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Abstract: This study proposes an enhanced Gaussian mixture model (GMM)-based Monte Carlo 

simulation design to improve value-at-risk (VaR) estimation performance, specifically tailored for 

high-volatility environments such as global cryptocurrency markets. The proposed method deals with 

the critical problems of parameter instability due to random initialization and the limitations of 

determining the optimal number of components using standard information criteria like AIC or BIC, 

which are frequent challenges in traditional GMM-based VaR estimation approaches. To overcome 

these problems, a deterministic clustering algorithm was developed to ensure a stable initialization of 

GMM, and a simulation design like the parametric bootstrap was applied using the model fitted from 

observational data. Furthermore, a direct backtest performance was considered in determining the 

number of GMM components. The empirical application of the study was conducted through the VaR 

modeling of daily returns for a diversified portfolio consisting of BTC, ETH, BNB, and SOL crypto 

assets. A dynamic VaR model, utilizing 250-day rolling windows, was developed, and its performance 

was compared with traditional VaR estimation methods. VaR estimates, calculated at various 

confidence levels, consistently demonstrated that the proposed approach outperformed traditional 

methods. The results indicate that the proposed method markedly improves tail risk estimation 

accuracy, achieving higher success in satisfying both coverage and independence criteria. 
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1. Introduction 

With the introduction of Bitcoin by Nakamoto in 2008 [24], cryptocurrencies have become a 

rapidly growing investment vehicle in financial markets. These assets, which attract investors due to 

their high return potential, have reached a significant market volume over time. However, when 

examining past returns, it is evident that cryptocurrencies are highly volatile, characterized by sharp 

rises and falls. Due to this characteristic, cryptocurrencies are generally classified as high-risk 

investment instruments, and effective risk management is necessary. 

One of the key components of financial risk management is the quantitative measurement of risk; 

one of the most widely used measures is value-at-risk (VAR). VaR provides a single quantitative 

estimate of the maximum expected loss over a certain period and at a specified confidence level [11]. 

Many different methods have been developed in the literature for VAR estimation, and these methods 

are generally grouped into three categories: parametric methods, historical simulation methods, and 

Monte Carlo simulation methods [19]. 

In the literature, the high volatility of assets in the portfolio poses a challenge to the adequacy of 

methods that rely on the assumption of normality. Therefore, alternative distributions and flexible 

modeling approaches have gained prominence [12]. Different distribution approaches have been 

proposed in the literature for more consistent VaR estimates. Tan and Chu [29], Contreras [5], and Li 

and Wu [17] suggested using a Gaussian mixture model (GMM) for VaR estimation and stated that VaR 

estimation using a GMM yielded better results than other classical methods. Erisoglu and Koroglu [8] 

demonstrated that the mixture distribution method, a combination of normal and log-Dagum 

distributions, performs well in VaR estimation. For VaR calculations related to cryptocurrencies, Silahli 

et. al. [28] recommended the two-tailed Weibull distribution, while Hrytsiuk et al. [12] recommended 

the Cauchy distribution. Gkillas and Longin [9] used a generalized extreme value distribution to model 

Bitcoin's extreme tail behavior and noted that this method provides more accurate risk estimates 

compared to traditional VaR methods. Jiang et al. [13] proposed a new statistical model based on 

mixture distributions with time-varying parameters in order to make more flexible and accurate VaR 

estimates in cases where traditional models are insufficient in measuring the extreme volatility 

structure of cryptocurrencies. Backtest results showed that the proposed model provided more accurate 

VaR estimates than traditional models at 99% and 95% confidence levels. Chen et al. [3] tested the 

performance of different distribution assumptions under various GARCH-type models and found that 

heavy-tailed and asymmetric distributions yielded more successful results in VaR estimation, whereas 

Gaussian distributions performed better in volatility estimation. 

In the literature, studies employing GMM-based Monte Carlo simulation estimate VaR by first 

identifying the best-fitting model, generating random samples, and then calculating the quantile values 

corresponding to the 5% or 1% significance level. Seyfi et al. [27] tested the performance of their 

proposed Monte Carlo simulation method based on the GMM for estimating the portfolio's VaR and 

expected shortfall (ES) with Christoffersen's CCI and CI tests. Similarly, Morkūnaitė et al. [22] 

demonstrated that a multivariate GMM-based Monte Carlo simulation method for VaR estimation in 

cryptocurrency portfolios yields more successful results than traditional single-mode normal 

distribution–based approaches in modeling the multimodal distribution characteristics of 

cryptocurrency assets and the complex dependency structures between assets. 

Backtesting is commonly used for evaluating the reliability of VAR estimates; in most studies 

comparing the performance of VaR methods, Kupiec's POF, Christoffersen's independence (CCI), and 
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interval tests (CI) are widely used. For example, Seyfi et al. [27], Likitratcharoen et al. [18], Panda and 

Deb [25], Mallela and Gupta [20], and Morkūnaitė et al. [22] used these test statistics as performance 

criteria in their studies. 

In studies using Monte Carlo simulation methods based on multivariate GMM, the number of 

components in the model is often determined according to information criteria such as AIC or BIC. 

However, these criteria focus on the overall fit of the model and do not directly optimize VAR 

estimation performance, where extreme risks should be considered. Additionally, Monte Carlo 

simulations are typically conducted using only a single synthetic sample, which makes the estimates 

overly sensitive to randomness and raises concerns about the reliability of the VAR estimates. 

Furthermore, measures such as confidence intervals for VAR estimates cannot be produced, which 

limits the effectiveness of risk measurement in decision support systems. While these simulation-based 

challenges persist, alternative advanced optimization techniques have also been explored in literature. 

For instance, Leung and Wang [16] proposed a collaborative neurodynamic optimization approach to 

address minimax and biobjective portfolio selection problems. 

Risk assessment and management are not limited to financial markets; they play a vital role in the 

decision-making processes of complex systems. Recent studies showed that risk analysis 

methodologies have evolved across a wide range of fields, from engineering to supply chain 

management. Advanced mathematical models developed to optimize the performance of systems 

under uncertainty share similar fundamental theoretical frameworks with financial risk forecasting 

methods. 

For example, in modern production systems and sustainable engineering designs, risk assessment 

is critical for ensuring operational continuity. In this context, the approach presented by Vahabzadeh 

et al. [30] offers a current and comprehensive perspective on how risk management can be framed 

within multi-criteria decision-making processes. This study emphasizes that risk is not only a financial 

loss but also a multidimensional variable affecting system reliability. 

Returning to the financial sphere, risk management for assets with high volatility and "heavy-tail" 

characteristics, such as cryptocurrencies, requires more dynamic solutions compared to traditional 

assets. This study is conducted to improve the effectiveness of the GMM-based Monte Carlo 

simulation method by targeting the limitations described above. First, in Monte Carlo–based VAR 

estimations, the number of model components is selected based on backtests’ performance rather than 

information criteria. Second, instead of using a single large synthetic sample in the simulation process, 

a new simulation design based on the portfolio size for each model is proposed. Also, variance values 

and confidence intervals related to VaR estimations can be generated. Instead of randomly initializing 

the parameters in GMM estimation, a simple and effective method for determining the initial cluster 

centers and assigning component memberships is proposed in our method. 

The rest of this study is organized as follows: In Section 2, the main methods used in VaR 

estimations—parametric method, historical simulation method, and Monte Carlo simulation method—

are explained with their theoretical background. Section 3 introduces backtesting, focusing on the 

theoretical basis of the Kupiec Proportion of Failures (POF) test, Christoffersen independence test, and 

Christoffersen Interval tests. Section 4 describes the modeling approach based on a multivariate GMM 

and explains how the model parameters are estimated. Section 5 presents the new Monte Carlo 

simulation-based method proposed in this study. It explains the simulation design, which allows 

building confidence intervals from the VaR distribution, and selects the number of components based 

on backtesting performance instead of information criteria. In Section 6, an application to 
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cryptocurrencies is carried out, and the proposed method is compared with other methods in the 

literature. Finally, Section 7 summarizes the main findings, discusses the strengths of the model, and 

gives suggestions for future research. 

2. Value-at-risk (VaR) and estimation methods 

VaR is a statistical measure of risk that expresses the maximum expected loss to which a portfolio 

may be exposed within a specific time under normal market conditions and at a specific confidence 

level.  

Let X be the random variable representing the return distribution of the portfolio. If 𝑋 >  0, it 

indicates a gain; if 𝑋 <  0, it indicates a loss. VaR is expressed as follows [23]: 

𝑉𝑎𝑅𝛼(𝑋) = −𝐹𝑋
−1(𝛼).         (1) 

The negative sign in the equation is used to express the loss as positive. This measure indicates 

the magnitude of the loss in the tail region with a probability of occurrence 𝛼 ∈ (0,1).  

In this study, VaR estimation methods are examined under three subheadings: the parametric 

method, also known as the variance-covariance approach, the historical simulation method, and the 

Monte Carlo simulation method. 

2.1. Parametric method 

In this method, VaR is calculated under the assumption that the returns in the portfolio are 

normally distributed. For a portfolio, VaR is calculated using the following equation: 

𝑉𝑎𝑅𝛼 = −(𝜇 + 𝑧𝛼𝜎√𝑡)𝐴,        (2) 

where μ is the mean of the portfolio returns, and σ is the standard deviation. t denotes the holding 

period, A denotes the investment amount, and z_α denotes the critical table value from the standard 

normal distribution at the α significance level. 

In portfolios containing multiple financial instruments, the assumption of a multivariate normal 

distribution is naturally assumed. The probability density function of the multivariate normal 

distribution is given by the mean vector μ, the variance-covariance matrix Σ, and the number of 

variables p, expressed as: 

𝑓(x; 𝝁, Σ) =
1

(2𝜋)𝑝/2|Σ|1/2 𝑒𝑥𝑝 (−
1

2
(x − 𝜇)Σ−1(x − 𝝁)′).      (3) 

The average return and volatility of the portfolio are calculated using the investment weights (w) 

of the assets in the portfolio: 

μportfolio = w𝛍′,          (4) 

σportfolio = (wΣw′)1/2.         (5) 

Equations (4) and (5) are used to calculate the VaR of the portfolio in a manner similar to Eq (2): 

𝑉𝑎𝑅𝛼,𝑝𝑜𝑟𝑡𝑓𝑜𝑙𝑖𝑜 = ( 𝜇𝑝𝑜𝑟𝑡𝑓𝑜𝑙𝑖𝑜 + 𝑧𝛼𝜎𝑝𝑜𝑟𝑡𝑓𝑜𝑙𝑖𝑜√𝑡)𝐴.      (6) 
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2.2. Historical simulation method 

The historical simulation method is a nonparametric method used in VaR estimation. In this 

method, an empirical cumulative distribution function is created based on past returns, assuming the 

return behavior of the portfolio will continue in a similar way in the future, and the relevant quantile 

value at the α significance level is used as the VaR estimate. 

Given the distribution R of the portfolio's past returns, 𝑉𝑎𝑅𝛼 is calculated using the following 

equation at the α significance level: 

HVaRα(X) = −SR
−1(α),         (7) 

𝑆𝑅
−1(. )  represents the inverse of the empirical distribution function, i.e., the empirical quantile 

function. 

2.3. Monte Carlo simulation method 

The basic assumption in the Monte Carlo simulation method is that the return behavior in the 

portfolio will continue in the future in a similar way as in the historical simulation method. Therefore, 

in this method, the optimum return distribution is determined according to the distribution of past 

returns, and VaR is calculated with the scenario generated from this distribution. Since the correlation 

structure between the assets in the portfolio is also considered, it is mostly based on the multivariate 

normal distribution [10]. In the Monte Carlo simulation based on the multivariate normal distribution, 

the mean vector and covariance matrix are first calculated from the historical returns of the assets in 

the portfolio. Using the mean vector and covariance matrix, a sufficiently large random sample of 

10,000 units is generated from the multivariate normal distribution. Synthetic returns are calculated by 

taking into account the weight of the assets in the portfolio in the random sample generated. Synthetic 

returns are ranked from smallest to largest, and the quantile value corresponding to the significance 

level α is used as the VaR estimate. 

3. Backtesting methodology 

The performance of VaR models is analyzed by backtesting, which evaluates the extent to which 

the estimated risk level is consistent with realized losses. For this purpose, the binomial test, Kupiec's 

POF test, and Christoffersen's interval and independence test are the most frequently used tests in terms 

of computational simplicity and efficiency. 

3.1. Binomial test 

The most basic test method to evaluate the success of the VaR model is the binomial test, which 

compares the number of realized exceptions with the number of expected exceptions [14]. Given the 

number of realized exceptions x, the confidence level used in VaR estimation 1-α, and the number of 

observations n, the binomial test statistic under the normal distribution approach is calculated as 

follows: 

𝑍𝑏𝑖𝑛 =
𝑥−𝑛𝑝

√𝑛𝑝 (1−𝑝)
~𝑁(0,1),         (8) 
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where nα denotes the expected number of exceptions. The binomial test only tests the coverage of the 

VaR model. A 𝑝 − 𝑣𝑎𝑙𝑢𝑒 <  𝛼 indicates that the VaR model is not significant in determining the 

risk threshold. 

3.2. Kupiec’s POF test 

The POF test developed by Kupiec [15] evaluates whether the actual coverage ratio is in line with 

the expected coverage ratio using the likelihood ratio test and is calculated as follows: 

𝐿𝑅𝑃𝑂𝐹 = −2 log (
(1−𝛼)𝑛−𝑥𝛼𝑛

(1−
𝑥

𝑛
)

𝑛−𝑥
(

𝑥

𝑛
)

𝑥) ~𝜒(1)
2 .        (9) 

The equation can also be represented as 

𝐿𝑅𝑃𝑂𝐹 = −2 × {(𝑛 − 𝑥) log(1 − 𝛼) + 𝑛 log(𝛼) − (𝑛 − 𝑥) log(1 − 𝛼̂) − 𝑛 log(𝛼̂)}, 

with the realized coverage ratio 𝛼̂ =
𝑥

𝑛
 and logarithmic function properties. 

The calculated likelihood value follows a Chi-squared distribution with one degree of freedom. 

This test evaluates the number of realized exceptions as in the binomial test, i.e., it only tests the 

coverage of the VaR model.  

3.3. Christoffersen’s interval forecast tests 

Christoffersen [4] focused on the dependency between exceptions. For this reason, this test is also 

known as the independence test in the literature. If there is dependency between exceptions, the model 

is rejected based on the conclusion that the VaR cannot capture periodic volatility in the market. 

Christoffersen's method defines VaR exceptions as a time series: 

𝐼𝑡 = {
1, 𝑟𝑡 < 𝑉𝑎𝑅𝛼

0, 𝑟𝑡 ≥ 𝑉𝑎𝑅𝛼
, 

and defines a transition count matrix between 𝐼𝑡−1 and 𝐼𝑡 as follows: 

[
𝑁00 𝑁01

𝑁10 𝑁11
], 

where 𝑁₀₀ is the number of periods with no exceptions followed by a period with no exceptions. 𝑁₁₀ 

is the number of periods with exceptions followed by a period with no exceptions. 𝑁₀₁ is the number 

of periods with no exceptions followed by a period with exceptions. 𝑁₁₁ is the number of periods with 

exceptions followed by a period with exceptions. With the help of this matrix, transition probabilities 

𝜋01 =
𝑁01

𝑁00+𝑁01
 and 𝜋11 =

𝑁11

𝑁11+𝑁10
 are obtained. 

Under the independence assumption, 

𝜋01 = 𝜋11 = 𝜋 =
𝑁01 + 𝑁11

𝑁00 + 𝑁01 + 𝑁10 + 𝑁11
 

are obtained. According to these definitions, Christoffersen's CCI test is calculated as follows: 
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𝐿𝑅𝐶𝐶𝐼 = −2 log (
(1−𝜋)𝑁00+𝑁10𝜋𝑁01+𝑁11

(1−𝜋01)𝑁00(𝜋01)𝑁01(1−𝜋11)𝑁10(𝜋11)𝑁11
) ~𝜒(1)

2 .    (10) 

The calculated statistical value shows a chi-square distribution with a single degree of freedom. 

Under the Ho hypothesis, π₀ = π₁. If these ratios differ significantly from each other, the model is 

considered unreliable [31]. 

3.4. Conditional coverage mixed test (joint test) 

This test is a combination of Kupiec's POF test and Christoffersen's interval forecast test. While 

Kupiec's test focuses on the number of exceptions, Christoffersen's test focuses on the dependency of 

exceptions. By combining the two tests, a more consistent test is obtained by considering both the 

number and dependency of exceptions. However, it has a limited capability to represent only one of 

the two features. For this reason, it would be more accurate to join Kupiec’s POF and Christoffersen's 

interval forecast test. The test statistics are obtained as follows: 

𝐿𝑅𝐶𝐶 = 𝐿𝑅𝑃𝑂𝐹 + 𝐿𝑅𝐶𝐶𝐼.         (11) 

The calculated statistical value shows a chi-square distribution with two degrees of freedom. 

4. Mixture distribution model of multivariate normal distributions 

A mixture distribution model is a probability distribution obtained by weighted sums of G 

different distributions. Each distribution in the mixture has its own weight and parameters. 

𝑓(𝑥, Θ) = ∑ 𝜋𝑖𝑓𝑖(𝑥, 𝜃𝑖)𝐺
𝑖=1 .         (12) 

The notation 𝑓𝑖(𝑥, 𝜃𝑖) in the equation denotes a probability density function with the parameter 

vector 𝜃𝑖  representing subpopulation  𝑖 . 𝜋𝑖  is the weight of subpopulation  𝑖  in the mixture 

distribution model and takes values in the range (0,1). Θ  is the parameter vector of the mixed 

distribution consisting of the mixed weights and the parameter vectors of the subpopulations Θ =

[𝜋1 … 𝜋𝐺 𝜃1 … 𝜃𝐺]. Depending on the structure of the data, a mixture distribution can be 

obtained with different weights and different distributions. In addition, a mixture distribution can also 

be obtained with a single distribution. Gaussian mixture models can be given as an example of mixture 

distributions. 

The probability density function of the mixture distribution of multivariate normal distributions 

can be expressed as follows: 

𝑓(𝐱, Θ) = ∑ 𝜋𝑖
1

(2𝜋)𝑝/2|Σ𝑖|1/2 𝑒𝑥𝑝 {−
1

2
(𝐱 −  𝛍𝑖)Σ𝑖

−1(𝐱 − 𝛍𝑖)′}𝐺
𝑖=1 .    (13) 

In the mixture distribution of multivariate normal distributions, the parameter vector is expressed 

by the equation Θ = [𝜋1 … 𝜋𝐺 𝛍1 Σ1 … 𝛍𝐺 Σ𝐺] . The maximum likelihood method, 

which is one of the most well-known methods, is used for parameter estimation. The latent variables 

are found using the EM algorithm; thus, the probabilities of data belonging to the relevant distributions 

are obtained. Then, the parameters of the distribution are obtained by calculating the MLE. When the 

mentioned calculations are made, the parameters of the mixed distribution model of multivariate 

normal distributions are calculated at the (r + 1) iteration as follows: 
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𝜋̂𝑖
(𝑟+1)

=
1

𝑛
∑ 𝑧𝑖𝑗

(𝑟)𝑛
𝑗=1 ,          (14) 

𝛍̂𝑖
(𝑟+1)

=
1

∑ 𝑧
𝑖𝑗
(𝑟)𝑛

𝑗=1

∑ 𝑧𝑖𝑗
(𝑟)

𝐱𝑗
𝑛
𝑗=1 ,         (15) 

Σ̂𝑖
(𝑟+1)

=
1

∑ 𝑧
𝑖𝑗
(𝑟)

−1𝑛
𝑗=1

∑ 𝑧𝑖𝑗
(𝑟)

(𝐱𝑗 − 𝛍̂𝑖
(𝑟)

)𝑛
𝑗=1 (𝐱𝑗 − 𝛍̂𝑖

(𝑟)
)

′
.     (16) 

The notation 𝑧𝑖𝑗
(𝑟)

 in the equations represents the estimated probability that the j-th unit belongs 

to the i-th subpopulation at the r-th iteration and is obtained using the following equation: 

𝑧𝑖𝑗
(𝑟)

=
𝜋̂𝑖

(𝑟)
𝑓𝑖(𝐱𝑗;𝛍̂𝑖

(𝑟)
,Σ̂𝑖

(𝑟)
)

∑ 𝜋̂𝑙
(𝑟)

𝑓𝑙(𝐱𝑗;𝛍̂𝑙
(𝑟)

,Σ̂𝑙
(𝑟)

)𝐺
𝑙=1

.         (17) 

The algorithm is repeated until the relevant convergence criteria are obtained. Although the EM 

algorithm provides satisfying solutions, it is sensitive to the initial points. 

The Akaike Information Criterion (AIC) and Bayes Information Criterion (BIC), widely used in 

estimating the appropriate number of components in the mixture of a multivariate normal distribution, 

are calculated as follows: 

𝐴𝐼𝐶 = −2𝑙𝑜𝑔𝐿(Θ̂) + 2𝑑,         (18) 

𝐵𝐼𝐶 = −2𝑙𝑜𝑔𝐿(Θ̂) + log (𝑛)𝑑,        (19) 

where 𝑙𝑜𝑔𝐿(Θ̂) is the maximum log likelihood value for the MLE obtained with the EM algorithm. 

In the equations, d is the total number of free parameters in the model. While AIC prefers more flexible 

models, i.e., models with a higher number of components, BIC generally recommends models with a 

lower number of components, since it uses a larger number of parameters used as a penalty term 

multiplied by 𝑙𝑜𝑔(𝑛) [1]. 

5. Proposed method 

In this study, we propose an enhanced and novel Monte Carlo simulation method based on the 

Gaussian mixture model (GMM) that addresses several limitations of traditional approaches. The 

proposed method aims to enhance the accuracy and stability of VaR estimates by restructuring three 

critical steps: (i) selecting the optimal number of mixture components, (ii) initializing the GMM 

parameters effectively, and (iii) designing a more robust simulation procedure. The systematic 

workflow of the proposed enhanced methodology is shown in Figure 1, providing a visual 

representation of the integrated estimation and simulation framework. 
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Figure 1. Flowchart of the proposed enhanced Monte Carlo simulation framework. 

5.1. Limitations of traditional Monte Carlo GMM-based VaR estimation 

Traditional Monte Carlo–based VaR estimation typically involves generating 10,000 synthetic 

samples from a GMM fitted to historical data and estimating VaR by selecting the α-quantile (e.g., 1% 

or 5%) of the simulated return distribution. However, despite the seemingly large sample size, this 

approach remains vulnerable to statistical fluctuations arising from the inherent randomness of the 

simulation process. Moreover, the number of mixture components is commonly determined using 

information criteria such as the Akaike Information Criterion (AIC) or the Bayesian Information 

Criterion (BIC) [21]. These criteria prioritize overall model fit but often lack the sensitivity needed to 

capture tail behavior accurately, especially in the context of extreme risk modeling [6]. As a result, 

models selected based on these criteria may be inadequate for reliably estimating extreme losses. 

5.2. Proposed improved Monte Carlo simulation design for estimating VaR distribution 

While traditional approaches generate a fixed number of synthetic data (typically 10,000) 

regardless of sample size, our proposed method employs GMM to repeatedly generate synthetic 

samples of varying data size and structure, similar to the parametric bootstrap approach. 

𝑀  synthetic samples, each with size 𝑛 , are generated based on GMM parameter estimates 

obtained from past returns in the portfolio, where n is the number of days of past returns in the portfolio. 
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For each synthetic sample, an approximate sampling distribution for 𝑉𝑎̂𝑅𝛼
(1)

, 𝑉𝑎̂𝑅𝛼
(2)

, … , 𝑉𝑎̂𝑅𝛼
(𝑀)

 is 

generated determining the quantile α, with 𝑚 = 1,2, … , 𝑀. In our new method, the final VaR estimate 

at the significance level α is: 

𝑉𝑎̂𝑅𝛼
𝑛𝑒𝑤 =

1

𝑀
∑ 𝑉𝑎̂𝑅𝛼

(𝑚)𝑀
𝑚=1 .        (20) 

This simulation structure mitigates the sensitivity of VaR estimates to random variation and 

enables the construction of confidence intervals based on the approximate sampling distribution. As a 

result, it offers a more stable and robust framework for risk measurement compared to traditional 

Monte Carlo methods. Two different confidence intervals can be created using the normal distribution 

assumption and the percentage approach based on M VaR estimates. 

The standard error of VaR estimates, obtained from M simulations 𝑉𝑎̂𝑅𝛼
(1)

, 𝑉𝑎̂𝑅𝛼
(2)

, … , 𝑉𝑎̂𝑅𝛼
(𝑀)

, 

is estimated as follows: 

𝑆𝐸𝑉𝑎̂𝑅𝛼
𝑛𝑒𝑤 = √ 1

𝑀−1
∑ (𝑉𝑎̂𝑅𝛼

(𝑚)
− 𝑉𝑎̂𝑅𝛼

𝑛𝑒𝑤)
2

𝑀
𝑚=1  .      (21) 

The 1-γ confidence interval under the assumption of normal distribution is calculated as follows: 

[𝑉𝑎̂𝑅𝛼
𝑛𝑒𝑤 − 𝑧1−

𝛾

2
𝑆𝐸𝑉𝑎̂𝑅𝛼

𝑛𝑒𝑤 , 𝑉𝑎̂𝑅𝛼
𝑛𝑒𝑤 + 𝑧1−

𝛾

2
𝑆𝐸𝑉𝑎̂𝑅𝛼

𝑛𝑒𝑤].     (22) 

In the percentile approach, the confidence interval is determined directly using cutoff points from 

the ordinal distribution of VaR estimates. Since this method does not require any distributional 

assumptions, it is more flexible and robust to out-of-distribution deviations. 

First, the VaR estimates are sorted in ascending order: 

𝑉𝑎̂𝑅𝛼,(1) ≤ 𝑉𝑎̂𝑅𝛼,(2) ≤ ⋯ ≤ 𝑉𝑎̂𝑅𝛼,(𝑀).       (23) 

Then, the lower and upper bound indices for the confidence level 1 − 𝛾 are determined as 𝑙 =

⌊
𝛾

2
𝑀⌋ and𝑢 = ⌊(1 −

𝛾

2
) 𝑀⌋. The 1-γ confidence interval of VaR is constructed as [𝑉𝑎̂𝑅𝛼,(𝑙), 𝑉𝑎̂𝑅𝛼,(𝑢)]. 

For example, at M = 1000 and 1-γ = 0.95 confidence level, the 1-γ confidence interval of VaR is 

[𝑉𝑎̂𝑅𝛼,(25), 𝑉𝑎̂𝑅𝛼,(975)]. 

5.3. Tail-focused component selection based on backtesting 

To determine the optimal number of components in the GMM, this study proposes a new selection 

strategy that directly serves extreme risk modeling. Instead of information criteria such as AIC and 

BIC, which evaluate overall fit, this approach focuses on predictive performance in extreme regions. 

Let the set of candidate component numbers be 𝑔 ∈  {2, 3, . . . , 𝐺}. For each value of 𝑔, binomial 

and Kupiec’s tests, which assess the conformity of VaR estimates obtained from our newly designed 

GMM-based Monte Carlo simulation with the expected number of exceptions, are applied. 

Additionally, Christoffersen’s conditional coverage independence (CCI) test is used to evaluate the 

independence of violations, while Christoffersen’s conditional coverage (CI) test jointly assesses both 

coverage ratio and independence. In the proposed approach, the optimal number of GMM components 

is selected as the smallest value of 𝑔 that passes all selected backtests. 
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5.4. Stable initialization for GMM: A novel deterministic membership algorithm 

One of the major problems encountered in GMM estimations is the instability that arises from 

randomly initializing cluster memberships [2]. This is particularly common when the k-means 

algorithm is used to determine initial memberships and leads to non-reproducible results in VaR 

calculations. To overcome this problem, a deterministic initial cluster membership algorithm is 

developed, which determines robust and well-separated initial cluster centers for use in the k-means 

clustering algorithm. 

The data matrix 𝑋 ∈ ℝ𝑛×𝑝 contains n observations and p features. The following algorithm steps 

are applied to determine the initial cluster memberships in the estimation of the GMM parameters of 

the 𝑋 data matrix with 𝐺 components: 

Step 1: The smallest and largest values among the observations for each variable are determined. These 

values are used to create the 1st and kth candidate initial centers: 

𝑪1 = [𝑚𝑖𝑛(𝑋1) 𝑚𝑖𝑛(𝑋2) … 𝑚𝑖𝑛(𝑋𝑝)], 

𝑪𝑮 = [𝑚𝑎𝑥(𝑋1) 𝑚𝑎𝑥(𝑋2) … 𝑚𝑎𝑥(𝑋𝑝)]. 

Step 2: The range of each variable is calculated as: 

𝑅𝑎𝑛𝑔𝑒𝑗 = 𝑚𝑎𝑥(𝑋𝑗) − 𝑚𝑖𝑛(𝑋𝑗), 

where 𝑗 = 1, … , 𝑝. 

Step 3: The ranges are divided by 𝐺 − 1 to obtain the increment vector ℎ: 

𝒉 =
1

𝐺−1
[𝑅𝑎𝑛𝑔𝑒1 𝑅𝑎𝑛𝑔𝑒2 … 𝑅𝑎𝑛𝑔𝑒𝑝]. 

Step 4: For cluster number 𝐺 > 2 and 𝑔 = 3, … , 𝐺 − 1 , other candidate initial centers are estimated 

as: 

𝑪𝑔 = 𝑪𝑔−1 + 𝒉. 

Step 5: Candidate initial centers are updated. 

First, calculate the Euclidean distances of the 𝒀𝑖 vector in the Y data matrix to the candidate 

initial center 𝐶1 where 𝑌 =  𝑋: 

𝑑𝒀𝑖,𝑪1
= √(𝒀𝑖 − 𝑪1)(𝒀𝑖 − 𝑪1)′. 

By sorting the Euclidean distances from smallest to largest, the q units closest to the first candidate 

initial center are determined, and the center is updated with the average of these units. After this update, 

the q units used to determine this candidate initial center are removed from the Y data set to obtain 

(𝑛 − 𝑞) × 𝑝 dimensional Y* data matrix. This process is done to prevent overlapping and the close 

proximity of the centers. To update the second candidate initial center, the Euclidean distances of the 

units in the reduced Y* data matrix to the candidate initial center 𝑪2  are calculated. The second 

candidate initial center is updated with the average of the q units closest to the 𝑪2. The size of the data 

matrix is reduced by removing q units from the Y* matrix to be used in updating the next center. This 

step is completed by updating all candidate starting centers in a similar manner. 
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Step 6: The updated candidate initial centers are used as initial cluster centers in clustering the X data 

matrix using the k-means. Initial cluster memberships in the GMM model are determined by clustering 

the X data matrix using k-means. 

6. Data analysis 

In this section, the performance of our proposed Monte Carlo simulation approach based on the 

GMM model for VaR estimation is compared with historical simulation, parametric method, and the 

Monte Carlo simulation approach based on multivariate normal distribution. The dataset consisting of 

daily returns of BTC, ETH, BNB, and SOL cryptocurrencies between January 1, 2021, and March 31, 

2025, is used in the study. Binomial, Kupiec’s POF, Christoffersen independence (CCI), and 

Christoffersen interval (CI) tests are performed to test the effectiveness of the proposed method. 

Descriptive statistics and normality test results for the daily returns of the equally weighted portfolio 

comprising four cryptocurrencies are presented in Table 1. 

Table 1. Descriptive statistics and normality test results for cryptocurrencies and daily 

portfolio returns. 

 BTC ETH BNB SOL Portfolio 

Mean 0.00119 0.00147 0.00282 0.00472 0.00255 

Std. deviation 0.03223 0.04182 0.04660 0.06379 0.03904 

Skewness 0.14364 0.14063 2.65045 0.84528 -0.03382 

Kurtosis 6.42625 8.06823 42.87196 13.44392 9.23386 

Minimum −0.15629 −0.27886 −0.34068 −0.42354 −0.28175 

Maximum 0.19414 0.25957 0.69991 0.64858 0.26716 

Range 0.35043 0.53843 1.04059 1.07212 0.54891 

Q1 −0.01376 −0.01818 −0.01495 −0.02988 −0.01618 

Median (Q2) −0.00018 0.00093 0.00104 0.00040 0.00193 

Q3 0.01563 0.02102 0.01769 0.03361 0.02287 

IQR 0.02939 0.03921 0.03264 0.06349 0.03905 

Shapiro–Wilk 0.95168 0.94314 0.79659 0.91548 0.93878 

p- value <0.0001 <0.0001 <0.0001 <0.0001 <0.0001 

Jaqua–Bera 763.49 1664.06 104487.63 7229.04 2510.07 

p-value <0.0001 <0.0001 <0.0001 <0.0001 <0.0001 

Table 1 shows that all cryptocurrencies have positive daily average returns, with BNB having the 

highest average return with 0.00282, followed by SOL, ETH, and BTC. The average daily return of 

the portfolio is 0.00255. This value indicates the more stable returns achieved through diversification. 

Volatility is measured by standard deviation, where SOL and BNB have the highest volatility, 

with standard deviations of 0.06379 and 0.04660, respectively. BTC has the lowest volatility with a 

standard deviation of 0.03223, while the portfolio has lower volatility than most of the individual assets, 

with a standard deviation of 0.03904. This demonstrates the risk-reducing effect of portfolio 

diversification. 

The kurtosis and skewness measures represent the distributional characteristics of the returns. The 

skewness values of BTC and ETH are 0.14364 and 0.14063, respectively, demonstrating that the 
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distribution of the assets' daily returns is close to a symmetric distribution. In contrast, the returns of 

BNB and SOL have positive skewness, indicating a higher probability of extreme positive returns. The 

skewness of the portfolio is close to zero and negative, showing that the distribution of portfolio returns 

is close to symmetry.  

Kurtosis values are greater than 3 for the portfolio, and the crypto assets that make up the portfolio 

indicate that the distributions are leptokurtic with heavy tails. In particular, the kurtosis value of BNB 

is quite high, pointing out that the frequency of outliers is much higher than a normal distribution. The 

portfolio has a very high kurtosis value of 9.23386, showing that extreme outliers are a significant risk 

factor. 

Minimum and maximum daily returns provide information on the magnitude of outliers. BNB 

and SOL have the widest ranges of 1.04059 and 1.07212, respectively. In terms of the spread of the 

central tendency, the IQR is highest for SOL, while the IQR of the portfolio is lower due to 

diversification. 

The normality of returns is tested by the Shapiro–Wilk and Jarque–Bera tests. The Shapiro–Wilk 

and Jarque–Bera test statistics for all series are quite high, and all p-values are <0.0001. These results 

suggest that crypto asset returns are not normally distributed and have heavy tails and skewness. 

The insights from Table 1 show that the crypto assets of the study have the potential for high 

returns but also carry serious risk factors, such as high volatility, skewness, and kurtosis. 

 

Figure 2. Time series and box plots of crypto assets and portfolio returns. 
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The time series and box plots of the daily returns of crypto assets and the portfolio are shown in 

Figure 2. In Figure 2, daily returns of the crypto assets and their portfolio are plotted comparatively 

with both their distributional and temporal characteristics. For each asset, the left panel shows the 

boxplots of daily returns, and the right panel shows the time series of the same returns. The red dashed 

lines added to the time series plots represent the upper and lower bounds of outliers calculated based 

on the box plots. 

Statistical properties of return distributions differ across assets. BTC and ETH exhibit a more 

stable return behavior with symmetric structures and fewer outlier observations. In contrast, BNB and 

SOL have longer tails, indicating excessive losses in certain periods. On the other hand, the equal-

weighted portfolio has both a narrower return distribution and fewer outliers over time, demonstrating 

that the diversification strategy reduces both volatility and the frequency of extreme return events. 

In the literature, correlation matrices play a critical role in portfolio analysis. According to 

Markowitz's modern portfolio theory, reducing total risk through portfolio diversification is only 

possible by using assets with low correlation together. Since highly correlated assets rise and fall 

together, they may be insufficient to reduce the systematic risk of the portfolio [7]. 

The correlation matrix between the daily returns of the crypto assets in the portfolio is given in 

Figure 3. Figure 3 shows both the distributional characteristics of the variables and the correlations 

between them in a comprehensive way. It shows a high positive correlation of 0.81 between BTC and 

ETH, suggesting that these two assets are highly sensitive to similar market conditions and often move 

together. Crypto assets are moderately to highly correlated in general, showing that the portfolio 

diversification effect may be limited. Considering that correlations may change over time and the 

tendency to move together may increase during periods of market crises, such analyses should be 

supported by dynamic models. 

 

Figure 3. Correlation matrix graph for daily returns of crypto assets. 

In the literature, VaR estimates are generally evaluated based on data obtained using a 250-day 

rolling window approach [26]. Therefore, the comparison of the proposed method with classical VaR 

estimation approaches is based on rolling windows with 250 observations. In the rolling window 

approach, the oldest observation of the previous 250-unit data set is removed, and the data is updated 
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by adding the next day's return. In this study, 1300 rolling windows created through this process are 

utilized for parameter estimation and simulation. Figure 4 illustrates the 250-day rolling mean returns, 

the overall average return, and the corresponding confidence intervals. 

 

Figure 4. 250-day average daily portfolio returns in the rolling window approach. 

Downward movements in the moving average return indicate that the newly added returns are 

lower than the oldest falling returns. This denotes a weakening in recent performance relative to 

previous periods when this happens consistently and significantly. Between the 251st and 550th days, 

the moving average falls steadily. This period covers approximately from 09.2021 to 07.2022. On the 

other hand, upward movements indicate that recent returns have been stronger than in previous periods, 

and portfolio performance has improved. This can be seen between the 750th and 1250th days, a period 

covering approximately from 01.2023 to 06.2024. Most of the moving averages remain within the 

confidence interval of the overall average, which means that the deviations are not statistically 

significant. 

The assumption of normality is especially critical in parametric risk measurement methods. 

Therefore, monitoring the change in JB test statistics over time is very important for model fit and 

reliability analysis. Figure 5 shows the change in JB normality test values in the rolling window 

approach. 

 

Figure 5. Changes in Jarque–Bera normality test values in the rolling window approach. 



14111 

AIMS Mathematics  Volume11, Issue 5, 14096–14120. 

JB test statistics are above the critical value for many windows. This demonstrates that the 

assumption of normality is frequently violated, and the data distributions are heavily skewed and/or 

kurtotic. There is a significant increase in the JB test values between 13.10.2022 and 09.08.2023, which 

corresponds to the windows in the 400–700 range, indicating significant distortions in the return 

distribution. Around the 700th window, JB test statistics approach the critical value level and remain 

relatively stable in the following periods. This suggests that data distribution becomes closer to 

normality, and more reliable results can be obtained for statistical modeling in these windows. 

Table 2 presents the backtest statistics obtained for the number of components 𝑔 = 2,3, . . . , 𝐺 

with the proposed approach at a 0.95 confidence level on the daily returns of crypto assets in the 

portfolio. 𝑞 = 20 is taken in determining the initial cluster centers, and the number of repetitions in 

the simulation design is 𝑀 = 1000. The values in parentheses are the p-values of the test statistics. 

Considering that the expected number of exceptions at the 95% confidence level is theoretically 

65, Table 2 shows that the number of exceptions observed in the 8-component model corresponds 

exactly to this value. This situation reveals that the model predictions are in line with the statistical 

significance level at a first glance. 

Table 2. Selected backtest statistics for VaR95 estimates at different component numbers 

in the proposed method. 

𝒈 Exception Binomial Kupiec's POF N00 N01 N10 N11 CCI CI 

2 69 0.5090 

(0.6107) 

0.2542 

(0.6141) 

1170 60 60 9 6.4211 

(0.0113) 

6.6753 

(0.0355) 

3 70 0.6363 

(0.5246) 

0.3954 

(0.5295) 

1169 60 60 10 8.2863 

(0.0040) 

8.6817 

(0.0130) 

4 70 0.6363 

(0.5246) 

0.3954 

(0.5295) 

1168 61 61 9 6.0682 

(0.0138) 

6.4636 

(0.0395) 

5 66 0.1273 

(0.8987) 

0.0161 

(0.8990) 

1176 57 57 9 7.5546 

(0.0060) 

7.5707 

(0.0227) 

6 67 0.2545 

(0.7991) 

0.0642 

(0.8000) 

1173 59 59 8 5.0256 

(0.0250) 

5.0898 

(0.0785) 

7 67 0.2545 

(0.7991) 

0.0642 

(0.8000) 

1173 59 59 8 5.0256 

(0.0250) 

5.0898 

(0.0785) 

8 65 0.0000 

(1.0000) 

0.0000 

(1.0000) 

1176 58 58 7 3.7121 

(0.0540) 

3.7121 

(0.1563) 

9 66 0.1273 

(0.8987) 

0.0161 

(0.8990) 

1174 59 59 7 3.4544 

(0.0631) 

3.4705 

(0.1764) 

The p-values of all test statistics for the 8-component model are greater than 0.05. In particular, 

Kupiec's POF and binomial test p-values strongly support the validity of the model, both proportionally 

and probabilistically. Moreover, in the independence test, the CCI value is 3.7121 with a p-value of 

0.0540, which is at the significance threshold but still not rejected at the 5% level. This indicates that 

VaR exceptions satisfy the independence assumption. Since the CCI p-value is close to the significance 

threshold of 0.054, the 9-component model was also tested, but no significant improvement in model 

performance was observed despite using a higher number of components. 
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According to the proposed method, the GMM model with 𝑔 =  8 is accepted as a valid and 

reliable VaR estimation model, since all p-values for backtest results are greater than the 5% 

significance level. Therefore, this model structure, which provides the highest accuracy with the lowest 

number of components, is recommended, with 8 as the optimal number of components. 

In order to compare the performance of the proposed method, historical simulation, parametric 

method, and Monte Carlo simulation method based on multivariate normal distribution, which are 

widely used in the literature, are considered. To evaluate the effectiveness of the proposed initial cluster 

membership algorithm, its performance is also compared with the widely recognized k-means++ 

algorithm. The statistical results of the backtest performance of the VaR estimates of the proposed and 

selected methods at 95% confidence level are given in Table 3. 

Table 3. Comparison of VaR95 backtest results of the proposed method and selected methods. 

 Exception Binomial Kupiec's  

POF 

N00 N01 N10 N11 CCI CI 

Historical simulation 68 0.3818 

(0.7026) 

0.1437 

(0.7047) 

1172 59 59 9 6.7863 

(0.0092) 

6.9300 

(0.0313) 

Parametric 62 −0.3818 

(0.7026) 

0.1479 

(0.7005) 

1183 54 54 8 6.7387 

(0.0094) 

6.8866 

(0.0320) 

Monte Carlo 

simulation 

63 −0.2545 

(0.7991) 

0.0654 

(0.7981) 

1181 55 55 8 6.3711 

(0.0116) 

6.4365 

(0.0400) 

Proposed method 

with 

k-means++ (g = 8) 

67 0.2545 

(0.7991) 

0.0642 

(0.8000) 

1173 59 59 8 5.0257 

(0.0250) 

5.0898 

(0.0785) 

Proposed method  

(g = 8) 

65 0.0000 

(1.0000) 

0.0000 

(1.0000) 

1176 58 58 7 3.7121 

(0.0540) 

3.7121 

(0.1563) 

It is seen that the historical simulation approach remains above the expected number of exceptions 

(65) with 68. A higher-than-expected number of exceptions indicates that the model systematically 

underestimates the financial risk; in other words, it is overly optimistic. On the other hand, parametric 

and Monte Carlo simulation methods were below the expected number of exceptions with 62 and 63, 

respectively. This suggests that these methods overestimate the risk, exhibiting an overly conservative 

approach. 

Although the selected methods produce either overly optimistic or overly cautious estimates, the 

binomial and Kupiec's POF tests reveal that the coverage ratios are statistically valid, as the p-values 

are above 0.05. However, the CCI and CI statistics for the independence tests indicate that the selected 

methods fail to satisfy the independence assumption for VaR exceptions. This points out that the 

methods do not adequately take into account the temporary structural changes in the market or temporal 

dependencies in the data. 

In this perspective, the proposed method stands out as the only method that performs well not 

only in terms of the number of exceptions but also in all key backtest criteria, such as coverage ratio 

and independence of exceptions. The p-values of all test statistics are above the 5% significance level, 

indicating that the proposed model generates both valid and reliable VaR estimates and satisfies the 

independence assumption. Also, the proposed initial cluster membership algorithm outperforms the 

conventional k-means++ algorithm. In this regard, the proposed model exhibits more stable and robust 
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performance than traditional models and algorithms and enables more reliable risk predictions, 

especially in dynamic and volatile market conditions like cryptocurrency markets. 

Backtest statistics for VaR estimates corresponding to the 99% confidence level for different 

component numbers for the proposed method are presented in Table 4. The theoretically expected 

number of exceptions at this confidence level is 13. 

Table 4. Selected backtest statistics for VaR99 estimates at different component numbers 

in the proposed method. 

𝒈 Exception Binomial Kupiec's POF N00 N01 N10 N11 CCI CI 

2 24 3.0662 

(0.0022) 

7.5233 

(0.0061) 

1253 22 22 2 3.1247 

(0.0771) 

10.6480 

(0.0049) 

3 13 0.0000 

(1.0000) 

0.0000 

(1.0000) 

1273 13 13 0 0.2628 

(0.6082) 

0.2628 

(0.8769) 

4 11 −0.5575 

(0.5772) 

0.3279 

(0.5669) 

1277 11 11 0 0.1879 

(0.6647) 

0.5158 

(0.7727) 

Table 4 shows that the number of exceptions in the 3-component model is exactly 13. Both the 

binomial and Kupiec's POF tests statistics confirm the coverage ratio of the model. The p-values of the 

CCI and CI statistics are 0.6082 and 0.8769, respectively, which are above the 0.05 significance level. 

This strengthens the independence of VaR exceptions and the reliability of VaR estimations. As a 

result, it is observed that 3 is the optimal number of components for VaR estimation at a 99% 

confidence level. This model not only satisfies the theoretically expected value for the number of 

exceptions but also meets the validity and independence criteria in all statistical tests. 

VaR estimations at the 99% confidence level show that the most appropriate number of 

components in the GMM model is determined to be 3 with our proposed method. To investigate the 

common assumption that increasing the number of components in the model would improve the 

prediction performance automatically, results obtained for the 4-component model are shown. The 

backtest performance of the 4-component model is lower than that of the 3-component model, 

especially in terms of the number of exceptions and coverage ratios. This shows that increasing the 

number of components does not always result in more reliable VaR estimations. Thus, the proposed 

method fills an important gap in the literature on how excessive use of components can reduce model 

efficiency and emphasizes the need to take empirical performance into account when choosing the 

number of components. 

In order to evaluate the effectiveness of the proposed method at a 99% confidence level, backtest 

analysis is performed for VaR estimates obtained by historical simulation, the parametric method, and 

the Monte Carlo simulation method based on a multivariate normal distribution. To evaluate the 

effectiveness of the proposed initial cluster membership algorithm, its performance is also compared 

with the widely recognized k-means++ algorithm. The results of the backtest performances of the 

methods are given in Table 5. 

According to Table 5, although the historical simulation method is slightly below the theoretical 

expectation with 11 exceptions, the p-values of the binomial and Kupiec's POF tests are above the 5% 

significance level. Therefore, this method is considered valid in terms of coverage ratio. Moreover, the 

CCI and CI p-values for the independence tests also exceed the significance level, confirming that the 

historical simulation method also satisfies the independence assumption. On the other hand, the 
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parametric method and the Monte Carlo simulation method based on the multivariate normal 

distribution fail with 23 exceptions and p-values below the 5% significance level in both binomial and 

Kupiec’s tests. This clearly demonstrates that both methods fail to achieve the coverage ratio. The VaR 

estimates of the proposed approach fully satisfy the theoretical expectation with 13 exceptions and 

perform statistically strongest in terms of both coverage ratio and independence, with p-values greater 

than 0.05 in all test statistics (binomial, Kupiec's POF, CCI, CI). Also, the proposed initial cluster 

membership algorithm outperforms the conventional k-means++ algorithm. These results show that 

the proposed approach is not only valid but also produces the most consistent and reliable VaR 

estimates. This suggests that the proposed method can be considered as a strong alternative in financial 

applications where the accuracy of risk estimates is critical, especially at a high confidence level. 

Table 5. Comparison of VaR99 backtest results of the proposed method and selected methods. 

 Exception Binomial Kupiec's POF N00 N01 N10 N11 CCI CI 

Historical 

simulation 

11 −0.5575 

(0.5772) 

0.3279 

(0.5669) 

1277 11 11 0 0.1879 

(0.6647) 

0.5158 

(0.7727) 

Parametric 23 2.7875 

(0.0053) 

6.3230 

(0.0119) 

1255 21 21 2 3.4126 

(0.0647) 

9.7355 

(0.0077) 

Monte Carlo 

simulation 

23 2.7875 

(0.0053) 

6.3230 

(0.0119) 

1255 21 21 2 3.4126 

(0.0647) 

9.7355 

(0.0077) 

Proposed method 

with 

k means++ (g = 3) 

15 0.5575 

(0.5772) 

0.2961 

(0.5863) 

1269 15 15 0 0.3508 

(0.5538) 

0.6466 

(0.7238) 

Proposed method 

(g = 3) 

13 0.0000 

(1.0000) 

0.0000 

(1.0000) 

1273 13 13 0 0.2628 

(0.6082) 

0.2628 

(0.8769) 

Figure 6 graphically evaluates the performance of the VaR estimates obtained by the proposed 

method in terms of both the frequency and independence of the exceptions. The graph shows the daily 

returns of the portfolio (blue line), the VaR values estimated by the proposed method at the relevant 

confidence level (red line), and the exceptions (black “x” sign). 

 

Figure 6. Daily portfolio returns and VaR estimates obtained by the proposed method at 

different confidence levels and exception points. 
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The results obtained at the 99% confidence level in the left panel show that the VaR bound is 

quite cautious and located at the lower bound of the portfolio returns. At this level, exceptions are rare 

and periodic, suggesting that the proposed method works well at a high confidence level and is able to 

accurately isolate risky days. 

In the right panel, more exceptions are observed, and the distribution of exceptions over time is 

statistically close to random at the 95% confidence level. This indicates that the proposed method 

performs well not only in terms of coverage ratio but also in terms of independence of exceptions. 

When both panels are considered together, they show that the proposed method generates stable 

and reliable VaR estimates in terms of both coverage ratio and independence at different confidence 

levels. The models can control the number of exceptions in accordance with the desired confidence 

level and effectively flag extremely risky situations. These results support that the method can be used 

as a powerful tool for managing market risk. 

Another important advantage of the proposed method is that it provides not only point estimates 

but also confidence intervals for VaR, offering a more comprehensive assessment by accounting for 

the uncertainty inherent in risk estimation. Figure 7 presents the VaR estimates, their 95% confidence 

intervals, and the portfolio returns obtained using the proposed method. 

 

Figure 7. VaR estimates at different confidence levels and 95% confidence intervals of 

VaR estimates. 

Figure 7 shows that the VaR estimates generally adequately cover negative portfolio returns. VaR 

estimates at the 99% confidence level cover more extreme negative values of portfolio returns, while 

estimates at the 95% confidence level provide a narrower band and tend to explain more frequent 

moderate losses. This suggests that higher confidence levels provide more conservative risk estimates 

with wider confidence intervals. 

When both panels are evaluated together, the proposed GMM-based Monte Carlo approach not 

only produces VaR estimates that are appropriate for the confidence level but also expresses the 

uncertainty of these estimates statistically. This indicates that the method is well-suited for risk 

management applications, enabling more informed decision-making. The confidence intervals increase 

the effectiveness of decision support systems by providing not only a single probabilistic boundary but 

also the potential deviation area. 
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In our proposed method, the appropriate number of components for VaR estimation at 95% 

confidence level is determined to be 8, while the appropriate number of components at 99% confidence 

level is determined to be 3. Figure 8 shows the appropriate number of components if AIC and BIC 

information criteria are used in the model selection of the number of components in the GMM model 

in accordance with the common usage in the literature. 

 

Figure 8. Optimal number of components based on AIC and BIC. 

According to the AIC criterion in Figure 8, the number of components with the first local 

minimum value of 6 is determined as the optimal number of components, while the number of 

components with the smallest BIC value of 4 is determined as the optimal number of components 

according to the BIC criterion. The backtest results in Tables 2 and 4 show that the models based on 

the optimal number of components do not yield the best performance. In Table 2, the backtest results 

obtained for the numbers of 4 and 6 components for the 95% confidence level do not show statistical 

validity in terms of both the number of exceptions and independence tests. Table 4 shows that at a 99% 

confidence level, the appropriate number of components (3) selected by the proposed method 

outperforms the appropriate number of components (4) suggested by the BIC criterion. These findings 

suggest that relying solely on information criteria for model selection may be insufficient, particularly 

in contexts where direct evaluation of predictive performance is crucial, such as financial risk 

measurement. 

Our proposed method, which extends beyond model selection based on traditional information 

criteria and bases the selection of the number of components on backtest performance, improves the 

reliability and applicability of the model to real market conditions as it directly focuses on the empirical 

performance of VaR estimates. This contribution enables more reliable risk prediction, especially in 

financial systems with high volatility, such as cryptocurrency markets, and emphasizes the importance 

of empirical validation in model selection. 

Another important limitation of model selection based on information criteria in determining the 

appropriate number of components in the GMM model is that the VaR estimation performance of the 

same number of components at different confidence levels may be inconsistent. In the analysis 

performed, when the backtest performances of VaR estimations obtained at two different confidence 

levels, such as 95% and 99%, are compared, it is clear that the best results are not achieved with the 

same number of components at both levels. This suggests that although the information criteria are 
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focused on the overall fit of the model, they do not take into account the sensitivity of the prediction 

to the risk level. In other words, the number of components selected by the information criteria does 

not guarantee the most accurate and valid VaR estimates corresponding to different confidence levels 

in all cases. Therefore, information criteria alone may not be sufficient for model selection, especially 

in financial risk measurement. 

7. Conclusions and suggestions 

7.1. Conclusions 

In this study, a new and improved simulation design is proposed by considering the limitations of 

the traditional Monte Carlo simulation method based on the Gaussian mixture model (GMM) for VaR 

estimation. The proposed approach relies on backtesting performance to determine the number of 

components in the GMM directly instead of the overall model fit, thus aiming to estimate extreme risks 

more accurately. Moreover, the initial values in both the simulation design and the EM algorithm are 

determined more stably to reduce the effect of randomness in the estimation of GMM parameters.  

The effectiveness of the method is tested in the cryptocurrency market, which is characterized by 

high volatility and sharp ups and downs. The performance of the proposed method is compared with 

the historical simulation method, the parametric method, and the Monte Carlo method based on a 

multivariate normal distribution. The findings show that the proposed method improves the modeling 

performance, especially in tails, and provides more reliable VaR estimates. Furthermore, the proposed 

initialization clustering algorithm minimized the impact of stochasticity (randomness) in the GMM 

parameter estimation process, leading to the most accurate VaR95 and VaR99 calculations. When 

compared to the widely adopted k-means++ algorithm, the effectiveness of this approach was validated, 

demonstrating that the proposed method offers a more robust performance. 

One of the most important findings of the study is that using backtesting instead of general 

information criteria, such as AIC or BIC, when determining the number of components is a more 

accurate approach for modeling extreme risks. 

7.2. Limitations and suggestions for future research 

Despite the improved accuracy and stability of the proposed GMM-based Monte Carlo framework, 

this study acknowledges certain limitations that warrant consideration. Primarily, the integration of 

deterministic initialization and a backtest-driven component selection process introduces an increased 

computational burden compared to traditional parametric methods, particularly when generating $M 

= 1000$ synthetic samples for each rolling window. Furthermore, while the 250-day window employed 

in this analysis aligns with standard literature, the model’s predictive performance may exhibit 

sensitivity to different window sizes, especially in the presence of structural breaks inherent in volatile 

cryptocurrency markets. Lastly, although the framework effectively captures the distribution of returns, 

it does not explicitly incorporate long-term memory effects or complex volatility clustering beyond 

the dynamics inherent in the rolling window approach, suggesting areas where the model’s temporal 

granularity could be further refined. 

In the estimation of GMM parameters, robust estimation methods using time-varying weights can 

be applied instead of classical maximum likelihood approaches to improve the stability of the model. 

In future studies, the proposed method can be tested under different market conditions to assess its 
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robustness or be extended to different types of risk analysis by integrating alternative risk measures, 

such as conditional VaR (CVaR). The proposed structure can be integrated into portfolio optimization 

models to contribute to the risk-return balance of investment strategies. 
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