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1. Introduction

Nowadays, fractional differential equations (¥ D&s) have become a primary mathematical tool for
modeling hereditary effects across various fields, including engineering, biology, fluid systems, and
physics; we refer the reader to see [1,2] and references therein. Researchers employ these equations
to address a broad range of studies, ranging from the theoretical analysis of solution existence to the
development of analytical and numerical solution techniques. In particular, impulsive differential
equations (DEs) are fundamental tools for modeling dynamical systems that experience sudden
changes in state at specific moments. Addtionally, impulsive ¥ DEs play an important role in
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describing phenomena involving abrupt changes, such as synaptic jumps in biological neural
networks, mechanical shock processes, and trajectory correction systems [3,4]. On the other hand,
implicit FDEs naturally emerge in various applications, including optimal control theory and heat
transfer models with nonlinear feedback effects [5—7]. The integration of fractional dynamics,
impulsive effects, and implicit nonlinearities gives rise to a mathematically challenging yet practically
significant class of systems, which constitutes the main focus of the present study. Their rich
theoretical foundation and broad applicability have led to considerable research interest.

Moreover, the pantograph equation (PGE), introduced in [8], is a well-known DE incorporating a
proportional time-delay term. It has been widely employed to model a variety of processes and
phenomena whose evolution depends on their past states. There has been substantial research activity
devoted to the study and development of impulsive FDEs with time-delay effects. Many of them
have investigated the existence and uniqueness of solutions, qualitative behavior, and various stability
notions for impulsive delay DEs. For example, Ahmed et al. [9] proved the existence and uniqueness
of solutions in 2020 for an impulsive fractional pantograph differential equation (FPGDE) with
generalized anti-periodic boundary conditions involving the Caputo fractional operator. In 2021,
Khaminsou et al. [10] examined a fractional pantograph boundary value problem with instantaneous
impulses under the Caputo proportional fractional derivative with respect to another function. In
2024, Kaewsuwan et al. [11] investigated a class of nonlinear impulsive fractional integro-differential
equations under the PGE. Their analysis was carried out under multi-point integral boundary
conditions within the framework of the (o, ¥ )-Hilfer fractional derivative operator (HF DO). For
related works, we refer the reader to [12-14] and the references therein. Additionally, Ulam-type
stability has become an essential tool in the qualitative analysis of PDEs, particularly when exact
solutions are difficult to obtain. It provides a rigorous framework to ensure that approximate solutions
remain close to exact solutions under small perturbations. In particular, Ulam-Hyers (UH) stability
and its generalizations, namely generalized Ulam-Hyers (GUH), Ulam-Hyers-Rassias (UHR), and
generalized Ulam-Hyers-Rassias (GUHR) stability, have been widely applied to impulsive and
non-impulsive fractional models. These concepts have demonstrated their effectiveness in studying
the robustness of solutions. For related results, we refer the reader to [15—-18] and the references cited
therein.

Compared with Kaewsuwan et al. [11], the present work is developed in a different operator setting
and problem structure. Specifically, we study an impulsive FPGDE of order a, € (0, 1] governed by
the (k¢,y¢)-Hilfer proportional fractional operator, whereas Ref. [11] considered a higher-order
impulsive pantograph integro-differential equation under the (o, ¥ )-HF DO. In addition, our
impulsive condition is formulated through the (k;,y,)-Riemann-Liouville proportional fractional
integral operator, which leads to a new equivalent integral equation and corresponding Ulam-type
stability results. Our research seeks to address this gap in the literature on nonlinear impulsive
fractional boundary value problems, as the qualitative analysis and stability theory for impulsive
FPGDE with mixed boundary conditions have not yet been systematically developed within the
framework of the (k;,y,)-Hilfer proportional fractional derivative operator ((k,¥)-HPF DO).
Motivated by this gap and the previous research background review, the present work aims to
establish a comprehensive qualitative framework for the impulsive (k¢ ,)-Hilfer proportional
fractional differential equation (HPF DE) subject to mixed boundary conditions of the form
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3 D) = f(u(®),u@n), €Ty, t#1, €=0,1,....m,

ke=ye)pebe ke_1=ye-1)pe-130e- -y — —
t;’k[]'( =YOpPe l/’(’u(t;) _ t;_],kg,lj( e-1=Ye-1)pe-13¥¢ 1bt(t€) = ¢ou(ty)), €=1,2,....m,

(1.1)

W)=Y i I uE) + A, &€ (1t
i=0

where g’kfb‘”ﬁf’pf Yt denotes the (ke, Yro)-HPF DO of order a, € (0,1] and type B, € [0, 1], p; € (0,1],
ke > 0,9 := (e, te] C(a,blfor € =0,1,2,... . mwithO<a=t <H <...<t, <ty <b<T,;
Jo :=la,t1], I = la,b], t;’klf areve ig the (ke, Y¢)-Riemann-Liouville proportional fractional integral
operator (RL-PF 70) with order q € {(ke—=ye), (ke_1—Ye-1), 0y withg > 0,€ = 1,2,...,m, & € (i, ti41],
A e R, and 4 € [0, 1]. The main contributions of this study are the derivation of an equivalent integral
formulation for the proposed impulsive fractional PGDE, the establishment of sufficient conditions
for the existence and uniqueness of solutions via Banach’s fixed-point theorem, and the analysis of
several Ulam-type stability results, including UH, GUH, UHR, and GUHR stability results. Illustrative
examples and graphical computations are also provided to illustrate the theoretical results and to show
the influence of the main fractional and operator parameters.

The structure of the paper is as follows: Section 2 provides the necessary operator definitions and
preliminary lemmas, which are essential for converting the problem under consideration into an
equivalent integral equation. Section 3 establishes the existence and uniqueness of solutions using
Banach’s fixed-point theorem, while Section 4 addresses the Ulam stability of the solutions.
[lustrative examples with graphical computations are presented in Section 5 to validate and illustrate
the main results. The conclusions of this study are presented in the final section.

2. Preliminaries

This section presents the fundamental definitions, lemmas, and auxiliary tools used throughout the
study; further details can be found in [19-27]. We next introduce the notation employed for simplifying
computations in this paper.

- o -1
(@) = W)~ w(s)F exp (”k—wm —Y(s)|. (2.1)
0

Definition 2.1. ( /27]). Leta > 0, k > 0, p € (0, 1], and u € L'([a, b],R). Hence, the (k,)-RL-PF IO
of a of u can be written as

) 1 T o
akd P u(r) = m f ’;‘I’lz 1(‘r, W' (s)u(s)ds, 2.2)
k k a

where T'i(u) = fooo s lexp (—s—kk)ds, u is an element in complex number C, that is Re(u) > 0, and
() = Tu(u) as k — 1, Tz + k) = 2T(2), Tu(z) = ki~'T(£), Tk = 1.

Definition 2.2. ( [27]). Leta > 0,k > 0, p € (0, 1], u € C([a, b],R), ¥ (1) € C"([a, b], R) with /(1) # 0,
andn = 1,2,...5s0 that n = |a/k] + 1. Hence, the (k,y)-RL-PF IO of @ of u can be written as

T o Cog 1 o
WD) = e | T W (s
Pk K — a a
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= Dy I u(r)),

where (DY u(t) =  DVu(r) = (1 - pJu(r) + ko373 ((”) and (DY = DY, DV DY,

n times
Definition 2.3. ( [27]). Leta > 0, k > 0, p € (0,1], B € [0,1], u € C"([a, b],R), ¥(7) € C"([a, b],R)
with /(1) # 0, and n € N so that n = |a/k] + 1. Hence, the (k,y)-HPF DO of a and B of u can be

written as
H DOPPYY(T) = 44 ]ﬁ(nk—a),p;w( k@"ﬂ%(g, . I(l—ﬁ)(nk—m,p;wu(ﬂ)).

Next, we list several important properties required for the analysis.

Lemma 2.4. ( [27]). Assume «, § € [0,0), k, v € (0,0), p € (0,1], w € R, and w/k > —1. Hence,

(l) a,kI(l,Pélﬂ[/]z\P%_l(T’ Cl)] [ (w) P\P 13 (T Cl)

pkrk(ma) k=g
(ii) H baﬂPW[p‘P“l(z a)] _ ol f"{' ¢ a).

Ti(w—a) k
(iii) o T T u() = , T ‘”“”(a,kf () = T ().
p
n P\Pk (‘ra)

(iv) ak Ia,p;w(gkbaﬁ,p;wu(ﬂ) =u(t) -3 W—’[kbn_i’p;w(a,k ]nk—y,p;wu(w))],

i=1 p k& Tp(y+k—ki)

where y = a + B(nk — @).
Next, we employ the following auxiliary result:
Lemma 2.5. ( [27]). Let w, n € C, Re(n) > 0, Re(w) >0, k>0, p € (0,1], m € N, Re(n) > Re(w), and
n = |Re(w)/k] + 1. Then we obtain the following relations:
DG T (1) = (g T f(0). 2.3)
Let the weighted space be denoted by

Cllp_%(j, R) = {u : (a,b] = Rlu(a™) exists, and ‘Z‘P;,_%(l, au(t) € C(IJ, R)} » v €011,

_Y

1—z . . . . L
where C F= “(J,R). The weighted space of piece-wise continuous functions is defined as
Ye 7’/

PC, (TR = {ui@bl»Rluec,”, (=012,

(ke=ye)pesbe (ke—1=Ye-1)Pe-1We-14,(+~ ;
z;,kfj u(ty), ,;_l,kf_lf u(t,) exist, and

+
t{’—l’

ke-1=ye-D)pe-1:39¢- -y — ke-1=ye-D)-pe-1:39¢- -
kHI(m Ye-1Pe-13¢ 1u(t€) _t;_l,k[—l‘z-((l Ye-1)Pe-13¢ u(ty), €= 1’“"m}_

7(’

1=
Observe that PC =PC,, “(J,R) is a Banach space equipped with
ull e = SUP M‘I’ f (1, to)u()| .
Pc,, "
For ease of notation, we set the followmg symbols:

Fuld) = f(t,u(), u(AD), 2.4)
Gilw) =,y IO ETOPIF (1) + B (ulies)), 2.5)

for¢=0,1,...,m—1.
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Lemma 2.6. Let a, € (0, 1), ,8[ € [0 1], pPe € 0, 1], kp > O, Ye = Q¢ +ﬁ[(k[ - y), Yr € C(J,R) with
v, >0,0=0,1,2,....m F, € C , and Ay # 0. Then the linear impulsive (k;, Yro)-HPF DE with

mixed boundary condltlons

Er D) = Fu(), t€Te t#t, €=0,1,....m,

wT) = Z/li o LT UE) + A, &€ Wt
pry

I_Lf
is satisfying to the following integral equation, u € PC,, ", as
pf‘P%_l(t ) o &, 1) & P ‘I”‘ o
, LI (& MYy 1) S "
ut) = ?[A_{ Yoo Zgj(u)_ T
p;* IG) =0 p, % Tily + o) 70 o T (ym) =0

" Zul_ t’.’ki‘Z’ai"'U'i,Pi;Ql’iﬂ(fi) +A- tm’kmfamvpm;wmﬁl(T)}]

i=0

Pu{;kc ( ,tg) -1

T ) G+ T
pg Ly, (ye) =0
where
ym _q YT
T (Totw) & i, (Enty)
A= N :

prli{zm 1—‘km(’ym) i=0 P; i Fki(yi + O',')

7[

Proof. Letu € PC “ be a solution of the problem (2.6). For t € [t,, 1], we have

Y0 _
PO\P"O (l t )
s L0 .
u(t) = e+ LT D),

Y0

P’ Ti(0)

where ¢y =, T (ko=rorpoboy(+). Using Lemma 2.4, we obtain

ko—Y0),00; _ ko—v0),00:
lo,ko‘[( 0=70):P0 l//ou(t) = ¢ + 0+ (ko=y0)p0 ‘”O“fu(t).

10,ko

Substituting ¢ = ¢; into (2.9), we have

_Z'(ko—yo),Po;lﬂo u(ty)

ko—=Y0).00;
cl+ [(),k()'z—a/o_'-( 0—Y0)-00 %7:14(1‘1)-

to.ko

For t € (11, t,], we obtain

prgyi )
gk
ki lIJ,pl (t, z‘1)

ki=yD.p1; P13
u(t) = tl,kl'[( 1=Y1D)P1:1 u(tf) + t|,k1Ial o1 ‘/flﬁ(t).

71

ki

o, Ti(y1)

AIMS Mathematics Volume 11, Issue 5,
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l‘;,k[I =Yt):pe [u(t[) _ l‘}',l,kz-l‘z- -1=Ye=1)pe-130¢ ‘u(t[) — ¢)g(u(lg)), { = 1,2’ L

b

(2.6)

Z G,(w)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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From the impulsive condition, o JTka=yD.przn u(t) = o T ko=y0)-poitro u(t;) + ¢ (u(ty)), implies that

A1
2)11\1—’!211 (t’ tl) INIR
un) = I (o + Gow) + TFL).

ot Ti(n)

Applying Lemma 2.4, we get

ki=y1.p1; — ko—=y0).p03 ki=y1.p1;
tl,kl-[( 1=71):01 lﬂlu(t) = ¢+ J0+(ko=Y0)0 ¢07-"L[(t1) + @1 (u(ty)) + t1,kljal+( 1=71):01 l//lﬁ(t).

to,ko

In particular ¢ = #,, we have
ki—y1.p15 — ko—y0).003 ki=y1).p1;
t1,k1]( 1=Y1)P13¥1 ult) = ¢ + zo,kofao+( 0=Y0):00 woy_‘u(tl) + 1 (u(ty)) + t],k]Ial+( 1=Y1):01 wlﬂ(lz).

Under the impulsive condition, o j(kz—yz),pz;wzu(t;) =k TEki=y1).prn u(ty) + o (u(ty)), for t € (12, 131,
we get

-1
S ASTI |
I/t(t) 1—(61 + Z gj(u)) + tz’sz(lz’ﬂz,llfzg_'u(t)'

Py Ti,(r2) J=0

Then, for ¢ € (13, #;], we have

Bl
A TN AT |
u(t) = —(cl + Z Qj(u)) + ,3,k3fa3’p3"/’37",,(t).

1
p§3 rk3 (73) J=0

Repeating the above process, for any ¢ € (t;,,1], with £ =0, 1,,...,m, one has

”‘Pf; (¢ LI o
u(t) = e+ Y G|+ TP F D), (2.12)
7 — ’
Py Fkg(w) J=0
By Lemma 2.4, we obtain
p - -1
gt (t, 1) =
005 ke =¥ ’ O 00
i LT () = ngo_,_f c1+2gj(u))+wf P (1),
o, Ty(ye+op) J=0

Applying the mixed boundary condition, u(T) = X% pi , , T7"*u(&;) + A, we have

pm\I_[km (T P ) 1
(p)ﬂ > tm o )
y,,,_—(cl + Z QJ(M)) + lm,ka mspmsl/’mﬁ(T)
o’ T, () j=0
Yitoi _

Ui pi\P ki (é:ia ti) i-1
. (cl > g,(u)) Z i i TIIFLE) + A (213)

Jj=0

7l+u'l -1

=0 p, " Ty(yi+03)
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Solving Eq (2.13), we obtain that

ylﬁrl . Ym _
1 pii, G S (T 1)
T = A_{Z 7,+rr, ) Zgj( ) - Z’"lﬁl Zgj(l/l)
PV o T Ty + o) 70 P Ty (ym) 0

+ Z Hi o LTV L(ED) + A -

i=0

Iy m

g TP, (T)} (2.14)

where A, is given by (2.8). Inserting the value ¢; in (2.12), we obtain the solution (2.7).
Conversely, suppose that u satisfies (2.7). Taking f{ ke DacBereve into both sides of (2.7) and using
R
Lemmas 2.4 and 2.5, we get that

?ke Daebepe l//fu(l.)
71“71 .
1 Ui kz\P (é‘:i’ t[) i—1 Pm\Ika
- H acBe.pey —
= k[D eBe.pes (([AI{Z 7,+sz - Zg](u) m - Zg](u)
=0 p, Ly, (yi + o) =0 Poi T, (Ym) =0

e

i (1,1
P Iamp))1 'ﬁm?' (T)}:| wl )

b Km

+ Z Hi ti,ki‘z-ai+o—i’pi;wiﬂ(§i) + A -

i=0

,0;[ ) Fk{(’yt’)

Yo _
ke

w0 & |
@afﬁf N W( Z gj(u)) z]:{k D Be.pes W( ’k[]'aupf,w[ﬂ(t))

pﬁf Ly, (ye) 70
= Fu).

Next, we verify that u satisfies mixed boundary conditions. By directly evaluating (2.7), we obtain

Ym _ 71*”1
Pm\I_/km (T, tm) 1 Ui k!\IJ ({fi,ti) i—1 Pm\Pkm (T, m) m—1
W) = m—[A—{Z o 6w -8 6w
P’ Ti,(¥m) i=0 p [y (yi + o) =0 on' Iﬂk,,l()’m) Jj=0
. _Z'ai+0'ispi2¢i7: . A - [am,pm;wmg: (T)
- Zul " &)+ A=, .
i=0
ol (T 1,) 1)
ot N G+ TP F T,
P;fé" ka(’)/m) J=0
and
’}”+U'l '}/I+D'1
" P ,ul k[\}’ (é;i’ tl) 1 l’ll klllP (é‘:lat)
Z/Ji t[’k[_z- l»pt»(ﬁll,t(é:i) = Z m ) A Z m ) Z gj(u)
i=0 =0 p, L (yi + 00) =0 p, Ly (yi + 0y) =0

Ym _

P (T 1) %
e Z G () + Z i i T TIIFUE) + A
pm I_‘k ()/m) Jj=0
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'}/l +(7'1
ki

Pi
| 0 )
_tm’km]am’PmJ//mﬂ(T)}] + Ll?"z_;// Z Q](u)

ki

pi Fki(')’i + o-l) j 0

m
+ Z i ti’ki‘z'(li‘*'("i,,ui;lpi?:u(gi).
i=0

Therefore, u(T) = 3/ 1 i Tiridiy(&) + A. The proof is finished.

3. Existence and uniqueness result via Banach’s fixed-point theorem

1-2¢ -
By Lemma 2.6, we define an operator Q : C,, “(J,R) — #C,, “(J,R) by

1 m 'pi\l" ’ki - (é:i’ ti) i—1 Pm \Pk:i
Qu)(t) = [A—{Z o DG — T Z@(u)
V=0 P; - rki(’}/i + O-i) J=0 pm Fk/11(7m) J=0

Yo _
ke

( ’tf)

by m

+ Zﬂi ti,kiIa[+Ui’pi;w’7'~L¢(§i) + A~ 7
i=0 e T (ye)

Ye

pogrke -1
g (1 1)

et — DG+ TV F D),
P Tilye) =0

P[\P
Iam Lms 'ﬁm? (T)}:| wi

3.1

It follows that the problem (1.1) has a solution if and only if the operator Q has fixed points. In

addition, we set

1
A] =

Ym _ ’
Aol T ()
Yitoi ) ij_,yj
|,Uz|pl .ki (&, 1) &L p'/‘P .'/ (tjs1,1))

o— l
A2 .= § Yitoi g ; yj o)

i=0 P E 1—‘k (71 + O-l) J= 0 kj ij(ozj - + 2kj)

@iy
Pm %_1 m—1 p/\PjT] t t
lP (T 1, ) ki Ty (j+l’ [)
;\’m r /k Vi,
Pm ko (Ym) J= P, i ij(aj —yj+2k))
i i;id—i m %
m T G ()

i=1 pi ki Fki(ai +0;+ kl) pm 1—‘k,,,(av'm + km)
@jj

m-l p'/‘P k’ (tjs1,1))

1//+1 ’

j=0 kj ij(a/j - ’}/j + 2](])

AIMS Mathematics

(3.2)

(3.3)

(3.4)

Volume 11, Issue 5, 14558—-14585.



14566

Pm\Pk::: +1- #(T tm)
Ay = 2 (3.5)

o' T, (@ + km)

Yitoi Ym _q

l ki m m
- |2 v (fi, t)  mh ‘Pk (T, 1)
+ .

As = Zl il

Ym _
=0 p. i Fk,—(%‘ +0) on' rk,,,()’m)

(3.6)

Lemma 3.1. (Banach’s fixed-point theorem [28]) Let B be a non-empty closed subset of a Banach
space X. Then, any contraction mapping Q from B into itself has a unique fixed point.

Theorem 3.2. Suppose that , € C(J), where y,(t) >0, =0,1,2,...,m;t € Jand f € C(IxR%R),
¢ € CR,R) for € = 1,2,...,m, which satisfy the following assumptions:

(H,) There exists a real positive constant L such that

_n
1) = flt, v <28, (1,10 L1y = o] + vy = va])

forallt e 9 and u;, v € R fori=1,2.
(H,) There exists a real positive constant @ such that

1=
6e(u0) — SV < VE, (8, 1) lu— v,
forallte J andu,veRforl=1,2,....m

Then, the problem (1.1) has a unique solution if

@12.[: +0,0<1, (37)

where ®, ®, are provided by
01 = A(Ax+|A1[A3) + Ay, (3.8)
0, = Ai(As+I|A]m). (3.9)

Proof. We change the problem (1.1) into a fixed-point problem, that is, # = Qu, where the operator Q
is defined by (3.1). The proof will be separated into two steps as follows:
Step 1: It is shown that QBg C Bg.

Assume that sup,.+1/(0,0,0)| := F < oo and I := max{|¢,(0) : £ = 1,2,...,m}. Let Bg := {u €

75 7/’
SDC’ Sl z < R} be a bounded, closed, and convex subset of PC “ with the constant radius

PCW

S ®1F + @2]1 + AllAIHﬂl
B (@12,£ + @2@)

For any u € Bg, we have
I 1_%
o Xy, (5 10)(Qu)(1)

AIMS Mathematics Volume 11, Issue 5, 14558—14585.
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Yitoi Ym _
1 n Iﬂil”"‘P y (fl, 1) < k"’
< 7 [ T Zlgx >| B TEma—— ZIQ,(M)|
|A1|pg€ Fk[(w) i=0 p Ly, (yi + o) =0 P’ L, (Ym) i=0

+ Z Il g L TEINFLED + A+ g TP |F (T ]

Iy

-1 v
1-% .
- § |G| + 10, (1,10, TP IF D) (3.10)
P;[ Fk,:(?’t’) J=

Then, we get the following results under the assumptions (H;) and (H) as

01 < 1t u(0). u(10) = £0.0,0)] + 1£(0.0,0)
< W (1) L] + A ) +1£0,0,0)
< 2Ll oy +F
#c,, "
< 2LR+F, (3.11)
et < lpe(u(tr) = $e(0)] + Ipr(0)] < DR +1. (3.12)

Applying (3.11) and (3.12), we have

Giw)| <, T ETIRE (0] + [ ()|
< QLR+ F),j’kjf‘“(kf L) (tjr) + QR +1
2LY, (tjast) I PRGN )
_ i Y jY
= T + DR+ T + L (3.13)
p; Dila;—vy;+2k)) p; Lila;—vy;+2k))

Then, taking (3.11)—(3.13) into (3.10), we have

v, @i

Yitoi

o
0¥, (Et)
Yitoi

M_] -1
|A1|prknm Fl%(?’m) i=0 pi i I“k,.('y,- + O'i)

1 N7
<

o oo S
U 2L (s t) FO¥,, sty
kj lﬂ] Jtls by kj % Jtlstj
X ' T, +O|R+ =T +1
e Tulay =y +2k)) p; " Dila;—vy;+2k)
o ”1'1(’_7./' +1 o “./’k’ﬁ +
pm‘Pk'" (T tm) " 2L, (1)) Foy, sty
o ET ! +O|R+ = +1
Tn =+ =
Pm rkm(%n) Jj=0 p; T Tyl -y + 2k) P, T Ty =y + 2k)

a; +(r, am

m |l En) o, (T, 1)
+ i d QRLR+F) + Al + Lo

i=1 P; i Fki(a,- + o0+ k) pmm ka(am + ki)

LR +F)

aj+0; "”1
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o; L N i
1 m-1 2L k]],‘}’l,,jj (tjs1,1)) F k;‘Pw,-] (tjs15 1))
+7'"—Z — + O R+ ———
7% ka 141
p; " Dilaj—v;+2k))

km . -
P Lo, (¥Ym) =0 P, ki T (@) -y, +2k;)

+1

am 4

pm\}[ T T km ( m)
o 2LR+F)

km ka (am + km)
@imy;
Yitoi L 4
-1 i Pigy K
i ¥ ; (tjs1, 1))

(2£R+IF=‘) ( "m0, () 5 oYy
Y

Yitoi

-1 ,
=0 P Al 1_‘k (71 +03) = 0 k] ij(a/j -yt 2/(])

IA

Ym _

Ailpw ka (Ym)

Ym _ % +1 @ +’71
m m p k 1
"m‘Pk () U, ) oY, )
2 * ), am
=l p. i Fk(a/l +o0;+ k)

km .
P i) P 5 Ty -y + 2K

@

. —+
p“I’ .k’ (tjs1, 1))

)71 w"l
T o 1 f,_” 1
P U, (@ + ki) - L, (Ym) = 0 5 ‘1 Ty (@; =y +2k;)

Qm 4 Ym . i
QLR+BR TR T @ReD [0 IR 6
y,-+(ri_1

+ am
P Ui (@ + ki) |A1|Pm Fk ym) =0 p. " Tu(yi + o)

bl (T 1) )+ QLR+F) &
P

ym _

pm\I]km (T tm) . ((I)R + I[)m
Ym _ 7f7m_1 Ym _q
o I’ ki (ym) |A1 |prl;1m ka ()’m)

pll;én ka(’)/m) Pm
(A1(Az + A1l A3) + ADRLR + F) + Ai(As + [A|m) (@R + 1) + Ay [A] |A]
3.14)

O2LR+F)+ Or(dR+ 1) + A |A1]|A| £ R,

A

<

which implies that QBg C Bk.
Step 2: We show that Q is a contraction.
Let u,v € Bg. Then, for each t € J, we consider

e, 0, 10)((Qu)(e) — @)(1)
m ; Pi\P”.’:ri i b
il ¥y, Gt < Z G, - G;()|

Yitoi -1

=0 P; E ka()’i + O-l) =0

1

IA

7(

Ailp, rmm[ f

Pm\Pkm I(T’ tm) m—1 m

#3161 — G|+ Dl T T (s) = Fuls) (€
i=0

Ym -1
Pm' Ti,(ym) =0
-1
+, o T F(s) = FoOI (D) | + | Gi(u) - gj(v)|
prl;lm I_‘k (')/m) Jj=0
(T g,), T (5) - Fo()|(T)
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Yitoi v

i , .
2L ( - |/1i|2‘{’¢ik' (é:i,ti)i 2\{,%, (i1, 1))
J

<
- Ym _ Vito; ai—y;
Km lkl- t-1 . .J
|A1] o rkm(ym) =0 p, Iy, (yi + 0) =0 P, ki Ty (a;—y; + 2k))
» ajk__yj aj+o;
%, RIS ESIGE PN &l Gt
+ - Z o 7/ + Z it
b (y) T mya
Pm kn\Ym) J= ,0 7 Fk_,'(aj —y; + Zk]) 1= P; Fki(ai +0; + kl)
%
Pj J
W, st e =Vl x
o, b " (T, 1) op  mikiw AR P,
= = vl e+ — D
m P Tm =
' Ui, (@ + ki) c Pm Iﬂk (Ym) =0 P, K Ty, (@ — v, + 2k))
am 1
ZL pm\Ij km + Am (T tm)
O(m ||u - v” l—% + Ym l ||u - V” 1_'}}{%
pm Iﬂk (a'm + km) PC‘/’/ pmm k,,, (’)/m) SDC‘”
7i+(ri_
O m_ |ﬂi|pi\iji"i (‘fi,ti) pm\Pkm (T tm)
+ Yin 7’1*‘71 Ym ”u - V” 1_%
|A1|p;];z rkm (%n) i=0 P; Fk,. (’)/l' + O'i) 1_‘k,,, (')/m) 7C
< 2L (A + A A3) + Ayl — vl -t AI(AS + lAllm)(D llee = vl -t
P

174 PCW
= (02L+ 60 [lu—vll .

'PCW

which implies that
|Qu — Q| L S(0.2L+ 0,D) Jlu — vl N

PC, PC

v Ye

Since ©,2L + ©,® < 1, it follows from Banach’s fixed-point theorem (Lemma 3.1) that Q is a
contraction. Hence, Q has a unique fixed point that is the unique solution of the problem (1.1) on 7.
The proof is done. O

4. Ulam stability results

In this section, we study UH, GUH, UHR, and GUHR stability of problem (1.1).

Definition 4.1. The problem (1.1) is sald to be UH stable if, for every € > 0, there exists a constant
Cy > 0 such that, for any solution z € ?C i (J.R) of

; k[Daf,prf wz(t) 7’2(2‘) <e,
“4.1)

ke—ve).pe; ko1 =YVe—1)0t—1:W¢— _
t;’k[_z'( =Y0Pt !ﬁfz(tzr) _ t},l,kf-l‘z-( -1=Ye-1)pe-1:¢ lz(t[) _ ¢€(Z(tf)) <e,

1=
there exists a unique solution u € PCW “(T,R) of problem (1.1) with
l2(t) —u(t)| < Cre, te€ .
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Definition 4.2. The problem (1.1) is said to be GUH stable if, for € > 0 and set of posztlve real numbers
R*, there exists y € C(R*,R*) with x(0) = 0 such that, for any solution z € PC K (J,.R)of

[, D) = 7o) < X,
4.2)

(ke=yopese ,( 4+ (ke—1=ye-1)pe-13%¢-1 (4~
t}',k,;I =Ye)pe [Z(tg) _ t;’_l,ka -1=Ye-1):pe-1%¢ IZ(Q) — du(z(t)| < v,

-3
there exists € > 0 and a unique solution u € PCW “(I.R) of problem (1.1) with

l2() —u@® < x(e), t€J.

Definition 4.3. The problem (1.1) is said to be UHR stable wzth respect to (x,v) if, for € > 0, there

exists a real constant Cy,, > 0 such that for any solution z € PCW i (J,.R)of

i D) - F0)| < ex(1),
4.3)

ke—ye)pebe k1 =Ye—1)Pr—1:W¢— _
z;,k(I( =YLt WZ(Z‘Z:) _ t},l,kf—lf( —1=Ye-1)pe-1:0¢ IZ(t[) _ ¢5(Z(l‘5)) < ev,

1-¥
there exists a unique solution u € PCW “(T,R) of problem (1.1) with

(1) —u(@)] < Cyy (v +x(@), te€J.

Definition 4.4. The problem (1.1) is said to be GUHR stable with respect to (y, v) if there exists a real

_Y

constant C f xr > 0, such that for any solution z € PC T R) of (4.2), there exists a unique solution

ue SDC' i (T, R) of problem (1.1) with

() —u@)| < Cy,,(v+x(@), €.

Remark 4.5. By Definitions 4.1-4.4, we can find out that: (i) Definition 4.1 — Definition 4.2; (ii)
Definition 4.3 — Definition 4.4; and (iii) Definition 4.3 — Definition 4.1.

7(’

Remark 4 6 The function z € SDC “(J,R) is a solution of the inequality (4.1). There exists a function
we PCW g (I, R) with a sequence w, for £ = 1,2, ...,m, which depends on a function z, such that

(D) Wl <€ wel <€ 1€
(if) g’kEDazﬁe,ﬁ’e;l/fﬁZ(I) =FO+wi),teT;
(iii) - I(k[—w)ﬁ/ﬁl//[z(l;') - I(kc”—l—7/—1)’P€—1§¢€—1Z(lg) = @p(z(tp)) + we, t € .
¢ % o—1°KC-1

=X
Remark 4.7. The functionz € PC,, “(J,R) is a solution of the inequality (4.2). There exists a function
1-x
we PCW “(T,R) with a sequence wy for € = 1,2, ...,m, which depends on a function z, such that
@) Wl < x(@), wl <v, 1€ T;
(if) [, DO Z(1) = o) + w(t), 1 € T
.
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(iif) IZ,ke]‘(kFW%PHWdQ') _ [z;l’k{’_lI(kl—l_')/[—l),P[—IZl//t’—lZ(l‘g) = ¢p(z(tp)) + we, t € .

1=
Remark 4.8. The functionz € PC,, “(J,R) is a solution of the inequality (4.3). There exists a function

1=
w e PCW & (J,R) with a sequence wy for £ = 1,2, ..., m, which depends on a function z, such that
(@) W@ < ex(@), wel < ev, t €T,
(i1) t’;’kfb“”ﬁ””““"z(t) =F.@0)+w(),teTd;
(iii) t;’kfI(M—?’[)’P[;l//fZ(tz') — tz_l’kHI(kf_l—w-l),pz-l;wz-lz(tg) = ¢o(z(t)) +wp, t €T

4.1. Ulam-Hyers stability results

We now proceed to state the UH stability result.

Theorem 4.9. Let o, € (O 1), ,85 € [0 1], pPe € (O, 1], k, > O, Ye = Q¢ +,Bg(kg —ay), Ye € C(j, R) with

Y, >0,=0,1,2,...,m,F, € C’ ,and Ay # 0. If (H,), (H,) and (3.7) are fulfilled, then the problem
(1.1) is UH stable on J

7{

Proof. Suppose that z € PC * is the solution of inequality (4.1). Applying conditions (ii) and (iii)
from Remark 4.6 together w1th Lemma 2.6, we obtain

H e fepebe (t)=ﬁ(l‘)+W(t), teYJe, t#+t, £=0,1,....m

l‘+ ke

ke—ye).0¢5 ke—1—Ye-1)pe—10 ¢ -\ — —
t;,kgj( =YOPe Wz(r;) _ t}_l,kHI( -1=Ye-D)pe-1:0¢ IZ(tg) = ¢o(z(ty)) + we, €=1,2,...,m,

4.4)
«T) = Z,Ui o LTPVZE) + A, & € (1 .
i=0
Then, the solution of (4.4) is given by
Pf\P%_l(l" tf) 1 - ﬂi iflPl:/t;(ri_ (é:ia tl) il pm\Pkm (Ta m)
w0 = | D e D G- —— Z G/

ke 1 A 0 'ki -1 —0 km II“ ( ) 0

e, Ti(ye) =0 p, L (yi + o) J= Pm L, Ym) J=
'}’[ 1

m . PZ’\P (t, tt’) -1
" Z'ui z,-,k,-Iaim’pi’wi?:z(fi) +A- ]am P WmT’(T)}:| fi— Z G2

=0 o Ti(ye) 7=

7[ -1
.06\11 (l, t[) -1
J-m P llffg_‘(t) - Z gj(w) + t[’k[]'acypf;l//ffw(t)
p;f Fk(()/f) Jj=0
H_l Yitoi
P(’\Pkf (1, 1,) 1 m /.l'pilP ki (‘f t) i pm\I]km (T f) ™
b 1 ki ¢i 19 km m
+— —_— —_
Elp [AI{Z(; el Z;g’( ") z::; o Z;Q,(W)

Pg ke (Ye) =0 p; L (yi +0) 7 knYm) 7=
n Z i t’_’kiIaﬁov,pi;w,y:w(gi) _ tm’km‘z'amvpm;Wm TW(T)}:| 4.5)

i=0
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Using (i) in Remark 4.6 via (H,) and (H,), we have

P (1 1) (al0) - o))

|:ul|pl\P :ki‘ (é:l’ 1)
< - [ %fﬁ»_f Z|§,(z) Giw)|
|A1|P/ Fk,()’f) =0 p, " Ty(yi+03) /=0

1

pmlP‘Zr:l (T t ;+0 4
+W—Z|g]<z> G,(w)] + Zlul,, GTTIVFs) = Ful )l (€)
P,fq’" I_‘k (7m) J=0
m—1
s L m(s)—ﬁ(snm] 6,(2) - G(w)|

pm 1—‘k (’}/m) Jj=0
+£,’,'3‘P o, tn), . L0 |F(s) = Fu(I(T)

Yitoi Ym _
Pi ki Pm Tm
| {24, oty oy (1)
" [ e ZIQ,( )| + et —— E Z|gj(w)|
|A1|p[( Fk[(’yt’) i=0 P rkl()/l + 0-1) J=0 m km 7m J=0
* Z il LT NT(EN + g, L |9L‘W<T>|]
S pe 1_% ap.pebe
G W)+, (1), 4, T | F ()
k
P/ ch(?’e) =0
o Gt
iy K — Pj i
< 2L . |,Ui|§;‘P¢i (&.1) =L k]].\}’l/,jj (tjs1,1))
- = YT Z "f;_yj +1
Al o T, (Ym) =0 p;, " Lylyi+o;) =0 P, T Ty -y +2k)
”jk_yj al+u'1
m m — p -. 1
ol N Tyt T () L (&)
P- e T
pm' Liy(ym) =0 5 % rk‘/_(aj —y; 42k = T+ ot k)
@ pj J ([' I)H _
am . . 1, Lj) Ik I/l” -2
pm\Ij ki (T ) 2 m=1kj " ¥; J* pe. e
o > Im L
- )Ilz— ll et D -
T (@ + k PC T 20 LT
o (@ + ki) v P T, (vm) = p," Tia;—y,+2k)
(In1+1
2£ e b (T, 1) Om
le—ul oyt e —ull
Iﬂkm (a/m + km) PC‘/’Z P;fi" Fk (’)/m) PCW
Yitoi
® ( ARG m (7, tm))” |
+ T > i—u _n
m_1 }/ﬁ.ff,_l Yz 1 %
|A1|pm ka(Ym) i=0 pi i Fki(y,- + O',') pr]; Fk,,l()/m) PCW
AIMS Mathematics
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Yitoi a]k;yj
i ki - i Pj j
€ o il Y, (fi,ti)lzll i PRGN )
s 71‘2;7'1'_1 ._O a/-l;yj+1
0o Tt o) 20 p YT (a; -y, + 2Kk;))
4 a;+o;
m m —_ p k i l :
Wi T P, (Gt T ()
M_l Z +1 +Z (y+rr,
=1

P;f{" ka(’)/m) J= 0 kj ij(a’j _ ,yj + 2k]) 1= pl. ki Fki(ai + g + k,)

—+

Ym _

Ailpw' ka(ym)

;)

onpin (T 1, w0, (st ety R (7 g,
+
2’,"5 S GZZ
1—‘km (am + km) pm rkm (ym) J= J ki rk-(aj -y, —+ 2k]) pm ka(am + km)
yl+0'l_
mi Y, () pm‘PZZ (T, 1) em

Vi +a'[ Ym _

€

+

Al i T, (Vm)( =0 p. Fki(yi +0;) pm’” T, (/) ol T ()
2LA (A2 + 1A A3) + Ag) Iz — ull -t A(As + [A|m)D ||z — ul] -
P ./,[, 4 w[) 4
+(A1(A2 + A1 A3) + Ay)e + Ai(As + |A | m)e
= (0,12L+ 0,0) ||z — ull np F (O + Os)e. (4.6)
P

ve

IA

Consequently, ||z —u|| . % < Cye, where Cy is defined as
PC, ¢
Ye

0, +0,
Cr:= ; 477
I 1= (@.2L + ©,D) .7

Therefore, the problem (1.1) is UH stable. |

Corollary 4.10. In Theorem 4.9, if we set x(€) = Cye such that x(0) = O, then the problem (1.1) is
GUH stable.

4.2. Ulam-Hyers-Rassias stability results
Prior to establishing the UHR stability result, we state the following assumption:

(Hs) There exists a non-decreasing function y € C(J,R), and there is a positive real number C, > 0,
for any € > 0, so that

i LI (@) < Cox(D).
Theorem 4.11. Suppose that a, € (0,1), B, € [0, 1] pg € (0,11, k¢ > 0, yp = a; + Belky — ay),

e € C(T.Rywithy, >0, €=0,1,2,....,m, F, € C i ,and Ay # 0. If (H,), (Hy), and (3.7) are
fulfilled, then the problem (1.1) is UHR stable with respect to (y,v)on .

7/' 7[

Proof. Suppose that z € PC’ “ is the solution of inequality (4.3) and u € PC ‘ is the solution of the
problem (1.1). Using an argument similar to that in the proof of Theorem 4. 9 and (i) in Remark 4.8,
together with (H;)—(Hj3), we obtain

o ‘I’,lf(t, t)(2(t) — u(1))
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71*‘71 1 .
|#z|p‘lP u Eil) =
W [ %_1 Z |gj(z) - g](”)|
Al p, Fk[(w) =0 p, " Ty + o) 770

Pyt~
\Ilwl'l'l (

- Zlgxz) G| + Zw, wi L TEVF L) = Ful9)] ()
prl;zm 1—‘k (7}11) J=0

1

IA

m—1

Tamenn | (5) — Fol(s)| (T) | + 612 - G,(w)

Ym
lel 1

Pm rkm(’)/m) Jj=0
- -
+I/;':‘P¢/mkm (T, tm)tm,kmj mPmWm |7:z(s) _ ﬂ(s)l (T)

Yitoi Ym _

| Py Fi km

g Gt &
- Pyt 1‘”‘ ik Zlg,( >| = Z|g,(w)|

Ao ka(w)[ =0 p, " Ty + 0y) 770

+ Z i T EINFEN + 4, T4 1T (T)) ]

i=0

tm m

1

+

-1
1-7¢ .
|G| + 5%, " (1. t0),, 4, TP T (D)

P;[ Fk,; (ye) =0

@i

Yitoi

; — -1 ; T
2L ( m 0, &) i p{lP N GRD)
47y

IA

Ym _

|Ailpm Fk (Ym)

Yito —1

0p " T+ i p

k:

! ij(ozj — ’yj + 2](])
u al+(r,

. I
C@a e ) @Gaon) +i W, (&)
1

wl‘l‘l
Ym _ i
i

Pr;m ka(%n) j=0 P, "J‘ Ty (e; -y, + 2k))

a;j+o;

P; E (i + o + k)

Al
Pig *i
. a’,;: 1 ki Ty (tj+1, tj) ”Z - u” I—Q
g (T, 1) 2 u Y PCy, !
”Z - l/t” 1—% + ym _ Z i
PC ‘

T -
P o) 50 p;7 Tula;—y;+2k)

prf?rkm(am + km)

Gm 4 ]-Ym
21: Z: \Iler’nn o (T’ tm) m
= le—ull o+l =l
km 4 m ¢
Pm I_‘k,,, (am + km) PCW pr’;, 1—‘km (7111) PCW
yi+o'i_l
. i ki m\JJ km
)] l |,ui|';;.l}l¢i (gi’ ti) p \Plzm (T, tm)
+ ym _q Yitoi g )'m ”Z - l/l” - zf
km " .
|A1 |pm ka (’Ym) i=0 P; i l“kl. (’yl + O'i) pm Fk,,, (’)/m) PC
Yito; YV

Ym _ Yitoi

Ailpw' ka(ym)

¥
Tt

= O A= Op. T Ty e -y +2k)

. ——1 , . o
eCX)((t) (m il P, (&) le i PR GNP
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ai-y;
ARSI nl+0'l

m_ . - .
e T 1) ! p"I’ A’ (tjs1, 1)) Zm: a1, (&)
=1

- 27
om' T, (¥m) JOp ! Fk,(aj_7j+2k)

(Ij—yj

Yl+rTl

Pi K rk(al+0-l+k)

ol (T, 1,) €C (1) mZI 9 ()

T k) oE T 7, 1rk,.<aj 2

(2£R4-FWMPM*1KRsz) v ( T )
Tk Ik T\ 0% T+ o)

m’;:\PIZ_ (T, 1) eum

Ym _q ym _
prknm rkm(ym) P:Z” ka (’)/m)
2L A + A A) + A llz —ull e+ Ay(As + A m)@lz — il

PCW PCW

+(Cox A (A2 + 1A As) + Ag) + VA (As + A m)) €
= (@2L+OD)|lz—ull ,_x +(C,® +O)e(x(t) +v). (4.8)
P €

ve

IA

This implies that ||z — u|| L S Cry,€(x(1) + v), where
PC,, ¢
CX®1 + @2

= . 4.
Cras 1-(©,.2L + ©,D) (4.9)

Hence, the problem (1.1) is UHR stable with respect to (y, v). O
Corollary 4.12. If € = 1 and x(0) = 0 are chosen in Theorem 4.11, then the problem (1.1) becomes
GUHR stable with respect to (y, v).

5. Examples

In this section, we provide two illustrative examples with graphical computations to demonstrate

the applicability of our theoretical results.

Example 5.1. Consider the nonlinear impulsive (kg, o)-HPF DE with mixed boundary conditions of
the form

{+6 (+2 (+8.

L DSBS = £ 0, u(©.D0), 1 # 10, £=0,1,2,
" z+sf((4 -y, 55 Wu(t ) — . MI(——W DG e u(t[) = ¢o(u(ty)), €=1,2, (5.1)

i+2 i+8.

u(F) = BLo(5), T Ru(E) +1, & € (6, 6],

Here, a; = (€+6)/8, B8, = (€+2)/5, pr = (£ +8)/10, ke = (£ +5)/4, Ye(t) = (€ + 1 — e P /(£ +3),
tp =4€/7 for £ = 0,1,2 with T = 12/7, and A = 0.1. The parameters of mixed boundary conditions
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are given by y; = GBi+2)/7, 0 = (i+2)/5-10),& = 4i+1)/7fori = 0,1,2, and A = 1.
Utilizing all parameters, we obtain A; ~ 2.129370, A; = 0.465964, A, ~ 0.718382, A; ~ 0.364747,
Ay =~ 0.013087, As ~ 3.597920, ®; ~ 0.709731, and ®, ~ 3.660920. The following functions are
used to validate the theoretical results:

’”‘P ”(t t) [ u(o) |u(0.17)|
_ -3t Ve
o u@®,u@.10) = e +(t+2)2+12 |u(t)|+l+|u(0.lt)|+2)’ (5:2)
. Pl kf (l t)e—Stg
¢u(t) = sin(nt) + = (5.3)

2 cosz(47rtg) +25°
For any u;,v; e R,i=1,2,and r € [0, 12/7], it follows that

p“I’W i (t, 1)
16

_Ye

|pe(u) = ¢e(V)] < 215Z‘P (1) u =

(H;) and (H,) in Theorem 3.2 are satisfied via, £ = 1/16 and ® = 1/25, which implies that
0,2L + 0, =~ 0.235153 < 1. Since all conditions in Theorem 3.2 are satisfied, the problem (5.1) has
a unique solution on [0, 7']. Furthermore, from (4.7), we get

0, +06,
1-(0,2L+06,0)

Then, the problem (5.1) is UH stable on [0, T']. Taking x(e) = Cye via y(0) = 0, the problem (5.1)
is GUH stable on [0, T'].

(lur = wal + vy = val ),

|f(ta ulavl) - f(ta I/tz,Vz)l <

Cr:= ~ 5.714410 > 0.

2k,;

Moreover, by taking y(7) =* “I’ “ (t,1,) into (Hj3), we have

. T (2), \P (t f) I (2)%11” (D
i TN () = — g S () < — 0
P, Ti (2 + ) ;f [, (2 + ap)

Then, we have
4

T (20 “P( L (1, 10)

€, = max §— ~ 0.318368.
&,
Pr T2 + )
Applying (4.9), one has
c,0,+06
Cryy = — T ~5.081910.

1- (@12.£ + @2(1))

Therefore, by all conclusions in Theorem 4.11, the problem (5.1) is UHR stable on [0, T']. Finally,
if we take € = 1, the problem (5.1) is GUHR stable on [0, T].

In addition, we represent the relationship between the constant values ®;, ®, and the quantity
Y = 0,2L + O,. The corresponding computed values are reported in Tables 1-3 for various choices
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of the parameters a,, B¢, p¢, and k,. The computational illustration is divided into three representative
cases. Moreover, Figures 1-3 illustrate the graphical relationships between Y and the considered
parameters.

Case I. In this case, we display the computed values of @, ®, and Y with respect to the parameters
ar € (0,1] and B, € [0, 1], as shown in Table 1 and Figure 1.

Case II. In this case, we present the computed values of @, ®, and Y with respect to the parameters
a¢ € (0,1] and p; € (0, 1], as reported in Table 2 and Figure 2.

Case I11I. Finally, we study the effect of the proportional order k, > 0 together with the fractional order
a¢ € (0, 1]. The corresponding computed values are provided in Table 3 and Figure 3.

Table 1. Computed values of ®, ®, and the condition Y < 1 for varying a, and S3,.

ay B 0, 0, Y<l1

0.10 0.00 0.052076 0.389936 0.022107
0.18 0.10 0.198590 1.297320 0.076717
0.26 0.20 0.366766 2.057810 0.128158
0.34 0.30 0.540441 2.655410 0.173771
0.42 0.40 0.703978 3.097780 0.211908
0.50 0.50 0.844096 3.404390 0.241688
0.58 0.60 0.950926 3.599030 0.262827
0.66 0.70 1.018360 3.705520 0.275516
0.74 0.80 1.044240 3.745660 0.280356
0.82 0.90 1.030090 3.738450 0.278299
0.90 1.00 0.980596 3.699810 0.270566

Table 2. Computed values of Y under the condition Y < 1 for varying a, € (0, 1] and
o € (0, 1].

ay pe 0, 0, Y<l1

0.10 0.05 1.064560 2.050020 0.215071
0.18 0.14 1.471070 2.511840 0.284358
0.26 0.23 1.505490 2.782400 0.299482
0.34 0.32 1.410460 2.981120 0.295553
0.42 0.41 1.279160 3.138880 0.285450
0.50 0.50 1.143080 3.269130 0.273650
0.58 0.59 1.013730 3.378980 0.261875
0.66 0.68 0.895144 3.472690 0.250801
0.74 0.77 0.788401 3.553130 0.240675
0.82 0.86 0.693248 3.622150 0.231542
0.90 0.95 0.608882 3.681170 0.223357
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Table 3. Numerical values of ®;, ®, and the condition Y < 1 for varying a, € (0, 1] and

ke € [1.1,1.5].

(072 k[ @1 @2 y

0.10 1.10 2.847433 3.520883 0.496764
0.18 1.14 2.314145 3.527536 0.430370
0.26 1.18 1.929431 3.533945 0.382537
0.34 1.22 1.643127 3.540111 0.346995
0.42 1.26 1.423802 3.546036 0.319817
0.50 1.30 1.251331 3.551727 0.298485
0.58 1.34 1.112528 3.557192 0.281354
0.66 1.38 0.998544 3.562439 0.267316
0.74 1.42 0.903305 3.567478 0.255612
0.82 1.46 0.822538 3.572319 0.245710
0.90 1.50 0.753173 3.576972 0.237226

Figure 1. Graphical representation of Y with respect to a, and 3, in Case 1.

Figure 2. Graphical representation of Y with respect to @, and p, in Case II.
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Figure 3. Computed values of ®,, ®, and the condition Y < 1 for varying a, € (0, 1] and
ke € [1.1,1.5].

Example 5.2. Consider the linear impulsive (k¢, o)-HPF DE with mixed boundary conditions of the

form
(1 (45 (+3.
LD =0, 10, £=0,1,2,
Gl ) 3. Ly, ) &2, —
Iz’HTII( 2 Yo, 6 91//€u(t2') _ t+71’%f(2 Ye-1), 6 "vbl’—lu(l»f) — 1’ f — 1’2, (5.4)

i+l i+3

2 it Bl i3y 4]
u(l) = Zizo(%)n’iﬂjﬁs’ 6 ’w’u(%) +2, & et til

2
Here, t, = €¢/3 for ¢ = 0,1,2 with f(¢,u(t),u(At)) = 0, and T = 1. The parameters of mixed
boundary conditions are given by u; = (i+ 1)/8, 0, =({+ 1)/(i+3),and & = (2i+ 1)/6, fori =0, 1,2,
and A = 2. From Lemma 2.6, we can derive the solution of (5.4) on [0, 1] as

Y _1 YitTi ym_q
k - . i ki m m

PRI 1 (S Y, ) 20 (Tht)

o~ Yo i i m "~ Ym

e e AL - +2¢|, t €[t 1],

%o 1\ 4 T km

P Tio) = 2 =0 p 7t TGt o) P Ty, (¥Ym)

1 itoi Ym

, te(t,n], (6.5

pa | ) ym _q

P, G (& Y, ) 28 (T ) ‘

uipn =4 L0 7 A_{ ki v — Y +2}+1
| 21

Vito; -1 Ym _

YitTi 1
i=0 P; 4 Fki(’yi + O'l') P:fin ka(ym)

Yitoi

-1
P, yzrkl(%)

=-1 ) 1 1
PWE )] (& Y, (Gt 20 (T ) ]
BB T { L7 — Y +2}+2 , 1€ (t13].

Ym _
km

i

A

2

Yitoi Ym

m
=0 p. YTy + o) P Ti,(¥m)

1
P Tt

To further demonstrate the qualitative behavior of the analytical solution obtained in (5.5), we
present numerical illustrations based on different choices of the kernel function y(¢). In particular,
four representative cases are considered, corresponding to polynomial, exponential, logarithmic, and
trigonometric kernels. For each case, the fractional parameters «, (3, p, and k are varied to examine
their influence on the solution profile across the impulsive points. The resulting solution is plotted on
[0, 1], and the corresponding graphical behaviors are discussed below.
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CaseL y,(t) = £ + (20 + Dt withay = (£ + 1)/6, Be = (£ +5)/8, pe = (€ +3)/6, and k, = (€ + 1)/2.
Under this choice, the explicit solution (5.5) reduces to

(0.096467) exp (~ )

()
___r
i) (0.689587) exp ( IRE] +0.1), e (3203 56
(% -o. 2)
(1.768950) exp (-

t€[0,1/3],

+0. 029630)

15(1+3z)

, te(2/3,1].

(— ~0. 222222) E

1+43¢

The graphical representation of the solution for this case is shown in Figure 4.

Figure 4. Graphical representation of the solution u(f) corresponding to y(f) = £ + (2€ + 1)t,
=&l B =5, p = 23, and k, = &L in Example 5.2, Case 1.

Case IL (1) = V" — 1 with a; = In(€ + 2)/In(€ + 3), Be = /(€ + 1), pr = exp(=1/(€ + 1)), and
ke =€+ 1+ sin(w/(2¢ + 2)). In this case, the solution (5.5) can be written as

1.02240 exp (—0.859145¢' + 0.859145)
(e — 1)0.684534 ’ € [0,1/3],
3.92130 exp (~0.239637¢* + 0.466748)
5.72864 exp (—0.1 130323 + 0.835196)
. te(2/3,1].
(3 —7.38906)">"%

The graphical representation of the solution for this case is shown in Figure 5.
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Figure 5. Graphical representation of the solution u(#) corresponding to ¥ () = V" — 1,

= iﬁgﬁ;,ﬂg {,H , P =€ A ,and k, =€+ 1+ sm( ) in Example 5.2, Case II.

20+2

Case IIL. (1) = t + In(1 + £1) with a, = exp(1/(1 + €)), Be = (T = €)/(£ + 8), p, = 1/(3( + 6), and
ke = (€ +1)/(2 + ). In this case, the solution (5.5) can be written as

62.42511053%70,719 © ¢ € [0,1/3],
u(t) = { 57.3257(1 + In(t + 1) — 0.621013)410% g~ 105-105 I+ 1+6.52064 4 (1/3 /3], (5.8)
55.0352(1 + In(2f + 1) — 1.51396)" 007 g~ 12-12Inre 4181676 - 4 (93 1,

The graphical representation of the solution for this case is shown in Figure 6.

0
T i i ]
8 i i

Figure 6. Graphical representation of the solution u(¢) corresponding to ¥ (¢) = ¢+ In(1 + {1),
ar = exp (1), Be = 7=, pe = 0. and k, = £ in Example 5.2, Case IIL

Case IV. Y, (1) = arcsin(((€+1)t)/(1+(£+1)t)) with a, = sin(/(4(€+2))), B, = sin((w(£+1))/(2(£+2))),
p¢ = cos(m/(3(€ +2))), and k, = 1 + €+ sin(rr/(2€ + 2)). In this case, the solution (5.5) can be written as
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0.154593 exp (—0.0906220 arcsin (ILH))

(arcsm( t ))0.227233 ’ L€ [O’ 1/3]’
1+1

1.19359 exp (~0.0256709 arcsin ( 125 ) + 0.0105640)

(arcsin (725;) - 0.411517)" 2™
2.25579 exp (~0.0104284 arcsin (125 ) + 0.00760990)

(arcsin ( ) 0.729728)* 717

The corresponding numerical profile of the solution is presented in Figure 7.

u(t) =

, te(1/3,2/3], (5.9)

, te(2/3,1].

10
i : : ]

Figure 7. Graphical representation of the solution u(f) corresponding to Y.(f) =

(el (C4]
arcs1n(l(+(;+)f)t) a = sin (555), Be = sm(ZE;Z;) pe = €08 (375), and kg = 1+ € +sin (575;)

in Example 5.2, Case IV.

Table 4. Specification of the functions y,(¢) and the corresponding parameters a,, B;, p¢, and
k, for the four considered cases.

Case PBe Pr ke Y(t)
+1 {+5 +3 +1
trTo - £+ Q0+ Dt
I 1 ?€+2) i 6 2 e
n 1
II o £+ 1+ sin( =%~ (t+r _
I+ 3) €+} e ‘1 {"' 1+511(2€+2) e
-~ +
1T ex;(ﬁ) m 316 712 t+ ln(l + ft)
. . oa(t+1) ,r . . (L+])
v SH(W) s1r(2([,:2)) cos(m) 1+ €+ sin(575) arcsn(H(;Ht)t)

6. Conclusions

The results obtained in this study are novel and provide a significant contribution to the existing
literature on (k¢, y)-Hilfer proportional fractional pantograph differential impulsive boundary value
problems. In this work, we presented significant results for the (k;, y,)-Hilfer proportional fractional
derivative operator by establishing an equivalent fractional integral formulation of the associated
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nonlinear fractional differential equation. We relied on Banach’s fixed-point theorem to prove the
desired existence and uniqueness results. Moreover, several types of Ulam stability results were
established to ensure the existence of solutions to the considered problem. To further substantiate the
validity of the obtained theoretical results, two numerical examples were presented to demonstrate
their effectiveness and confirm their correctness. In Example 5.1, a nonlinear impulsive (k,, ¥,)-Hilfer
proportional fractional pantograph boundary value problem was examined. By explicitly computing
the associated constants and verifying the contractive conditions satisfied by Theorem 3.2, we
confirmed the existence and uniqueness of the solution. Moreover, by Theorems 4.9 and 4.11, the
problem was shown to satisfy Ulam-Hyers, generalized Ulam-Hyers, Ulam-Hyers-Rassias, and
generalized Ulam-Hyers-Rassias stability. The accompanying computational and graphical
illustrations further demonstrated how the parameters influence the stability condition, thereby
highlighting the effectiveness of the theoretical criteria. In Example 5.2, a linear impulsive problem
was considered, allowing the explicit construction of analytical solutions under four different choices
of kernel functions (¢), as shown in Table 4. The computed solutions were demonstrated through
various representative kernel functions. These results highlighted the crucial influence of the kernel
and fractional parameters on the qualitative behavior of solutions across impulsive points.
Consequently, these graphical and analytical results further confirmed the applicability of the
proposed framework.

This research contributes to the qualitative theory of nonlinear impulsive fractional boundary value
problems involving a general kernel function. Future research may extend these results to higher-order
impulsive systems or to problems subject to different boundary conditions.
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