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Abstract: Missing entries in multivariate data distort not only marginal summaries but also
the covariance geometry that governs scale-adjusted and correlation-aware comparisons between
observations. Motivated by covariance-sensitive downstream tasks, this paper develops a deterministic
imputation framework driven by Mahalanobis distance. The first stage is a linear frozen-covariance
procedure: missing entries are temporarily replaced by simple columnwise values, a fixed covariance
matrix is computed, and the sum of the nonconstant squared Mahalanobis distances is minimized
with respect to the unknown entries. Since the inverse covariance is fixed at that stage, the objective
is quadratic and the first-order optimality conditions reduce to a linear system. The second stage is
a nonlinear covariance-updating refinement in which the covariance matrix depends on the imputed
values themselves and the optimization is performed locally, using the linear solution as initializer.
We derive a compact matrix representation of the linear objective, give a sufficient full-rank condition
guaranteeing uniqueness of the stationarity system, discuss the bias induced by freezing the covariance,
and provide a regularized fallback for singular or ill-conditioned systems. The framework also
clarifies its scope with respect to MCAR, MAR-type, and structured block masks, and uses covariance
stabilization only as a numerical safeguard rather than as a determinant-minimization estimator.
A repeated-mask experiment on the red wine quality dataset shows that the Mahalanobis method
substantially improves on mean imputation at all masking levels and becomes the strongest among
the tested methods at the highest missingness level considered. The resulting method is transparent,
reproducible, and intended for moderate continuous-data settings in which preserving empirical
covariance geometry is more important than fitting a large black-box model.
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1. Introduction

Incomplete multivariate data arise in surveys, laboratory measurements, industrial monitoring,
finance, clinical records, and many other data-rich settings. When entries are missing, the damage is
not restricted to isolated variables: the empirical covariance structure is altered, and therefore so are
procedures that depend on scale and dependence, including covariance-based clustering, anomaly
detection, principal component analysis, and Mahalanobis-type classification. A method that fills
gaps while preserving multivariate geometry is therefore especially relevant when the downstream
analysis is itself covariance-sensitive.

Classical responses to missing data include complete-case analysis, mean substitution, regression
imputation, expectation-maximization, and multiple imputation; each addresses a different inferential
or predictive goal [3, 6, 9, 12]. Deterministic baselines such as mean, regression, and nearest-neighbor
imputation remain important because they are simple and transparent [11]. At the other end of the
spectrum, low-rank completion, random-forest methods, and recent deep generative or attention-based
models can exploit richer structure, but they also introduce heavier modeling assumptions, larger tuning
burdens, or reduced interpretability [1, 8, 10, 13–18]. No single class dominates uniformly across all
data regimes.

The present paper studies a narrower but mathematically clear objective: imputing missing entries
so that the completed matrix remains geometrically coherent with respect to the covariance metric.
Mahalanobis distance is the canonical distance associated with a positive definite covariance
matrix [4, 5, 7]. Because it simultaneously accounts for variable scale and cross-correlation, it
provides a natural objective whenever the preservation of covariance-aware row geometry is more
important than uncertainty quantification or purely predictive black-box accuracy.

Let the missing entries be collected into a vector of unknowns x ∈ Rm. Once a covariance matrix S
is available, each squared Mahalanobis distance between rows becomes a quadratic form in the
corresponding row difference, and summing the terms that actually depend on x produces an
optimization criterion. Two versions of that criterion are especially natural:

(i) In the linear frozen-covariance method, missing entries are first replaced by provisional values,
yielding a numeric matrix Y and hence a fixed covariance matrix S (Y). Once S (Y)−1 is frozen, the
Mahalanobis objective is quadratic in x, and the first-order conditions reduce to a linear algebraic
system.

(ii) In the nonlinear covariance-updating method, the covariance matrix is recomputed from the
symbolic completion itself. Then both S (x) and S (x)−1 depend on the unknown entries, leading
to a nonlinear local optimization problem initialized by the linear solution.

The contribution is not a generalized-variance minimization principle. Reducing the determinant
of a covariance matrix does not, by itself, imply accurate recovery of masked entries. For this reason,
determinant information is used only as a diagnostic of numerical conditioning, whereas the estimation
principle remains the preservation of Mahalanobis geometry.

The paper has four main goals:

G1. to position the method clearly relative to classical missing-data methods and recent imputation
developments;
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G2. to derive the linear Mahalanobis system in a compact matrix form and provide a usable sufficient
condition for uniqueness;

G3. to state explicitly the method’s limitations, especially rank deficiency, covariance instability, and
the absence of uncertainty quantification;

G4. to strengthen empirical validation through repeated masking, fair mask sharing across methods,
and a transparent experimental protocol.

The paper is organized as follows. Section 2 reviews the main imputation paradigms and explains
where the proposed method fits. Section 3 introduces the notation, missingness scope, linear and
nonlinear Mahalanobis imputers, and stabilization strategy. Section 4 describes the experimental
protocol. Section 5 reports the repeated-mask wine experiment. Section 6 discusses strengths,
limitations, and interpretation, and Section 7 concludes.

2. Related work

It is useful to distinguish the proposed framework from the main families of imputation methods
that appear in the missing-data literature.

2.1. Classical statistical approaches

Complete-case analysis discards incomplete rows and is often simple to implement, but it may be
wasteful or biased when the missingness mechanism is not benign. Parametric likelihood-based
methods, especially expectation–maximization, are central when one is willing to posit an
incomplete-data model and focus on estimation under that model [3, 6]. Multiple imputation extends
this philosophy by propagating uncertainty across several completed datasets rather than committing
to a single deterministic fill-in [9, 12]. These approaches are essential when inferential validity is the
primary goal.

2.2. Deterministic baselines and machine-learning comparators

Mean imputation remains a basic reference point, even though it shrinks empirical variability and
attenuates covariances. Regression imputation uses the observed coordinates to predict missing ones,
but it is directional and may become unstable under multicollinearity. Neighbor-based approaches such
as k-NN exploit local similarity in the observed space and have long served as practical baselines in
biological and tabular applications [11]. MissForest extends this spirit through iterative random-forest
prediction and is a particularly relevant nonlinear comparator for mixed-type tables [10].

2.3. Low-rank and matrix-completion viewpoints

When the data matrix is governed by a latent low-rank structure, matrix-completion methods based
on nuclear-norm regularization or related spectral ideas can be effective [1,8]. Their target, however, is
low-rank recovery rather than explicit preservation of the empirical covariance metric of the observed
table.
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2.4. Recent deep and generative imputers

The recent literature includes GAN-based imputers such as GAIN [13], variational approaches
such as GP-VAE [14], diffusion-based imputers such as CSDI [15], self-attention architectures such
as SAITS [16], and masked-autoencoding transformer approaches for tabular data such as
ReMasker [17]. A recent survey by Wang et al. emphasizes both the breadth of this landscape and the
importance of matching the imputation method to the data regime and downstream objective [18].
These modern methods are powerful, but they are usually more computationally demanding and less
transparent than simple covariance-driven rules.

2.5. Position of the present work

The method proposed here is deterministic like mean, regression, and single-imputation neighbor
methods, but it is explicitly multivariate because its objective is built from the covariance-induced
Mahalanobis metric. It is not intended to replace multiple imputation when uncertainty quantification
is required, nor to compete head-to-head with large deep architectures on broad benchmark suites.
Rather, it offers a mathematically transparent alternative for moderate continuous-data settings in which
preserving covariance geometry is itself the main structural priority.

3. Materials and methods

3.1. Problem setting and notation

Let
X = [ai j] ∈ Rn×p

be a data matrix with n observations and p variables. Let

Ω ⊂ {1, . . . , n} × {1, . . . , p}

be the set of observed indices and let Ωc denote the missing set. Write m := |Ωc|.
For each (i, j) ∈ Ωc introduce a variable ci j, collect these variables into a vector

x ∈ Rm,

and define the symbolic completion

X̃(x) =
[̃
ai j(x)

]
n×p, ãi j(x) =

ai j, (i, j) ∈ Ω,

ci j, (i, j) ∈ Ωc.

The ith completed observation is denoted by x̃i(x) ∈ Rp and is understood as a column vector. Given
any complete matrix Y ∈ Rn×p with observations yi ∈ R

p and column mean vector ȳ ∈ Rp, its sample
covariance matrix is

S (Y) =
1

n − 1

n∑
i=1

(yi − ȳ)(yi − ȳ)T . (3.1)

Whenever S (Y) is nonsingular, the squared Mahalanobis distance between observations yi and yh is

ρ2
ih(Y) = (yi − yh)T S (Y)−1(yi − yh). (3.2)
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3.2. Scope with respect to missingness mechanisms

The method is deterministic and geometry-based; it is not a stochastic model of the missingness
process itself. In the experimental protocol, performance is evaluated under synthetic missing
completely at random (MCAR) masking, because the original complete matrix makes the true masked
entries available for direct error computation. The method can also be stress-tested under missing at
random (MAR) schemes when masking probabilities depend only on observed variables. It is not
presented as a principled solution for missing not at random (MNAR) settings, where missingness
depends on unobserved values and should be modeled jointly with the data-generation mechanism.

Structured blocks of missing entries are admissible in principle, but their success depends on how
much multivariate information remains available outside the block. In the linear frozen-covariance
stage, the essential issue is whether the active Mahalanobis-difference design retains enough
information to identify the missing degrees of freedom. Large contiguous blocks may reduce the
number of informative row contrasts and can drive the stationarity system toward rank deficiency.
Thus block masking is a natural stress regime in which ridge stabilization or minimum-norm
regularization may become necessary.

3.3. Linear frozen-covariance method

The linear method begins with a provisional complete matrix Y obtained by replacing each missing
entry in column j by the mean of the observed values in that column:

µ j =
1

|{i : (i, j) ∈ Ω}|

∑
(i, j)∈Ω

ai j, j = 1, . . . , p.

From this numeric matrix we compute the fixed covariance matrix

S 0 := S (Y),

and assume first that S 0 is positive definite. Write

Q := S −1
0 .

The linear Mahalanobis objective is defined as the sum of the nonconstant squared Mahalanobis
distances,

ΦL(x) =
∑

(i,h)∈A

(
x̃i(x) − x̃h(x)

)T Q
(
x̃i(x) − x̃h(x)

)
, (3.3)

where A denotes the set of active pairs, that is, row pairs whose distance actually depends on at least
one missing variable. Distances between two fully observed rows are constant and have no effect on
the minimizer.

The next proposition makes the quadratic structure explicit.

Proposition 1. (Quadratic form) For each active pair (i, h) ∈ A, there exist a vector dih ∈ R
p and a

matrix Bih ∈ R
p×m such that

x̃i(x) − x̃h(x) = dih + Bihx.
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If B denotes the block matrix obtained by stacking the matrices Bih and d denotes the stacked vector of
the vectors dih, then

ΦL(x) = c + 2gT x + xT Hx, H = 2BT (I|A| ⊗ Q)B, (3.4)

for a constant c ∈ R and a vector g ∈ Rm. Consequently,

∇ΦL(x) = 2Hx + 2g, (3.5)

and the stationarity equations reduce to the linear system

Hx = −g. (3.6)

Proof. The map x 7→ x̃i(x) − x̃h(x) is affine because each entry of X̃(x) is either observed or equal
to one coordinate of x. Expanding each quadratic term in (3.3) and summing over A gives (3.4).
Differentiating the quadratic form gives (3.5) and hence (3.6). □

The block representation yields a simple sufficient condition for uniqueness.

Theorem 1. (Sufficient condition for nonsingularity) Assume that S 0 is positive definite, so Q = S −1
0 ≻

0. If the stacked design matrix B in (3.4) has full column rank m, then the Hessian matrix H is
symmetric positive definite. In particular, the stationarity system (3.6) has a unique solution.

Proof. Because Q ≻ 0, the Kronecker product I|A| ⊗Q is also positive definite. For any nonzero vector
z ∈ Rm,

zT Hz = 2(Bz)T (I|A| ⊗ Q)(Bz).

If B has full column rank, then Bz , 0 whenever z , 0, and hence the right-hand side is strictly positive.
Therefore H ≻ 0. □

Remark 1. (Interpretation of the rank condition) The matrix B encodes how each missing variable
enters the active row differences. Full column rank means that no nontrivial linear combination of
missing variables is invisible to all active Mahalanobis differences. In practical terms, each missing
degree of freedom must be geometrically identifiable through the chosen distance structure.

Remark 2. (Failure mode) If two missing variables always occur through exactly the same
row-difference pattern, then two columns of B coincide and B is rank-deficient. In that case H is
singular and the stationarity equations do not determine a unique completion. This can happen when
a large missing block leaves only a small number of effective contrasts between rows.

3.4. Regularized fallback for the linear system

When H is singular or nearly singular, we solve the Tikhonov-stabilized system

(H + τI)xτ = −g, τ > 0, (3.7)

or compute the minimum-norm solution via the Moore-Penrose pseudoinverse. This fallback prevents
the linear stage from failing numerically. However, rank deficiency should not be hidden: it signals
underidentification of the completion by the available Mahalanobis-difference information.

AIMS Mathematics Volume 11, Issue 5, 14641–14654.



14647

3.5. Algorithmic summary of the linear stage

The linear frozen-covariance stage can be summarized as follows:

L1. Replace missing entries by observed column means to build Y .

L2. Compute S 0 = S (Y) and set Q = (S 0 + ηI)−1, with a small η ≥ 0 if stabilization is needed.

L3. Form the active-pair design matrix B and vector g.

L4. Solve either (3.6) or the stabilized system (3.7).

L5. Insert the resulting vector of missing entries into X̃(x) to obtain the completed matrix.

3.6. Bias induced by freezing the covariance

Freezing the covariance matrix makes the first stage transparent and computationally simple, but it
also introduces an approximation. The matrix S 0 is computed from a provisional completion rather
than from the final imputed matrix. Consequently, the linear objective measures geometry in the
metric induced by Y , not in the metric induced by X̃(x). If the provisional fill-in severely distorts the
covariance, then the linear solution may inherit this distortion. This bias is expected to be small when
the missing fraction is moderate and columnwise means provide a reasonable covariance initializer,
but it may become important under heavy missingness, structured masks, or highly nonlinear
dependence patterns. The nonlinear refinement below is designed precisely to reduce this
frozen-metric bias.

3.7. Nonlinear covariance-updating refinement

The nonlinear refinement removes the frozen-covariance approximation by allowing the covariance
matrix to depend on the unknown entries. Define

S (x) := S
(
X̃(x)
)
.

Whenever S (x) is invertible, the nonlinear Mahalanobis objective is

ΦN(x) =
∑

(i,h)∈A

(
x̃i(x) − x̃h(x)

)T S (x)−1(x̃i(x) − x̃h(x)
)
. (3.8)

This objective is generally nonconvex because both the covariance matrix and its inverse depend on x.
A practical and reproducible strategy is to use the linear solution xL as initializer and minimize (3.8)

only on a local admissible set,

B(xL; δ) = {x ∈ Rm : |xk − (xL)k| ≤ δk, k = 1, . . . ,m}, (3.9)

with fixed user-chosen radii δk > 0. The nonlinear estimate is then defined by

xN ∈ arg min
x∈B(xL;δ)

ΦN(x), (3.10)

subject to numerical feasibility conditions ensuring that S (x) remains safely invertible. The local
formulation is intentional: the linear solution already captures the dominant covariance geometry, and
the nonlinear step is meant to correct the metric rather than replace the method by an unconstrained
global search.
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3.8. Covariance stabilization

Because Mahalanobis distances require inversion of a covariance matrix, numerical stability must
be handled explicitly. Whenever a covariance matrix S is ill-conditioned, we replace it by

S η = S + ηI, η > 0 small, (3.11)

before inversion. This is the default stabilization device in both the linear and nonlinear stages. If a
covariance matrix becomes singular despite stabilization, the Moore-Penrose pseudoinverse can be
used for diagnostic purposes, but the corresponding completion should be interpreted as a regularized
solution rather than a strict Mahalanobis optimum. The determinant of the covariance matrix is
monitored only as an indicator of ill-conditioning; it is not minimized as a surrogate for true
missing-value recovery.

4. Experimental protocol

The numerical protocol is organized around repeated masking, fair comparison, and transparent
stabilization. The objective is not to benchmark against every modern imputer, but to determine
whether Mahalanobis geometry adds value beyond simple deterministic baselines on moderate
continuous data.

4.1. Baselines

For continuous data, the natural deterministic and semi-parametric baselines are:

B1. columnwise mean imputation;

B2. ordinary-least-squares or ridge-stabilized regression imputation;

B3. k-NN imputation with a small set of k values;

B4. EM-based Gaussian imputation when a Gaussian working model is acceptable;

B5. MICE as a standard chained-equation baseline.

The experiment reported below compares mean imputation, ridge-stabilized regression imputation,
and the proposed Mahalanobis method. MissForest and deep-learning imputers are important related
methods, but they are not the most immediate comparators for the present scope, which is a
deterministic covariance-geometry principle for continuous tabular data.

4.2. Masking mechanisms

The primary benchmarking regime is MCAR masking. Since the benchmark matrix is complete
before masking, the true hidden values remain available for error computation. MAR-type masks and
structured block masks are compatible with the same framework as stress tests, but direct claims about
MNAR recovery are avoided.
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4.3. Evaluation metrics

When the true matrix is available before masking, the imputed values are evaluated only at the
masked positions. We report

RMSE =

 1
m

∑
(i, j)∈Ωc

(̂ai j − atrue
i j )2


1/2

, MAE =
1
m

∑
(i, j)∈Ωc

|̂ai j − atrue
i j |, (4.1)

and, when informative, the minimum and maximum values over repeated masks.

4.4. Repeated masking and fair comparison

For each masking percentage, the experiment is repeated over independent random masks. At a
fixed masking rate, the same mask bank is used for all compared methods. This prevents the
comparison from being contaminated by different random missingness patterns across methods.

4.5. Hyperparameters

Any local-box width, ridge level, or other tuning parameter is chosen independently of the
evaluation mask. A transparent default is

η = 10−6 tr(S 0)
p

for covariance stabilization, together with a local radius of the form

δk = αmax{1, |(xL)k|},

where α > 0 is fixed in advance. Ridge stabilization is also used in regression imputation to avoid
unstable normal equations.

5. Results

5.1. Repeated MCAR imputation experiment on the red wine dataset

The proposed method was evaluated on the red wine quality dataset of Cortez et al. [2]. After
removing the response variable “quality”, the data matrix contained

X ∈ R1599×11,

that is, 1599 observations and 11 physicochemical variables. Since the original matrix is complete,
artificial missingness was introduced under an MCAR mechanism.

Three masking rates were considered:

5%, 10%, 20%.

Since the matrix contains 1599 × 11 = 17589 entries, these percentages correspond to

879, 1759, 3518
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masked values, respectively. For each masking level, 20 independent repetitions were performed. In
every repetition, the same mask was used for all compared methods, ensuring a fair comparison.

The compared imputers were columnwise mean imputation, ridge-stabilized regression imputation,
and the proposed Mahalanobis-based imputation method. For each repetition, the imputed values at
the masked positions were compared against the true values using RMSE and MAE. Table 1 reports
the average errors, standard deviations, and the minimum and maximum values over the 20 repetitions.

Table 1. Comparison of imputation methods on the red wine dataset under repeated MCAR
masking.

Method Rate Mean RMSE Std RMSE Mean MAE Std MAE Min RMSE Max RMSE Min MAE Max MAE
Mean 0.05 10.8632 1.3572 3.46164 0.308527 8.40325 13.1118 2.88395 3.88712
Regression 0.05 7.50771 1.04101 2.25273 0.218825 5.55434 9.20947 1.87577 2.53632
Mahalanobis 0.05 7.58160 1.10951 2.27471 0.227211 5.45821 9.33568 1.88708 2.59551
Mean 0.10 10.4437 0.932977 3.42256 0.247555 8.48634 11.9067 2.94430 3.89350
Regression 0.10 7.56230 0.679759 2.30068 0.154387 6.16593 8.67329 1.99225 2.55631
Mahalanobis 0.10 7.56837 0.806996 2.32573 0.171856 5.80464 8.88118 1.95330 2.60345
Mean 0.20 10.5069 0.564140 3.39329 0.116127 9.55654 11.2904 3.21773 3.52966
Regression 0.20 8.48272 0.543052 2.62145 0.154393 7.31429 9.40239 2.23514 2.84381
Mahalanobis 0.20 8.10188 0.505182 2.49399 0.083015 7.19624 8.94252 2.30402 2.61985

The results show that both regression and Mahalanobis imputation substantially outperform simple
mean imputation at all masking levels. At 5% and 10% missingness, regression yields slightly lower
RMSE and MAE values than the Mahalanobis method, although the two methods are close. At 20%
missingness, however, the Mahalanobis method becomes the best-performing method among the three
tested procedures, attaining both the lowest mean RMSE and the lowest mean MAE.

At the highest masking level, the Mahalanobis method reduces the mean RMSE from 10.5069
for mean imputation and 8.48272 for regression imputation to 8.10188. The mean MAE decreases
from 3.39329 and 2.62145 to 2.49399, respectively. This suggests that covariance-aware geometric
structure becomes increasingly useful as the proportion of missing entries grows.

5.2. Interpretive scope of the experiment

The repeated-mask wine experiment should be read as a controlled MCAR benchmark rather than
as a claim of universal superiority across all missingness regimes. Its role is to show that, on a real
continuous dataset of moderate dimension, the proposed Mahalanobis method is not merely
algebraically well defined but also empirically competitive. In particular, the method remains close to
regression imputation at low masking levels and becomes strongest among the tested methods at the
largest masking level considered.

6. Discussion

6.1. What the method does well

The framework is deterministic, transparent, and strongly tied to the multivariate geometry induced
by the covariance matrix. The linear stage has a clean algebraic core, and the nonlinear stage provides a
natural refinement rather than a completely different principle. This makes the method attractive when
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the user wants an interpretable completion rather than a black-box predictor.

6.2. What the method does not do

The method does not produce multiple completed datasets, posterior intervals, or a model for
MNAR mechanisms. It is not intended to dominate deep-learning or ensemble methods on large
heterogeneous benchmarks. Its intended domain is moderate continuous data with meaningful
covariance structure.

6.3. Why the comparison class is intentionally classical

The numerical section emphasizes mean, regression, and covariance-based baselines because these
methods are methodologically aligned with the proposed deterministic framework. The present paper
is not a broad benchmark of all modern imputation algorithms; it is an analysis of a specific covariance-
geometry principle. Broader comparisons with MissForest, MICE, EM, and deep generative methods
are meaningful, but they belong to a larger benchmarking study.

6.4. Why the rank condition matters

Theorem 1 shows that the real mathematical issue is not merely the invertibility of the covariance
matrix but the identifiability of the missing degrees of freedom through active Mahalanobis differences.
The design matrix B makes this explicit. When B is rank-deficient, the observed pattern does not
contain enough geometric information to determine a unique completion without regularization.

6.5. Noise sensitivity and structured masks

Noise and structured missingness can affect the method through the covariance estimate and the
active-pair design. Large missing blocks reduce the number of informative contrasts between rows and
can drive B toward rank deficiency. In such cases, the ridge-stabilized linear solution should be viewed
as a regularized estimator rather than an exact geometry-preserving optimum.

6.6. Relation to the broader missing-data literature

Mean and regression remain important baselines because they test whether the
covariance-geometry principle adds value beyond simpler deterministic rules. EM and MICE are
natural bridges to the broader missing-data literature, especially when uncertainty quantification
matters. The present method occupies a complementary position: it is a transparent
structure-preserving tool for covariance-sensitive continuous data.

7. Conclusions

This paper developed a deterministic missing-value imputation framework based on preserving
covariance geometry through Mahalanobis distances. The method contains two complementary
components: a frozen-covariance linear imputer with a transparent quadratic structure, and a
covariance-updating nonlinear refinement initialized by the linear solution. The compact matrix
derivation shows that the linear stationarity system is well posed when the active-pair design matrix
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has full column rank; otherwise, ridge or minimum-norm stabilization provides a practical fallback
while revealing the underlying underidentification.

The main conceptual point is that covariance-based imputation should be treated as a
structure-preserving deterministic tool, not as a universal replacement for probabilistic or
machine-learning imputers. Its strength lies in moderate continuous data problems where empirical
covariance geometry is itself the object one wants to preserve. Its limitations lie in underidentified
masks, small-sample covariance instability, frozen-covariance bias, structured missing blocks, and the
lack of uncertainty quantification.

The repeated MCAR experiment on the red wine dataset shows that the method is not only
algebraically motivated but also empirically competitive. The Mahalanobis imputer substantially
improves on mean imputation at all masking levels and becomes the strongest among the tested
methods in the highest missingness regime considered.

Future work should expand the benchmarking study to stronger MAR scenarios, structured block
masks, mixed data, EM and MICE comparisons, MissForest, and recent deep-learning imputers.
Another important direction is to combine the deterministic Mahalanobis completion with
uncertainty-aware procedures, thereby retaining geometric interpretability while adding inferential
information.
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Appendix

A. Compact derivation of the linear system

For each active pair (i, h) define the affine row difference

zih(x) = dih + Bihx.

Then
ΦL(x) =

∑
(i,h)∈A

zih(x)T Qzih(x).

Stacking all active pairs gives
z(x) = d + Bx,

and therefore
ΦL(x) = (d + Bx)T (I|A| ⊗ Q)(d + Bx).

Expanding yields
ΦL(x) = dT (I ⊗ Q)d + 2dT (I ⊗ Q)Bx + xT BT (I ⊗ Q)Bx,

which is exactly the quadratic form used in Proposition 1 after collecting the constant, linear, and
quadratic terms.
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