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Abstract:  In this work, we employ a graph-theoretical framework to study the structural
characteristics of nanocarbon sheets. Key auxiliary properties are predicted using the Van, R, and
S topological indices, which makes it easier to design materials that are both energy-efficient and
environmentally friendly. The analysis assesses how topological characteristics can affect performance
metrics that are important for long-term uses in green energy systems. Our results show how useful
these descriptors are for simulating the behavior of sustainable nanomaterials based on nanocarbons
and directing the creation of devices with lower power consumption and higher energy efficiency.
Theoretical expressions are clearly visualized by the use of tables and three-dimensional MATLAB
figures.
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1. Introduction

Chemical graph theory is a branch of mathematical chemistry that applies graph theory to the
mathematical description of chemical and organic phenomena [1]. By using graphs to illustrate
molecular structures where atoms are represented by vertices and chemical bonds by edges, this field
establishes a close connection between chemistry and graph theory a very helpful tool for resolving
challenging molecular issues is chemical graph theory. The chemical sciences, including materials
research, medicinal design, and structural chemistry, have made extensive use of it [2]. Quantitative
structure activity relationship (QSAR) and quantitative structure property relationship (QSPR) are two
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techniques used in cheminformatics, a field that blends chemistry and information science to predict
how chemicals will behave in living organisms and interact with one another [3]. Molecular graphs
are a major component of these studies, and the data they provide are crucial for connecting structure
to observable characteristics. The composition of a molecule is depicted by a graph G in chemical
graph theory. Several graph metrics are used by entropy-based approaches to gather structural data.
The structure of complex networks and chemical graphs serves as the foundation for these techniques.

Graph entropy measurements convert molecular graph data into information theory-based
metrics [4]. The peculiar physical, chemical, and electrical characteristics have made nanostructures,
particularly carbon nanosheets, a frequent subject of recent news. These two-dimensional materials
have a large surface area relative to their volume, are incredibly strong, and conduct electricity well.
They would therefore be ideal for energy storage devices, sensors, nanoelectronics, and catalysis [35,6].

In order to comprehend the complex structural characteristics of rapidly developing carbon-based
nanomaterials, researchers are investigating mathematical methods. We can model and predict the
properties of nanostructures with a solid theoretical foundation provided by mathematical chemistry.
One of the most crucial tools in this field is graph theory, which enables us to study complex molecular
systems by converting them into mathematical objects. By employing topological descriptors, graph
theoretic modeling enables researchers to systematically examine nanoscale materials such as carbon
nanosheets [7, 8].

Topological indices are numerical values derived from a graph that illustrates the molecular
structure. Guessing the chemical, physical, and biological characteristics of materials and molecules
is a common use for them. These indices contain structural information about bonding configurations,
connection patterns, and vertex degrees [9, 10]. We examine four- and eight-membered carbon
nanosheets represented as 7'C4Cs(S)[p,q]. Graph theoretic analysis benefits from the intricate
structure of these sheets [11].

To better understand increasingly complex nanostructures, numerous degree-based topological
indices have been proposed in recent years. For identifying subtle variations in the connections between
molecules, the Van, R, and S indices have been demonstrated to be useful instruments [12, 13]. These
indices, which examine the interactions between vertex degrees, have been strongly connected to the
physicochemical and thermodynamic characteristics of chemical networks. Among the degree-based
descriptors that have been studied the most are Randic type indices. They have been successfully
used on graphene and nanotubes, among other carbon nanostructures [14, 15]. They are far more
effective for large nanosheets due to their generalizations and inversions. Complex chemical graphs
can be effectively characterized using Van indices, which were created to measure the strength of
vertex interactions [16, 17]. Another significant type of structural descriptor that examines the effects
of higher-order connectivity are the S indices. When separating nanomaterials with similar structures,
these indices are highly helpful.

Additionally, they have been effectively employed in research using entropy as a metric [18, 19].
When paired with information-theoretic concepts, S indices help us to comprehend the complexity and
stability of molecular systems. According to recent studies, carbon nanostructures can be studied using
Van, R, and S indices in conjunction with entropy metrics [20,21]. Recent years have seen a major
increase in interest in the statistical and structural characteristics of complex networks, especially when
considering fractal-based models. Similarly, authors in [22] investigated a class of fractal networks,
topological properties, and carried out a thorough statistical analysis.
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The information content and structural disorder are fully depicted by these techniques, which are
crucial for forecasting the behavior of materials at the nanoscale. Classic carbon nanostructures
have been extensively studied, but mixed C4 and Cg cycle carbon nanosheets using Van, R, and
S indices have received less attention. Research in this area has been limited, highlighting the
significance of conducting systematic studies on the index behavior and closed-form expressions of
these nanosheets [23—25]. This work attempts to remove the research gap by offering a comprehensive
analysis of the Van, R, and S topological indices for T'C4Cs(S)[p, g] carbon nanosheets. We hope
to improve our understanding of the fundamental structural characteristics of carbon nanosheets and
their implications for useful applications in materials science and nanotechnology by examining
these indices [26-29]. This study makes it easier to continue improving mathematical models for
sophisticated carbon-based materials.

Graph-theoretical techniques have broad applicability beyond nanomaterials, including urban
planning optimization [30,31], medicinal chemistry [32—36], and molecular structure analysis [37,38].
This underscores the versatility of topological descriptors in modeling complex systems across diverse
domains. Experimental validation is required to quantify correlations between index values and
physical properties, like conductivity and mechanical strength, even though the study offers predictive
insights based on topological descriptors.

The Van, R, and S indices, predictive power makes it possible to find nanocarbon configurations
that reduce energy usage. These techniques can indirectly lessen the environmental impact of
nanodevices and related applications by directing the design of energy-eflicient materials. Our study
develops a theoretical framework based on topological descriptors that can direct the optimization of
nanocarbon structures in terms of structural performance and energy efficiency. By offering a thorough
analytical framework, as well as numerical and graphical validation, this study seeks to close the
gap. Energy storage systems, nanoelectronic devices, and catalytic processes are examples of green
energy applications that directly benefit from these features. These materials are crucial for improving
performance and lowering energy consumption in sustainable technologies.

2. Basic definitions
A graph G = (V, E) is made up of two sets, 8 and E, that are not empty. We refer to the components
of B as vertices and those of E as edges. The degree of a vertex S, which is written as deg(8), is the

total number of edges that pass through it. The open neighborhood of S is the set of all vertices that
share an edge with it. It is denoted by Ng. Some basic concepts and formulas are given in Table 1, [39].
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Table 1. Graph-theoretic definitions and indices.

Definition Notation Formula/Description
Degree of Vertex deg(B) Number of edges incident to vertex 8
Open Neighborhood Np Set of all adjacent vertices to 8
Sum Degree \Y: >, deg(a)
(ZEN,B
Multiplication Degree M;g [T deg(a)
aeNﬂ
Van D ) o
an Degree van(B %
Reverse Van Degree rvan(f3) S—B
B
R Degree r(B) Mg+ Sg
1
R RD
everse egree rr(B) My <5,
S Degree s(B) |Mp — S gl
First Van Index Van(G) >, van(a)
aeV(G)
Second Van Index Van,(G) >, van(a)van(f)
@B<E(G)
Third Van Index Van3(G) > [van(a) + van(B)]
a,BeE(G)
First Reverse Van Index Van|(G) >, rvan(B)
BEV(G)
Second Reverse Van Index Van,(G) >, rvan(a)rvan(f)
@,BEE(G)
Third Reverse Van Index Van}(G) > [rvan(@) + rvan(B)]
@,BeE(G)
First R Index R((G) % B
BEV(G)
Second R Index R,(G) >, r(arB)
@,BeE(G)
Third R Index R;(G) > [r(@) + r(B)]
@BEE(G)
First Reverse R Index R(G) >, rr(B)
BEV(G)
Second Reverse R Index R (G) > rr(a)rr(B)
@BE(G)
Third Reverse R Index R(G) > [rr(@) + rr(B)]
@,BeE(G)
First S Index S1(G) > s(B)
BEV(G)
Second S Index S,(G) >, s(a)s(B)
@,BeE(G)
Third S Index S3(G) 2 [ste) + s8]
@B<E(G)
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3. Results

Nanosheet T'C4Cg(S)[p, gl is a two dimensional structure made up of alternating tetragonal (Cy)
and octagonal (Cg) units. It is possible to make this nanosheet by putting C4 and Cg in a certain
trivalent pattern. The nanosheet structure is shown in Figure 1 and numbers p and g tell you how many

octagonal units are in each row and column. This nanosheet has 8pg vertices and 12pg — 2(p + q)
edges. Tables 2 and 3 show their respective counts.

7 2 3 P

Figure 1. T'C,C5(S)[p, q].

Table 2. Vertex partition for 7'C4Cs(S)[p, q].

deg(u) Number of vertices Set of vertices
2 4p +4q Vi
3 8pg —4(p+q) V2

Table 3. Edge partition for T'C,Cg(S)[p, q.

degu,degf Number of edges Set of edges
(2,2) 2p+2q+4 E,
(3,2) 4p+4g -8 E,
(3.3) 12pg - 8(p+q) +4 E;

Theorem 1. The first Van index of T'C4Cs(S)[p, q] is given by

1 217 142
Van(T") = =(8pg+ —(p+q)+—].
an\(T") 9( P+ p+a)+ =
Proof. By using the definition of the first Van index defined in Table 1 and information from Table 4,
the first van index of T'C4Cs(S)[p, q] is
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Table 4. Van degree table for 7'C4Cs(S)[p, g

vanf Number of vertices
1 8

% 4p+49 -8

9 4p+4g -8

3 8pg—8(p+q) +8

Van,(T")

Z van(e)?,

aeV(G)
2

5\’ 4 1)’
= 8(1)2+(4p+4q—8)(6) +(4p+4q—8)(§) +(8pq—8p—8q+8)(§) .

After simplification, the value of the first Van index for T'C,Cs(S)[p, q] is obtained as

Van((T') = é(qu + %(p +q)+ %).
O
Theorem 2. The second Van index of T'C4Cs(S)[p, q] is given as
Vi) = Zpgr 2 (pr g+ .
9 162 81

Proof. By using the definition of the second Van index defined in Table 1 and information from Table
5, the second Van index of T'C4Cs(S)[p, q] is

Table 5. Van degrees of end vertices of edges for T'C,Cs(S)[p, q].

(van(a), van(B)) Number of edges
(1,1) 4
1,2 8

3 2 2p+2qg-8

6> 6

%, g 4p+4q9 -8

%, g 2p+2qg -4

g, % 4p +4qg -8

33 12pg—8(p+q) + 8

Vany(T') = Z van(a) X van(8),

a,BeE(G)
—4+@+@ +@ _@_’_@ +@ _@4_2 +2
- 6 36773679 36 T54P T 5497 54 Tg1P T g1

64 16 16 32 12 8 9 8
g1 T27P T 71T 7 T g PIT QP T gl T
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After simplification, the value of the second Van index for T'C4Cg(S)[p, ¢] is obtained as

12 481 86
Vany(T') = oPat E(P +q)+ T

Theorem 3. The third Van index of T'C4Cs(S)[p, ql is given as

24 34 16
Vany(T') = Zpg+ =(p+q) — —.
ans(T") FPat 5 (P+9) -3
Proof. By using the definition of the third Van index defined in Table 1 and information from Table 5,
the third Van index of T'C4Cg(S)[p, q] is

Vany(T') = ' [van(a) + van(B)],
veV(G)

83,20 20 80 92 92 184 16 16
6 67T 61 6 "T18P 189 18 T 9P T 94
32 28 28 56 24 16 16 16

——+—p+—q—-—+—=pg—-—=p—-—q+—.
9 9P 9CI 9 Pq p q

|
o0
+
|
+
|
S

3 3 3 3
After simplification, the value of the third Van index for T'C4Cg(S)[p, ¢] is obtained as
24 34 16
Van3(T)) = =—pg+=(p+q) — —.
any(T") FPa+ 3 p+q 3

Theorem 4. The first reverse Van index of T'C4Cs(S)[p, q] is given by

4599 1399
Van'(TY = 72pg - —— =
an,(T") P4~ Too (p+q + 50

Proof. By using the definition of the first reverse Van index defined in Table 1 and information from
Table 6, the first reverse Van index of T'C,Cs(S)[p, q] is

Table 6. Reverse Van degree table for T'C4Cg(S)[p, q].

rvan(B) Number of vertices
1 8

g 4p +4q -8

% 4p +4q -8

i 8pq —8(p+q) +38

Van (T") = Z rvan(),
BEV(G)
2

| 9 3
8P+ (p+4g-8)| <) +Up+dg-8)|7
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3)\2
+(8pg —8p —8q + 8) (T) .

After simplification, the value of the first reverse Van index for T'C4Cg(S)[p, ¢] is obtained as

4599 1399
Van'(TY = 72pg— —— iy
an,(T") Pq 100(p+q)+ 30

Theorem 5. The second reverse Van index of T'C4Cg(S)[p, q] is given by

4239 1537
Van*(T") = 108pg — —— -,
an, (T") Pq 20O(p+q) 100

Proof. By using the definition of the second reverse Van index defined in Table 1 and information from
Table 7, we define the second reverse Van index T'C4Cg(S)[p, q] is

Table 7. Reverse Van degrees of end vertices of edges for T'C4Cg(S)[p, q.

(rvan(a), rvan(f)) Number of edges
(1,1) 4

(1) 8

(g, g) 2p+2q-38

(g, %) 4p+49 -8

(%, %) 2p+2qg—4

(%, 3 4p +4q — 8

(%,% 12pg —8(p+¢q)+8

Vanf(Tl) = Z rvan(a) X rvan(B),

a,BeE(G)
_ 872 72 288 216 216 432 162
- 3 25T 2517 55 T 0P T 209 20 TT16 7

+162 324 108 108 216

- - 108pg — T2p + 72
61 16 T g P4y TIepaT lep T

After simplification, the value of the second reverse Van index for T'C,Cs(S)[p, q] is obtained as

4239 1537
VanX(ThH = 1 - -
an,(T") = 108pq 200(p+q) 100

Theorem 6. The third reverse Van index of T'C4Cs(S)[p, q] is given by

112 118
Van(T") = 72pq = —=(p +q) = =~
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Proof. By using the definition of the third reverse Van index defined in Table 1 and information from
Table 7, the third reverse Van index T'C4Cs(S)[p, q] is

VanX(T') = Z rvan(a) + rvan(B),

a.BeE(G)

_ o 88.24 24 96 276 276 552 36 36 72

- s TP AT 0T 0P T 09 20 TP T 497
88 88 168
+Zp+Zq—T+72pq—72p—72q+48.

After simplification, the value of the third reverse Van index for T'C4Cg(S)[p, ¢l is obtained as

118

112
VanX(T') = 72pq - ?(P +q)— =

Theorem 7. The first r index of T'C4Cs(S)[p, q) is given by
R(T") = 10368pg —7180(p + q) + 4504.

Proof. By using the definition of the first r index defined in Table 1 and information from Table 8, the
first r index of T'C4Cg(S)[p, gl is

Table 8. R degree r(B) partition for vertices of T'C,Cs(S)[p, q].

r(B) Number of vertices
8 8

11 4p +4qg -8

26 4p +4q -8

36 8pq—8(p+q)+8

RUTY) = ) 1),

BEV(G)

8(8)% + (4p + 4q — 8)(11)> + (4p + 4g — 8)(26)* + (8pg — 8p — 8¢ + 8)(36)°.

After simplification, the value of the first r index for 7'C4Cs(S)[p, g] is obtained as

R(T") = 10368pg —7180(p + q) + 4504.

Theorem 8. The second r index of T'C4Cg(S)[p, q| is given by
Ry(T") = 15552pq — 3886(p + q) — 1800.
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Proof. By using the definition of the second r index defined in Table 1 and information from Table 9,
the second r index of T'C4Cs(S)[p, q] is

Table 9. R degrees of end vertices of edges for T'C4Cs(S)[p, q.

(r(@), 1(8)) Number of edges

(8, 18) 1

(8,11) 8

(11,11) 2p+2q-8

(11,26) 4p+4g-3

(26.26) 2p +2q -4

(26,36) 4p +4q -8

(36,36) 12pg -8(p+q) +8
Ry(Th = > Ha)xr(p),

@.BEE(G)

= 4(18x8)+8(11 x8) +(2p +2g—8)(11 x 11) + (4p + 4q — 8)(11 x 26)
+(2p +2g — 4)(26 X 26) + (4p + 4q — 8)(26 X 36) + (12pg — 8p — 8q + 8)
(36 x 36).

After simplification, the value of the second r index for T'C,Cs(S)[p, q] is obtained as

Ry (T") = 15552pg — 3886(p + ¢) — 1800.

Theorem 9. The third r index of T'C4Cs(S)[p, q] is given by
Ry(T") = 864pg — 32(p + q) — 344.

Proof. By using the definition of the third r index defined in Table 1 and information from Table 9, the
third r index of T'C4Cs(S)[p, q] is

Ry(TH r(a) + 1(B),

@,B€E(G)

= 4(18+8)+8(11+8)+2p+2g—-8)(11+11)+ (4p +4q — 8)(11 + 26)
+(2p +2qg—4)26 +26) + (4p +4q — 8)(26 + 36) + (12pg — 8p — 8q + 8)
(36 + 36).

After simplification, the value of the third r index for T'C,Cs(S)[p, q] is obtained as
Ry(TY) = 864pg—32(p +q) — 344.
O
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Theorem 10. The first reverse r index of T'C4Cg(S)[p, q] is given by

Ry o 8, 108665 705253
A Pq PT 4T 13550952

1296 312738

Proof. By using the definition of the first reverse r index defined in Table 1 and information from Table
10, the first reverse r index of T'C4Cs(S)[p, q] is

Table 10. Reverse r degree rr(B) partition for vertices of T'C4Cs(S)[p, q.

r(5) Number of vertices
T

§ 8

? 4p +4qg -8

21—6 4p +4qg -8

36 8pg —8(p+4q)+38

RIT) = ) B,
BeV(G)

12 _ iz _ iz
8(8) +(4p+4q 8)(11) +@p+4q 8)(26)
1,

+(8pq—8p—8q+8)(%) .

After simplification, the value of the first reverse r index for T'C4Cg(S)[p, q] is obtained as

8 08665 . 705253
120677 " 312738 P TV T 13250952

RIT") =

Theorem 11. The second reverse r index of T'C4Cs(S)[p, ql is given by
12 N 103813 (p+a)+ 1352393
120677 " 2208492 T V" 26501904

Proof. By using the definition of the second reverse r index defined in Table 1 and information from
Table 11, the second reverse r index of T'C,Cs(S)[p, q] is

RYT") =

Table 11. Reverse r degrees of end vertices of edges for T'C4Cs(S)[p, g

(rr(a), rr(B)) Number of edges
gl l) 4

g3

11

Q%171 8

81 111)

1 11 2p+2g -8
T 4p +4q —8
(%,2—16) 2p+2g—4

(% %) 4p+4g -8
(%%) 12pg—3(p+¢q) +8
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RXTH = ) @) xrr(p),

aBeE(G)
1 1 1 1 1 1
= 4=X)+8(=X—)+2p+2g—8)(— X —
(8><8)+ (8X11)+(p+ q )(11><11)

1 1 1 1
+(4p+4q—8)(ﬁ><%)+(2p+2q—4)(2—6X%)+(4p+4q—8)

1 1 1 1
— X — 12pg — 8p — 8q + 8)(=— X —).
(26><36)+( pq—38p—38q+ )(36><36)
After simplification, the value of the second reverse r index for T'C4Cg(S)[p, q] is obtained as

12 103813 1352393

R (TYH = — " =
AT = 159671+ 2208292 % T P * 36501904

Theorem 12. The third reverse r index of T'C4Cg(S)[p, q| is given by

2 367 200
R(TYHY = = — -—
A1) 3P4+ 59+ 49~ 1357
Proof. By using the definition of the third reverse r index defined in Table 1 and information from
Table 11, the third reverse r index of T'C4Cg(S)[p, q] is

RY(T") [rr(a) + rr(B)],

a,BeE(G)

1 1 1 1 1 1 1 1
4(§+§)+8(§+H)+(2p+2q_8)(ﬁ+ﬁ)+(4p+4q_8)(ﬁ+%)

1 1
_+_

+(2p+2q—4)(26 Tz

1 1
+@p+4q-8)(—=+—=)+U2pqg—-8p—-8q+38
)+ (@p+4q )(26 36)(1961 p—8q+38)
(1 + : )
36 367
After simplification, the value of the third reverse r index for T'C4Cg(S)[p, g] is obtained as

2 367 200
3cply 2 207 -
RATY) = 3pa+ 5P+ 9= o=
Theorem 13. The first s index of T'C4Cs(S)[p, q] is given by
SUTY = 2592pg —2188(p + q) + 1784.

Proof. By using the definition of the first s index defined in Table 1 and information from Table 12, the
first s index of T'C,Cs(S)[p, q] is

AIMS Mathematics Volume 11, Issue 5, 13937-13962.
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Table 12. S degree s(B) partition for vertices of T'C,Cs(S)([p, q].

s(B) Number of vertices
0 8

1 4p +4q -8

10 4p +4q — 8

18 8pqg—8(p+q)+8

ST = > sBy

BEV(G)
8(0)2 + (4p + 4q — 8)(1)* + (4p + 4g — 8)(10)* + (8pg — 8p — 8¢ + 8)(18)°.

After simplification, the value of the first s index for T'C,Cs(S)[p, q] is obtained as
SUTY = 2592pg —2188(p + q) + 1784.

Theorem 14. The second s index of T'C4Cs(S)[p, q] is given by
S,(TYH = 3888pg — 1630(p + q) + 64.

Proof. By using the definition of the second s index defined in Table 1 and information from Table 13,
the second s index of T'C4Cg(S)[p, gl is

Table 13. S degree table for end vertices of T'C4Cs(S)[p, q].

(s(@), s(B)) Number of edges

(0,0) 4

0,1 8

(1,1 2p+2q -8

(1,10) 4p +4qg -8

(10,10) 2p+2q—4

(10,18) 4p +4qg -8

(18,18) 12pg-8(p+q)+8
ST = ) s@ xs(p),

BEE(G)

= 40%0)+80x1)+2p+2q-8)(1x1)+@p+4q—8)1 x 10)
+(2p +2q — 4)(10 X 10) + (4p + 4q — 8)(10 X 18) + (12pg — 8p — 8q + 8)
(18 x 18).

After simplification, the value of the second s index for T'C4Cs(S)[p, g] is obtained as
Sy(T" = 3888pg — 1630(p + g) + 64.

O
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Theorem 15. The third s index of T'C4Cs(S)[p, q] is given by
S3(T" = 432pg —88(p + q) — 122.

Proof. By using the definition of the third s index defined in Table 1 and information from Table 13,
the third s index of T'C4Cg(S)[p, q] is

RyT") = D [H@) +r@)],

aBeE(G)

= 40+0)+80+1)+R2p+2g-8)(1+1)+@Ep+4g—-8)(1+10)
+(2p +2g—-4)(10+10) + (4p + 4q — 8)(10 + 18)
+(12pg — 8p — 8q + 8)(18 + 18).

After simplification, the value of the third s index for T'C4Cs(S)[p, g] is obtained as

Sy(T") = 432pq — 88(p + q) — 122.

4. Discussion

The obtained results show that for the carbon nanosheet T'C4Cg(S)[p, q] the topological indices
taken into consideration consistently provide measures of structural complexity. In terms of the
parameters p and g, the numerical analysis reveals a systematic increase in index values that reflects the
rise in interaction density and structural connectivity. By obtaining closed-form expressions for several
variations of Van, R, and S indices, the current work expands the analytical framework in contrast to
previous research on degree-based topological indices. Chemical graph theory has made extensive
use of these descriptors to estimate the structural behaviors and physicochemical characteristics of
nanomaterials. This work offers a theoretical basis that can direct the design of energy-efficient,
environmentally friendly, and sustainable nanostructures in contrast to conventional methods that
depend on experiments, simulations, or laboratory trials.

4.1. Numerical analysis of Van, R, and S indices

In this part, we show the numerical calculations of the topological indices R, Van, and S for different
values of the parameters p and q. We put the calculated data into tables so that we may compare them
more easily. We want to find trends, relationships, and big changes in how indices behave when
different parameters are set by comparing them. Our understanding of the indices predictive power and
utility will improve thanks to this quantitative approach enabling us to make insightful deductions and
discover new applications for them in related fields.

4.1.1. Numerical analysis of Van indices

According to Table 14, the three Van indices van;(T"), van,(T"), and vans(T') always increase as
p and g do. The carbon nanosheet networks structure becomes more intricate, and its interactions
become more potent as more structural units are added. Stronger bonds and the development of a
larger molecular structure are associated with larger values of p and q.
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Table 14. Numerical values of van;(T!), vany(T!), vans(T!), vanl(T!), van*(T!), and
van’(T") for varying p and ¢ from 2 to 5.

p q van(T") van,(T") vans(T") van!(T") van?(T") van’(T")
2 2 16.0247 18.2716 72.0000 132.02 331.85 264.00
2 3 20.4815 23.9074 99.3333 230.03 526.66 400.00
2 4 24.9383 29.5432 126.6667 328.04 721.46 536.00
2 5 29.3951 35.1790 154.0000 426.05 916.27 672.00
3 2 20.4815 23.9074 99.3333 230.03 526.66 400.00
3 3 25.8272 30.8765 134.6667 400.04 829.46 606.00
3 4 31.1728 37.8457 170.0000 570.05 1132.27 812.00
3 5 36.5185 44.8148 205.3333 740.06 1435.07 1018.00
4 2 24.9383 29.5432 126.6667 328.04 721.46 536.00
4 3 31.1728 37.8457 170.0000 570.05 1132.27 812.00
4 4 37.4074 46.1481 213.3333 812.06 1543.07 1088.00
4 5 43.6420 54.4506 256.6667 1054.07 1953.88 1364.00
5 2 29.3951 35.1790 154.0000 426.05 916.27 672.00
5 3 36.5185 44.8148 205.3333 740.06 1435.07 1018.00
5 4 43.6420 54.4506 256.6667 1054.07 1953.88 1364.00
5 5 50.7654 64.0864 308.0000 1368.08 2472.68 1710.00

Out of all the indexes we examined, vans(T'!) grows the quickest. This is due to its greater reliance
on the parameters p and g, which illustrates how the network evolves during long-distance interactions.
In contrast, van,(T") has both direct and indirect interactions and grows steadily from there. This is a
great way to discuss structural complexity without making it too easy or too difficult.

Meanwhile, van,(T!) rises in a straight line at the same time. This gives the impression that it
primarily depicts interactions that take place in tiny spaces within the nanosheet structure. Since each
of the three Van indicators increases as the network expands, they are likewise positively connected.
Even though these indices respond differently to structural growth, they consistently exhibit the same
behavior, making them dependable and consistent measures of structural complexity.

The opposite Van indices van!(T"') and van?(T"') likewise increase as the values of p and ¢ do.
Overgrowth or an excessive number of connections may indicate that the network has unneeded or
ineffective topologies. Never forget that van?(T!) always grows more quickly than van!(T'). This
indicates that structures that are too tangled or unbalanced are more likely to cause it to react.

However, van!(T'!) grows more slowly, making it simpler to identify minor issues. When both p and
g are reasonable, the analysis demonstrates that the structural design reaches equilibrium. The accurate
values of the Van and reverse Van indices demonstrate this. There will be more copies, however, if the
values are excessively high. This demonstrates how crucial it is to monitor structural growth to ensure
that it remains robust and trouble-free. When creating robust and complex nanoscale materials in the
real world, Van indices are helpful. Conversely, you may be able to identify configurations that are not
functioning properly with the aid of reverse Van indices. For drug design and biotechnology, this is
crucial.
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4.1.2. Numerical analysis of R indices

According to Table 15, the indices 1;(T'), r,(T"), and r3(T") are increasing. For larger values of
p and g, RY(T"') and Rf(Tl) increase. This behavior demonstrates how the structure of the carbon
nanosheet becomes increasingly intricate and interconnected as the network expands. The indices
r1(T") and r,(T") grow at an exceptionally high rate due to their greater reliance on connectivity and
interaction intensity, making them highly susceptible to structural changes. Conversely, r3(7") exhibits
a more moderate growth pattern, which makes it a suitable method for characterizing nanosheet
structures that are neither overly simple nor overly complex.

Table 15. Numerical values of r;(T"), r,(T"), r3(T"), R} (T"), R3(T"), and R}(T") for varying

p and g from 2 to 5.

p g ndh (T (T RI(T RAT") RX(T

2 2 31920 46472 3320 0.3613 0.2762 5.9332

2 3 46608 62036 4968 0.6979 0.3160 8.1220

2 4 61296 77600 6616 1.0346 0.4071 10.3108
2 5 75984 93164 8264 1.3712 0.4727 12.4996
3 2 46608 62036 4968 0.6979 0.3416 8.1220

3 3 68040 92632 7448 1.0346 0.4164 10.9775
3 4 89472 123228 9928 1.3712 0.4912 13.8329
3 5 110904 153824 12408 1.7079 0.5660 16.6884
4 2 61296 77600 6616 1.0346 0.4071 10.3108
4 3 89472 123228 9928 1.3712 0.4912 13.8329
4 4 117648 168856 13240 1.7079 0.5752 17.3551
4 5 145824 214484 16552 2.0445 0.6593 20.8772
5 2 75984 93164 8264 1.3712 0.4727 12.4996
5 3 110904 153824 12408 1.7079 0.5660 16.6884
5 4 145824 214484 16552 2.0445 0.6593 20.8772
5 5 180744 275144 20696 2.3812 0.7526 25.0660

The performance of the structural design is also further revealed by the behavior of the reverse
R indices. The configurations with lower Rf(Tl) values have less redundancy and a more efficient
structure, indicating that connection and complexity are perfectly balanced. Systems requiring strong
interactions, such as molecular bonding and catalytic surface design, benefit from higher values of
r1(T") and r,(T"). In contrast, stable and simple architectures are supported by the controlled growth
of r3(Th).

4.1.3. Numerical analysis of S indices

Table 16 lists the values of S;(T"), S»(T"), and S3(T"). Both p and ¢ undergo distinct changes as
they grow. In the carbon nanosheet network, these indices demonstrate the strength of the connections
and the needlessness of the structures. S;(7') and S,(T') grow rapidly as p and g increase. This
indicates that the structure is more interconnected and the molecules are interacting strongly.
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Table 16. Numerical values of s;(T'"), s,(T"), and s3(T") for varying p and ¢ from 2 to 5.

p q si(Th) sa(T") s3(T")
2 2 3400 9096 1254
2 3 6396 15242 2030
2 4 9392 21388 2806
2 5 12388 27534 3582
3 2 6396 15242 2030
3 3 11984 25276 3238
3 4 17572 35310 4446
3 5 23160 45344 5654
4 2 9392 21388 2806
4 3 17572 35310 4446
4 4 25752 49232 6086
4 5 33932 63154 7726
5 2 12388 27534 3582
5 3 23160 45344 5654
5 4 33932 63154 7726
5 5 44704 80964 9798

On the other hand, S3(7T") has a less steep development path that improves its ability to capture a
small number of interactions inside the nanosheet framework. By observing how the reverse indices
function, we can also gain a great deal of insight into how well the network architecture functions. The
structures are more effective and contain fewer extras if these reverse indices are smaller. The nodes
may be too close to one another though if the levels are excessively high. Connectivity patterns and
structural complexity are quantified by the S3(7'!) index. Stronger possible molecular interactions are
implied by denser vertex interconnections, which are associated with higher S;(T'!) values according to
established chemical graph theory. When strong interactions are needed, material engineering works
best when S;(T") and S,(T"!) are higher. For network and structural design, lower reverse index values
are better because having too many connections can slow things down.

4.1.4. Overall discussion

The numerical trend shows that, with respect to the parameters p and g, the values of the considered
topological indices consistently increase. A closer look, however, shows that the rate of growth
becomes more noticeable at higher values of these parameters, suggesting a change in structural
complexity. These differences can be understood as crucial areas where the nanolayer’s structural
configuration experiences notable shifts in interaction density and connectivity. Such behavior
indicates possible structural transitions that may affect conductivity, stability, and energy transport
properties even though no direct physical phase transition is experimentally confirmed in this study.
As a result, the identified parameter ranges offer a theoretical foundation for additional experimental
and computational research into phase-transition-like behavior in nanocarbon systems.
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4.2. Graphical examination of Van, reverse Van, R, reverse R, and S indices

The three dimensional surface plots show how the degree-based topological indices of the nanosheet
T'C4Cs(S)[p, q] change when the structural parameters p and g change. These graphs give a clear
picture of how each index grows, how symmetric it is, and how sensitive it is as the nanosheet gets
bigger.

4.2.1. Van and reverse Van indices

The first, second, and third Van indices, V', V2, and V?, change over time, as shown in Figures 2—4.
The surface that corresponds to the first Van index, V! Figure 2, has a structure that is almost flat and
symmetrical. This means that it depends on the parameters p and ¢ in a linear way. This shows that all
of the vertex degrees in the nanosheet topology are the same. The second and third Van indices, V2 and
V3, are not the same. As p and g get bigger, the curves get more dramatic and grow faster, as shown
in Figures 3 and 4. In other words, as the nanosheet gets bigger, interactions with higher degrees have
a bigger effect. The reverse Van indices V!, V2, and V? are shown in Figures 5-7. These surfaces
remain symmetrical with respect to both parameters, yet their growth is somewhat more gradual than
the corresponding Van indices. The moderated trend in the reverse Van indices shows that contributions
from inverse degrees make highly connected vertices less important. This makes the structure clearer.

10 10

Figure 2. Graphical representation of the first Van index V' for the nanosheet
T'C4Cs(S)Ip. ql.

10 10

Figure 3. Graphical representation of the second Van index V? for the nanosheet
T'C4Cs(S)Ip: q)-
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Figure 4. Graphical representation of the third Van index V? for the nanosheet

T'C4Cs(S)Ip. ql.

q A0 .10 13

Figure 5. Graphical representation of the first reverse Van index V! for the nanosheet

T'C4Cs(S)Ip. ql.

b a0 40
q P

Figure 6. Graphical representation of the second reverse Van index V? for the nanosheet

T'C4Cs(S)Ip. ql.

0 10
5 0 °
A0 a0 b
a 3

Figure 7. Graphical representation of the third reverse Van index V2 for the nanosheet

T'C4Cs(S)[p. q].
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4.2.2. R and reverse R indices

Figures 8—10 show the first, second, and third r indices, R', R?, and R>. All three graphs show a
curved surface that slowly rises as the values of p and g go up. This steady rise shows how important
it is to touch the edges. The third R index, R* Figure 10, shows the biggest difference in these. In other
words, it reacts more strongly when the nanosheet’s size and how it connects to other things change.
The reverse R indices R!, R?, and R? are shown in the Figures 11-13. When you look at the first reverse
R index, R!, it looks like a line. The reverse R indices in Figures 12 and 13 are of a higher order and
make things a little more curved, but not as much as the other figures. This flattening effect shows that
reverse R indices can help keep things from growing too large. This makes them useful for checking
the stability of structures and making comparisons.

C—
REfor T'C,Cy(S)

Figure 9.  Graphical representation of the second r index R? for the nanosheet
T'C4Cs(S)Ip. ql.

e
R® for T'C,C,y(5)

Figure 10.  Graphical representation of the third r index R® for the nanosheet
T'C4Cs(S)p, ql-
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R! for T'C,C,(S)

o 10 10 q

Figure 11. Graphical representation of the first reverse R index R! for the nanosheet
T'C4Cs(S)p, ql-

-

wos ° 5 400 5 0 5 do
q P

Figure 12. Graphical representation of the second reverse R index R? for the nanosheet
T'C4Cs(S)p, q).

40 4

]

3 1
R or Tlc,Cy(5)
FA

1010

Figure 13. Graphical representation of the third reverse R index R? for the nanosheet
T'C4Cs(S)Ip. ql.

4.2.3. S indices

Figures 14—16 show the three-dimensional plots of the first, second, and third S indices, S!, S 2 and
S§3. These surfaces exhibit significant nonlinear growth as the values of p and ¢ increase, characterized
by distinctly elevated peaks. The symmetry seen in all s indices plots shows that the nanosheet structure
is expanding evenly. Also, the fact that the slope gets steeper from S'! to S3 shows how higher-order
degree contributions add up. The third S index, S3 in Figure 16, is the most sensitive, which shows
that it is very good at capturing changes in structural complexity and connectivity.
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Figure 14. Graphical representation of the first s index S ' for the nanosheet T'C4Cg(S)[p, g1

o N & ®3

8% for T'C,Cq(8)

NS

Figure 15. Graphical representation of the second s index S2 for the nanosheet
T'C4Cs(S)Ip. ql.

Y-
8210 T'C,C,(8)

Figure 16. Graphical representation of the third s index S° for the nanosheet
T'C4Cs(S)Ip: ql-

4.2.4. Overall discussion

The graphical analysis show that, for the most part, all of the indices steadily rise as the values of
p and g change. This means that the nanosheet 7'C,Cs(S)[p, g] is always getting larger. Lower-order
indices move in a straight line or in a way that is mostly straight. On the other hand, higher-order
indices seem to curve and grow quickly, which means they are more likely to expand structurally.
The other indices, on the other hand, show surfaces that are smoother and more level. This gives us
more information about how strong and balanced the nanosheet topology is. The graphs completely
support the analytical formulas that were made, and they show that the proposed indices do a good job
of defining nanosheet configurations. Higher order indices depend a lot on how a material is made,
so they might be useful for QSAR/QSPR modeling and for learning about the nanoscale physical and
chemical properties.
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5. Conclusions

This research thoroughly examined the Van, R, and S topological indices of carbon nanosheet
T'C4Cs(S)[p,q). The results for a range of parametric values are presented in tables and figures,
showing that they are consistent and reliably describe the physicochemical properties of the nanosheet.
Future applications of advanced nanotechnology and the production of materials may benefit from the
increased use of these indices particularly for two-dimensional nanostructures rather than only one-
dimensional systems. To further advance this study, interested readers could concentrate on expanding
the current framework to include sophisticated topological descriptors and entropy-based modeling for
sustainable nanomaterials. The development of optimized materials for green energy applications and
environmentally sustainable technologies may be greatly aided by such research.

The suggested graph-theoretical framework provides a mathematical way to examine and enhance
network structures, which can help decision-makers, engineers, and legislators involved in the field
of sustainable materials and energy-efficient systems, to choose effective configurations to reduce
energy use and environmental impact. Additionally, decision-makers can assess structural properties
quantitatively by using topological indices like Van, R, and S, which facilitate better-informed and
data-driven choices. The results of this study have important social and practical ramifications as
well for environment preservation and sustainable development. The suggested network can be used
to optimize nanomaterials, design energy-efficient networks, and lower carbon emissions through
better structural arrangements. Practically speaking, this framework can be applied to smart grids,
renewable energy systems, and environment-friendly material engineering. It offers a basis for
combining technological solutions with mathematical findings to tackle today’s environmental and
energy problems.
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