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Abstract: In this paper, we propose a new five-dimensional system that is capable of producing
multistability and hyperchaos with three positive Lyapunov exponents (LEs) for specific parameter
settings. The proposed system was derived by making an extension of Dong's chaotic system with
changes that increase its dimension, complexity, and applicability. Using numerical simulations, we
confirmed that the model produces hyperchaos with three positive LEs depending on parameter values,
which means that its dynamics expands in three directions of the phase space. Regions of periodicity,
chaos, hyperchaos with two positive LEs, and hyperchaos with three positive LEs were identified by
LE spectra and verified using phase diagrams. The ability of the system to generate coexisting
attractors is also shown, where the system demonstrates various behaviors for various initial conditions
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at fixed parameters. Furthermore, offset boosting control is presented to show that the attractors can
be shifted without altering the internal dynamics of the system. Moreover, a topological complexity
optimization framework is proposed to maximize the Kaplan—Yorke dimension (KYD) using Particle
Swarm Optimization (PSO) and Differential Evolution (DE), followed by the 0-1 test and
Approximate Entropy calculation. With its multistability, properties, hyperchaos with three positive
LEs, controllable offset boosting, and optimized complexity, the novel model has excellent potential
for practical applications.

Keywords: hyperchaos; Lyapunov exponent; multistability; coexisting attractors; offset boosting;

optimization method
Mathematics Subject Classification: 37D45, 37M25, 37N35, 93C10

1. Introduction

Over the last years, chaotic systems have been explored in depth to understand their nonlinear
dynamics and determine their potential applications in fields of science and engineering [1,2]. The
chaos is a kind of deterministic behavior that is unpredictable and is found only in nonlinear systems,
which has an extreme sensitivity to initial conditions. Its characteristics have turned chaotic systems
into a number of great practical applications such as secure communication [3,4], image and video
encryption [5,6], random number generation [7,8], and the modeling of natural phenomena [9-11].

In 1963, the finding of the Lorenz system [12] was a significant moment in the history of chaos
theory and it enabled the world of science to embark on extensive studies of the nonlinear dynamics
field. From that time on, several three-dimensional (3D) chaotic systems have been unveiled, such as
the Rossler system [13], Chen system [14], and Lii system [15], all having different dynamical features.
However, it is worth noting that although 3D systems are capable of generating chaos, their complexity
is limited since they have only one positive Lyapunov exponent (LE).

To bypass such flaws and obtain more complex dynamical characteristics, researchers have
increased the dimensionality of 3D chaotic systems to develop hyperchaotic systems, which are
characterized by having no less than two positive LEs. Hyperchaos demonstrates the simultaneous
divergence in several directions in phase space, which not only makes it more difficult to predict but
also enhances its potential for exploiting in the engineering sector, such as in advanced encryption
schemes [16,17]. Although these developments have been achieved, most hyperchaotic systems are
four-dimensional (4D) and limited to two positive LEs [18,19]. Producing systems with three or more
positive LEs is challenging but important since it enables even greater unpredictability and complexity
in the generated signals. They can generate hyperchaos with behavior that expand in more than two
directions of phase space [20,21].

One of the contributions on the design of hyperchaotic systems with multiple positive LEs is
Dong’s research work [22] on designing a novel autonomous 4D hyperchaotic system with double-
wing hidden attractors based on its original 3D chaotic system [23]. Nevertheless, this 4D
generalization, as well as most of its similarities in the literature, remains capable of producing only
two positive LEs. In this paper, we attempt to overcome these limitations through the construction
of a new five-dimensional (5D) hyperchaotic system with three positive LEs. Our construction is in
the form of Dong’s 4D hyperchaotic system but with the incorporation of some key modifications:
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e A linear feedback controller is integrated to offer improved control of the system’s dynamics.

e A fifth state variable is introduced, which increases the dimension and complexity of the system.

e The parameter set is thoughtfully tuned such that some parameter values are changed and a new
parameter is added to offer more flexibility and control over system behavior.

Through these modifications, the proposed 5D system not only produces hyperchaotic attractors
with three positive LEs but is also multistable, under which different attractors coexist for the same
parameter values but different initial conditions. This feature is greatly desirable in practical applications
since it holds the benefit of having increased complexity and unpredictability in signal generation.

To analyze the dynamic behavior of the proposed system, classical nonlinear dynamics tools such
as phase portraits, LE spectra, and Kaplan - Yorke dimension (KYD) are employed. numerical
simulations show transitions between periodicity, chaos, hyperchaos with two positive LEs, and
hyperchaos with three positive LEs when parameters are varied. The multistability phenomenon is
investigated in detail by simulating the system with different initial conditions. We observe that the
system can produce coexisting periodic attractors and coexisting chaotic attractors, which
demonstrates rich dynamics. We also apply an offset boosting control strategy for the 5D system.
Offset boosting is an operation enabling the attractor to shift on a chosen axis without modifying the
internal dynamics of the system. The procedure is important for applications like secure
communication, in which amplitude and position control of the chaotic signal is needed for enhancing
the security of the secret message.

The major contributions and novelties of this work can be summarized as follows:

e A novel five-dimensional hyperchaotic system is proposed by extending the original 3D Dong
chaotic system through the introduction of a linear feedback controller and an additional state
variable, enabling the generation of hyperchaos with three positive LEs.

o The proposed system demonstrates rich nonlinear behaviors, including periodicity, chaos,
hyperchaos, multistability, coexisting attractors, and offset boosting control, which
significantly enhance the dynamical complexity and unpredictability of the system.

e Advanced complexity validation and optimization methods, including two-dimensional
Lyapunov heatmaps, 0—1 chaos test, approximate entropy analysis, and metaheuristic
optimization (DE and PSO), are employed to maximize the KYD and confirm the suitability
of the proposed system for secure communication, cryptography, and pseudo-random number
generation applications.

The remaining part of this paper is organized as follows: In Section 2, we introduce the
mathematical formulation of the proposed 5D hyperchaotic system. In Section 3, we address the
influence of system parameters on its dynamics, i.e., periodic-chaotic-hyperchaotic transitions. In
Section 4, we explore the multistability phenomenon through coexisting attractors analysis. In Section 5,
we introduce offset boosting control and its influence on the chaotic dynamics of the system. In Section 6,
we provide the optimization of topological complexity via metaheuristic algorithms. In Section 7, we
present the 0-1 test and approximate entropy of the hyperchaotic system. Finally, in Section 8, we
conclude the paper and provide options for future research.

2. Construction of the new 5D hyperchaotic system

In 2022, Dong [23] proposed a new 3D chaotic system capable of generating two-wing hidden
attractors. They provide a detailed analysis of the system's dynamics under varying parameters and
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initial conditions. The mathematical model of this system is described by the following set of
differential equations:

x=a(y—x)+hkxz, (1)
y=-cy—xz,
z=-b+xy.

The constants a, b, ¢, and k are the major parameters of the system. When these parameters are set
to (a, b, c, k) = (10, 100, 11.2, —0.2), the system shows a hidden chaotic attractor with one positive LE.
Its dynamic behavior, periodic orbits, and circuit implementation have been studied in detail in [23].

In the same year, Dong published another paper [22] in which the original 3D chaotic system (1)
was extended to a 4D system by introducing a linear state feedback controller into the first equation of
system (1). This modification ensured that the minimal dimension required to generate hyperchaos was
achieved. As a result, the system exhibits two positive LEs, along with one zero and one negative LE,
leading to the following 4D autonomous hyperchaotic system:

x=a(y—x)+kxz+w,

y=—cy—xz, )
Z=-b+xy,
w=—-my.

When the parameters are set to (a, b, ¢, k, m) = (10, 100, 2.7, —0.2, 1) and the initial conditions
are (xo, Yo, zo, wo) = (1, 1, 1, 1), system (2) generates hidden hyperchaotic attractors with two positive
LEs and shows more complex behavior compared to the original 3D system (1). Its dynamic behavior,
periodic orbits, and circuit implementation have been studied in detail in [22].

In this paper, we introduce a new 5D hyperchaotic system with improved features by modifying
Dong’s 4D system (2). A linear feedback controller is added to the fourth state of system (1). We also
adjust the parameter values for our system (3) by modifying the values of a and b, setting the
parameters ¢ and m to 1 and removing them from the model while introducing a new parameter d in
the fifth equation of the system. The resulting model is given as follows:

x=a(y—x)+kxz+w,

y=-y-xz,

z=-b+xy, €)
w=-y+u,

u=-y—dw.

When the parameters are set to (a, b, d, k) = (8, 50, 0.2, —0.2) and the initial conditions are (xo, yo,
zo, wo, uo) = (1, 1, 1, 1, 0), system (3) produces hyperchaotic attractors with three positive LEs and
displays more complex behavior compared to the original 3D system (1) and the extended 4D system (4).
Different phase plots of the attractors of system (3) are shown in Figure 1. For T =1 x 10% with
initial conditions (xo, yo, zo, Wo, t0) = (1, 1, 1, 1, 0) and parameters (a, b, d, k) = (8, 50, 0.2, —0.2), the
LEs (LEs) for the new 5D system (3) are calculated using the Wolf’s Algorithm [24] as follows:
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4
Li=0.7517, L. = 0.0669, Ls = 0.0365, L« = 0, Ls = —9.5081. @)
Using the LEs in Eq (4), the KYD for system (3) is computed as:
L+L+L +L
Dy, =4+~ 2|L | 27— 4.0899. ©)
5

Figure 1. Hyperchaotic attractors of the proposed system (3).

Table 1 compares the signs of the LEs and the KYD of the proposed 5D system (3) with the
original 3D system [23], the 4D system [22], and eight other reported 5D systems.
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Table 1. Comparison between the systems in Dong [23], Dong [22], the proposed 5D
system (3), and other 5D systems.

System Dimension L1 L2 L3 L4 LS KYD

Dong [23] 3 + 0 - 2.0267
Dong [22] 4 + + 0 - 3.0696
Our system(3) 5 + + + 0 - 4.0899
Yu [25] 5 + 0 - - - 3.1667
Dong [26] 5 + 0 - - 2.6065
Zhuang [27] 5 + 0 - - - 3.6525
Johansyah [28] 5 + 0 - - - 2.2518
Sagban [29] 5 + + 0 - - 4.0849
Xiu [30] 5 + + 0 - - 3.1220
Khattar [31] 5 + + 0 - - 3.0575
Niu [32] 5 + + 0 - - 4.0502

In Table 1, the proposed system exhibits three positive LEs, indicating that its trajectories expand
along three independent directions in phase space, thus confirming strong hyperchaotic behavior with
high dynamical complexity. In contrast, the 4D system of Dong [22] has only two positive LEs, while
the 3D system [23] possesses a single positive exponent, reflecting lower-complexity chaotic dynamics.
Furthermore, compared with some other 5D systems, which generally exhibit at most two positive
exponents, the proposed model stands out by maintaining three strictly positive LEs. In addition, the
KYD of the proposed system (4.0899) is the highest among the compared systems, indicating a higher
fractal dimensionality and a richer attractor structure. These results demonstrate that the proposed
system not only increases the dimensionality but also significantly enhances the complexity and
unpredictability of the dynamics, making it particularly suitable for applications requiring highly
complex chaotic behavior.

To further characterize the global dynamics of system (3), we investigate its dissipativity. The
divergence of the vector field is given by

V:6x+a—y+@+a—w+a—u:—9—0.2z. ©)
ox o0y 0z Ow Ou

Thus, the dissipative nature of the trajectories in system (3) is demonstrated by the time-averaged
value of (v(r) =—9—0.2z(t)). The new hyperchaotic system (3) is considered dissipative if the time-
averaged value of v(t) is negative. Following the methodology in [29], the average value of v(t) is
defined as:

o1 er T (7
lim— [ v(0)de =lim— jo (=9—0.22(¢))dt.

t—o T

To assess the long-term behavior, we compute the time-averaged value of v(¢) over a sufficiently
large interval T=10° (for chaotic systems, a simulation time of T = 10° is highly sufficient to guarantee
numerical convergence and an accurate characterization of the asymptotic dynamical behavior). Our
numerical simulation yields a stable average value of -8.9988, as shown in Figure 2. The negative
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value ensures that the system’s trajectories are confined to a specific region and asymptotically
converge toward a strange attractor of fractional dimension.

v(t)
————— Avg value = -8.9945
T T

0 T T T T

-18 : ! . : ! ! : !

0 1 2 3 4 5 6 7 8 9 <104
Time (t)

Figure 2. Time evolution of v(t) with an average value of -8.9988.

3. Influence of parameters on system behavior

In this section, we analyze how the system’s behavior evolves with parameter variations,
identifying regions of hyperchaos (three and two positive LEs), chaos (one positive LE), and periodic
behavior. The parameter ranges are selected based on a preliminary exploration of the parameter space,
as the model is highly sensitive to parameter changes. Outside these intervals, the system tends to
diverge or exhibits similar dynamics temporarily before diverging. The chosen ranges ensure bounded
trajectories while preserving strong nonlinear sensitivity, enabling the system to exhibit rich and
complex dynamics.

In addition, we extend this analysis by studying two-dimensional LE heatmaps in different
parameter planes to provide a more comprehensive view of the system’s global dynamical behavior
and robustness under parameter variations. The dynamics of system (3) with different parameter values
can be seen in Table 2.
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Table 2. LEs, KYD, and dynamics of system (3) with different parameter values.

Interval Selected L1 L2 L3 L4 LS KYD Dynamics
value
a [0,2] 0.5 0 -0.081 -0.391 -0.499 -0.510 O Periodic
[2,5.4] 5.2 0.170 0 -0.127 -0.208 -5.872 3.207 Chaos
[5.4, 8] 7 0.771 0.080 0.032 0 -8.545 4.103 Hyperchaos
b [0,6.9] 4 0 -0.078 -0.099 -0.251 -7.484 0 Periodic
[6.9, 8.5] 7.2 0.012 0 -0.093 -0.207 -7.589 2.129 Chaos
[8.5, 30] 20 0.132 0.048 0 -0.050 -7.873 4.016 Hyperchaos
[30, 50] 48 0.833 0.073 0.044 0 -8.597 4.111 Hyperchaos
d [0.01,0.08] 0.07 0.118 0 -0.193 -0.309 -7.499 2.611 Chaos
[0.08,0.12] 0.09 0.170 0.039 0 -0.283 -7.590 3.739 Hyperchaos
[0.12, 0.3] 0.14 0.808 0.095 0.008 0 -8.538 4.107 Hyperchaos
ko [-3,-1] -1.5 0.006 0 -0.226 -0.485 -6.934 2.066 Chaos
[-1,-0.4] -0.8 0.076  0.021 0 -0.264 -7.015 3.367 Hyperchaos
[-0.4, 0] -0.1 0.789 0.093 0.012 0 -8.680 4.103 Hyperchaos

3.1. Effect of varying parameter a

To study how changing the parameter a affect the dynamics of system (3), we fix the other
parameters as (b, d, k) = (50, 0.2, —0.2) and vary a from 0 to 8. For these values, we plot the LEs (LEs)
diagram shown in Figure 3(a) and the bifurcation diagram shown in Figure 3(b). For clarity, we display
only L1, L, Ls, and L4 since Ls is always negative. From Figure 3(a), we can identify regions with different
behaviors and plot the corresponding attractors. When a varies between 0 and 2, Figure 3(a) shows
one zero LE and four negative LEs, which indicates that system (3) has periodic behavior in this range
of a. This is confirmed by the attractor plotted in Figure 3(c) for a = 0.5, with its corresponding LEs
and KYD listed in Table 2.

When a varies between 2 and 5.4, system (3) has one positive LE, meaning it shifts to chaotic
behavior, as illustrated by the attractor in Figure 3(d) for a = 5.2, with its LEs and KYD also shown in
Table 2. Finally, when a varies from 5.4 to 8, Figure 3(a) shows three positive LEs. This means that,
in this range of a, system (3) exhibits complex hyperchaotic behavior with dynamics expanding in three
different directions of phase space. The corresponding attractor is shown in Figure 3(e) for a = 7, with
its LEs and KYD provided in Table 2.
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Figure 3. (a) LEs and (b) bifurcation diagram for 0 < a < 8, (c) x-y periodic attractor for
a=0.5, (d) x-y chaotic attractor for a=5.2, and (e) x-y hyperchaotic attractor with three LEs
for a=7.

3.2. Effect of varying parameter b

To study how changing parameter b affects the dynamics of system (3), we fix the other
parameters as (a, d, k) = (8, 0.2, —0.2) and vary b from 0 to 50. For these values, we plot the LEs (LEs)
diagram shown in Figure 4(a) and the bifurcation diagram shown in Figure 4(b). For clarity, we display
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only L1, L, L3, and L4 since Ls is always negative. From Figure 4(a), we can identify regions with different
behaviors: Periodic, chaos, hyperchaos with two LEs, and hyperchaos with three LEs.

40
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Hyperchaos onset=8.5

S
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x
[=1

Lyapunov exponents

(e)

Figure 4. (a) LEs and (b) bifurcation diagram for 0<)<50, (c) x-z periodic attractor for
b=4, (d) x-z chaotic attractor for b=8, (e) x-z hyperchaotic attractor with two LEs for =20,
and (f) x-z hyperchaotic attractor with three LEs for /=48.

When b varies between 0 and 7, Figure 4(a) shows one zero LE and four negative LEs, indicating
that system (3) has periodic behavior in this range of b. This is confirmed by the attractor in Figure 4(c)
for b = 4, with its corresponding LEs and KYD listed in Table 2. As b increases to the range of 7 to 8.5,
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system (3) shows one positive LE, which means it transitions to chaotic behavior. This is illustrated by
the attractor in Figure 4(d) for » = 8, with its LEs and KYD shown in Table 2.

For b values between 8.5 and 30, Figure 4(a) displays two positive LEs, which means the system
exhibits more complex behavior, with its dynamics expanding in two different directions of phase
space. The attractor for » =20 is shown in Figure 4(e), with the LEs and KYD listed in Table 2. Finally,
when b varies from 30 to 50, Figure 4(a) shows three positive LEs. In this range, system (3) exhibits
highly complex hyperchaotic behavior, with its dynamics expanding in three directions of phase space.
The corresponding attractor for & = 48 is shown in Figure 4(f), with its LEs and KYD provided in
Table 2.

3.3. Effect of varying parameter d

To study how changing parameter d affects the dynamics of system (3), we fix the other parameters
as (a, b, k) = (8, 50, —0.2) and vary d from 0.01 to 0.3. For these values, we plot the LEs (LEs) diagram
shown in Figure 5(a) and the bifurcation diagram shown in Figure 5(b). For clarity, we display only L.,
L., Ls, and L4 since Ls is always negative. From Figure 5(a), we can identify regions with different
behaviors: chaos, hyperchaos with two LEs, and hyperchaos with three LEs.

As d increases from 0.01 to 0.08, system (3) shows one positive LE, indicating chaotic behavior.
This is illustrated by the attractor in Figure 5(c) for d = 0.07. The corresponding LEs and KYD are
listed in Table 2. When d is between 0.08 and 0.12, Figure 5(a) shows two positive LEs, meaning the
system becomes more complex, with dynamics expanding in two directions of phase space. The
attractor for d = 0.09 is shown in Figure 5(d), with its LEs and KYD given in Table 2. Finally, as d
increases from 0.12 to 0.3, Figure 5(a) displays three positive LEs. In this range, system (3) exhibits
highly complex hyperchaotic behavior with dynamics expanding in three different directions of phase
space. The attractor for d = 0.14 is shown in Figure 5(e), with its LEs and KYD presented in Table 2.

3.4. Effect of varying parameter k

To study how changing parameter k affects the dynamics of system (3), we fix the other
parameters as (a, b, d) = (8, 50, 0.2) and vary & from -3 to 0. For these values, we plot the LEs (LEs)
diagram shown in Figure 6(a) and the bifurcation diagram shown in Figure 6(b). For clarity, we display
only Li, L2, Ls, and La since Ls is always negative. From Figure 6(a), we can identify regions with
different behaviors: chaos, hyperchaos with two LEs, and hyperchaos with three LEs.

As parameter k increases from —3 to —1, system (3) has one positive LE, which indicates chaotic
behavior. This is shown by the attractor in Figure 6(c) for £ =—1.5. The corresponding LEs and KYD
are provided in Table 2. When £ is in the range —1 to —0.4, Figure 6(a) shows two positive LEs, meaning
the system becomes more complex with dynamics expanding in two directions of phase space. The
attractor for k£ =—0.8 is displayed in Figure 6(d), and its LEs and KYD are listed in Table 2. Finally, as
parameter k varies from —0.4 to 0, Figure 6(a) shows three positive LEs. In this range, system (3)
exhibits highly complex hyperchaotic behavior with dynamics expanding in three different directions
of phase space. The attractor for £ = —0.1 is shown in Figure 6(e), with its LEs and KYD presented in
Table 2.
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3.5. Two-dimensional LE heatmaps analysis

To demonstrate the dynamical robustness of the proposed 5D system, two-dimensional regime
heatmaps are constructed in the (a, b), (a, d), (a, k), (b, d), (b, k), and (d, k) parameter planes, as shown
in Figures 7(a)—(f). Contrary to the assumption that high-order hyperchaos exists only as isolated
“islands”, these maps reveal broad, continuous, and well-connected regions of triple-positive LEs
indicated in amber, alongside hyperchaotic regions with two positive exponents in deep orange. The
presence of these orange zones surrounding the amber regions indicates a smooth transition between
levels of hyperchaotic behavior rather than a loss of complexity or divergence. Such parametric
continuity is a fundamental topological property that ensures the high-order hyperchaotic state is robust
rather than a fragile numerical artifact. This stability is critical for hardware implementations in
physical circuits or embedded systems, where component tolerances inevitably lead to slight variations
in parameters. The broadness of the amber regions ensures that the system maintains high-complexity
hyperchaotic behavior despite these variations, providing a reliable, entropy-rich source for practical
engineering applications such as random number generation and secure communications.

4. Influence of initial conditions on system behavior

To study the phenomenon of multistability, we plot the basins of attraction and attractors of system (3)
in this section by selecting different initial points while keeping the same parameter values.

e For the parameter values (a, b, d, k) = (8, 1, 0.2, -0.2), we compute and visualize the basins of
attraction of system (3) in the three-dimensional (yo, zo, o) space, with yo € [0, 1], zo € [0,1], and
uo € [0,1]. The corresponding results are presented in Figure 8(a). We observe that, for these
parameter values, system (3) exhibits multistability in the form of two coexisting periodic
attractors. Figure 8(b) illustrates the basin of attraction associated with the first periodic regime,
showing the set of initial conditions that converge to this attractor. Similarly, Figure 8(c) depicts
the basin of attraction of the second periodic regime, highlighting the set of initial conditions
leading to the second coexisting attractor. Representative phase portraits of the two periodic
attractors are shown in Figures 8(d)—(f). Based on the basin structure, we select two initial
conditions: Xo1 = (1,0,0,1,0) and Xo2= (1,1,1,1,0). The trajectories plotted in blue correspond to
Xo1, while those in red correspond to Xoo.

e For(a, b,d, k)=(8,7,0.2,-0.2), the basins of attraction of system (3) are computed in the (yo,
Zo, Uo) space with (yo, o, uo)€ [0,1], as shown in Figure 9(a). The system exhibits multistability
with two coexisting chaotic attractors. Figures 9(b),(c) present the corresponding basins,
identifying initial conditions leading to each chaotic regime. Representative phase portraits are
shown in Figures 9(d)—(f). Based on the basin structure, two initial conditions are selected: Xo1
= (1,0,0,1,0) and Xo2 = (1,1,1,1,1); trajectories in blue correspond to Xoi, and those in red
correspond to Xoo.

These results show that our proposed system not only exhibits hyperchaos with three positive LEs
but can also display multistability, which increases the complexity of the model and makes it more
suitable for engineering applications.
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Figure 7. Two-dimensional LE heatmaps illustrating the distribution of hyperchaotic
regions in the (a) a-b, (b) a-d, (¢) a-k, (d) b-d, (e) b-k, and (f) d-k parameter planes.
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Figure 8. Basins of attraction of system (3) in the (yo,zo,u0) space and phase portraits of
two coexisting periodic attractors for (a, b, d, k) = (8, 1, 0.2, —0.2).
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5. Offset boosting control (OBC)

In the proposed 5D system, hyperchaotic behavior with a tunable offset is observed, which has a
notable influence on the u variable. By substituting u# with (# + p) in the fourth equation of the new
system (3), we obtain the following form:

Xx=a(y—x)+kxz+w,

y=-y-axz,

z=—-b+xy, (8)
w=-y+(u+p),

u=-y—dw.

OBC is a useful method for adjusting the amplitude of a system by adding a feedback term [33].
While this technique does not change the system’s inherent dynamics, it makes it possible to shift the
attractor in either direction based on the selected boosting parameter. In our proposed 5D model, the
offset boosting mechanism has a strong effect on the position of the hyperchaotic attractor, especially
along the u-direction. The magnitude of the state variable u in system (3) can be adjusted, as shown by
the w—u phase portrait in Figure 10(a). When parameter p is negative, the attractor shifts in the positive
direction, while a positive p shifts it in the negative direction. This feature enables the chaotic signal u to
change from a bipolar form to a unipolar one, as illustrated in Figure 10(b). Such behavior demonstrates
the strong potential of the proposed system for chaos-based applications.

100 T T T 100

50 50

-50 -50

-100 . . L -100 . L L L .
-100 -50 0 50 100 0 50 100 150 200 250 300

(a) (b)

Figure 10. (a) w-u phase Portrait and (b) u-time series under Offset Control; p=0 (Blue);
p=50 (Red), and p=-50 (Green).

6. Optimization of topological complexity via metaheuristic algorithms
In this section, the complexity of the proposed 5D hyperchaotic system is maximized by treating
the KYD Dyy as an objective function for optimization. Given the high-dimensional nature of the

parameter space, two distinct metaheuristic approaches (Particle Swarm Optimization (PSO) and
Differential Evolution (DE)) are employed to identify the parameter set P = [a, b, d, k] that yields the
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highest topological complexity.
6.1. Differential evolution (DE)

DE is a population-based stochastic search algorithm that utilizes vector differences to navigate
the search space [34]. In each generation, a mutant vector is created for each target individual by
combining the weighted difference of two randomly selected population members with a third member.
This mutation process is defined as:

Viea =X +F'(Xr2,G _Xr3,G)' 9)

In the mutation process, Xr1,6, Xi2,6, and X3, are three distinct vectors randomly selected from
the current population such that their indices 1 # 2 # r3 # i. G represents the current generation,
and F is a mutation constant that scales the differential variation. During the crossover phase, a trial
vector Ujic+11s generated as follows:

U Viiea if(randj (0,1) < CR) or (j = jmnd),

e x 1.1, Otherwise, (10)

where j = {1, 2, ...., D} represents the parameter dimension (with D =4), CR < [0, 1] is a crossover
coefficient determined by the user, and jrand is a randomly generated index ensuring that at least one
parameter is inherited from the mutant vector. To ensure numerical stability and physical consistency,
a rounding operator is applied to maintain a precision of three decimal places 10 for all generated
trial vectors. During the selection process, the fitness of the trial vector (defined by the KYD Dyy) is
evaluated using the Wolf algorithm and the ode45 solver. If the trial vector yields a higher Dy than the
target vector X, it replaces the target vector in the population for the next generation (G+1); otherwise,
the target vector is retained. The DE algorithm iterates until the maximum number of generations is
reached, at which point the optimal system parameters and the corresponding Dxy are retrieved.

6.2. Particle Swarm optimization (PSO)

PSO is a population-based metaheuristic search strategy inspired by the collective intelligence
and social behavior of biological populations, such as bird flocks [34]. In this framework, each
potential parameter set is treated as a “particle” i that occupies a position X; in the D-dimensional search
space and moves with an adaptable velocity vi. The trajectory of each particle is governed by its own
historical success and the overall experience of the swarm. The velocity update for the j-th dimension
of the i-th particle is defined as follows:

v (t+ 1)= wv, (1) +ar, (pbest,.,j -X, (t)) +,r, (gbestj -X, (t)), (11)

where w is the inertia weight that balances global exploration and local exploitation, while ¢ and c2
are the cognitive and social acceleration coefficients, respectively. The terms ri and r» are independent
random variables sampled from a uniform distribution U(0, 1). Variable pbest; represents the best
position previously visited by particle i, and gbest represents the best position found by the swarm.
Following the velocity update, the new position of the particle is determined as:
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X, (t+1)=1x, (t)-l—vi’j(H-l), (12)

where j = {1, 2, .... , D} represents the parameter dimension (with D=4). To maintain numerical
stability and satisfy the sensitivity requirements of the 5D hyperchaotic system, a rounding operator is
implemented to restrict all updated positions to a precision of three decimal places 10, During the
evaluation phase, the fitness of each particle (defined by the KYD Dyy) is calculated using the Wolf
algorithm. If the current position xj(t+1) yields a better Dky than the pbest;, the personal best is updated.
Furthermore, the swarm identifies the global best gbest among all personal bests. The PSO algorithm
continues to iterate until the maximum number of generations is reached, at which point the optimal
parameters [a, b, d, k] and the maximum Dyy are retrieved.

6.3. Results and discussion

The initial search intervals for the system parameters are established based on the preliminary
dynamical analysis presented in Section 3. The parameter ranges for [a, b, d, k] are defined as follows:
acin[6,8],b e [40,60],d  [0.15,0.3],and k e [-0.4, 0]. These bounds are critical to ensure that
the optimization algorithms focus on regions exhibiting potential hyperchaotic behavior, rather than
periodic or divergent dynamics. For a fair comparison, both algorithms are executed using the same
configuration, with a population size of 30 individuals and a total of 20 generations. Results are shown
in Table 3.

Table 3. Comparison of PSO and DE performance in terms of local DKY and MLE across generations.

Generation PSO DE
Local best Dky Local best MLE Local best Dky Local best MLE

1 4.1246 0.8884 4.1381 0.9296
2 4.1316 0.8623 4.1445 0.9867
3 4.1375 0.9262 4.1452 0.9938
4 4.1373 0.9266 4.1331 0.8870
5 4.1374 0.9218 4.1365 0.9115
6 4.1339 0.9176 4.1380 0.9398
7 4.1345 0.9899 4.1369 0.9224
8 4.1344 0.9078 4.1367 1.0021
9 4.1364 0.9293 4.1132 0.8805
10 4.1340 0.8992 4.1453 0.9993
11 4.1362 0.9044 4.1397 0.9245
12 4.1351 0.9032 4.1388 0.9339
13 4.1346 0.9094 4.1448 1.0041
14 4.1366 0.9217 4.1441 0.9953
15 4.1368 0.9184 4.1509 1.0414
16 4.1348 0.9171 4.1454 1.0151
17 4.1351 0.9206 4.1447 0.9944
18 4.1657 0.9243 4.1448 0.9875
19 4.1346 0.9021 4.1509 1.0430
20 4.1347 0.9172 4.1461 0.993
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The comparative study between DE and PSO reveals that DE is more effective in maximizing the
topological complexity of the proposed 5D system. While PSO demonstrates rapid convergence during
the early generations, it converges prematurely to a lower global optimum. As shown in Table 4, the DE
algorithm successfully identifies the parameter set [6.000, 60.000, 0.283, -0.189], which outperforms
the solution obtained by PSO. The optimization process leads to an increase in the fractal dimension
and the LEs. According to the results presented in Table 4, the DE algorithm achieves an optimal KYD
Dyy of 4.150879, representing the highest topological complexity identified for the new system,
surpassing the results reported in Table 2. This high Dyy value is supported by an optimized Lyapunov
spectrum exhibiting three positive exponents, with an MLE of 1.0414.

Table 4. Optimal parameters, maximized Kaplan-Yorke dimension, and Lyapunov
Exponents (LEs) spectrum for the new 5D system using DE and PSO algorithms.

Algorithm Optimal parameters Optimal Dxy LEs

DE a =6.000, b = 60.000, d =0.283, 4.150879 1.0414, 0.0795, 0.0566, 0.0055, -
k=-0.189 7.8410

PSO a=6.000, b= 50.000, d=0.209, 4.137453 0.9262, 0.0890, 0.0493, 0.0064, -
k=-0.152 7.7917

7. 0-1 test and approximate entropy

In this section, we provide a comparative complexity analysis of the 3D Dong system, 4D Dong
system, and the proposed 5D hyperchaotic system across four distinct parameter sets (S1-S4). The
complexity is quantified using the robust 0-1 test for chaos K-value and Approximate Entropy (ApEn),
calculated using the y-coordinate over a simulation time of # = 2000s to ensure statistical convergence.
The 0-1 test distinguishes regular and chaotic dynamics, where a K-value approaching 1 confirms the
existence of chaos [35]. Furthermore, ApEn measures the unpredictability and regularity of the time
series, with higher values indicating a more complex and unpredictable system [36]. The comparative
results are summarized in the Table 5.

Table 5. Complexity results (K-value and ApEn) for different systems using y-coordinate
at t = 2000s for {S1, S2, S3, S4} = {(8, 50, 0.2, —0.2), (8, 48, 0.2, -0.2), (6, 50, 0.209, -
0.152), and (6, 60, 0.283, -0.189)}.

System Parameters K value ApEn
3D Dong as in [23] 0.9958 0.4958
4D Dong as in [22] 0.9961 0.5624
S1: Construction parameters 0.9971 0.7628
5D System S2: High Dyy in Table 2 0.9978 0.7616
S3: PSO Optimized 0.9980 0.8114
S4: DE Optimized 0.9985 0.8242

For all investigated systems and parameter sets, the K-value remains very close to 1 (K > 0.99),
confirming that the systems operate in a fully chaotic regime. In addition, the results reveal a
correlation between system dimensionality and dynamical complexity. The 5D hyperchaotic system
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consistently exhibits higher Approximate Entropy (ApEn) values compared to the 3D and 4D Dong
systems. For example, the ApEn value of the 5D system for S1 (0.7628) is approximately 53% higher
than that of the 3D system (0.4958), indicating a significantly greater level of signal unpredictability
and structural richness.

Furthermore, the optimization of the 5D system parameters leads to an additional increase in
complexity. The parameter set S4 (obtained using DE) achieves the highest overall complexity, with
K =0.9985 and ApEn = 0.8242. This observation is consistent with the complexity analysis, where S4
was identified as exhibiting the most pronounced hyperchaotic behavior.

Finally, the increase in ApEn from S1 to S4 confirms that the optimization techniques (PSO and DE)
successfully identify regions of the parameter space associated with higher dynamical complexity.
Consequently, the parameter set S4 is recommended for applications such as pseudo-random number
generation (PRNG) and chaos-based secure communication schemes, where enhanced unpredictability
and complexity are critical.

8. Conclusions

In this work, we have constructed a new five-dimensional hyperchaotic system from Dong’s
original 3D chaotic model and its four-dimensional hyperchaotic extension. Adding a linear feedback
controller and a fifth state variable to the 4D system, and adjusting the parameter set, we were able to
create a system that is hyperchaotic with three positive LEs. Through numerical simulations, we
described the complex dynamics of the model, distinguishing periodicity, chaos, and hyperchaos
regions. The use of LE spectra, KYD, and phase portraits showed the system’s high complexity. We
also demonstrated that multistability is an intrinsic feature of the model, with different initial
conditions leading to distinct coexisting attractors even for fixed parameters. We have also employed
an offset boosting control mechanism to show that the attractors can be shifted along the u-direction
without influencing the intrinsic dynamics of the system. Moreover, a topological complexity
optimization framework based on Particle Swarm Optimization (PSO) and Differential Evolution (DE)
was used to maximize the Kaplan—Yorke dimension, followed by validation using the 0—1 test and
Approximate Entropy analysis. These features enhance unpredictability and qualify the system to be
used in secure communications and cryptography. In future work, we will focus on developing image
encryption and secure signal transmission schemes based on the proposed 5D hyperchaotic system.
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