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1. Introduction

Nowadays, fractional differential equations (FDEs) have become a primary mathematical tool for
modeling hereditary effects across various fields, including engineering, biology, fluid systems, and
physics; we refer the reader to see [1, 2] and references therein. Researchers employ these equations
to address a broad range of studies, ranging from the theoretical analysis of solution existence to the
development of analytical and numerical solution techniques. In particular, impulsive differential
equations (DEs) are fundamental tools for modeling dynamical systems that experience sudden
changes in state at specific moments. Addtionally, impulsive FDEs play an important role in
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describing phenomena involving abrupt changes, such as synaptic jumps in biological neural
networks, mechanical shock processes, and trajectory correction systems [3, 4]. On the other hand,
implicit FDEs naturally emerge in various applications, including optimal control theory and heat
transfer models with nonlinear feedback effects [5–7]. The integration of fractional dynamics,
impulsive effects, and implicit nonlinearities gives rise to a mathematically challenging yet practically
significant class of systems, which constitutes the main focus of the present study. Their rich
theoretical foundation and broad applicability have led to considerable research interest.

Moreover, the pantograph equation (PGE), introduced in [8], is a well-known DE incorporating a
proportional time-delay term. It has been widely employed to model a variety of processes and
phenomena whose evolution depends on their past states. There has been substantial research activity
devoted to the study and development of impulsive FDEs with time-delay effects. Many of them
have investigated the existence and uniqueness of solutions, qualitative behavior, and various stability
notions for impulsive delay DEs. For example, Ahmed et al. [9] proved the existence and uniqueness
of solutions in 2020 for an impulsive fractional pantograph differential equation (FPGDE) with
generalized anti-periodic boundary conditions involving the Caputo fractional operator. In 2021,
Khaminsou et al. [10] examined a fractional pantograph boundary value problem with instantaneous
impulses under the Caputo proportional fractional derivative with respect to another function. In
2024, Kaewsuwan et al. [11] investigated a class of nonlinear impulsive fractional integro-differential
equations under the PGE. Their analysis was carried out under multi-point integral boundary
conditions within the framework of the (ρk, ψk)-Hilfer fractional derivative operator (HFDO). For
related works, we refer the reader to [12–14] and the references therein. Additionally, Ulam-type
stability has become an essential tool in the qualitative analysis of PDEs, particularly when exact
solutions are difficult to obtain. It provides a rigorous framework to ensure that approximate solutions
remain close to exact solutions under small perturbations. In particular, Ulam-Hyers (UH) stability
and its generalizations, namely generalized Ulam-Hyers (GUH), Ulam-Hyers-Rassias (UHR), and
generalized Ulam-Hyers-Rassias (GUHR) stability, have been widely applied to impulsive and
non-impulsive fractional models. These concepts have demonstrated their effectiveness in studying
the robustness of solutions. For related results, we refer the reader to [15–18] and the references cited
therein.

Compared with Kaewsuwan et al. [11], the present work is developed in a different operator setting
and problem structure. Specifically, we study an impulsive FPGDE of order αℓ ∈ (0, 1] governed by
the (kℓ, ψℓ)-Hilfer proportional fractional operator, whereas Ref. [11] considered a higher-order
impulsive pantograph integro-differential equation under the (ρk, ψk)-HFDO. In addition, our
impulsive condition is formulated through the (kℓ, ψℓ)-Riemann-Liouville proportional fractional
integral operator, which leads to a new equivalent integral equation and corresponding Ulam-type
stability results. Our research seeks to address this gap in the literature on nonlinear impulsive
fractional boundary value problems, as the qualitative analysis and stability theory for impulsive
FPGDE with mixed boundary conditions have not yet been systematically developed within the
framework of the (kℓ, ψℓ)-Hilfer proportional fractional derivative operator ((kℓ, ψℓ)-HPFDO).
Motivated by this gap and the previous research background review, the present work aims to
establish a comprehensive qualitative framework for the impulsive (kℓ, ψℓ)-Hilfer proportional
fractional differential equation (HPFDE) subject to mixed boundary conditions of the form
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

H
t+
ℓ
,kℓ
D
αℓ,βℓ,ρℓ;ψℓu(t) = f (t, u(t), u(λt)), t ∈ Jℓ, t , tℓ, ℓ = 0, 1, . . . ,m,

t+
ℓ
,kℓ
I(kℓ−γℓ),ρℓ;ψℓu(t+ℓ ) − t+

ℓ−1,kℓ−1
I(kℓ−1−γℓ−1),ρℓ−1;ψℓ−1u(t−ℓ ) = ϕℓ(u(tℓ)), ℓ = 1, 2, . . . ,m,

u(T ) =
m∑

i=0

µi ti,ki
Iσi,ρi;ψiu(ξi) +A, ξi ∈ (ti, ti+1],

(1.1)

where H
t+
ℓ
,kℓ
Dαℓ,βℓ,ρℓ;ψℓ denotes the (kℓ, ψℓ)-HPFDO of order αℓ ∈ (0, 1] and type βℓ ∈ [0, 1], ρℓ ∈ (0, 1],

kℓ > 0, Jℓ := (tℓ, tℓ+1] ⊂ (a, b] for ℓ = 0, 1, 2, . . . ,m, with 0 ≤ a = t0 < t1 < . . . < tm < tm+1 ≤ b ≤ T ;
J0 := [a, t1], J := [a, b], t+

ℓ
,kℓ
Iq,ρℓ;ψℓ is the (kℓ, ψℓ)-Riemann-Liouville proportional fractional integral

operator (RL-PFIO) with order q ∈ {(kℓ−γℓ), (kℓ−1−γℓ−1), σℓ}with q > 0, ℓ = 1, 2, . . . ,m, ξi ∈ (ti, ti+1],
A ∈ R, and λ ∈ [0, 1]. The main contributions of this study are the derivation of an equivalent integral
formulation for the proposed impulsive fractional PGDE, the establishment of sufficient conditions
for the existence and uniqueness of solutions via Banach’s fixed-point theorem, and the analysis of
several Ulam-type stability results, including UH, GUH, UHR, and GUHR stability results. Illustrative
examples and graphical computations are also provided to illustrate the theoretical results and to show
the influence of the main fractional and operator parameters.

The structure of the paper is as follows: Section 2 provides the necessary operator definitions and
preliminary lemmas, which are essential for converting the problem under consideration into an
equivalent integral equation. Section 3 establishes the existence and uniqueness of solutions using
Banach’s fixed-point theorem, while Section 4 addresses the Ulam stability of the solutions.
Illustrative examples with graphical computations are presented in Section 5 to validate and illustrate
the main results. The conclusions of this study are presented in the final section.

2. Preliminaries

This section presents the fundamental definitions, lemmas, and auxiliary tools used throughout the
study; further details can be found in [19–27]. We next introduce the notation employed for simplifying
computations in this paper.

ρ
kΨ

α
k −1
ψ (τ, s) = (ψ(τ) − ψ(s))

α
k −1 exp

(
ρ − 1

kρ
(ψ(τ) − ψ(s))

)
. (2.1)

Definition 2.1. ( [27]). Let α > 0, k > 0, ρ ∈ (0, 1], and u ∈ L1([a, b],R). Hence, the (k, ψ)-RL-PFIO
of α of u can be written as

a,kI
α,ρ;ψu(τ) =

1
ρ
α
k kΓk(α)

∫ τ

a

ρ
kΨ

α
k −1
ψ (τ, s)ψ′(s)u(s)ds, (2.2)

where Γk(u) =
∫ ∞

0
su−1 exp

(
− sk

k

)
ds, u is an element in complex number C, that is Re(u) > 0, and

Γ(u) = Γk(u) as k → 1, Γk(z + k) = zΓk(z), Γk(z) = k
z
k−1Γ

(
z
k

)
, Γk(k) = 1.

Definition 2.2. ( [27]). Let α > 0, k > 0, ρ ∈ (0, 1], u ∈ C([a, b],R), ψ(τ) ∈ Cn([a, b],R) with ψ′(τ) , 0,
and n = 1, 2, . . . so that n = ⌊α/k⌋ + 1. Hence, the (k, ψ)-RL-PFIO of α of u can be written as

RL
a,kD

α,ρ;ψu(τ) = kD
n,ρ;ψ

ρ
nk−α

k kΓk(nk − α)

∫ τ

a

ρ
kΨ

nk−α
k −1

ψ (τ, s)ψ′(τ)u(s)ds

AIMS Mathematics Volume 11, Issue 5, 14558–14585.



14561

= kD
n,ρ;ψ

(
a,kI

nk−α,ρ;ψu(τ)
)
,

where kD
1,ρ;ψu(τ) = kD

ρ;ψu(τ) = (1 − ρ)u(τ) + kρ u′(τ)
ψ′(τ) and kD

n,ρ;ψ = kD
ρ;ψ

kD
ρ;ψ· · ·kD

ρ;ψ︸                 ︷︷                 ︸
n times

.

Definition 2.3. ( [27]). Let α > 0, k > 0, ρ ∈ (0, 1], β ∈ [0, 1], u ∈ Cn([a, b],R), ψ(τ) ∈ Cn([a, b],R)
with ψ′(τ) , 0, and n ∈ N so that n = ⌊α/k⌋ + 1. Hence, the (k, ψ)-HPFDO of α and β of u can be
written as

H
a,kD

α,β,ρ;ψu(τ) = a,kI
β(nk−α),ρ;ψ

(
kD

n,ρ;ψ
(

a,kI
(1−β)(nk−α),ρ;ψu(τ)

))
.

Next, we list several important properties required for the analysis.

Lemma 2.4. ( [27]). Assume α, δ ∈ [0,∞), k, γ ∈ (0,∞), ρ ∈ (0, 1], ω ∈ R, and ω/k > −1. Hence,

(i) a,kI
α,ρ;ψ

[
ρ
kΨ

ω
k −1
ψ (τ, a)

]
=

Γk(ω)

ρ
α
k Γk(ω+α)

ρ
kΨ

ω+α
k −1

ψ (τ, a).

(ii) H
a,kD

α,β,ρ;ψ
[
ρ
kΨ

ω
k −1
ψ

(t, a)
]
=

ρ
α
k Γk(ω)
Γk(ω−α)

ρ
kΨ

ω−α
k −1

ψ
(t, a).

(iii) a,kI
α,ρ;ψ

(
a,kI

δ,ρ;ψu(τ)
)
= a,kI

δ,ρ;ψ
(

a,kI
α,ρ;ψu(τ)

)
= a,kI

δ+α,ρ;ψu(τ).

(iv) a,kI
α,ρ;ψ

(
H
a,kD

α,β,ρ;ψu(τ)
)
= u(τ) −

n∑
i=1

ρ
kΨ

γ
k −i
ψ (τ,a)

ρ
γ−ki

k Γk(γ+k−ki)

[
kD

n−i,ρ;ψ
(

a,kI
nk−γ,ρ;ψu(a+)

)]
,

where γ = α + β(nk − α).

Next, we employ the following auxiliary result:

Lemma 2.5. ( [27]). Let ω, η ∈ C, Re(η) > 0, Re(ω) > 0, k > 0, ρ ∈ (0, 1], m ∈ N, Re(η) > Re(ω), and
n = ⌊Re(ω)/k⌋ + 1. Then we obtain the following relations:

H
a,kD

ω,β,ρ;ψ
(

a,kI
η,ρ;ψ f (t)

)
= a,kI

η−ω,ρ;ψ f (t). (2.3)

Let the weighted space be denoted by

C
1− γk
ψ (J ,R) =

{
u : (a, b]→ R|u(a+) exists, and ρ

kΨ
1− γk
ψ (t, a)u(t) ∈ C(J ,R)

}
, γ ∈ (0, 1],

where C1− γk
ψ = C

1− γk
ψ (J ,R). The weighted space of piece-wise continuous functions is defined as

PC
1− γℓkℓ
ψℓ

(J ,R) =
{
u : (a, b]→ R| u ∈ C

1− γℓkℓ
ψℓ

, ℓ = 0, 1, 2, . . . ,m,

t+
ℓ
,kℓ
I(kℓ−γℓ),ρℓ;ψℓu(t+ℓ ), t+

ℓ−1,kℓ−1
I(kℓ−1−γℓ−1),ρℓ−1;ψℓ−1u(t−ℓ ) exist, and

t+
ℓ−1,kℓ−1

I(kℓ−1−γℓ−1),ρℓ−1;ψℓ−1u(t−ℓ ) = t+
ℓ−1,kℓ−1

I(kℓ−1−γℓ−1),ρℓ−1;ψℓ−1u(tℓ), ℓ = 1, . . . ,m
}
.

Observe that PC
1− γℓkℓ
ψℓ
= PC

1− γℓkℓ
ψℓ

(J ,R) is a Banach space equipped with

∥u∥
PC

1−
γℓ
kℓ

ψℓ

= sup
t∈J

∣∣∣∣∣ρℓkℓ
Ψ

1− γℓkℓ
ψℓ

(t, tℓ)u(t)
∣∣∣∣∣ .

For ease of notation, we set the following symbols:

Fu(t) := f (t, u(t), u(λt)), (2.4)
Gℓ(u) := tℓ,kℓI

αℓ+(kℓ−γℓ),ρℓ;ψℓFu(tℓ+1) + ϕℓ+1(u(tℓ+1)), (2.5)

for ℓ = 0, 1, . . . ,m − 1.
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Lemma 2.6. Let αℓ ∈ (0, 1), βℓ ∈ [0, 1], ρℓ ∈ (0, 1], kℓ > 0, γℓ = αℓ + βℓ(kℓ − αℓ), ψℓ ∈ C(J ,R) with

ψ′ℓ > 0, ℓ = 0, 1, 2, . . . ,m, Fu ∈ C
1− γℓkℓ
ψℓ

, and ∆1 , 0. Then the linear impulsive (kℓ, ψℓ)-HPFDE with
mixed boundary conditions

H
t+
ℓ
,kℓ
D
αℓ,βℓ,ρℓ;ψℓu(t) = Fu(t), t ∈ Jℓ, t , tℓ, ℓ = 0, 1, . . . ,m,

t+
ℓ
,kℓ
I(kℓ−γℓ),ρℓ;ψℓu(t+ℓ ) − t+

ℓ−1,kℓ−1
I(kℓ−1−γℓ−1),ρℓ−1;ψℓ−1u(t−ℓ ) = ϕℓ(u(tℓ)), ℓ = 1, 2, . . . ,m,

u(T ) =
m∑

i=0

µi ti,ki
Iσi,ρi;ψiu(ξi) +A, ξi ∈ (ti, ti+1],

(2.6)

is satisfying to the following integral equation, u ∈ PC
1− γℓkℓ
ψℓ

, as

u(t) =
ρℓ
kℓ
Ψ

γℓ
kℓ
−1

ψℓ
(t, tℓ)

ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

[
1
∆1

{ m∑
i=0

µi
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

G j(u) −
ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

G j(u)

+

m∑
i=0

µi ti,ki
Iαi+σi,ρi;ψiFu(ξi) +A− tm,km

Iαm,ρm;ψmFu(T )
}]

+

ρℓ
kℓ
Ψ

γℓ
kℓ
−1

ψℓ
(t, tℓ)

ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

ℓ−1∑
j=0

G j(u) + tℓ,kℓI
αℓ,ρℓ;ψℓFu(t), (2.7)

where

∆1 :=
ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)
−

m∑
i=0

µi
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)
. (2.8)

Proof. Let u ∈ PC
1− γℓkℓ
ψℓ

be a solution of the problem (2.6). For t ∈ [t0, t1], we have

u(t) =
ρ0
k0
Ψ

γ0
k0
−1

ψ0
(t, t0)

ρ
γ0
k0
−1

0 Γk0(γ0)
c1 + t0,k0

Iα0,ρ0;ψ0Fu(t),

where c1 = t0,k0
I(k0−γ0),ρ0;ψ0u(t+0 ). Using Lemma 2.4, we obtain

t0,k0
I(k0−γ0),ρ0;ψ0u(t) = c1 + t0,k0

Iα0+(k0−γ0),ρ0;ψ0Fu(t). (2.9)

Substituting t = t1 into (2.9), we have

t0,k0
I(k0−γ0),ρ0;ψ0u(t1) = c1 + t0,k0

Iα0+(k0−γ0),ρ0;ψ0Fu(t1). (2.10)

For t ∈ (t1, t2], we obtain

u(t) =
ρ1
k1
Ψ

γ1
k1
−1

ψ1
(t, t1)

ρ
γ1
k1
−1

1 Γk1(γ1)
t1,k1
I(k1−γ1),ρ1;ψ1u(t+1 ) + t1,k1

Iα1,ρ1;ψ1Fu(t). (2.11)
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From the impulsive condition, t+1 ,k1
I(k1−γ1),ρ1;ψ1u(t+1 ) = t+0 ,k0

I(k0−γ0),ρ0;ψ0u(t−1 ) + ϕ1(u(t1)), implies that

u(t) =
ρ1
k1
Ψ

γ1
k1
−1

ψ1
(t, t1)

ρ
γ1
k1
−1

1 Γk1(γ1)
(c1 + G0(u)) + t1,k1

Iα1,ρ1;ψ1Fu(t).

Applying Lemma 2.4, we get

t1,k1
I(k1−γ1),ρ1;ψ1u(t) = c1 + t0,k0

Iα0+(k0−γ0),ρ0;ψ0Fu(t1) + ϕ1(u(t1)) + t1,k1
Iα1+(k1−γ1),ρ1;ψ1Fu(t).

In particular t = t2, we have

t1,k1
I(k1−γ1),ρ1;ψ1u(t2) = c1 + t0,k0

Iα0+(k0−γ0),ρ0;ψ0Fu(t1) + ϕ1(u(t1)) + t1,k1
Iα1+(k1−γ1),ρ1;ψ1Fu(t2).

Under the impulsive condition, t+2 ,k2
I(k2−γ2),ρ2;ψ2u(t+2 ) = t+1 ,k1

I(k1−γ1),ρ1;ψ1u(t−2 )+ϕ2(u(t2)), for t ∈ (t2, t3],
we get

u(t) =
ρ2
k2
Ψ

γ2
k2
−1

ψ2
(t, t2)

ρ
γ2
k2
−1

2 Γk2(γ2)

(
c1 +

1∑
j=0

G j(u)
)
+ t2,k2

Iα2,ρ2;ψ2Fu(t).

Then, for t ∈ (t3, t4], we have

u(t) =
ρ3
k3
Ψ

γ3
k3
−1

ψ3
(t, t3)

ρ
γ3
k3
−1

3 Γk3(γ3)

(
c1 +

2∑
j=0

G j(u)
)
+ t3,k3

Iα3,ρ3;ψ3Fu(t).

Repeating the above process, for any t ∈ (tℓ, tℓ+1], with ℓ = 0, 1, , . . . ,m, one has

u(t) =
ρℓ
kℓ
Ψ

γℓ
kℓ
−1

ψℓ
(t, tℓ)

ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

(
c1 +

ℓ−1∑
j=0

G j(u)
)
+ tℓ,kℓI

αℓ,ρℓ;ψℓFu(t). (2.12)

By Lemma 2.4, we obtain

tℓ,kℓI
σℓ,ρℓ;ψℓu(t) =

ρℓ
kℓ
Ψ

γℓ+σℓ
kℓ
−1

ψℓ
(t, tℓ)

ρ
γℓ+σℓ

kℓ
−1

ℓ Γkℓ(γℓ + σℓ)

(
c1 +

ℓ−1∑
j=0

G j(u)
)
+ tℓ,kℓI

αℓ+σℓ,ρℓ;ψℓFu(t).

Applying the mixed boundary condition, u(T ) =
∑m

i=0 µi ti,ki
Iσi,ρi;ψiu(ξi) +A, we have

ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

(
c1 +

m−1∑
j=0

G j(u)
)
+ tm,km

Iαm,ρm;ψmFu(T )

=

m∑
i=0

µi
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

(
c1 +

i−1∑
j=0

G j(u)
)
+

m∑
i=0

µi ti,ki
Iαi+σi,ρi;ψiFu(ξi) +A. (2.13)
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Solving Eq (2.13), we obtain that

c1 =
1
∆1

{ m∑
i=0

µi
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

G j(u) −
ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

G j(u)

+

m∑
i=0

µi ti,ki
Iαi+σi,ρi;ψiFu(ξi) +A− tm,km

Iαm,ρm;ψmFu(T )
}
, (2.14)

where ∆1 is given by (2.8). Inserting the value c1 in (2.12), we obtain the solution (2.7).
Conversely, suppose that u satisfies (2.7). Taking H

t+
ℓ
,kℓ
Dαℓ,βℓ,ρℓ;ψℓ into both sides of (2.7) and using

Lemmas 2.4 and 2.5, we get that

H
t+
ℓ
,kℓ
D
αℓ,βℓ,ρℓ;ψℓu(t)

= H
t+
ℓ
,kℓ
D
αℓ,βℓ,ρℓ;ψℓ

([
1
∆1

{ m∑
i=0

µi
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

G j(u) −
ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

G j(u)

+

m∑
i=0

µi ti,ki
Iαi+σi,ρi;ψiFu(ξi) +A− tm,km

Iαm,ρm;ψmFu(T )
}]ρℓ

kℓ
Ψ

γℓ
kℓ
−1

ψℓ
(t, tℓ)

ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

)

+H
t+
ℓ
,kℓ
D
αℓ,βℓ,ρℓ;ψℓ

(ρℓ
kℓ
Ψ

γℓ
kℓ
−1

ψℓ
(t, tℓ)

ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

ℓ−1∑
j=0

G j(u)
)
+ H

t+
ℓ
,kℓ
D
αℓ,βℓ,ρℓ;ψℓ

(
tℓ,kℓI

αℓ,ρℓ;ψℓFu(t)
)

= Fu(t).

Next, we verify that u satisfies mixed boundary conditions. By directly evaluating (2.7), we obtain

u(T ) =
ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

[
1
∆1

{ m∑
i=0

µi
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

G j(u) −
ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

G j(u)

+

m∑
i=0

µi ti,ki
Iαi+σi,ρi;ψiFu(ξi) +A− tm,km

Iαm,ρm;ψmFu(T )
}]

+

ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

G j(u) + tm,km
Iαm,ρm;ψmFu(T ),

and

m∑
i=0

µi ti,ki
Iσi,ρi;ψiu(ξi) =

m∑
i=0

µi
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

[
1
∆1

{ m∑
i=0

µi
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

G j(u)

−

ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

G j(u) +
m∑

i=0

µi ti,ki
Iαi+σi,ρi;ψiFu(ξi) +A
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−tm,km
Iαm,ρm;ψmFu(T )

}]
+
µi

ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

ℓ−1∑
j=0

G j(u)

+

m∑
i=0

µi ti,ki
Iαi+σi,ρi;ψiFu(ξi).

Therefore, u(T ) =
∑m

i=0 µi ti,ki
Iσi,ρi;ψiu(ξi) +A. The proof is finished. □

3. Existence and uniqueness result via Banach’s fixed-point theorem

By Lemma 2.6, we define an operator Q : PC
1− γℓkℓ
ψℓ

(J ,R)→ PC
1− γℓkℓ
ψℓ

(J ,R) by

(Qu)(t) =
[

1
∆1

{ m∑
i=0

µi
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

G j(u) −
ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

G j(u)

+

m∑
i=0

µi ti,ki
Iαi+σi,ρi;ψiFu(ξi) +A− tm,km

Iαm,ρm;ψmFu(T )
}]ρℓ

kℓ
Ψ

γℓ
kℓ
−1

ψℓ
(t, tℓ)

ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

+

ρℓ
kℓ
Ψ

γℓ
kℓ
−1

ψℓ
(t, tℓ)

ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

ℓ−1∑
j=0

G j(u) + tℓ,kℓI
αℓ,ρℓ;ψℓFu(t). (3.1)

It follows that the problem (1.1) has a solution if and only if the operator Q has fixed points. In
addition, we set

Λ1 :=
1

|∆1| ρ
γm
km
−1

m Γkm(γm)
, (3.2)

Λ2 :=
m∑

i=0

|µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+

ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+

m∑
i=1

|µi|
ρi
ki
Ψ

αi+σi
ki

ψi
(ξi, ti)

ρ
αi+σi

ki
i Γki(αi + σi + ki)

+

ρm
km
Ψ

αm
km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

, (3.3)

Λ3 :=
m−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

, (3.4)
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Λ4 :=
ρm
km
Ψ

αm
km
+1− γm

km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

, (3.5)

Λ5 :=
m∑

i=0

i |µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)
+

m ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)
. (3.6)

Lemma 3.1. (Banach’s fixed-point theorem [28]) Let B be a non-empty closed subset of a Banach
space X. Then, any contraction mapping Q from B into itself has a unique fixed point.

Theorem 3.2. Suppose that ψℓ ∈ C(J), where ψ′ℓ(t) > 0, ℓ = 0, 1, 2, . . . ,m, t ∈ J and f ∈ C(J×R2,R),
ϕℓ ∈ C(R,R) for ℓ = 1, 2, . . . ,m, which satisfy the following assumptions:

(H1) There exists a real positive constant L such that

| f (t, u1, v1) − f (t, u2, v2)| ≤ ρℓ
kℓ
Ψ

1− γℓkℓ
ψℓ

(t, tℓ)L
(
|u1 − u2| + |v1 − v2|

)
,

for all t ∈ J and ui, vi ∈ R for i = 1, 2.
(H2) There exists a real positive constant Φ such that

|ϕℓ(u) − ϕℓ(v)| ≤ Φρℓkℓ
Ψ

1− γℓkℓ
ψℓ

(t, tℓ) |u − v| ,

for all t ∈ J and u, v ∈ R for ℓ = 1, 2, . . . ,m.

Then, the problem (1.1) has a unique solution if

Θ12L + Θ2Φ < 1, (3.7)

where Θ1, Θ2 are provided by

Θ1 := Λ1(Λ2 + |∆1|Λ3) + Λ4, (3.8)
Θ2 := Λ1(Λ5 + |∆1|m). (3.9)

Proof. We change the problem (1.1) into a fixed-point problem, that is, u = Qu, where the operator Q
is defined by (3.1). The proof will be separated into two steps as follows:
Step 1: It is shown that QBR ⊂ BR.

Assume that supt∈J | f (0, 0, 0)| := F < ∞ and I := max{|ϕℓ(0)| : ℓ = 1, 2, . . . ,m}. Let BR := {u ∈

PC
1− γℓkℓ
ψℓ

: ∥u∥
PC

1−
γℓ
kℓ

ψℓ

≤ R} be a bounded, closed, and convex subset of PC
1− γℓkℓ
ψℓ

with the constant radius

R ≥
Θ1F + Θ2I + Λ1|∆1||A|

1 − (Θ12L + Θ2Φ)
.

For any u ∈ BR, we have∣∣∣∣∣ρℓkℓ
Ψ

1− γℓkℓ
ψℓ

(t, tℓ)(Qu)(t)
∣∣∣∣∣
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≤
1

|∆1| ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

[ m∑
i=0

|µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

∣∣∣G j(u)
∣∣∣ + ρm

km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

∣∣∣G j(u)
∣∣∣

+

m∑
i=0

|µi| ti,ki
Iαi+σi,ρi;ψi |Fu(ξi)| + |A| + tm,km

Iαm,ρm;ψm |Fu(T )|
]

+
1

ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

ℓ−1∑
j=0

∣∣∣G j(u)
∣∣∣ + ρℓ

kℓ
Ψ

1− γℓkℓ
ψℓ

(t, tℓ)tℓ,kℓI
αℓ,ρℓ;ψℓ |Fu(t)| . (3.10)

Then, we get the following results under the assumptions (H1) and (H2) as

|Fu(t)| ≤ | f (t, u(t), u(λt)) − f (0, 0, 0)| + | f (0, 0, 0)|

≤
ρℓ
kℓ
Ψ

1− γℓkℓ
ψℓ

(t, tℓ)L
(
|u(t)| + |u(λt)|

)
+ | f (0, 0, 0)|

≤ 2L∥u∥
PC

1−
γℓ
kℓ

ψℓ

+ F

≤ 2LR + F, (3.11)
|ϕℓ(u(tℓ))| ≤ |ϕℓ(u(tℓ)) − ϕℓ(0)| + |ϕℓ(0)| ≤ ΦR + I. (3.12)

Applying (3.11) and (3.12), we have∣∣∣G j(u)
∣∣∣ ≤ t j,k j

Iα j+(k j−γ j),ρ j;ψ j
∣∣∣Fu(t j+1)

∣∣∣ + ∣∣∣ϕ j+1(u(t j+1))
∣∣∣

≤ (2LR + F)t j,k j
Iα j+(k j−γ j),ρ j;ψ j(1)(t j+1) + ΦR + I

=


2L ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+ Φ

R +
F
ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+ I. (3.13)

Then, taking (3.11)–(3.13) into (3.10), we have∣∣∣∣∣ρℓkℓ
Ψ

1− γℓkℓ
ψℓ

(t, tℓ)(Qu)(t)
∣∣∣∣∣

≤
1

|∆1| ρ
γm
km
−1

m Γkm(γm)


m∑

i=0

|µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

×

i−1∑
j=0




2L ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+ Φ

R +
F
ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+ I


+

ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0




2L ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+ Φ

R +
F
ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+ I


+

m∑
i=1

|µi|
ρi
ki
Ψ

αi+σi
ki

ψi
(ξi, ti)

ρ
αi+σi

ki
i Γki(αi + σi + ki)

(2LR + F) + |A| +
ρm
km
Ψ

αm
km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

(2LR + F)


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+
1

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0




2L ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+ Φ

R +
F
ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+ I


+

ρm
km
Ψ

αm
km
+1− γm

km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

(2LR + F)

≤
(2LR + F)

|∆1| ρ
γm
km
−1

m Γkm(γm)

( m∑
i=0

|µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+

ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+

m∑
i=1

|µi|
ρi
ki
Ψ

αi+σi
ki

ψi
(ξi, ti)

ρ
αi+σi

ki
i Γki(αi + σi + ki)

+

ρm
km
Ψ

αm
km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

)
+

(2LR + F)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+
(2LR + F)ρm

km
Ψ

αm
km
+1− γm

km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

+
(ΦR + I)

|∆1| ρ
γm
km
−1

m Γkm(γm)


m∑

i=0

i |µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

+
m ρm

km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

 + (ΦR + I)m

ρ
γm
km
−1

m Γkm(γm)
+

|A|

|∆1| ρ
γm
km
−1

m Γkm(γm)
≤ (Λ1(Λ2 + |∆1|Λ3) + Λ4)(2LR + F) + Λ1(Λ5 + |∆1|m)(ΦR + I) + Λ1 |∆1| |A|

= Θ1(2LR + F) + Θ2(ΦR + I) + Λ1 |∆1| |A| ≤ R, (3.14)

which implies that QBR ⊂ BR.
Step 2: We show that Q is a contraction.

Let u, v ∈ BR. Then, for each t ∈ J , we consider∣∣∣∣∣ρℓkℓ
Ψ

1− γℓkℓ
ψℓ

(t, tℓ)((Qu)(t) − (Qv)(t))
∣∣∣∣∣

≤
1

|∆1| ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

[ m∑
i=0

|µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

∣∣∣G j(u) − G j(v)
∣∣∣

+

ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

∣∣∣G j(u) − G j(v)
∣∣∣ + m∑

i=0

|µi| ti,ki
Iαi+σi,ρi;ψi |Fu(s) − Fv(s)| (ξi)

+tm,km
Iαm,ρm;ψm |Fu(s) − Fv(s)| (T )

]
+

1

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

∣∣∣G j(u) − G j(v)
∣∣∣

+
ρm
km
Ψ

1− γm
km

ψm
(T, tm)tm,km

Iαm,ρm;ψm |Fu(s) − Fv(s)| (T )
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≤
2L

|∆1| ρ
γm
km
−1

m Γkm(γm)

( m∑
i=0

|µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+

ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+

m∑
i=1

|µi|
ρi
ki
Ψ

αi+σi
ki

ψi
(ξi, ti)

ρ
αi+σi

ki
i Γki(αi + σi + ki)

+

ρm
km
Ψ

αm
km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

)
∥u − v∥

PC
1−

γℓ
kℓ

ψℓ

+
2L

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j) ∥u − v∥

PC
1−

γℓ
kℓ

ψℓ

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+
2L ρm

km
Ψ

αm
km
+1− γm

km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

∥u − v∥
PC

1−
γℓ
kℓ

ψℓ

+
Φm

ρ
γm
km
−1

m Γkm(γm)
∥u − v∥

PC
1−

γℓ
kℓ

ψℓ

+
Φ

|∆1| ρ
γm
km
−1

m Γkm(γm)

( m∑
i=0

i |µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)
+

m ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

)
∥u − v∥

PC
1−

γℓ
kℓ

ψℓ

≤ 2L(Λ1(Λ2 + |∆1|Λ3) + Λ4) ∥u − v∥
PC

1−
γℓ
kℓ

ψℓ

+ Λ1(Λ5 + |∆1|m)Φ ∥u − v∥
PC

1−
γℓ
kℓ

ψℓ

= (Θ12L + Θ2Φ) ∥u − v∥
PC

1−
γℓ
kℓ

ψℓ

,

which implies that
∥Qu − Qv∥

PC
1−

γℓ
kℓ

ψℓ

≤ (Θ12L + Θ2Φ) ∥u − v∥
PC

1−
γℓ
kℓ

ψℓ

.

Since Θ12L + Θ2Φ < 1, it follows from Banach’s fixed-point theorem (Lemma 3.1) that Q is a
contraction. Hence, Q has a unique fixed point that is the unique solution of the problem (1.1) on J .
The proof is done. □

4. Ulam stability results

In this section, we study UH, GUH, UHR, and GUHR stability of problem (1.1).

Definition 4.1. The problem (1.1) is said to be UH stable if, for every ε > 0, there exists a constant

C f > 0 such that, for any solution z ∈ PC
1− γℓkℓ
ψℓ

(J ,R) of
∣∣∣∣Ht+
ℓ
,kℓ
D
αℓ,βℓ,ρℓ;ψℓz(t) − Fz(t)

∣∣∣∣ ≤ ϵ,∣∣∣∣t+
ℓ
,kℓ
I(kℓ−γℓ),ρℓ;ψℓz(t+ℓ ) − t+

ℓ−1,kℓ−1
I(kℓ−1−γℓ−1),ρℓ−1;ψℓ−1z(t−ℓ ) − ϕℓ(z(tℓ))

∣∣∣∣ ≤ ϵ, (4.1)

there exists a unique solution u ∈ PC
1− γℓkℓ
ψℓ

(J ,R) of problem (1.1) with

|z(t) − u(t)| ≤ C f ϵ, t ∈ J .
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Definition 4.2. The problem (1.1) is said to be GUH stable if, for ε > 0 and set of positive real numbers

R+, there exists χ ∈ C(R+,R+) with χ(0) = 0 such that, for any solution z ∈ PC
1− γℓkℓ
ψℓ

(J ,R) of
∣∣∣∣Ht+
ℓ
,kℓ
D
αℓ,βℓ,ρℓ;ψℓz(t) − Fz(t)

∣∣∣∣ ≤ χ(t),∣∣∣∣t+
ℓ
,kℓ
I(kℓ−γℓ),ρℓ;ψℓz(t+ℓ ) − t+

ℓ−1,kℓ−1
I(kℓ−1−γℓ−1),ρℓ−1;ψℓ−1z(t−ℓ ) − ϕℓ(z(tℓ))

∣∣∣∣ ≤ υ, (4.2)

there exists ϵ > 0 and a unique solution u ∈ PC
1− γℓkℓ
ψℓ

(J ,R) of problem (1.1) with

|z(t) − u(t)| ≤ χ(ϵ), t ∈ J .

Definition 4.3. The problem (1.1) is said to be UHR stable with respect to (χ, υ) if, for ε > 0, there

exists a real constant C f ,χ f > 0 such that for any solution z ∈ PC
1− γℓkℓ
ψℓ

(J ,R) of
∣∣∣∣Ht+
ℓ
,kℓ
D
αℓ,βℓ,ρℓ;ψℓz(t) − Fz(t)

∣∣∣∣ ≤ ϵχ(t),∣∣∣∣t+
ℓ
,kℓ
I(kℓ−γℓ),ρℓ;ψℓz(t+ℓ ) − t+

ℓ−1,kℓ−1
I(kℓ−1−γℓ−1),ρℓ−1;ψℓ−1z(t−ℓ ) − ϕℓ(z(tℓ))

∣∣∣∣ ≤ ϵυ, (4.3)

there exists a unique solution u ∈ PC
1− γℓkℓ
ψℓ

(J ,R) of problem (1.1) with

|z(t) − u(t)| ≤ C f ,χ f ϵ(υ + χ(t)), t ∈ J .

Definition 4.4. The problem (1.1) is said to be GUHR stable with respect to (χ, υ) if there exists a real

constant C f ,χ f > 0, such that for any solution z ∈ PC
1− γℓkℓ
ψℓ

(J ,R) of (4.2), there exists a unique solution

u ∈ PC
1− γℓkℓ
ψℓ

(J ,R) of problem (1.1) with

|z(t) − u(t)| ≤ C f ,χ f (υ + χ(t)), t ∈ J .

Remark 4.5. By Definitions 4.1–4.4, we can find out that: (i) Definition 4.1 → Definition 4.2; (ii)
Definition 4.3→ Definition 4.4; and (iii) Definition 4.3→ Definition 4.1.

Remark 4.6. The function z ∈ PC
1− γℓkℓ
ψℓ

(J ,R) is a solution of the inequality (4.1). There exists a function

w ∈ PC
1− γℓkℓ
ψℓ

(J ,R) with a sequence wℓ for ℓ = 1, 2, ...,m, which depends on a function z, such that

(i) |w(t)| ≤ ϵ, |wℓ| ≤ ϵ, t ∈ J;
(ii) H

t+
ℓ
,kℓ
Dαℓ,βℓ,ρℓ;ψℓz(t) = Fz(t) + w(t), t ∈ J;

(iii) t+
ℓ
,kℓ
I(kℓ−γℓ),ρℓ;ψℓz(t+ℓ ) − t+

ℓ−1,kℓ−1
I(kℓ−1−γℓ−1),ρℓ−1;ψℓ−1z(t−ℓ ) = ϕℓ(z(tℓ)) + wℓ, t ∈ J .

Remark 4.7. The function z ∈ PC
1− γℓkℓ
ψℓ

(J ,R) is a solution of the inequality (4.2). There exists a function

w ∈ PC
1− γℓkℓ
ψℓ

(J ,R) with a sequence wℓ for ℓ = 1, 2, ...,m, which depends on a function z, such that

(i) |w(t)| ≤ χ(t), |wℓ| ≤ υ, t ∈ J;
(ii) H

t+
ℓ
,kℓ
Dαℓ,βℓ,ρℓ;ψℓz(t) = Fz(t) + w(t), t ∈ J;
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(iii) t+
ℓ
,kℓ
I(kℓ−γℓ),ρℓ;ψℓz(t+ℓ ) − t+

ℓ−1,kℓ−1
I(kℓ−1−γℓ−1),ρℓ−1;ψℓ−1z(t−ℓ ) = ϕℓ(z(tℓ)) + wℓ, t ∈ J .

Remark 4.8. The function z ∈ PC
1− γℓkℓ
ψℓ

(J ,R) is a solution of the inequality (4.3). There exists a function

w ∈ PC
1− γℓkℓ
ψℓ

(J ,R) with a sequence wℓ for ℓ = 1, 2, ...,m, which depends on a function z, such that

(i) |w(t)| ≤ ϵχ(t), |wℓ| ≤ ϵυ, t ∈ J;
(ii) H

t+
ℓ
,kℓ
Dαℓ,βℓ,ρℓ;ψℓz(t) = Fz(t) + w(t), t ∈ J;

(iii) t+
ℓ
,kℓ
I(kℓ−γℓ),ρℓ;ψℓz(t+ℓ ) − t+

ℓ−1,kℓ−1
I(kℓ−1−γℓ−1),ρℓ−1;ψℓ−1z(t−ℓ ) = ϕℓ(z(tℓ)) + wℓ, t ∈ J .

4.1. Ulam-Hyers stability results

We now proceed to state the UH stability result.

Theorem 4.9. Let αℓ ∈ (0, 1), βℓ ∈ [0, 1], ρℓ ∈ (0, 1], kℓ > 0, γℓ = αℓ + βℓ(kℓ − αℓ), ψℓ ∈ C(J ,R) with

ψ′ℓ > 0, ℓ = 0, 1, 2, . . . ,m, Fu ∈ C
1− γℓkℓ
ψℓ

, and ∆1 , 0. If (H1), (H2) and (3.7) are fulfilled, then the problem
(1.1) is UH stable on J .

Proof. Suppose that z ∈ PC
1− γℓkℓ
ψℓ

is the solution of inequality (4.1). Applying conditions (ii) and (iii)
from Remark 4.6 together with Lemma 2.6, we obtain

H
t+
ℓ
,kℓ
D
αℓ,βℓ,ρℓ;ψℓz(t) = Fz(t) + w(t), t ∈ Jℓ, t , tℓ, ℓ = 0, 1, . . . ,m,

t+
ℓ
,kℓ
I(kℓ−γℓ),ρℓ;ψℓz(t+ℓ ) − t+

ℓ−1,kℓ−1
I(kℓ−1−γℓ−1),ρℓ−1;ψℓ−1z(t−ℓ ) = ϕℓ(z(tℓ)) + wℓ, ℓ = 1, 2, . . . ,m,

z(T ) =
m∑

i=0

µi ti,ki
Iσi,ρi;ψiz(ξi) +A, ξi ∈ (ti, ti+1].

(4.4)

Then, the solution of (4.4) is given by

z(t) =
ρℓ
kℓ
Ψ

γℓ
kℓ
−1

ψℓ
(t, tℓ)

ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

[
1
∆1

{ m∑
i=0

µi
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

G j(z) −
ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

G j(z)

+

m∑
i=0

µi ti,ki
Iαi+σi,ρi;ψiFz(ξi) +A− tm,km

Iαm,ρm;ψmFz(T )
}]
+

ρℓ
kℓ
Ψ

γℓ
kℓ
−1

ψℓ
(t, tℓ)

ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

ℓ−1∑
j=0

G j(z)

+tℓ,kℓI
αℓ,ρℓ;ψℓFz(t) +

ρℓ
kℓ
Ψ

γℓ
kℓ
−1

ψℓ
(t, tℓ)

ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

ℓ−1∑
j=0

G j(w) + tℓ,kℓI
αℓ,ρℓ;ψℓFw(t)

+

ρℓ
kℓ
Ψ

γℓ
kℓ
−1

ψℓ
(t, tℓ)

ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

[
1
∆1

{ m∑
i=0

µi
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

G j(w) −
ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

G j(w)

+

m∑
i=0

µi ti,ki
Iαi+σi,ρi;ψiFw(ξi) − tm,km

Iαm,ρm;ψmFw(T )
}]
. (4.5)
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Using (i) in Remark 4.6 via (H1) and (H2), we have

∣∣∣∣∣ρℓkℓ
Ψ

1− γℓkℓ
ψℓ

(t, tℓ)(z(t) − u(t))
∣∣∣∣∣

≤
1

|∆1| ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

[ m∑
i=0

|µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

∣∣∣G j(z) − G j(u)
∣∣∣

+

ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

∣∣∣G j(z) − G j(u)
∣∣∣ + m∑

i=0

|µi| ti,ki
Iαi+σi,ρi;ψi |Fz(s) − Fu(s)| (ξi)

+tm,km
Iαm,ρm;ψm |Fz(s) − Fu(s)| (T )

]
+

1

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

∣∣∣G j(z) − G j(u)
∣∣∣

+
ρm
km
Ψ

1− γm
km

ψm
(T, tm)tm,km

Iαm,ρm;ψm |Fz(s) − Fu(s)| (T )

+
1

|∆1| ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

[ m∑
i=0

|µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

∣∣∣G j(w)
∣∣∣ + ρm

km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

∣∣∣G j(w)
∣∣∣

+

m∑
i=0

|µi| ti,ki
Iαi+σi,ρi;ψi |Fw(ξi)| + tm,km

Iαm,ρm;ψm |Fw(T )|
]

+
1

ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

ℓ−1∑
j=0

∣∣∣G j(w)
∣∣∣ + ρℓ

kℓ
Ψ

1− γℓkℓ
ψℓ

(t, tℓ)tℓ,kℓI
αℓ,ρℓ;ψℓ |Fw(t)|

≤
2L

|∆1| ρ
γm
km
−1

m Γkm(γm)

( m∑
i=0

|µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+

ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+

m∑
i=1

|µi|
ρi
ki
Ψ

αi+σi
ki

ψi
(ξi, ti)

ρ
αi+σi

ki
i Γki(αi + σi + ki)

+

ρm
km
Ψ

αm
km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

)
∥z − u∥

PC
1−

γℓ
kℓ

ψℓ

+
2L

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j) ∥z − u∥

PC
1−

γℓ
kℓ

ψℓ

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+
2L ρm

km
Ψ

αm
km
+1− γm

km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

∥z − u∥
PC

1−
γℓ
kℓ

ψℓ

+
Φm

ρ
γm
km
−1

m Γkm(γm)
∥z − u∥

PC
1−

γℓ
kℓ

ψℓ

+
Φ

|∆1| ρ
γm
km
−1

m Γkm(γm)

( m∑
i=0

i |µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)
+

m ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

)
∥z − u∥

PC
1−

γℓ
kℓ

ψℓ
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+
ϵ

|∆1| ρ
γm
km
−1

m Γkm(γm)

( m∑
i=0

|µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+

ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+

m∑
i=1

|µi|
ρi
ki
Ψ

αi+σi
ki

ψi
(ξi, ti)

ρ
αi+σi

ki
i Γki(αi + σi + ki)

+

ρm
km
Ψ

αm
km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

)
+

ϵ

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+
ϵ
ρm
km
Ψ

αm
km
+1− γm

km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

+
ϵ

|∆1| ρ
γm
km
−1

m Γkm(γm)

( m∑
i=0

i |µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)
+

m ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

)
+

ϵ m

ρ
γm
km
−1

m Γkm(γm)
≤ 2L(Λ1(Λ2 + |∆1|Λ3) + Λ4) ∥z − u∥

PC
1−

γℓ
kℓ

ψℓ

+ Λ1(Λ5 + |∆1|m)Φ ∥z − u∥
PC

1−
γℓ
kℓ

ψℓ

+(Λ1(Λ2 + |∆1|Λ3) + Λ4)ϵ + Λ1(Λ5 + |∆1|m)ϵ
= (Θ12L + Θ2Φ) ∥z − u∥

PC
1−

γℓ
kℓ

ψℓ

+ (Θ1 + Θ2)ϵ. (4.6)

Consequently, ∥z − u∥
PC

1−
γℓ
kℓ

ψℓ

≤ C f ϵ, where C f is defined as

C f :=
Θ1 + Θ2

1 − (Θ12L + Θ2Φ)
. (4.7)

Therefore, the problem (1.1) is UH stable. □

Corollary 4.10. In Theorem 4.9, if we set χ(ϵ) = C f ϵ such that χ(0) = 0, then the problem (1.1) is
GUH stable.

4.2. Ulam-Hyers-Rassias stability results

Prior to establishing the UHR stability result, we state the following assumption:

(H3) There exists a non-decreasing function χ ∈ C(J ,R), and there is a positive real number Cχ > 0,
for any ϵ > 0, so that

tℓ,kℓI
αℓ,ρℓ;ψℓχ(t) ≤ Cχχ(t).

Theorem 4.11. Suppose that αℓ ∈ (0, 1), βℓ ∈ [0, 1], ρℓ ∈ (0, 1], kℓ > 0, γℓ = αℓ + βℓ(kℓ − αℓ),

ψℓ ∈ C(J ,R) with ψ′ℓ > 0, ℓ = 0, 1, 2, . . . ,m, Fu ∈ C
1− γℓkℓ
ψℓ

, and ∆1 , 0. If (H1), (H2), and (3.7) are
fulfilled, then the problem (1.1) is UHR stable with respect to (χ, υ) on J .

Proof. Suppose that z ∈ PC
1− γℓkℓ
ψℓ

is the solution of inequality (4.3) and u ∈ PC
1− γℓkℓ
ψℓ

is the solution of the
problem (1.1). Using an argument similar to that in the proof of Theorem 4.9 and (i) in Remark 4.8,
together with (H1)–(H3), we obtain∣∣∣∣∣ρℓkℓ

Ψ
1− γℓkℓ
ψℓ

(t, tℓ)(z(t) − u(t))
∣∣∣∣∣
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≤
1

|∆1| ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

[ m∑
i=0

|µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

∣∣∣G j(z) − G j(u)
∣∣∣

+

ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

∣∣∣G j(z) − G j(u)
∣∣∣ + m∑

i=0

|µi| ti,ki
Iαi+σi,ρi;ψi |Fz(s) − Fu(s)| (ξi)

+tm,km
Iαm,ρm;ψm |Fz(s) − Fu(s)| (T )

]
+

1

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

∣∣∣G j(z) − G j(u)
∣∣∣

+
ρm
km
Ψ

1− γm
km

ψm
(T, tm)tm,km

Iαm,ρm;ψm |Fz(s) − Fu(s)| (T )

+
1

|∆1| ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

[ m∑
i=0

|µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

∣∣∣G j(w)
∣∣∣ + ρm

km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

∣∣∣G j(w)
∣∣∣

+

m∑
i=0

|µi| ti,ki
Iαi+σi,ρi;ψi |Fw(ξi)| + tm,km

Iαm,ρm;ψm |Fw(T )|
]

+
1

ρ
γℓ
kℓ
−1

ℓ Γkℓ(γℓ)

ℓ−1∑
j=0

∣∣∣G j(w)
∣∣∣ + ρℓ

kℓ
Ψ

1− γℓkℓ
ψℓ

(t, tℓ)tℓ,kℓI
αℓ,ρℓ;ψℓ |Fw(t)|

≤
2L

|∆1| ρ
γm
km
−1

m Γkm(γm)

( m∑
i=0

|µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+

ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+

m∑
i=1

|µi|
ρi
ki
Ψ

αi+σi
ki

ψi
(ξi, ti)

ρ
αi+σi

ki
i Γki(αi + σi + ki)

+

ρm
km
Ψ

αm
km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

)
∥z − u∥

PC
1−

γℓ
kℓ

ψℓ

+
2L

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j) ∥z − u∥

PC
1−

γℓ
kℓ

ψℓ

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+
2L ρm

km
Ψ

αm
km
+1− γm

km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

∥z − u∥
PC

1−
γℓ
kℓ

ψℓ

+
Φm

ρ
γm
km
−1

m Γkm(γm)
∥z − u∥

PC
1−

γℓ
kℓ

ψℓ

+
Φ

|∆1| ρ
γm
km
−1

m Γkm(γm)

( m∑
i=0

i |µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)
+

m ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

)
∥z − u∥

PC
1−

γℓ
kℓ

ψℓ

+
ϵCχχ(t)

|∆1| ρ
γm
km
−1

m Γkm(γm)

( m∑
i=0

|µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

i−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)
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+

ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+

m∑
i=1

|µi|
ρi
ki
Ψ

αi+σi
ki

ψi
(ξi, ti)

ρ
αi+σi

ki
i Γki(αi + σi + ki)

+

ρm
km
Ψ

αm
km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

)
+

ϵCχχ(t)

ρ
γm
km
−1

m Γkm(γm)

m−1∑
j=0

ρ j

k j
Ψ

α j−γ j
k j
+1

ψ j
(t j+1, t j)

ρ

α j−γ j
k j
+1

j Γk j(α j − γ j + 2k j)

+
(2LR + F)ρm

km
Ψ

αm
km
+1− γm

km
ψm

(T, tm)

ρ
αm
km
m Γkm(αm + km)

+
ϵυ

|∆1| ρ
γm
km
−1

m Γkm(γm)

( m∑
i=0

i |µi|
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)

+
m ρm

km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)

)
+

ϵυm

ρ
γm
km
−1

m Γkm(γm)
≤ 2L(Λ1(Λ2 + |∆1|Λ3) + Λ4) ∥z − u∥

PC
1−

γℓ
kℓ

ψℓ

+ Λ1(Λ5 + |∆1|m)Φ ∥z − u∥
PC

1−
γℓ
kℓ

ψℓ

+
(
Cχχ(t)(Λ1(Λ2 + |∆1|Λ3) + Λ4) + υΛ1(Λ5 + |∆1|m)

)
ϵ

= (Θ12L + Θ2Φ) ∥z − u∥
PC

1−
γℓ
kℓ

ψℓ

+ (CχΘ1 + Θ2)ϵ(χ(t) + υ). (4.8)

This implies that ∥z − u∥
PC

1−
γℓ
kℓ

ψℓ

≤ C f ,χ f ϵ(χ(t) + υ), where

C f ,χ f :=
CχΘ1 + Θ2

1 − (Θ12L + Θ2Φ)
. (4.9)

Hence, the problem (1.1) is UHR stable with respect to (χ, υ). □

Corollary 4.12. If ϵ = 1 and χ(0) = 0 are chosen in Theorem 4.11, then the problem (1.1) becomes
GUHR stable with respect to (χ, υ).

5. Examples

In this section, we provide two illustrative examples with graphical computations to demonstrate
the applicability of our theoretical results.

Example 5.1. Consider the nonlinear impulsive (kℓ, ψℓ)-HPFDE with mixed boundary conditions of
the form 

H
t+
ℓ
, ℓ+5

4
D

ℓ+6
8 , ℓ+2

5 , ℓ+8
10 ;ψℓu(t) = f (t, u(t), u((0.1)t)), t , tℓ, ℓ = 0, 1, 2,

t+
ℓ
, ℓ+5

4
I( ℓ+5

4 −γℓ),
ℓ+8
10 ;ψℓu(t+ℓ ) −

t+
ℓ−1,

ℓ+4
4
I( ℓ+4

4 −γℓ−1), ℓ+7
10 ;ψℓ−1u(t−ℓ ) = ϕℓ(u(tℓ)), ℓ = 1, 2,

u(12
7 ) =

∑2
i=0(3i+2

7 )
ti, i+5

4
I

i+2
5−i ,

i+8
10 ;ψiu( 4i+1

7 ) + 1, ξi ∈ (ti, ti+1].

(5.1)

Here, αℓ = (ℓ+ 6)/8, βℓ = (ℓ+ 2)/5, ρℓ = (ℓ+ 8)/10, kℓ = (ℓ+ 5)/4, ψℓ(t) = (ℓ+ 1− e−(ℓ+2)t)/(ℓ+ 3),
tℓ = 4ℓ/7 for ℓ = 0, 1, 2 with T = 12/7, and λ = 0.1. The parameters of mixed boundary conditions
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are given by µi = (3i + 2)/7, σi = (i + 2)/(5 − i), ξi = (4i + 1)/7 for i = 0, 1, 2, and A = 1.
Utilizing all parameters, we obtain ∆1 ≈ 2.129370, Λ1 ≈ 0.465964, Λ2 ≈ 0.718382, Λ3 ≈ 0.364747,
Λ4 ≈ 0.013087, Λ5 ≈ 3.597920, Θ1 ≈ 0.709731, and Θ2 ≈ 3.660920. The following functions are
used to validate the theoretical results:

f (t, u(t), u(0.1t)) = e−3t +

ρℓ
kℓ
Ψ

1− γℓkℓ
ψℓ

(t, tℓ)

(t + 2)2 + 12

(
|u(t)|
|u(t)| + 1

+
|u(0.1t)|
|u(0.1t)| + 2

)
, (5.2)

ϕℓ(u(tℓ)) = sin(3πtℓ) +
ρℓ
kℓ
Ψ

1− γℓkℓ
ψℓ

(t, tℓ)e−5tℓ

2 cos2(4πtℓ) + 25
. (5.3)

For any ui, vi ∈ R, i = 1, 2, and t ∈ [0, 12/7], it follows that

| f (t, u1, v1) − f (t, u2, v2)| ≤
ρℓ
kℓ
Ψ

1− γℓkℓ
ψℓ

(t, tℓ)

16

(
|u1 − u2| + |v1 − v2|

)
,

|ϕℓ(u) − ϕℓ(v)| ≤
1

25
ρℓ
kℓ
Ψ

1− γℓkℓ
ψℓ

(t, tℓ) |u − v| .

(H1) and (H2) in Theorem 3.2 are satisfied via, L = 1/16 and Φ = 1/25, which implies that
Θ12L + Θ2Φ ≈ 0.235153 < 1. Since all conditions in Theorem 3.2 are satisfied, the problem (5.1) has
a unique solution on [0,T ]. Furthermore, from (4.7), we get

C f :=
Θ1 + Θ2

1 − (Θ12L + Θ2Φ)
≈ 5.714410 > 0.

Then, the problem (5.1) is UH stable on [0,T ]. Taking χ(ϵ) = C f ϵ via χ(0) = 0, the problem (5.1)
is GUH stable on [0,T ].

Moreover, by taking χ(t) = ρℓ
kℓ
Ψ

2−kℓ
kℓ
ψℓ

(t, tℓ) into (H3), we have

tℓ,kℓI
αℓ,ρℓ;ψℓχ(t) =

Γkℓ(2)ρℓkℓ
Ψ

αℓ
kℓ
ψℓ

(t, tℓ)

ρ
αℓ
kℓ
ℓ Γkℓ(2 + αℓ)

ρℓ
kℓ
Ψ

2−kℓ
kℓ
ψℓ

(t, tℓ) ≤
Γkℓ(2)ρℓkℓ

Ψ

αℓ
kℓ
ψℓ

(t, tℓ)

ρ
αℓ
kℓ
ℓ Γkℓ(2 + αℓ)

χ(t).

Then, we have

Cχ = max
k∈{0,1,2}


Γkℓ(2)ρℓkℓ

Ψ

αℓ
kℓ
ψℓ

(t, tℓ)

ρ
αℓ
kℓ
ℓ Γkℓ(2 + αℓ)

 ≈ 0.318368.

Applying (4.9), one has

C f ,χ f :=
CχΘ1 + Θ2

1 − (Θ12L + Θ2Φ)
≈ 5.081910.

Therefore, by all conclusions in Theorem 4.11, the problem (5.1) is UHR stable on [0,T ]. Finally,
if we take ϵ = 1, the problem (5.1) is GUHR stable on [0,T ].

In addition, we represent the relationship between the constant values Θ1, Θ2 and the quantity
Y := Θ12L + Θ2. The corresponding computed values are reported in Tables 1–3 for various choices
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of the parameters αℓ, βℓ, ρℓ, and kℓ. The computational illustration is divided into three representative
cases. Moreover, Figures 1–3 illustrate the graphical relationships between Y and the considered
parameters.
Case I. In this case, we display the computed values of Θ1, Θ2 and Y with respect to the parameters
αℓ ∈ (0, 1] and βℓ ∈ [0, 1], as shown in Table 1 and Figure 1.
Case II. In this case, we present the computed values of Θ1, Θ2 and Y with respect to the parameters
αℓ ∈ (0, 1] and ρℓ ∈ (0, 1], as reported in Table 2 and Figure 2.
Case III. Finally, we study the effect of the proportional order kℓ > 0 together with the fractional order
αℓ ∈ (0, 1]. The corresponding computed values are provided in Table 3 and Figure 3.

Table 1. Computed values of Θ1, Θ2 and the condition Y < 1 for varying αℓ and βℓ.

αℓ βℓ Θ1 Θ2 Y < 1
0.10 0.00 0.052076 0.389936 0.022107
0.18 0.10 0.198590 1.297320 0.076717
0.26 0.20 0.366766 2.057810 0.128158
0.34 0.30 0.540441 2.655410 0.173771
0.42 0.40 0.703978 3.097780 0.211908
0.50 0.50 0.844096 3.404390 0.241688
0.58 0.60 0.950926 3.599030 0.262827
0.66 0.70 1.018360 3.705520 0.275516
0.74 0.80 1.044240 3.745660 0.280356
0.82 0.90 1.030090 3.738450 0.278299
0.90 1.00 0.980596 3.699810 0.270566

Table 2. Computed values of Y under the condition Y < 1 for varying αℓ ∈ (0, 1] and
ρℓ ∈ (0, 1].

αℓ ρℓ Θ1 Θ2 Y < 1
0.10 0.05 1.064560 2.050020 0.215071
0.18 0.14 1.471070 2.511840 0.284358
0.26 0.23 1.505490 2.782400 0.299482
0.34 0.32 1.410460 2.981120 0.295553
0.42 0.41 1.279160 3.138880 0.285450
0.50 0.50 1.143080 3.269130 0.273650
0.58 0.59 1.013730 3.378980 0.261875
0.66 0.68 0.895144 3.472690 0.250801
0.74 0.77 0.788401 3.553130 0.240675
0.82 0.86 0.693248 3.622150 0.231542
0.90 0.95 0.608882 3.681170 0.223357
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Table 3. Numerical values of Θ1, Θ2 and the condition Y < 1 for varying αℓ ∈ (0, 1] and
kℓ ∈ [1.1, 1.5].

αℓ kℓ Θ1 Θ2 Y

0.10 1.10 2.847433 3.520883 0.496764
0.18 1.14 2.314145 3.527536 0.430370
0.26 1.18 1.929431 3.533945 0.382537
0.34 1.22 1.643127 3.540111 0.346995
0.42 1.26 1.423802 3.546036 0.319817
0.50 1.30 1.251331 3.551727 0.298485
0.58 1.34 1.112528 3.557192 0.281354
0.66 1.38 0.998544 3.562439 0.267316
0.74 1.42 0.903305 3.567478 0.255612
0.82 1.46 0.822538 3.572319 0.245710
0.90 1.50 0.753173 3.576972 0.237226

Figure 1. Graphical representation of Y with respect to αℓ and βℓ in Case I.

Figure 2. Graphical representation of Y with respect to αℓ and ρℓ in Case II.
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Figure 3. Computed values of Θ1, Θ2 and the condition Y < 1 for varying αℓ ∈ (0, 1] and
kℓ ∈ [1.1, 1.5].

Example 5.2. Consider the linear impulsive (kℓ, ψℓ)-HPFDE with mixed boundary conditions of the
form 

H
t+
ℓ
, ℓ+1

2
D

ℓ+1
6 , ℓ+5

8 , ℓ+3
6 ;ψℓu(t) = 0, t , tℓ, ℓ = 0, 1, 2,

t+
ℓ
, ℓ+1

2
I( ℓ+1

2 −γℓ),
ℓ+3

6 ;ψℓu(t+ℓ ) −
t+
ℓ−1,

ℓ
2
I( ℓ2−γℓ−1), ℓ+2

6 ;ψℓ−1u(t−ℓ ) = 1, ℓ = 1, 2,

u(1) =
∑2

i=0( i+1
8 )

ti, i+1
2
I

i+1
i+3 ,

i+3
6 ;ψiu( 2i+1

6 ) + 2, ξi ∈ (ti, ti+1].

(5.4)

Here, tℓ = ℓ/3 for ℓ = 0, 1, 2 with f (t, u(t), u(λt)) = 0, and T = 1. The parameters of mixed
boundary conditions are given by µi = (i + 1)/8, σi = (i + 1)/(i + 3), and ξi = (2i + 1)/6, for i = 0, 1, 2,
andA = 2. From Lemma 2.6, we can derive the solution of (5.4) on [0, 1] as

u(t) =



ρ0
k0
Ψ

γ0
k0
−1

ψ0
(t, t0)

ρ
γ0
k0
−1

0 Γk0(γ0)

[
1
∆1

{ m∑
i=0

iµi
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)
−

2 ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)
+ 2

}]
, t ∈ [t0, t1],

ρ1
k1
Ψ

γ1
k1
−1

ψ1
(t, t1)

ρ
γ1
k1
−1

1 Γk1(γ1)

[
1
∆1

{ m∑
i=0

iµi
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)
−

2 ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)
+ 2

}
+ 1

]
, t ∈ (t1, t2],

ρ2
k2
Ψ

γ2
k2
−1

ψ2
(t, t2)

ρ
γ2
k2
−1

2 Γk2(γ2)

[
1
∆1

{ m∑
i=0

iµi
ρi
ki
Ψ

γi+σi
ki
−1

ψi
(ξi, ti)

ρ
γi+σi

ki
−1

i Γki(γi + σi)
−

2 ρm
km
Ψ

γm
km
−1

ψm
(T, tm)

ρ
γm
km
−1

m Γkm(γm)
+ 2

}
+ 2

]
, t ∈ (t2, t3].

(5.5)

To further demonstrate the qualitative behavior of the analytical solution obtained in (5.5), we
present numerical illustrations based on different choices of the kernel function ψ(t). In particular,
four representative cases are considered, corresponding to polynomial, exponential, logarithmic, and
trigonometric kernels. For each case, the fractional parameters α, β, ρ, and k are varied to examine
their influence on the solution profile across the impulsive points. The resulting solution is plotted on
[0, 1], and the corresponding graphical behaviors are discussed below.

AIMS Mathematics Volume 11, Issue 5, 14558–14585.



14580

Case I. ψℓ(t) = t3 + (2ℓ + 1)t with αℓ = (ℓ + 1)/6, βℓ = (ℓ + 5)/8, ρℓ = (ℓ + 3)/6, and kℓ = (ℓ + 1)/2.
Under this choice, the explicit solution (5.5) reduces to

u(t) =



(0.096467) exp
(
− 2t

1+t

)
(

t
1+t

) 1
4

, t ∈ [0, 1/3],

(0.689587) exp
(
− t

2(1+2t) + 0.1
)

(
t

1+2t − 0.2
) 1

6

, t ∈ (1/3, 2/3],

(1.768950) exp
(
− 2t

15(1+3t) + 0.029630
)

(
t

1+3t − 0.222222
) 1

12

, t ∈ (2/3, 1].

(5.6)

The graphical representation of the solution for this case is shown in Figure 4.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

-1

-0.5

0

0.5

1

1.5

2

2.5

3

Figure 4. Graphical representation of the solution u(t) corresponding to ψ(t) = t3 + (2ℓ+ 1)t,
αℓ =

ℓ+1
6 , βℓ = ℓ+5

8 , ρℓ = ℓ+3
6 , and kℓ = ℓ+1

2 in Example 5.2, Case I.

Case II. ψℓ(t) = e(ℓ+1)t − 1 with αℓ = ln(ℓ + 2)/ ln(ℓ + 3), βℓ = ℓ/(ℓ + 1), ρℓ = exp(−1/(ℓ + 1)), and
kℓ = ℓ + 1 + sin(π/(2ℓ + 2)). In this case, the solution (5.5) can be written as

u(t) =



1.02240 exp
(
−0.859145et + 0.859145

)
(et − 1)0.684534 , t ∈ [0, 1/3],

3.92130 exp
(
−0.239637e2t + 0.466748

)
(
e2t − 1.94773

)0.353629 , t ∈ (1/3, 2/3],

5.72864 exp
(
−0.113032e3t + 0.835196

)
(
e3t − 7.38906

)0.251300 , t ∈ (2/3, 1].

(5.7)

The graphical representation of the solution for this case is shown in Figure 5.
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Figure 5. Graphical representation of the solution u(t) corresponding to ψℓ(t) = e(ℓ+1)t − 1,
αℓ =

ln(ℓ+2)
ln(ℓ+3) , βℓ =

ℓ
ℓ+1 , ρℓ = e−

1
ℓ+1 , and kℓ = ℓ + 1 + sin

(
π

2ℓ+2

)
in Example 5.2, Case II.

Case III. ψℓ(t) = t + ln(1 + ℓt) with αℓ = exp(1/(1 + ℓ)), βℓ = (7 − ℓ)/(ℓ + 8), ρℓ = 1/(3ℓ + 6), and
kℓ = (ℓ + 1)/(2 + ℓ). In this case, the solution (5.5) can be written as

u(t) =


62.4251t0.554570e−10t, t ∈ [0, 1/3],

57.3257
(
t + ln(t + 1) − 0.621013

)0.491027e−10.5t−10.5 ln(t+1)+6.52064, t ∈ (1/3, 2/3],

55.0352
(
t + ln(2t + 1) − 1.51396

)0.430407e−12t−12 ln(2t+1)+18.1676, t ∈ (2/3, 1].

(5.8)

The graphical representation of the solution for this case is shown in Figure 6.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

1

2

3

4

5

6

7

8

9

10

Figure 6. Graphical representation of the solution u(t) corresponding to ψℓ(t) = t+ ln(1+ ℓt),
αℓ = exp

( 1
1+ℓ

)
, βℓ = 7−ℓ

ℓ+8 , ρℓ = 1
3ℓ+6 , and kℓ = ℓ+1

ℓ+2 in Example 5.2, Case III.

Case IV. ψℓ(t) = arcsin(((ℓ+1)t)/(1+(ℓ+1)t)) with αℓ = sin(π/(4(ℓ+2))), βℓ = sin((π(ℓ+1))/(2(ℓ+2))),
ρℓ = cos(π/(3(ℓ+ 2))), and kℓ = 1+ ℓ+ sin(π/(2ℓ+ 2)). In this case, the solution (5.5) can be written as

AIMS Mathematics Volume 11, Issue 5, 14558–14585.



14582

u(t) =



0.154593 exp
(
−0.0906220 arcsin

(
t

1+t

))
(

arcsin
(

t
1+t

) )0.227233
, t ∈ [0, 1/3],

1.19359 exp
(
−0.0256709 arcsin

(
2t

1+2t

)
+ 0.0105640

)
(

arcsin
(

2t
1+2t

)
− 0.411517

)0.120104
, t ∈ (1/3, 2/3],

2.25579 exp
(
−0.0104284 arcsin

(
3t

1+3t

)
+ 0.00760990

)
(

arcsin
(

3t
1+3t

)
− 0.729728

)0.071730
, t ∈ (2/3, 1].

(5.9)

The corresponding numerical profile of the solution is presented in Figure 7.
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Figure 7. Graphical representation of the solution u(t) corresponding to ψℓ(t) =
arcsin

( (ℓ+1)t
1+(ℓ+1)t

)
, αℓ = sin

( π
4(ℓ+2)

)
, βℓ = sin

(π(ℓ+1)
2(ℓ+2)

)
, ρℓ = cos

( π
3(ℓ+2)

)
, and kℓ = 1+ ℓ+ sin

( π
2(ℓ+2)

)
in Example 5.2, Case IV.

Table 4. Specification of the functions ψℓ(t) and the corresponding parameters αℓ, βℓ, ρℓ, and
kℓ for the four considered cases.

Case αℓ βℓ ρℓ kℓ ψℓ(t)

I
ℓ + 1

6
ℓ + 5

8
ℓ + 3

6
ℓ + 1

2
t3 + (2ℓ + 1)t

II
ln(ℓ + 2)
ln(ℓ + 3)

ℓ

ℓ + 1
e−

1
ℓ+1 ℓ + 1 + sin

( π
2ℓ+2

)
e(ℓ+1)t − 1

III exp
( 1

1+ℓ

) 7 − ℓ
ℓ + 8

1
3ℓ + 6

ℓ + 1
ℓ + 2

t + ln(1 + ℓt)

IV sin
( π

4(ℓ+2)

)
sin

(π(ℓ+1)
2(ℓ+2)

)
cos

( π
3(ℓ+2)

)
1 + ℓ + sin

( π
2ℓ+2

)
arcsin

( (ℓ+1)t
1+(ℓ+1)t

)
6. Conclusions

The results obtained in this study are novel and provide a significant contribution to the existing
literature on (kℓ, ψℓ)-Hilfer proportional fractional pantograph differential impulsive boundary value
problems. In this work, we presented significant results for the (kℓ, ψℓ)-Hilfer proportional fractional
derivative operator by establishing an equivalent fractional integral formulation of the associated
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nonlinear fractional differential equation. We relied on Banach’s fixed-point theorem to prove the
desired existence and uniqueness results. Moreover, several types of Ulam stability results were
established to ensure the existence of solutions to the considered problem. To further substantiate the
validity of the obtained theoretical results, two numerical examples were presented to demonstrate
their effectiveness and confirm their correctness. In Example 5.1, a nonlinear impulsive (kℓ, ψℓ)-Hilfer
proportional fractional pantograph boundary value problem was examined. By explicitly computing
the associated constants and verifying the contractive conditions satisfied by Theorem 3.2, we
confirmed the existence and uniqueness of the solution. Moreover, by Theorems 4.9 and 4.11, the
problem was shown to satisfy Ulam-Hyers, generalized Ulam-Hyers, Ulam-Hyers-Rassias, and
generalized Ulam-Hyers-Rassias stability. The accompanying computational and graphical
illustrations further demonstrated how the parameters influence the stability condition, thereby
highlighting the effectiveness of the theoretical criteria. In Example 5.2, a linear impulsive problem
was considered, allowing the explicit construction of analytical solutions under four different choices
of kernel functions ψ(t), as shown in Table 4. The computed solutions were demonstrated through
various representative kernel functions. These results highlighted the crucial influence of the kernel
and fractional parameters on the qualitative behavior of solutions across impulsive points.
Consequently, these graphical and analytical results further confirmed the applicability of the
proposed framework.

This research contributes to the qualitative theory of nonlinear impulsive fractional boundary value
problems involving a general kernel function. Future research may extend these results to higher-order
impulsive systems or to problems subject to different boundary conditions.
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