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Abstract: In this paper, we study the following (p, g)-Kirchhoff equation with weight functions:

Z (— (1 + f |Vu|kdx) At + |u|k—2u) = AO|ul " u + g(x)|ul*u,
RN

kelp.g)
u e WHRN) n WH(RY),

where 1 < g < p, {r,s} € 2p,p*), and p < N < 2p. By applying a critical point theorem following
Perera (J. Anal. Math., 2025), there exists A,, > 0 such that the equation has at least m € N pairs of
nontrivial solutions for every 4 > A,,. Particularly, we need only prove that the corresponding energy
functional satisfies the local Palais-Smale condition, and an explicit expression for A,, is given, which
generalizes some results in the existing literature and provides a new perspective for searching for
multiple solutions of Kirchhoff-type equations.

Keywords: (p, g)-Kirchhoff equation; multiple solutions; variational method and critical point
theorem; local Palais-Smale condition
Mathematics Subject Classification: 35J60, 35J20, 35B38

1. Introduction

In this paper, we study the (p, g)-Kirchhoff equation with weight functions:

Z (— (1 + f |Vu|’<dx) Aeut + |u|k-2u) = ()l %u + g(x0)ul*u,
RN

ke{p.q}

u e WHPRM) n WH(RN),

(1.1)
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where 1 < g < p,{r,s} € 2p,p*x), p < N < 2p, p*x = NN—i, p < N < 2p, and weight functions
h,g € CRM,R).
When p = g =2and N = 3, problem (1.1) becomes a Kirchhoff equation of the form

- (a +b f |vu|2dx) Au = f(x,u), (1.2)
RN

where a,b > 0, f € C(RY x R, R), which is closely related to the stationary analog of the equation

Uy — (a +b f |vu|2dx) Au = f(x,u),
Q

which was proposed by Kirchhoff in 1883 as an extension of the classical D’ Alembert’s wave equations
for the free vibration of elastic strings. Compared to the semi-linear equations (i.e., the integral term
disappears), it is much more challenging and interesting to study Eq (1.2) because the appearance
of nonlocal term fQ |Vu|>’dx implies that the equation is no longer a pointwise identity. After the
pioneering work of Lions [24], Kirchhoft-type problems have attracted considerable attention. For
example, the existence, uniqueness and multiplicity of solutions were studied in [1, 16, 20], [4],
and [18, 19], respectively, while [27,36] investigated sign-changing solutions for such problems.
When the integral terms disappears, (1.1) becomes a (p, g)-Laplacian equation of the form

> (A + 1 u) = ),
kelp.q) (1.3)

u e WH@RN) n WH(RY),

which comes from finding a stationary solution of the general reaction-diffusion equations and has a
wide range of applications [8,37]. Starting with Ball [8], such (p, g)-Laplace equations have attracted
great interest in the past few decades, and many important results were established.

To be more explicit, some results on solutions to Eq (1.3) are summarized in Table 1, where the A-
R condition represents the Ambroset-Rabinowitz condition. In addition, one may refer to [23, 34, 35]
for the existence of nontrivial solutions to equations with potential functions, and [6, 11,21] for the
existence of nontrivial solutions to Sobolev critical (p, g)-Laplacian equations.

It is worth mentioning that, recently, by means of the concentration compactness principle and
a critical point theorem proposed by Perera [29, Theorem 2.1], Liu and Perera [26] considered
the existence of multiple nontrivial solutions to (p, g)-Laplacian equation (1.3) when f(x,u) =
Ah(X)|ul""2u + g(x)|ul*~2u, where r € (p, p*), s € (p, p*], h, g satisfy appropriate conditions. Ambrosio
and Isernia [3, section 3] studied the (p, g)-Laplacian equation with the Kirchhoff term

Z (—(1+ f |Vu|’<dx)Aku+|u|k-2u): f(x, u),
) RY

ke{p.q
ue WHPRN) n WHRM),

(1.4)

where f(x,u) = f(u) satisfies Ambrosetti-Rabinowitz condition. By using the Nehari manifold method
developed by Szulkin and Weth [33], Ambrosio and Isernia [3, section 3] proved the existence of a
nontrivial solution to Eq (1.4).
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Table 1. Results on solutions to Eq (1.3).

P, q f(x,u) Research results Methods References
p=49= lul"2u, r € (p, p*) the existence of mountain pass theorem [32]
2 ’ p-p positive radial solutions P
p=q= f satisfies A-R the existence of nodal Nehari manifold and [9]
2 condition solutions minimax method
. sing the results of the
p=q%* ) . the uniqueness of using o (12,30,
2 w1 (P, p7) ositive solutions relevant ordinary 31]
P differential equations
flx,u) = using the uniqueness of
p=q# h(x)u| 2u, the existence of the positive solution [13]
2 r € (p, px) and positive solutions and the minimax
l<p<2 procedure
) ) a mountain pass
p=q%* f(x, u) satisfies the existence of P
.. .. . argument and [28]
2 A-R condition nontrivial solutions e .
minimization technique
Ekeland variational
f(x,u) = f(u) or principle, mountain
l<g< fbff_"f) tends to a the existence of pass theorem, and (7]
p<N positive constant nontrivial solutions concentration-
asu — +oo compactness
principle
Ekeland variational
principle, mountain
l<g< f(x, u) satisfies the existence of pass theorem, and (22]
p<N A-R condition nontrivial solutions concentration-
compactness
principle
a critical point theorem
1<g< X, =
7= A u,)_z . . of Perera [29] and
p<r< Ah(x)|ul™"u + multiple solutions . [26]
. Ol P2, concentration
P g compactness principle

However, the existence of multiple solutions to Eq (1.4) is still unknown. Inspired by [3,26], we
will study the multiplicity of nontrivial solutions to Eq (1.4) in the case where f(x, u) = Ah(x)|u| >u +

|s—2

g(x0)u

AIMS Mathematics

u, that is, (p, g)-Kirchhoff equation (1.1), by applying the critical point theorem proposed by
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Perera [29, Theorem 2.1]. In particular, we only need to prove that the energy functional corresponding
to Eq (1.1) satisfies the local Palais-Smale condition ((P.S.) condition for short) via concentration
compactness principle of Lions, which is different from the well-known mountain pass theorem and
symmetric mountain pass theorem [2], which usually requires us to prove that the functional satisfies
(P.S.). condition for all ¢ € R or R*.

Let the weight functions /4 and g satisfy
(fiyh=0,g>0,|Q > 0 for Q = {x € R" : hg > 0}, where |Q| denotes the Lebesgue measure in R".
() h € L°RY) N L#7 (RY), g € L°RY).
For m € N, we set

1 1 1
finl) = —tP 5[" + thp + Zﬁq - Cy(m)t, t > 0, (1.5)

where 1 < g < p, s € 2p, p*), and C,(m) > 0 is given by (5.1). It is easy to check that f,, has a unique
critical point #,, > 0, which is a global maximum point. Let

. lully, 1) 5 n
d,:= inf i €= | 5= = = |dT gl (1.6)
ueWLP@®V\(0)  |uly 2p s

where [|-||; , and |-|; denote the norm of Sobolev space W'P(RY) and Lebesgue space L'(RN), t € [1, o],
respectively.

We first show the existence result by using the concentration compactness principle of Lions [25]
and the mountain pass theorem [2].

Theorem 1.1. Assume that (f,) and (f>) hold. Then, there exists A, > 0 such that (1.1) has at least
one nontrivial solution for every 1 > A, which is a mountain pass solution. Moreover, if there exists
m € N such that f,,(t,,) < cy, then A, = 0. In contrast, A, > 0.

Remark 1.1. (i) A. is defined by (4.1) in Theorem 1.1, and A, = 0 if |g|., is large enough.

(i1) In the proof of Theorem 1.1, since the functional only satisfies the local (P.S.) condition by
employing the first concentration compactness principle of Lions, we need to constrain the upper bound
of the mountain pass level by restricting the range of A (i.e., setting 4 > A.), see Section 3.

As can be seen from Theorem 1.1, it seems that there is no advantage in searching for the
existence of nontrivial solutions by applying the concentration compactness principle and mountain
pass theorem. But if we combine the first concentration compactness principle with Perera’s critical
point theorem [29, Theorem 2.1], the multiplicity of nontrivial solutions to problem (1.1) will be
solved.

Theorem 1.2. Assume that (fi) and (f>) hold. Then for every m € N, there exists A,, > 0 such
that (1.1) has at least m pairs of nontrivial solutions with positive energy for every 1 > A,,. Moreover,
if fu(tn) < c,, then A,, = 0. In contrast, A\,, > 0.

Remark 1.2. (i) A,, is defined by (5.4) in Theorem 1.2, and for any given m € N, A,, = 0 when |g| is
large enough.

(ii) For condition (f>), h € L*(RY) can be removed, or h € L%(RN ) may be replaced by other
conditions. First, the role of &~ € L*(R") is to be able to apply Method 1 in the proof of strong
convergence (see Section 3), because we need to guarantee that (¢’ (u),u, — u) — 0 when u, — u in

AIMS Mathematics Volume 11, Issue 5, 13913-13936.
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L'(RM), r € (2p, p*) in Method 1; see (3.29) in Lemma 3.1. In other words, if & € L*(R") is removed,
we can also prove strong convergence by Method 2, and then obtain the conclusions of Theorems 1.1
and 1.2. Second, the role of & € = r(RN ) is to ensure that the weak continuity of

w: WPRY) 5 R, y(u) = f hlu| dx
RN

and compactness of " hold; see [28, Lemma 1]. Therefore, in Theorems 1.1 and 1.2, we may replace
h € Lﬁ(RN ) by other conditions, ensuring weak continuity of ¢ and compactness of ¢, such as
lim h(x) =

[x| >0

(ii1) Theorem 1.2 is a partial extension of the result of Ambrosio and Isernia [3, Section 3], where
the existence of nontrivial solutions to Eq (1.1) was proved when 4 and g are positive constants by using
the Nehari manifold method. This also partially extends the result of Liu and Perera [26, Theorem 1.2],
where the existence of multiple solutions to the (p, g)-Laplacian equation was considered.

(iv) In this paper, to obtain the existence of multiple solutions, we only need to prove that the
functional satisfies the local (P.S.) condition, which is different from [22], where the authors also
need to show that the weak limit of the (P.S.). sequence produced by the mountain pass theorem
is nonzero after proving that the weak limit is the weak solution of the (p, g)-Laplacian equation;
see [22, Section 3] (also see [11,21] for critical cases).

In order to prove Theorems 1.1 and 1.2, the crucial step is to prove that the functional satisfies the
local (P.S.) condition, since it is easy to verify that the functional has a mountain pass structure and a
geometric structure satisfying Perera [29, Theorem 2.1], and the critical value ¢ € (0, c¢,). There are two
difficulties. First, the embedding X := W'P(RY) n WHRY) — LS(RY), s € (2p, p*) is noncompact.
We will follow the process of Liu and Perera [26] by using the first concentration compactness principle
to prove the strong convergence of (P.S.). sequences in L°(R"). Second, we need to prove the strong
convergence of sequences in space X. Since when p # 2, the space W'"”(R") is not a Hilbert space,
which means that we cannot get

f |V, |P~2Vu, - Vvdx + f i )P *u,vdx — f IVul’>Vu - Vvdx + f lu|P2uvdx,
RN RN RN RN

only by the weak convergence u, — u in W'"»(R"). By using the fact that
8un

(x) %(x) ae.inRY, je({l,2,---,N},

an
which was proved in the first step by [3, Theorem 3], we present two methods to prove strong
convergence; see Step 4 in Section 3.

Regarding the notation, in this paper, ||-||; x and |- |, denote the norms of the Sobolev space W*(RY),
k € {p,q} and the Lebesgue space L'(RY), t € [1, o], respectively. — and — denote the strong and
weak convergence in the related function space respectively. := and =: denote definitions. 0,(1) denotes
0,(1) > 0asn — . C,Cy, C,, ... denote positive constants.

The rest of this article is organized as follows. In Section 2, we present some preliminary results,
which include the mountain pass theorem and a critical point theorem due to Perera and the first
concentration compactness principle of Lions. In Section 3, we show that the functional satisfies the
local (P.S.) condition. Sections 4 and 5 are devoted to the proof of Theorems 1.1 and 1.2, respectively.

AIMS Mathematics Volume 11, Issue 5, 13913-13936.
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2. Preliminary results

Let X := WIP(RYN) n WH4(RYN) be the Banach space equipped with the norm
1

k
llull = luelly,p + lluelly g, Where [lully = (fN (Vul* + Iulk)dX) . ke {p.q).
R

Define the functional / : X — R by

_lkklszﬂfrlfs.
I(u) = Z (k ‘[RN(qul + |u| )a’x+2k( RNqul dx . RNhluI dx . RNqul dx;

ke{p.q)
then, the critical points of functional / are solutions of (1.1).

Lemma 2.1 ([2, Mountain pass theorem]). Let X be a Banach space and 1 € C'(X,R) satisfy (P.S.)
condition. Assume 1(0) = 0 and

(i) there exist p, @ > 0 such that 1|yp ) = @;

(ii) there exists e € X\B,(0) such that I(e) < 0.

Then, the functional I possesses a critical value ¢ > a, and

;= inf 1(v(1)),
c ‘Jér max (y(®)

where ' :={y € C([0,1],X) : y(0) = 0,y(1) = e}.

Next, we recall a critical point theorem of Perera [29, Theorem 2.1]. Let X be a Banach space and
Br(0) = {u € X : ||lul| < R}. For a symmetric subset A C X\{0}, we denote by i(A) the cohomological
index of A, which was introduced by Fadell and Rabinowitz [15]. If A is homeomorphic to the unit
sphere ™! in R™, then i(A) = m.

Lemma 2.2 ([29, Theorem 2.1]). Let X be a Banach space and let I € C'(X,R) be an even functional
and satisfy (P.S.). condition for ¢ € (0, cx). If O is a strictly local minimizer of I, and there are R > 0
and a compact symmetric set A C dBg(0) such that i(A) = m,

max / <0, max/ < cx,
A B

where B={tu € X : t € [0,1],u € A}, then I has m pairs of nonzero critical points with positive critical
values.

To prove compactness, we also need the first concentration-compactness principle of Lions [25].
Lemma 2.3 ([25, Lemma 1.1]). Let {z,} be a sequence in L'(RY) satisfying
7z, > 0inRY, f Zydx = A,
RN
where A > 0 is fixed. Then, up to a subsequence, one of the following three situations hold:
(i) (Compactness) There exists a sequence {y,} € RN such that for any & > 0, there exists R, > 0 such

that fBR o )zndx > A —¢&foralln eN large enough.

AIMS Mathematics Volume 11, Issue 5, 13913-13936.
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(ii) (Vanishing) For all R > O there holds

lim sup f Z,dx = 0.
7% yeRN J Br(y)

(iii) (Dichotomy) There exists | € (0, A) such that for any € > 0, there exist ng > 1 and 0 < z7.,72 €
L'(RN) satisfying the following for n > ny:
f Zhdx — l‘ <eg,
RN

f (Z,, — (2 + zi)) dx < g,
RN
dist (supp (z,l,) , supp (zﬁ)) — 00,711 = 0.

f Zidx —(A - l)‘ <eg,
RN

and

Lemma 2.4 ([11, Lemma 4]). Let 1 < p < oo, {u,} be bounded in LP(R"), and u,(x) — u(x) almost
everywhere (a.e.) in RN, Then, u, — u in L’(RM).

Lemma 2.5 ([10, Brézis-Lieb Lemmal). Let Q C RY be an open subset and {u,} C LP(Q), 1 < p < .
If {u,)} is bounded in L?(R") and u,(x) — u(x) a.e. in Q, then

: P — P+ 1 — P
}Lmoo |u,,|17 = |u|p + ,}me |ut,, ulp.
3. Local (P.S.) condition

Lemma 3.1. The functional I satisfies (P.S.). condition for 0 < ¢ < c,, where c; is defined by (1.6).

Proof. Let {u,} C X be a (P.S.). sequence of I, that is

1 1 2
I(u,) = Z (% jl;N (IVu|* + u,[)dx + ﬂ(fRN IVMnlkdx) ]
keip.qg}
A 1 (3.1
- - hlu,| dx — — glu,|’dx
r Jrn S JRN

— C

)

T,y =y f (V2T T+
R

kelp.q}
+ Z ( f IVunlkdx) f Va2V, - Vvdx
ke{p,q} RN RN (3‘2)
—xlf hlunl’_zunvdx—f glunls_zunvdx
RN RN
= o,(D||

forallv e X.

AIMS Mathematics Volume 11, Issue 5, 13913-13936.
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Step 1. We first prove that {x,} is bounded in X. If 2p < r < 5 < p*, then

1+ ¢+ ||u,ll

1
> I(u,) — ; <I,(un)’ Up)

2
-y ((1 - 1) [ <|vu,,|’<+|un|k>dx+(i— 1)( | |Vun|kdx))
| k r] gy 2k r RN (3.3)

kelp.q

1 1
(— - —)f glu,|’dx
r S RN
1 1
2 (Z - ;) ||Mn||]1(,k-
,q}

If2p < s <r< p*, then

1+ ¢+ ||u,ll

1
> I(u,) — E <I,(un)7 Up)

((1 1) e (1 1)( )
= > l5-= f (Vital* + i )dx + | 5= = = f V| dX)
} k Ky RN 2k S RN (34)

ke{p.q

1 1
(— - —)/lf hlu,|"dx
S r RN

From (3.3) and (3.4), it is easy to see that {u,} is bounded in X. Thus, we may assume that

u, = uin X, u, = win L'’ (RY) for t € [1, p*), u,(x) = u(x) a.e.in R". 3.5

loc

Step 2. We shall apply the first concentration compactness principle of Lions [25] to show that u, — u
in L*(RY) for all s € (2p, p*). We will proceed in the spirit of [7,26], where (p, g)-Laplacian equations
with critical and subcritical growth were studied, respectively. Let

Zn = V| + [V |? + | + |u|? + )’ + Ahlu,|”
Since {u,} is bounded, up to a subsequence, we have
lim z,dx = A > 0. (3.6)
n—oo JpN
In fact, if A = 0, then

llally , + laall , = f (IVunl” + Vuy | + || + u,]?) dx — 0.
RN

Hence u,, — 0 in X, and I(u,) — 0, which contradicts ¢ > 0. By (3.6) and Lemma 2.3, we deduce that
one of the following three possibilities must occur: Compactness, Vanishing, and Dichotomy.

AIMS Mathematics Volume 11, Issue 5, 13913-13936.
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We claim that Vanishing cannot occur. By (3.6), we may assume that fRN Zpdx > % > (Qforalln € N,
and hence there is R,, > 0 such that
f A
anx 2 .
Bru©) 4

If Vanishing occurs, then for any R > 0, there is ny > 1 such that

A
f Zpdx < supf Zpdx < —
Bgr(0) yeRN JBr(y) 8

for all n > ny; in particular, we have fBR o Zpdx < %, a contradiction.
We next prove that Dichotomy cannot occur. If Dichotomy occurs, there exists [ € (0, A) such that
for any & > 0, there exist R > 0, 4R < R, — o0, and {y,} € R such that

f Zpdx — [ f Zpdx — (A =) f Zndx
BR (yn) B;n (yn) BRn (yn)\BR (yn)

where A¢ denotes the complement of set A in RY. Let ¢ € Cy (RM) satisfy |¢|e = 1, and

<eg, <eg, <eg, 3.7

@(x) = 1in B;(0), ¢(x) = 01in B5(0).

Define u! = ¢lu,, u? = (1 — 90,21) u,, where
QDIZQD(x_yn) 902:90 X = Yn
n R ’ n Rn/z *

supp (u,ll) = {x eRY i jx—y,l < 2R}, supp (uﬁ) = {x eRY : x—y,| > %}

are two disjoint sets, and

Then,

supp (4,) C Bag(y) C B, (y), supp (i7) C By ().

Moreover,
dist (supp (u,ﬁ), supp (uﬁ)) — 00, N — 09,
and i {
Volleo € =IVelw,s IVl < =|Vlo.
Ve, RI @loos Ve, | RI ¢l

For k € {p, g}, by (3.7), we have

f \Vu![Fdx = f ot Vi, + u, V! Fdx
BRn(yn)\BR(yn) BRn(yn)\BR(yn)

k 1 k 11k
<2 [ (et + b, Vgl )
BRn(YH)\BR(yn)

1
<ok (1 + —|V¢|{;) f (IV2tal + ") dc
R Br, On)\Bx(yn)

1
< 2"(1 + I—elVgpll;)s,

AIMS Mathematics Volume 11, Issue 5, 13913-13936.
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and then

f \Vull*dx = f \Vu!lFdx
RN BRn(_Yn)
= f Vi [Fdox + f \Vu! [Fdx
Br(yn) Br, On)\Br(Yn)

= f IVu,[*dx + 0.(1).
BR(}’H)

Similarly, since Bg(y,) C Bg,2(y,), we have
f IVill*dx < f Vi | dx
BRn(Yn)\BR,,/Z(yn) BR,I(Yn)\BR()’n)
= f (1 = ¢p)Vu, — u,Vegp*dx
BRn(Yn)\BR(YN)
< 2k f (10 = @)V, [ + 0, VglI) dx
Bg, n)\Br(Yn)

1
< 2k (1 + —|V¢|{;) f (IVunI" + Iunl")dx
R B, )\ Br(yn)

1
< 2"(1 + E|V¢|§O)s,

and then

f |Vl | dx Vil dx
R¥ Bjy ()

f Vil dx + f Vi2ldx
B;é;q(y") BRn(YH)\BRn/Z(yn)

:f Vi, [Fdx + 0.(1).
By )

Combining (3.8) with (3.9), and using (3.7), we have

f (V2| + |Vu! Fdx = f \Vu,|*dx + f Vi, dx + 04(1)
RN B;?n (yn) BR (yn)

= f |V, [Fdx — f IVu, [ dx + 0.(1)
RN BR,;(Yn)\BR(yn)

= f IVu,[*dx + 0.(1).
RN

Similar arguments yield

f |u! [Fdx = f lu|fdx + 0.(1), f u?fdx = f lu,*dx + 0,(1), k € {p, q},
RN Br(yn) RN B, )

f hlu!|"dx = f hlu,|"dx + 04(1), f hlu?|"dx = f hlu,|"dx + 04(1),
RN Br(yn) RV By (n)

(3.8)

(3.9)

AIMS Mathematics Volume 11, Issue 5, 13913-13936.
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f glu,ilsdx=f gluy*dx + 0,(1), f gluﬁlsdx=f glu*dx + 0,(1).
RN BR())n) RV By (yn)

Rn
Using these estimates and (3.7), as well as the boundedness of {uj;}, i=1,2, we deduce
2\ (1 1 Pl 1
_ NP “lUine = i _ - is
¢+ 0,(1) +0,(1) = le (pnunnl,,, + i, = fR ) dx = fR gl dx)

1

2
1 (< . 1 (< .
— Lp - t1q
+ zp[z Vi dx) + zq[z Vi dx)

=1 YRV =1 YRV

2

and

0a(1) + 0,(1) = W II7 + Nl |l — fhlui;l’dx—f glut |’ dx
P 4 RN RN

+( f |Vl |Pdx + f |Vuﬁ|f’dx) f

RN RN RN

+( \Vu!ldx + f |Vu,§|qu) f Vi |9dx,
RN RN RY

Vi |Pdx

from (3.1) and (3.2) with v = &, and supp (u}?) N supp (uﬁ) =0.

Assume that

)P — vy, ﬂf hlu' |"dx — a;, f glul’dx — B;.
]RN RN

i|s
nls»

Since fRN glu! ISdx < |glo|u |, letting n € oo, we have

poe
Yi 2 ﬁ; |g|oos .
It follows from (3.11) that

a; + i+ 0,(1) + 0.(1)

, , | 5 .
= ||u;||f’p + ||uj1||‘{,q + (f Vil [Pdox + f |Vun|”dx)f Vi |Pdx
RN RN RN

+( f Vil |9dx + f |Vu§|4dx) Vi |"dx,
RN RN RN

AIMS Mathematics Volume 11, Issue 5,
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and then using (3.10), we have

(1 1 2 1
c+0n<1)+og<1>:2(—u ||],p+—||u;||;’,q—— f M fdx - L f g|u;,|wx)
i=1 q r N S JRN

pary 2p ’ (3.14)

If {y,} is bounded, then there exists p > 0 such that {y,} C B,(0). Since

supp (43) C B, ,(vu) C B o, (0),

and
Y DYPRY) - R, w(u) = f hlu|"dx (3.15)
RN

is weakly continuous, see [28, Lemma 1], we deduce

< Hul, f Byl dx — f Hlul dx,
RN RN

(0). Applying the Lebesgue dominated theorem, we get

2r c . N 2\r c
hlu,|" - x;, = Oae. inR"™, “Xn

where x;, is the indicator function of By , |

f hlu?"dx = f hlu?"dx = f hlu?|” - yédx — 0,
RV By (O RY

Rn

and then a; = 0. Using (3.13) with i = 2 and (3.12), we get
Bo > Tim 21}, > d lim k217 = dyys > B3 gl (3.16)

Since 8, > 0 (indeed, if 8, = 0 then u,zl — 0 in X by (3.13), and hence va o )z,,dx = 04(1), which

contradicts (3.7)), then 3, > d?’ lg|Z* . Tt follows from (3.14) that

1 1\ = =
c> (— - —)d£ "1gl&”,
2p s

a contradiction.
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If {y,} is unbounded, up to a subsequence, we may assume |y,| — oo as n — co. Denoting by y,, the
indicator function of Bz(y,), we get

hlul|” - x, — Oae.inR".
s _r_
By similar argument, we have a; = 0 and 5; > d;"|g|%", and then

1 1
C>(———)d‘p| |[)Y
2p s

by (3.14), a contradiction. This completes the proof that Dichotomy cannot occur.
Therefore, Compactness holds, that is, there exists a sequence {y,} € R such that for any & > 0,

there exists R, > 0 such that
f Zndx < & (3.17)
By ()
for all n € N large enough.
We claim that {y,} is bounded. Otherwise, we may assume that [y,| — oo as n — oo. Given p > 0,
B,(0) C Bjes(yn) for large n, and thus

/lf hlu,|"dx < /lf hlu,| dx < f Z,dx < €.
B,(0) BS, ) B, ()

0
Letting p — oo and then n — oo, by the weak continuity of the functional ¢ given in (3.15), we deduce

lim Af hlu,|"dx = /lf hlu|"dx = 0. (3.18)
n—o00 RN RN

Hence, by (3.2) with v = u,, we get
letall? , + oaall?, + V21, 27 + [V, 29 = fR gluldx + 0,(1).
Let n — oo, and we have
tim ([l , + laallf, + [Viaa 7 + [Vaty 37) = lim f glu,|'dx =: . (3.19)

It follows from (3.19) that 8 > 0. Otherwise, u, — () in X and then I(u,) — 0, a contradiction. Similar
to the process of estimating (3.16), we have 8 > d.;” z lglZ*. Combining (3.18) with (3.19), we get
¢ +0,(1) = I(uy,)

1 1 1 1
= —|lunll® + =lluall? + —|Vu, |’ + —|Vu,[*
llually , qllu I, 2pl Ul qu Unl,

/1 1
f hlu,|"dx — ~ f glu, |’ dx
S RN

1 i N
E (”un” + ”Mn” + |Vl,tnlpl7 + |Vun|qq) - Eﬁ

1 11\ =
=5 - <)B= |5, - )4 I8l
(3ol )
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a contradiction. Hence, {y,} is bounded, and we may assume that |y,| < p. By (3.17),

f lu,|*dx < f z,dx < €.
BS . (0) By ()

Re+p

From the compact embedding Wl’P(BR€+p(0)) — L*(Bg,+p(0)), we have

lim |u,,|sdx:f lul*dx.
7% J Bre+p(0) BRg+p(0)

lim f lu,|’dx = lim f |u,|°dx + f |u|*dx
=00 JRN =00\ J Bre+p(0) B . (0)

Re+p
< f lul’dx + €.
BRg+p(0)

Letting & — 0 yields |u,|} — |u[}. Using Brezis-Lieb Lemma, we have

Hence,

u, — uin L*RY), s € 2p, p*).

Step 3. By (3.20), using the Holder inequality and the Lebesgue dominated theorem, we get

fglunls_zunvdx%f gluls_Zuvdx,
RN RN

f glunls_zun(un - u)dx — 0.
RN

and

Moreover, since ¥’ is compact (see [28, Lemma 1]), we have ¥'(u,)v — ¢’ (u)v, that is

fhlunlr_zunvdxaf hlu|"uvdx,
RV RV

f Bl 1t (1t = w)dx = y(uy) = %W(un)u

RN

and

1
= Y(u) =~/ = 0.

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

In addition, as in the first step of [3, Theorem 3] where the autonomous (p, g)-Kirchhoff equation was

considered, we have

é)un(x) - %(x) ae.inRY, je(l,2,---, N}
an axj

Indeed, using u,, — u in X and I'(u,) — 0, we have

(I (un) = I' (), (uy — u)p) = 04(1)

(3.25)
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for the fixed ¢ € C2(RY). According to the proof of [3, Theorem 3], if jﬂ‘%N fOx, u,)(u, — u)pdx — 0 as
n — oo, then Vu,, — Vu a.e. in RV, where f(x,u) = Ah(x)lu]"">u + g(x)|u|*~u. Using the boundedness
of {u,} in X and (3.20), by the Holder inequality, we have

f gl 21, — wpdx| < lgloolfles f |t )t — uldx
RN RN

s=1

1
< |g|0<,|<,o|m( f |un|~‘dx) ( tn — uwdx)
RN RN

< Clu, — ul;

-0

and

— 0,

f h|un|r_2un(un - u)(de
RN

and hence (3.25) holds.
Step 4. 1, — u in X. We present two methods.
Method 1. By (3.25), (3.5), and Lemma 2.4, we have

Vu |k—2% N |Vu|k_2%

k
in L=1(RY
an 6)(?]' mn ( )

for k € {p, g}, and
k
|t 20, — |uf*u in LFT(RM).
Hence for any v € X,

f Vi, |F2Vu, - Vvdx — IVul*2Vu - Vvdx,
RN RN (3.26)
|un|k_2unvdx—>f lul*2uvdx.

]RN

RN

Let lim |Vun|§ = A; and lim |Vun|Z = A,. It follows from (3.21), (3.23), (3.26), and (3.2) that

Z f (Vul*"2Vu - Vv + [uf*2uv)dx
kelpg) VR

+ A, f [VulP>Vu - Vvdx + A, f |Vu|?">Vu - Vvdx (3.27)
RN RN

=/lf hlul’_zuvdx+f gluls_zuvdx,
RN RN

Z f (Va2 Vu, - Vv + |u 2 u,v)dx
) VRY

ke{p.q

+A \Vu,|P>Vu, - Vvdx + Ay | [Vu,|**Vu, - Vvdx (3.28)

RN RN

:/lf hlunlr_zunvdx+f gl 2uvdx + 0,(1)
RV RV

and
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by (3.2) and the boundedness of {u,} in X. In addition, using the Holder inequality, we have

f hlul 2 u(u, — w)dx| < |hle f | u, — uldx
RN RN

- 3.29
< leolud ™ it — ul, (3.29)

— 0,

and

f gluls_zu(un —u)dx
RN

Thus, let v = u,, — u in (3.27) and (3.28); we get

< |gloolul ity — uly — 0. (3.30)

Z f ((IVu,,l"_ZVun—IVulk_zVu)-V(u,,—u)+(|un|k_2un—|u|k_2u) (u,,—u))dx

kelp.g) VR
+ A f (qunlp_ZVun — |Vu|”_2Vu) -V(u, — u)dx
RN

3.31
+ A, f (qunlq_zVu,, - |Vu|q_2Vu) -V(u, —u)dx ( )
RN

A (el ™ =l u) (= wdx + f & (a1, = 1) (uy = w)dx + 0,(1)
RN RN
= On(l)

by (3.22), (3.24), (3.29), and (3.30). Using the inequality [14]

ol < C (x = y) (IxI2x = i 2y), 12 2,
X - y > s 24
C (=) (12 = I 2y) (e + 1), 1 <1 <2,

we have u, — u in both W'"?(R") and W"4(R"). Hence u, — u in X.

Method 2. Let lim |Vu,|, = A; and lim |Vu,|] = As; we have

Z f (lvunlk_zvun : V(un - bt) + |un|k_2un(un - u))dx
RN

kefp.q)
Py > (3.32)
+ A \Vu,|”"“Vu, - V(u, — u)dx + A, \Vu, | “Vu, - V(u, — u)dx
RN RN
= 0a(1)
AIMS Mathematics
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by (3.2), (3.22), and (3.24). Note that
f (lvunlk zvun V(un - I/t) + |un|k 2Mn(un - u))dx
ke{p q}

k-2 k-2
Izl Vet Vet - Ve + [, )dx)
N

3, it [
Z (llunll f |Vun|k "Vl + Ju, [ 1|M|) )
P.d) R (3.33)
Z (el 5 = (IV2alf™" Vot + Jat "l )
Z (hotalth . = a5 el )
Z Ml (Ul g = Mol 1)
elp.q
by using the Holder inequality, and
f \Vu, |2 Vu, - V(u, — w)dx > |Vu,|f — f Ve, |1 | Vuldx
RN RN (3.34)
> Vi [ (Vatale = Vule)
for k € {p,q}. By u, — uin X, we get
u, — uin WHERM), u, — uin D"*RN) for k € {p,q}
Since the norm in W'*(R") and the norm in D'*(R") are weakly lower semicontinuous, then
lulli e < 1im fleggly i, Nullpre < lim luy||pie for k € {p, g}, (3.35)
where ||u||pix = [Vuli. Combining (3.32)—(3.35), we have
Z lotal i7" lotalliic = Naelly ) = 04(1). (3.360)
kelp.q}
Case 1. If g = p, then
leeall? (Hetallyp = llell ) = 0(1). (3.37)

We claim that there is C > 0 such that ||u,||; , > C. Otherwise, if u, — 0 in W'?(R"), that is, u, — 0
in X, then I(u,) — 0, a contradiction. Hence, by (3.37),

Im fla,lyp = llully,p- (3.38)
If p =2, by u, — uin W"2(R"), it is easy to check that u,, — u in W'2(RV). If p # 2, then

lim |Vu,|, = |Vul,, lim |u,|, = |ul,
n—00 n—00
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by (3.38) and the weakly lower semicontinuity of the norm in W'*(RY) and D'*(RY). By (3.5)
and (3.25), using Lemma 2.5 (Brésiz-Lieb Lemma), we have

lim [Vu, — Vul} = im [Vu,|) = [Vul) = 0, lim |u, — ul) = im |u,|} — |ul}) = 0,
n—00 n—o00 n—o0o n—0o0o
and hence
lim (|, — ull; , =0,
n—00

that is, u,, — u in X.
Case 2. If g < p, then there exists C > 0 such that ||u,||,» > C for k € {p, g}. Otherwise, if u, — 0 in
WHP(RN), then u, — 0in L'(RV), ¢ € (p, p*). Thus,

f glu,’dx — 0, and f hlu,|"dx — 0,
RN RN

since ¥ defined by (3.15) is weakly continuous. Hence,
0u(1) = (I (), ttn) = Ntnll] | + [Vin |27 + 0,(1),

and then I(u,) — 0, which is a contradiction. If u, — 0 in WH4(RY), then u,, — 0in L'(RN), t € (g, g*).
For any «, B satisfying g < @ < g+ < 8 < p*, using the Holder inequality and the boundedness of {u,}
in X, we have

-4 A 1-4
|un|,B < |ul’l|((y )lunlp* < Clul’llfy ) - O’

where 1 = f}:—_‘; : %* Hence u, — 0in L'(RM), t € (g, p*). Similarly, I(u,) — 0, which is a contradiction.

Therefore, by (3.37),
1im a1 = Il s k € (P2 )

By virtue of the weakly lower semicontinuity of the norm,
Im [Vul = [Vulg, im Ju,|e = July.
By (3.5) and (3.25), using Lemma 2.5 (Brésiz-Lieb Lemma), we have
lim |V, = Vuff = lim [V = |Vuff = 0,

and
lim |u, — ulf = lim [u,|f — ul; = 0
n—oo

for k € {p, q}. Hence u,, — u in X. i
4. Proof of Theorem 1.1

Lemma 4.1. Assume that (f) and (f>) hold. Then

(i) there exist p, @ > 0 such that I(u) > a > 0 for any u € X with ||u|| = p;

(ii) there exists e € X with ||e|| > p such that I(e) < 0.
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Proof. (1) For any u € X with ||u|| < 1, by Holder inequality and (1.6),

1 1 1 1
— p q 2 2
I(u) = ;Ilulll,p + ;lllulll,q + 2pIVulp” + —quvulq‘f

B 1
-= f hlul"dx — ~ f glul*dx
r Jrn S JRN

1 A 1
P q 2 2 r s
> o (], + ] + 191 + Vul3?) = ksl = ~lglolul
1 A 1 s
14 q r ] s
2o (M}, + et ) = = hkods Yol = <Ighods " N,
> Cyllull” = ACaull” = Csull*

Since {r, s} C (2p, p*), then there is a p € (0, 1) small enough such that

a := inf I(u) > 0 = I1(0).

llull=p
(i1) For any fixed uy € X\{0} and ¢ > 0, since
14 14 12 124
I(tuo) = ;Iluollf,p + 5lluollf,q + %IVuolff’ + ZIVuolfﬂ
Sl ORI

then I(#pug) < O for ¢t = 1y large enough, and hence there exists e := fyuy with |le|| > p such that
I(e) < 0. |

Proof of Theorem 1.1. By Lemmas 3.1 and 4.1, applying Lemma 2.1 (mountain pass theorem), it is
enough to show that

c := inf max I(y(?)) < c,,
inf max (@) < ¢y

where I' :={y € C ([0,1],X) : y(0) = 0,y(1) = e}.
LetZ := {u € X : suppu C Q}, where Q is defined by (f}), then Z is an infinite dimensional subspace
of X. Let Z,, be an m-dimensional subspace of Z. On Z,,,

[y = ( f h|u|’)", [u], = ( f g|u|s)5
RN RN

are norms of u € Z,. Since dimZ, < oo, all norms on Z,, are equivalent. Therefore, for u € Z,, we
have

1 1 1 1
- P q 2 2
I(u) = p”””1,p + 5||u||1’q + 2pru|p” + 2q|Vu|qq

2 1
-z f Rlul’dx — ~ f glul’dx
r RN R) RN

1 1 1 1
< —[lull? + =llull? + — Nl + —llul* — AC,(m)|lull” = Ca(m)||ull’
P q 2p

2q
= fulllull) = AC (m)|ull”,
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where C;(m), C,(m) > 0 (depending on m) are constants, and f,, is defined by (1.5)
there exists R = R(m) > 0 large enough such that f,,(R) < 0.
Let
A =Z,, N 0dBr(0).

Then, for any 4 > 0, taking e € A, we have
1(e) < fu(llell) = AC1(m)llell” < fu(R) < 0.
Since the function f,, is continuous and f,,(0) = 0, then there is 6 € (0, R) such that
fu(t) < c5, Yt €]0,0].
Thus, if #; € 0, %[, then |If,el| € [0, 5], and hence
I(tie) < fu(lltrel]) < c;.
On the other hand, if ; € [2, 1, then ||fiel| € [6, R]. Since
I(t1e) < fu(ltiell) — AC (m)|ltell’,

it is enough to show that f,,(r) — AC;(m)t" < ¢, for any t € [9, R].

Let o
A o { max u, if f,(ty) > s,

weloRl Ci(m)t"
0, if fiu(tn) < cs.
Then, when A > A,,, f,,(t) — AC;(m)||t||” < ¢, for any t € [J, R]. Hence,

max I(te) < c;
1€[0,1]

when A > A,,, and then ¢ < max I(te) < c;.

1€[0,1]
Let
A, :=min{A,, : m € N}.

. Since s > 2p,

(4.1)

Then, ¢ < ¢; when A > A.. In particular, if there exists am € N such that A,, = 0, that is m%x Jn(t) < cy,
>

then A, = 0, where f,, is defined by (1.5).
5. Proof of Theorem 1.2
Proof of Theorem 1.2. For any u# € X\{0}, when 7 > 0 is small enough,

. Lo, I . 12r=4 2 1244 2
I(tu) =t a”qu’q + THM”LP + g'VUlp + —|Vu|q

2q
A4 i ‘
- f hlul’dx — f glul“dx)
r RN s RN

> 0.

AIMS Mathematics Volume 11, Issue 5, 13913-13936.



13933

Hence, u = 0 is a strictly local minimizer of /.
Let Z := {u € X : suppu C Q}, where Q is defined by (f;). Then, Z is an infinite dimensional
subspace of X. Let Z,, be an m-dimensional subspace of Z. On Z,,,

[y = ( f h|u|’)r, [u], = ( f g|u|f)s
RN RN

are norms of u € Z,. Since dimZ, < oo, all norms on Z,, are equivalent. Therefore, for u € Z,, we
have

1 1 1 1
— p q 2 2
I(u) = ;Ilulll,p + ;lllulll,q + 2pIVulp” + —quvulq"

1 1
——f thI’dx——f glul’dx
r Jan s Jan (5.1
| IS TSR I . )
< —lull” + =Ml + —llull” + —|lull* = AC,(m)||lul|” — C2(m)||ull
P q 2p 2q

= fulllull) = AC, (m)|ull",

where C(m), C,(m) > 0 (depending on m) are constants, and f,, is defined by (1.5). Since s > 2p,
there exists R = R(m) > 0 large enough such that f,,(R) < 0.
Let
A =7, N 0Bg(0). (5.2)

Then i(A) = m. For any A > 0, if u € A, then
I(u) < fu(llull) = AC1(m)|lull” < f(R) < 0. (5.3)

Hence max I(u) < 0.
ue.

Since the function f,, is continuous and f,,(0) = 0, then there is a 6 € (0, R) such that
() < c5, Y1 €[0,0].
Thus, if t; € [O, %] then for any u € A, we have ||t,u| € [0, 6], and hence
I(tyu) < fu(llful) < c,.
On the other hand, if #; € [1%, 1], then for any u € A, we have ||tu|| € [J, R]. Since
I(tyu) < fu(llful]) — AC (m)l|full”
it is enough to show that f,,(r) — AC (m)t" < c;, that is,

Jn(®) — ¢

1
Z e

for any ¢ € [0, R].
Let

fm(t) —Cy .
Ap = DX G (i) > €, (5.4)
0, if fu(tn) < cy,
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and then when A > A, f,,(t) — AC;(m)||t||" < ¢, for any ¢ € [6, R]. Hence,

max I(u) < cy,
ueB

where B = {ru € X : t € [0,1],u € A}. Applying Lemma 2.2, I has m pairs of nonzero critical points,
which are nontrivial solutions of (1.1).

6. Conclusions

In this paper, we study the multiplicity of solutions to the (p, g)-Kirchhoff equation (1.1) with
nonnegative weight functions by using the concentration compactness principle and a critical point
theorem of Perera. In particular, we only need to prove that the corresponding energy functional
satisfies the local Palais-Smale condition. This work partially generalizes the results of Liu and
Perera [26, Theorem 1.2], and provides a new perspective for studying multiple solutions of Kirchhoff-
type equations. However, this paper only considers the case of nonnegative and bounded weight
functions. As for other cases involving sign-changing or unbounded weight functions, we leave them
for further investigation in our future work.
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