 6 + |57 + [ 2151217 = 19,

(1)

/8\ <2>/<3>\<5>
/XN
On o A
| XXX X7

(24) (40) (60) 100y (150)
: . NS XX 7
0: >< (120)  (200)  (300)
1 2 )

Figure 1. Two posets P = ([8], <p), O = ([4], 2¢), and L(Zen)-

Given I € J,(P x Py), there is a codeword u of Z}, (supp;s ,(w)) = Z. So, we can define a map
Ly, (see [8]), from I, (P X Zy) to N, by

u(@) = M(D)] - M1+ Z 1€2;1, (3.1

JEM,(I)
where (i, ;) € max(J), the set of maximal elements of 7.

Proposition 3.1. Let m = p]l‘l -‘-pf’, and let 0 < r = klM] < s|M] for some k € Ny. Then, the
following statements hold:

AIMS Mathematics Volume 11, Issue 5, 14735-14756.
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(1) There exists an ideal I € I,(P X Py) with {y(I) = r, and an element e € [s] such that either
(e, 0y) is an upper bound of I, or (e,Dy) is incomparable with every element of 1.

(2) If there exist distinct indices i and j such that k; = k; = 1, then there exist at least two distinct
ideals 1,1, € 3,(P X Zy) such that

{uT) =) =r+1.

Proof. (1) Because 0 < r = kM| < s|M], Proposition 2.1 guarantees the existence of an ideal
I € 3,(P x Py) with {(I) = r. In the construction of such an ideal, one proceeds inside the product
poset P X &) by successively replacing elements of the form (i, Q) with (i, Q") where Q € Q' or
Q' € Qin &), while preserving downward closure in P X &),. This process yields some e € [s] for
which either (e, 0,,) lies above every element of 7, or (e, 0),) remains incomparable with every element
of 7. Thus, the claim in (1) follows.

(2) Suppose there exist distinct indices i and j such that k; = k; = 1. Then, P,[-l] and p[l.” are two
distinct minimal nontrivial elements of Z2(M)\ {0,,} corresponding to the prime divisors p; and p ;- Let
7 be an ideal as in (1) with {y(Z) = r. By Proposition 2.1, the ideal 7 can be extended in the second
coordinate by adjoining either (e, plm) or (e, pg.l]), while preserving the ideal property in Px #y,. These
two distinct extensions yield ideals 1, 7, € 3,(Px Zy). To see that each extension increases the value
of {3, by one, note that pl[.” and pE.” are minimal nonempty elements of &?(M) because k; = k; = 1. By
the definition of the LS —weight on (M), every such minimal element satisfies

P =1p"=1.

Because j,(7) is defined as the sum of the [-]-values corresponding to the maximal counted elements
of 7, adjoining (e, pl[”) or (e, pg.l]) contributes exactly one to this sum. Consequently,

() =luT) =r+ 1.

3.1. r-balls

The (LS, m)-ball and the (LS, mr)-sphere with center u and radius r are defined, respectively, as
Brs(w,r)={veZ, : dy,v)<r}, Sis.(u,r)={veZ, : dp,(u,v)=r}

They are also called as an r-ball and r-sphere centered at u and denoted by B,(u) and S ,(u),
respectively.

Definition 3.1. In a space (Z),,d,,,), a code C over Z,, is said to be r-perfect if the (LS, r)-balls of
radius r centered at the codewords of C are pairwise disjoint, and their union covers the entire space
z.

Remark 3.1. The map ¢, plays a fundamental role in the definition of the block LS —poset weight.
Indeed, for any vector v € Z;, let supp, (V) denote its block LS—support and (supp, s ,(v)) the ideal
generated by this support in P X &),. By definition of the block LS —poset weight, we have

Wrs (V) = §M(<SUPPLS,n(V)>)-

AIMS Mathematics Volume 11, Issue 5, 14735-14756.
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Thus, the weight of a vector is obtained by evaluating the function {j; on the ideal generated by its
support. Consequently, the r-ball centered at the origin can be described in terms of ideals of P X &y,
satisfying £y (X) < r.

Because a code C is a submodule of Z" over Z,, all balls of the same radius have the same

cardinality. That is, the cardinality of an r-ball centered at 0 represents the cardinality of any other

ball with radius r. We then formulate this cardinality in order to characterize a code C that is r-perfect.
It is clear that

B, =] 5,0
q=0
so we have .
B0 =1+ ) 15,0l
q=1

To compute |S ,(0)|, we partition §,(0) according to the ideals
I ={L €I.(Px Py) : {in(D) = q}.

Indeed, for every v € §,(0), the ideal (supp, s ,(v)) belongs to J7, as wys (V) = {u({supp.s (V) = q.
Hence,
S40) = | |{vezZy: suppys () = I).

Te34

Given d € Ny, let
Aj={ae PXM): |a] =d}

d
vs= v @cz,

e=0 a€A,

and define

Thus, U, consists of all elements of Z, whose associated multiset level does not exceed d.
Consequently, the number of block vectors v; € 7™ whose level equals d is

Nlevel(i’ d) = IUdlﬂ(l) - |Ud—l|ﬂ(l)»

where Ni.,o(i,0) = 1, and

d
Ud =1+ ) > ¢lv™ @),

e=1 a€A,
with ¢ denoting Euler’s totient function.

Now, fix 7 € J9. For each maximal block i € M.(Z)UM,(J), the block v; must have a level exactly
[€2;1, and the number of such block vectors must equal Njeye (7, [€2;]). For each nonmaximal full-count
block j € M /(1) \ My.(Z), the block v; may be chosen arbitrarily from VA giving m™ possibilities.
Therefore,

vezy: uppus ) =Tl =| || NG, L) |,
i€M f, (T)UM,(T)

AIMS Mathematics Volume 11, Issue 5, 14735-14756.
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Summing over all 7 € J¢ and then over g = 1, ..., r, we obtain

BOI=1+> > | []  Neallo)|m=semsor, (3.2)

q=1 Te34 \ieM 1, (1)UM,(T)

3.1.1. The chain poset

Assume that P = ([s],<p)is the chain, 1 <p --- <p 5. Forv=v,®&v,®---®v,, V; € Z’,f,(i), let
A(v) :=max{i € [s] : v; # 0}. For k € [s], Vi(r) stands for the set containing all v in B,(0) such that
A(v) = k. This implies that the sets {0}, V(r), ..., Vi(r) are pairwise disjoint, and their union is B,(0).
Because P is a chain, it follows that for v € Vi(r), (supp;s ,(V)) contains all pairs (i, M) for i < k, and
its only possible partial contribution occurs in block k. Consequently, wis (V) = (k= 1) M| + [, 1-
We have that the condition v € B,(0) is equivalent to (k — 1){M]+ d < r, where 1 < d < |M]. Letting

Via ={veVilr) : lanml =d},

it follows that Vi (r) can be partitioned into V;, for 1 < d < |[M7. Then, |Vl = mE DN et (k, d),
that is, the cardinality of the r-ball centered at 0 of Z}, is

(Chain poset) 1+ Z mZm ) Z Niever(k, d).
k=1

1<d<|M]
(k=) M1+d<r

The cardinalities of the balls B,(0) for several values of m in the chain poset case are listed in
Table 1.

Table 1. The cardinality of B,(0) in Z = Z2 @ Z! & Z2 & Z! with the chain P = ([4], <p).

r I 2 3 4 5 6 7 8

m =23 1 4 16 64 64 128 256 512
m=233* 1 16 196 784 2304 5184 5184 20736
m=2%325 25 400 4900 19600 57600 129600 648000 2592000

Observe that there is no submset o with |@] = 1, in either Z(2P)) or 2213121, So, |B4(0)| =
|Bs(0)] in Z5 , and | Bs(0)| = |B5(0)] in Z5,.
3.1.2. The star poset

Assume that P = ([s], <p) is a star V-poset, | <p iforalli € {2,...,s}, and 2,..., s are pairwise
incomparable. Forv=v,®@v,®---®v, € Z,,if v;=0forall j > 1, wis»(v) < [M]. So, |B.(0)| is

,
1+ Niwr(l,d) = U1, if 0 <r<|M],
d=1
(Star v -pose) O 2 | NeaGidp, it r> 1.
0+JC{2,...,s} (dj)jeje{l ,,,,, LMy jed
LM+, djsr

AIMS Mathematics Volume 11, Issue 5, 14735-14756.
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Consider P as the dual poset of P. Then, Pis a star A-poset. Clearly, if vi # 0, wis (v) > (s—1)[ M.
A general counting formula for |B,(0)] is

Z l_[Nlevel(ja dj), if0<r< (S - I)LM],
(dayennd)E{O,... MY J=2
(Star A -poset) Zindsr

‘ min(| M7, r—(s—1)| M)
mzi:ﬂ(ﬂ 1+ Z Nlevel(l, dl) s if r > (S - l)l-M-l

di=1

3.2. I-balls

Following the definition of 7-balls introduced for poset block codes over finite fields (see
Definition 4.1 in [3]), we extend this notion to the block LS —poset setting.

Let 7 be an ideal in P X &?);. We denote the 7-ball (resp. I-sphere) centered at u by By .(u, 1)
(resp. S rs.(u, 7)), where

V€ B (1) & (suppys,(u—-v)CI  (VeESi(u,]) & (supp,(u-v)=17).

For notational convenience, By(u) and S 7(u) will be used for By .(u, 1) and S ;5 .(u, 1), respectively.

Definition 3.2. In a space (Z},, d,,,), a code C over Z,, is said to be J-perfect if 7-balls centered at the
codewords of C are pairwise disjoint, and their union is Z), .

The following proposition establishes the linearity of the 7-ball centered at the zero vector and
describes several fundamental properties of 7-balls under the block LS—poset metric d,,;. The proof
follows arguments analogous to those used in Propositions 8 and 9 for the classical LS —poset metric
drs in [8]. Indeed, the block LS—poset metric differs from the LS—poset metric only in that each
coordinate is replaced by a block 7Y whereas the order structure of the poset and the definition of the
weight remain unchanged. Hence, the arguments in [8] extend to the present block setting with only
minor notational modifications.

Proposition 3.2. Let 7 € J,(P X Py). In the block LS —poset metric dy,, the following properties
hold:

(1) (Full count I ):
Br(0) = (P Z @ {0},

iEM(T)

where the zero component corresponds to blocks i ¢ My(T).

(2) (Partial count I ):

® 1|1

JeM,(T)

B:(0) = ( & Z’,;(i)] ®

ieEMy(Z)

where for each j € M,(1), (j,€2;) € max(]), and H; = a(9) i), the zero component corresponds
to blocks i ¢ M (1) UM, (7).

(3) (Translation invariance): For any u € Z), Br(u) = u + B7(0).
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(4) (Coset partition property): For any w,v € Z, Br(u) and Bz(v) are either disjoint or identical.
Moreover;

Br(u) = Br(v) © u—v € B(0).

(5) (Duality): B7(0)* is the T®-ball centered at 0 under the poset P x Py.
4. 7-Perfect block LS —poset codes

4.1. Ideals with full count

The following theorem establishes the existence of an 7 -perfect block LS —poset code in Z], for any
ideal 7 of P x &) which satisfies the full count condition M,(1) = 0.

Theorem 4.1. Let T € J,(P X Py) be such that M,(I) = 0. Then, there exists an I-perfect block
LS —poset code C C Z, with cardinality m" " Zea 0™ Aoreover; the dual code C* is an I®-perfect
code under the poset P X &Py, and its cardinality is given by |C*| = mEiet ™0,

Proof. Because M,(Z) = 0, Proposition 3.2(1) yields B7(0) = EB Z;(i) @ {0}. Hence, B7(0) is a
ieM (T)
submodule of Z", of size |B7(0)] = m></©™ Define C = @ Z" & {0}. Then, C is a submodule
JELsI\M(Z)
of Z) satisfying |C| = m" Zietr ™0 By construction, Z], = C @& B7(0), so every vector in Z] can
be uniquely written as x = ¢ + b, for ¢ € C, b € B;(0). Using the translation invariance and coset
properties from Proposition 3.2(3) and (4), the family of balls { By(¢) : ¢ € C} forms a partition of Z], .
Therefore, C is an Z-perfect block LS —poset code.

Next, from the orthogonal decomposition Z! = C & By(0), it follows that C* = Bz(0). By
Proposition 3.2(5), under the dual poset P x Py, we have B;(0)* = B 7¢(0), which implies that C*
is an T¢-perfect block LS—poset code. Finally, |C||C*| = m", and the stated cardinality of C* follows
immediately. m|

4.2. Ideals with partial count

Define
Ey ={a€e M) : " Nna’ =0},

that is, the set of all elements of (M) whose root set does not intersect the root set of their dual.

To analyze 7 -perfect block LS—poset codes in the partial count case, we require the following
structural property. The argument is analogous to that of [8, Lemma 1]. The key idea is to use the set
Eu to construct complementary subgroups H, K of Z,, which satisfy Z,, = H+ K and H N K = {0},
and then extend this decomposition blockwise to each component 7 in the block decomposition
Zp = @;1 7M. Because the block structure only replaces each coordinate of Z,, by a block Z”, the
argument of [8, Lemma 1] applies with only notational modifications. Hence, the proof is omitted.

Proposition 4.1. Let I € 3,(P X Py) be an ideal with partial count, that is, M,(I) # 0. If C C Z}, is
an I-perfect block LS —poset code, then for each i € M,(T) with (i, ;) € max(1), we have Q; € Ey.

AIMS Mathematics Volume 11, Issue 5, 14735-14756.



14746

From Proposition 3.2(2) and Proposition 4.1, the following result follows directly. The condition
Q; € E), guarantees that the subgroup corresponding to €); admits a complementary subgroup in Z,,,.
This allows the block component Zn” to be decomposed into complementary submodules, which is
crucial for constructing the corresponding 7-ball and its complementary submodule forming an 7-
perfect code.

Theorem 4.2. Let I € 3,(P X &y) be an ideal with partial count. Then, an I -perfect block LS —poset
code C C Z!! exists if and only if C = B7(0)*, where

B;(0) = { P z;@]@( $ Hj‘f’)ea{O},
ier(I) JEM, (D)

with Z,, = H; + K;, H; N K; = {0}. Equivalently,

C= b zv ea( $ Kj@]ea{()}.

ie{s]\(Mf(I)uMp(I)) jEM,(T)

Observe that Z, is a cyclic p-group whose subgroups are totally ordered by inclusion.
Consequently, any two nontrivial subgroups of Z, have nontrivial intersection. Hence, the following
corollary follows immediately.

Corollary 4.1. Let m = p* be a prime power;, and let T € I,(P X Zy) be an ideal with partial count,
that is, M,,(X) # 0. Then, no I-perfect block LS —poset code exists in Z;k.

Example 4.1. Consider the poset P = ([8],<p) as given in Figure 1 and the space Z{3, with block
structure 7 = (1, 1,1, 1,2,2,2,2). In Z;,9, the following pairs of nontrivial subgroups form an internal
direct sum of Z59: ((15),(8)), ({40}, (3)), ({24),(5)), that is, in each case, Zi,0 = H+ K,and HNK =

{0}.

(1) The code
C = {0P x (15) x (3)y x (3) x 25, C Z\2,

is an J-perfect block LS —poset code, where

T = {3, M), (4,315l (5,31)}) € I,(P x 2y)

is an ideal with partial count.

(2) Its dual
Ct =73, x (8) x (40) x (40) x {0}°

is an 7 ¢-perfect block LS —poset code under P X Py, where
T¢ = ({4,251, (5,2P15)1) € 3,(P x Py).
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5. MDS block LS —poset codes

Theorem 5.1 (Singleton bound). Let C € Z!, = ;_, Z\” be a block LS—poset code with minimum

distance dy, (C). Then,
n—log,IC|] > max iEMf(]Z)U:MP(I) 7(i),
where the maximum is taken over all ideals I € J,(P X Zy) which satisfy {y(X) < dy,(C) —
I and [M;D) UM,(D)| = |2
Proof. Let k = [%J Then, kM| < d,,;(C) — 1 < (k + 1) M. Because each full-count block

contributes exactly [ M to the value of ¢y, the mteger k is the largest possible number of blocks whose
total contribution to {j; does not exceed d,, (C) —
By Proposition 3.1, there exists an admissible 1deal whose {j-value is a multiple of | M. Hence,

dry (C)-1 J
o . Then,

for the present argument, it is enough to choose a full-count ideal 7 with [M/(1)| = [

s (C) —

{u(D) = [My@D)| - LM = { i

| M1 < dny (C) -

Now, let ¢ € C be any codeword. If ¢; = 0 for all i € [s] \ M/(J), then the block LS —poset weight
15 (O)-1

of ¢ satisfies wyg (¢) < [ J [M] < dg,(C)— 1. Therefore, no nonzero codeword of C can

have all its nonzero blocks contalned in M4(7); otherwise, its weight would be strictly smaller than the

minimum distance. Equivalently, for every nonzero ¢ € C, there exists i € [s] \ My(Z) with ¢; # 0. It

follows that |C| < m" >940™" Thatis, n - [log, IC[1 > > a(i). O

i€M (1)

Remark 5.1. Theorem 5.1 shows that the minimum block LS—poset distance d,,(C) controls how

many block coordinates may be deleted while preserving the injectivity of the puncturing map. In

particular, if (i) = 1 for all i € [s], then the block structure coincides with the coordinate structure,
that is, Theorem 5.1 reduces to

dy, (C)—1

n—[log, |Cl| > {LS—|

[1og,, ICI] M

Definition 5.1 (MDS block LS —poset code). Let C € Z) = @f: | Zﬁfi) be a block LS —poset code with

minimum distance d,,,(C). We say that C is maximum distance separable (MDS) with respect to the

block LS —poset metric if it attains the Singleton bound.
Example 5.1. Consider the space 26 with block structure 7 = (2,2, 1, 1) and the poset Q = ([4], <o)
given by the relations 1 < 3, 1 <o 4 2 <p 3, and 2 <¢ 4 (see Figure 1). Let C C Z%, be the block

code generated by
1 0
0 1|
Then, |C| = 107, and d,,(C) = 5. Hence,
-
LM] | M] ’
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where M = 211151 corresponds to Z,o. Now, consider ideals 7 € J,(Q x £2),) which satisfy
In@) <dp (©)— 1 and  |My(7)UM,D)|=2.

Because Q has two minimal elements {1, 2}, such an ideal may be generated by (1, @;) and (2, a;,) for
some ay,a; € P (M)\{0y}. Therefore, the Singleton-type bound yields

max E a)=na(1)+n(2) =2+2=4.
I
ieM ¢ (T)UM,,(T)

On the other hand,
n—[log,lCl]=6-2=4

Thus, equality holds in the Singleton bound, and consequently, C is MDS.

Theorem 5.2. LetC C Z), = @f:] Z’,ffi) be a block LS —poset code with |C| = m' and minimum distance
d = dn, (C). Then, Cis MDS if and only if C is an I-perfect block LS—poset code for some ideal

T € 3,(P x Py) with full count and M ,(1)| = [%J .

Proof. Setr = [ﬁj

(=) Assume that C is MDS. Choose an ideal J € J,(PXx Z)) with full count such that [M(J)| = r.
By the Singleton-type bound (Theorem 5.1), we have n — ¢ = iz () 7(0). (For a full-count ideal,
M.,,(J) = 0; hence, the sum above is of the same form as in the Singleton maximization.) Because J
has full count, and [M /()| = r, we have {y(J) = r-|M] < d—1. Therefore, for any distinct ¢;, ¢, € C,
the J-balls are disjoint: By(¢;) N By(cy) = 0. By Proposition 3.2(1)—(4), the J-ball centered at 0 is
a subgroup, and |[B4(0)| = m>=4 9™ Hence, the packing inequality gives |C||B4(0)] < m". Using
IC| = m', we obtain equality: |C||B4(0)] = m'm"" = m". Thus, the J-balls around codewords of C
partition Z., , and C is J -perfect.

(&) Conversely, assume that C is Z-perfect for some full-count ideal 7 € I, (P X &) with
IM/(1)| = r. By Proposition 3.2(1)~(4), we have |[B7(0)] = m™<s©™” Perfectness gives

mn — |C| |B[(0)| — mt mZier(I)ﬂ'(i)’

son—1t = Zier(I) n(i). Moreover, because [M¢(J)| = r, we have {y(I) = rlM] < d-1,s0 I is
admissible in the Singleton bound (Theorem 5.1). Therefore,

n—t > max Z (i) = Z n(i) =n—t,
iEM (UM, () ieMf(T)

and equality holds throughout. Hence, C meets the Singleton-type bound with equality, that is, C is
MDS. O

Remark 5.2. Because Z,, is generally not a field when m is composite, block LS —poset codes over Z;,
may exhibit behaviors that do not occur in the classical theory over finite fields. In particular, extremal
codes attaining equality in the Singleton bound may involve ideals with partial count.

For a code C C Z},, the minimum block LS—poset distance d,,,(C) restricts the admissible ideals
used in the packing argument. Namely, if J € J,(P X &y) satisfies

n(J) < dr s (CO) = 1,
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then the balls B 4(x) and B4(y) are disjoint for distinct X,y € C.

Motivated by Theorem 5.1, one may enlarge a full-count ideal by adjoining partial elements in
several blocks simultaneously. This leads naturally to the construction below.
Definition 5.2. Let

ccz, =Pz
i=1
be a block LS —poset code with minimum distance d = d,,((C) = k|[M1+r, 0 <r < |[M].
Let I € 3,(P x &) be a maximal ideal with full count satisfying [M (1) = k.
Let Dy := {0y} U min(P(M) \ {0y}). For amap x : [s] \ Ms(Z) — Dy, define the enlarged ideal

I00) = (T UG, x() : i € [s1\ My(D)}).

Assume that Z n()y(i)] = r. Then, C is called a partial-MDS block LS —poset code if
i€[sI\M(Z)

log,|Cl=n~ max log,, | Bri(0)] .
xeD,, L Sl )=r
T()ES(PXPy)
CNBr(,)(0)={0}

Remark 5.3. The set D, consists of the trivial element 0, together with the minimal nontrivial
elements of Z?(M). Thus, y(i) = 0, corresponds to no partial contribution in block i, whereas
x () € min(Z(M) \ {0,}) produces a partial contribution of size 7(i)| x(i)] to the block LS -weight.

The decomposition d = k| M| + r separates the contribution of full-count blocks from the remaining
partial contribution. The map y distributes the residual term » among the remaining blocks, allowing
the remainder to be realized through several partially counted blocks.

Example 5.2. We illustrate the notions of MDS and partial-MDS block LS —poset codes.
(1) MDS and nonpartial-MDS examples. Consider the space Z?z with block structure 7 = (3,2, 1)
and the star V-poset P = ([3], <p) defined by 1 <p 2 and 1 <p 3. Let

Ci={0V®Z,eZps, Cy = {0F ® (3Z1n)* ® (4Z1y).

Because M = 21?1311 we have | M] = 3.
For C;, any nonzero codeword has the form v = (0,0, 0, v4, vs,Vg), V4,Vs,Ve € Zy». The smallest
nonzero support occurs when either

(v4,V5) € (4Z12)* \ {(0,0)} or vs € 4Z;5 \ {O}.

In this case, the generated subgroup corresponds to the multiset 311, whose weight is 317 = 1.
Because block 1 is minimal in the poset and m(1) = 3, the ideal generated by the support contributes
{u({supps (V) = 4. Hence, d,,(Cy) = 4. Thus,

{dm(cl)—1|_{4—1|_1
LM L3
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The maximal full-count ideal satisfying this constraint is 7 = ({(1, M)}). Because n = 6, and
(1) = 3, we obtain
log, ICi| =3 =6 —-n(1).

Hence, C; attains the Singleton bound and is an MDS block LS —poset code.
For C,, every codeword has the form v = (0,0, 0, 3a,3b,4c), a,b,c € Z;,. The minimum block
LS —poset weight again yields d,,,(C») = 4. Hence,

drs(C) - 1| _|4-1 o
LM 3 |

Thus, the maximal full-count ideal is still 7 = ({(1, M)}). However, for the remainder r = 1, the only
admissible map y satisfies

x(2) =0y,  x3)=3",

as r = m(2) - 0+ n(3) - 1. The resulting extensions  (y) do not produce equality in the partial Singleton
bound. Therefore, C, is not a partial-MDS block LS —poset code.

(2) A partial-MDS example. Consider Z?Z with block structure 7 = (2,2, 2) and the star A-poset
O = ([3], =) defined by 2 <o 1 and 3 </ 1. Let

Cs = (3Z1»)" ® {0}* & {0}

To determine the minimum distance, we observe that 6Z,, is the smallest nontrivial subgroup of 3Z,.
Choose a nonzero codeword v = (6,0,0,0,0,0) € C;. Because 7 = (2,2, 2), the vector v is nonzero
only in block 1. Under the map , the subgroup (6) = 6Z,, corresponds to the multiset 2!!!. Because
M = 2P13111 the definition of the multiset weight yields [2!'']7 = 2. Because blocks 2 and 3 are
predecessors of block 1 in the A-poset, the ideal generated by the support of v also contains the full-
count elements (2, M) and (3, M). Therefore,

{n((supp s (V) = 2"+ [MT+ [M1=2+3+3 =38.

Consequently, d,,,(C3) = 8. Hence,

dry(C3)— 1| |8-1 _,
LM 3 | T

Thus, the maximal full-count ideal satisfying the Singleton constraint is

J =A@, M), (3, M)}).

Next, we consider the map
x {1} = Dy, x(1) =3,

Because | 317 = 1, we obtain 7(1)Lx(1)] = 2. With the extension J(y), we have
log,, |C3] = log,,(4*) = 6 — 10g12(12”(2)+”(3) : 3”“)) =6 —log,, |By()(0)l.

Hence, C; attains equality in the partial Singleton bound and is a partial-MDS block LS —poset code.

AIMS Mathematics Volume 11, Issue 5, 14735-14756.



14751

Proposition 5.1. Let C C Z), = @;1 7" be a block LS —poset code with minimum distance
d=d,(C) =klIM].

Then, C is a partial-MDS block LS —poset code if and only if C is an MDS block LS —poset code.
Proof. 1f d,,,(C) = k| M1, then the remainder in the definition of partial-MDS is r = 0. Hence,

D x Dl =0,

]

forces y(i) = 0y for every 7, and so Z(y) = 7. Thus, the partial-MDS equality reduces exactly to the
MDS equality for a full-count ideal 7 with [M(Z)| = k. Therefore, C is partial-MDS if and only if it is
MDS. ]

Theorem 5.3. LetC C Z), = @le 7" be a block LS —poset code with minimum distance
d=d(C)=klM] +r, 0<r<|M].
Let T € 3,(P X Py) be a maximal ideal with full count such that [M¢(T)| = k, and let
X [sI\My(Z) - Dy

satisfy
@y @] = r.

ie[s\My(1)

Set I = I(x). Then, C is a partial-MDS block LS —poset code, and the defining maximum is attained
at J if and only if C is a J -perfect block LS —poset code.

Proof. (=) Assume that C is partial-MDS and that the defining maximum is attained at J = 7 (y).
Then, log,, |C| = n —log, |B4(0)|, so |C| - |Bs(0)] = m". Moreover, because J is admissible in the
definition of partial-MDS, we have C N B4(0) = {0}. Hence, the translates {¢ + B4(0) : ¢ € C} are
pairwise disjoint. Because their total cardinality is

ICl - 1Bg(0)] = m" = |Z,|,

they form a partition of Z,. Therefore, C is a [J-perfect block LS —poset code.
(&) If C is a J-perfect block LS —poset code, then |C| - |B4(0)| = m", and C N B4(0) = {0}. Thus,

Because J = 7 (y) is admissible in the definition of partial-MDS, it follows that C is partial-MDS and
that the defining maximum is attained at J . O

Corollary 5.1. Every J-perfect block LS —poset code arises from an ideal J = I(x), where I has full
count, and

n@O @1 =r,

i€[s]\My(T)
is partial-MDS.
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Remark 5.4. The assumption that J = Z(y) with (i) € Dy, is essential. In Example 5.2, the code
Co = {0F ® (3Z12)* ® (4Z12) C Z,
is I -perfect for
J = (2,3, 3,22,

as
B4(0) = Z3, & (4Z1,)* © 3Zyy),

and
ICa| - 1B£(0)] = 12°.

Nevertheless, C; is not partial-MDS, because 21 ¢ D,,. Hence, J is not admissible in the definition
of partial-MDS.

6. r-perfect block LS —poset codes under special posets

Theorem 6.1. Let Z), = ZZ(I) S RERN¢) Zj,rfs), and let P = ([s],<p) be a poset. Suppose that for some
integer 0 < k < s, the set

M =T € 3(Px Py) : Lu(D) = kLM)

contains exactly one ideal, say I.
Then, for a block LS —poset code C C Z;,, the following statements are equivalent:

(1) C is an I-perfect block LS —poset code;
(2) Cis kLM -perfect;
(3) Cis an MDS block LS —poset code with |C| = m" i O,

Proof. Because J*M1 = (T}, the unique ideal with M-count k| M is 7. Hence, the ball of radius k| M
coincides with the 7-ball:
By3n1(0) = Br(0).
Thus, C is 7 -perfect if and only if C is k| M]-perfect.
On the other hand, by Theorem 5.2, a block LS —poset code is MDS if and only if it is 7 -perfect for
some ideal 7 with full count satisfying

dr,(C)—1
IM(1)| = {”—|
! [M]
Because such an ideal is unique by assumption, the three statements are equivalent. O

Remark 6.1. The assumption that the set 3”1 contains exactly one ideal reflects a structural property
of the poset P. Indeed, ideals in J,(PXx .Z),) are determined by their block indices in P together with the
subgroup structure encoded in &Z);. When the poset P is sufficiently ordered (for example, when P is a
chain), the M-count of an ideal uniquely determines the set of blocks in M (7). Consequently, there is
exactly one ideal whose M-count equals k| M. In contrast, if P contains incomparable elements (such
as in star or tree posets), different ideals may have the same M-count. In that case, the set 31 may
contain several ideals, and the equivalence in Theorem 6.1 need not hold.
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When the poset structure admits a unique ideal with M-count k| M, the notions of 7-perfectness,
k| M-perfectness, and the MDS property coincide.

Remark 6.2. Suppose that the poset P has a unique ideal I C P with |I| = ¢ < |P|. Then, every element
e € P\ I must be comparable with the maximal elements of / in such a way that e cannot replace any
maximal element of / while preserving the ideal property. Indeed, if there exists e € P \ I that can
replace a maximal element a € max(/) (that is, (1 \ {a}) U {e} remains an ideal), then we obtain another
ideal of size #, contradicting the uniqueness of /.

This observation shows that the uniqueness of ideals depends strongly on the structure of the poset.
For example, in a star V-poset, several ideals may have the same cardinality, whereas in a chain, the
ideal of each size is unique. Moreover, if [ is the unique ideal of size ¢ in P, then the complement P \ /
is the unique filter of size |P| — ¢, which corresponds to a unique ideal in the dual poset P.

Corollary 6.1. Let C be a code satisfying the assumption of Theorem 6.1. Then, under the dual poset
P X Py, the following statements are equivalent:

(1) C* is an IT%-perfect block LS —poset code;
(2) C*is (s — k)M -perfect;
(3) C* is an MDS block LS—poset code with |C*| = m*=40™®.

Corollary 6.2. If P is a chain, then for every k, the set 3*"M! contains a unique ideal, say I. Hence, by
Theorem 6.1, a block LS —poset code C is MDS if and only if it is k| M |-perfect, equivalently, I ;-perfect.

Theorem 6.2. Let C C Z), = @;] Zn" be a block LS —poset code with
dr,(C) = kIM]+r, 0<r<|[M].

Let T € 3,(P X Py) be the unique ideal with full count such that (1) = k| M. Assume that there
exists a unique index i € [s] \ M(Z) which is closest to M¢(T) in the sense that (j, M) < (i,0u) for
some j € My(T), and no element lies strictly between (j, M) and (i, 0y) in P X Py.

Assume, moreover, that m has a unique prime divisor p with exponent one, and define y by

YO =p" (O =0y fort#i.

Set J = I(x). If Cis a partial-MDS block LS —poset code, and the defining maximum is attained at J,
then C is (kLM + 1)-perfect.

Proof. Because p is the unique prime divisor of m with exponent one, we have | p!!'] = 1. Hence,

() = Lu(@) + LpMT = kM7 + 1.

By the uniqueness of 7, of the index i, and of the prime p, the ideal J is the unique ideal in J*M1*1,

Because C is partial-MDS, and the defining maximum is attained at ./, Theorem 5.3 yields that C is a
J-perfect block LS —poset code. Because JMM*! = { 7}, we have

B5(0) = Bisn+1(0).

Therefore, C is (k| M + 1)-perfect. O
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Corollary 6.3. LetC C Z;, = @;l 7" be a block LS —poset code, where

m=pip2pts ko ko> L

Suppose that P, = ([s], <) is the chain poset, 1 <2 < --- < s. Then, for every 0 < k < s, the set JKM]

contains a unique ideal. Consequently, if C is a partial-MDS block LS —poset code whose defining
maximum is attained at J = I (y) with x(i) = p[ll], then C is (kLM + 1)-perfect.

Corollary 6.4. Let C C Z, = @; . 7™ be a block LS —poset code, and suppose that P, = ([s], <)
is the star A-poset defined by 2,...,s < 1. Then, the set I contains a unique ideal only when

k = s—1. In this case, if C is a partial-MDS block LS —poset code whose defining maximum is attained
at J = I(y) with x(1) = p\'l, then C is ((s = LM + 1)-perfect.

7. Conclusions

In this paper, we introduced the block LS —poset metric on Z,, by combining a block decomposition,
a poset structure on the block set, and the lattice-of-subgroups viewpoint arising from the prime
factorization of m. This construction extends several previously studied metrics in coding theory and
provides a unified framework for analyzing block codes over Z,, in which both order structure and
subgroup structure play essential roles.

We established the basic metric properties of the block LS—poset distance and developed the
corresponding theory of r-balls and 7-balls. In particular, we obtained explicit descriptions of 7-
balls centered at the zero vector, together with translation, coset, and duality properties. These
structural results allowed us to characterize 7 -perfect block LS —poset codes in both the full-count
and partial-count settings. In the partial-count case, the existence of perfect codes is closely related
to complementary subgroup decompositions of Z,,, which highlights a distinctive feature of the ring
setting.

We further proved a Singleton-type bound for block LS —poset codes and used it to define MDS and
partial-MDS block LS —poset codes. A main outcome is that, under suitable hypotheses, MDS codes are
equivalent to 7 -perfect codes for full-count ideals, whereas partial-MDS codes correspond to perfect
codes associated with enlarged ideals. For special classes of posets, such as chains and star posets, we
also derived consequences for r-perfect codes and clarified when r-perfectness, 7-perfectness, and the
MDS property coincide.

Several interesting directions remain for future research. One direction is to determine the weight
distribution of block LS —poset codes and to establish MacWilliams-type identities which relate a code
and its dual under this metric. Another direction is the development of efficient decoding algorithms
adapted to the block LS —poset structure, which could lead to practical implementations. A further
direction is to extend the present theory to more general poset structures or other finite rings and to
classify perfect and partial-MDS block LS —poset codes in these broader settings.
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