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Abstract: In this paper, we study the following (p, q)-Kirchhoff equation with weight functions:
∑

k∈{p,q}

(
−

(
1 +

∫
RN
|∇u|kdx

)
∆ku + |u|k−2u

)
= λh(x)|u|r−2u + g(x)|u|s−2u,

u ∈ W1,p(RN) ∩W1,q(RN),

where 1 < q ≤ p, {r, s} ⊂ (2p, p∗), and p < N < 2p. By applying a critical point theorem following
Perera (J. Anal. Math., 2025), there exists Λm ≥ 0 such that the equation has at least m ∈ N pairs of
nontrivial solutions for every λ > Λm. Particularly, we need only prove that the corresponding energy
functional satisfies the local Palais-Smale condition, and an explicit expression for Λm is given, which
generalizes some results in the existing literature and provides a new perspective for searching for
multiple solutions of Kirchhoff-type equations.

Keywords: (p, q)-Kirchhoff equation; multiple solutions; variational method and critical point
theorem; local Palais-Smale condition
Mathematics Subject Classification: 35J60, 35J20, 35B38

1. Introduction

In this paper, we study the (p, q)-Kirchhoff equation with weight functions:
∑

k∈{p,q}

(
−

(
1 +

∫
RN
|∇u|kdx

)
∆ku + |u|k−2u

)
= λh(x)|u|r−2u + g(x)|u|s−2u,

u ∈ W1,p(RN) ∩W1,q(RN),

(1.1)
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where 1 < q ≤ p, {r, s} ⊂ (2p, p∗), p < N < 2p, p∗ =
N p

N−p , p < N < 2p, and weight functions
h, g ∈ C(RN ,R).

When p = q = 2 and N = 3, problem (1.1) becomes a Kirchhoff equation of the form

−

(
a + b

∫
RN
|∇u|2dx

)
∆u = f (x, u), (1.2)

where a, b > 0, f ∈ C(RN × R,R), which is closely related to the stationary analog of the equation

utt −

(
a + b

∫
Ω

|∇u|2dx
)
∆u = f (x, u),

which was proposed by Kirchhoff in 1883 as an extension of the classical D’Alembert’s wave equations
for the free vibration of elastic strings. Compared to the semi-linear equations (i.e., the integral term
disappears), it is much more challenging and interesting to study Eq (1.2) because the appearance
of nonlocal term

∫
Ω
|∇u|2dx implies that the equation is no longer a pointwise identity. After the

pioneering work of Lions [24], Kirchhoff-type problems have attracted considerable attention. For
example, the existence, uniqueness and multiplicity of solutions were studied in [1, 16, 20], [4],
and [18, 19], respectively, while [27, 36] investigated sign-changing solutions for such problems.

When the integral terms disappears, (1.1) becomes a (p, q)-Laplacian equation of the form
∑

k∈{p,q}

(
−∆ku + |u|k−2u

)
= f (x, u),

u ∈ W1,p(RN) ∩W1,q(RN),
(1.3)

which comes from finding a stationary solution of the general reaction-diffusion equations and has a
wide range of applications [8, 37]. Starting with Ball [8], such (p, q)-Laplace equations have attracted
great interest in the past few decades, and many important results were established.

To be more explicit, some results on solutions to Eq (1.3) are summarized in Table 1, where the A-
R condition represents the Ambroset-Rabinowitz condition. In addition, one may refer to [23, 34, 35]
for the existence of nontrivial solutions to equations with potential functions, and [6, 11, 21] for the
existence of nontrivial solutions to Sobolev critical (p, q)-Laplacian equations.

It is worth mentioning that, recently, by means of the concentration compactness principle and
a critical point theorem proposed by Perera [29, Theorem 2.1], Liu and Perera [26] considered
the existence of multiple nontrivial solutions to (p, q)-Laplacian equation (1.3) when f (x, u) =

λh(x)|u|r−2u + g(x)|u|s−2u, where r ∈ (p, p∗), s ∈ (p, p∗], h, g satisfy appropriate conditions. Ambrosio
and Isernia [3, section 3] studied the (p, q)-Laplacian equation with the Kirchhoff term

∑
k∈{p,q}

(
−

(
1 +

∫
RN
|∇u|kdx

)
∆ku + |u|k−2u

)
= f (x, u),

u ∈ W1,p(RN) ∩W1,q(RN),

(1.4)

where f (x, u) = f (u) satisfies Ambrosetti-Rabinowitz condition. By using the Nehari manifold method
developed by Szulkin and Weth [33], Ambrosio and Isernia [3, section 3] proved the existence of a
nontrivial solution to Eq (1.4).

AIMS Mathematics Volume 11, Issue 5, 13913–13936.



13915

Table 1. Results on solutions to Eq (1.3).

p, q f (x, u) Research results Methods References

p = q =

2
|u|r−2u, r ∈ (p, p∗)

the existence of
positive radial solutions

mountain pass theorem [32]

p = q =

2
f satisfies A-R

condition
the existence of nodal

solutions
Nehari manifold and

minimax method
[9]

p = q ,
2

|u|r−2u, r ∈ (p, p∗)
the uniqueness of
positive solutions

using the results of the
relevant ordinary

differential equations

[12, 30,
31]

p = q ,
2

f (x, u) =

h(x)|u|r−2u,
r ∈ (p, p∗) and

1 < p < 2

the existence of
positive solutions

using the uniqueness of
the positive solution

and the minimax
procedure

[13]

p = q ,
2

f (x, u) satisfies
A-R condition

the existence of
nontrivial solutions

a mountain pass
argument and

minimization technique
[28]

1 < q <
p < N

f (x, u) = f (u) or
f (x,u)
up−1 tends to a

positive constant
as u→ +∞

the existence of
nontrivial solutions

Ekeland variational
principle, mountain
pass theorem, and

concentration-
compactness

principle

[17]

1 < q <
p < N

f (x, u) satisfies
A-R condition

the existence of
nontrivial solutions

Ekeland variational
principle, mountain
pass theorem, and

concentration-
compactness

principle

[22]

1 < q ≤
p < r <

p∗

f (x, u) =

λh(x)|u|r−2u +

g(x)|u|p∗−2u
multiple solutions

a critical point theorem
of Perera [29] and

concentration
compactness principle

[26]

However, the existence of multiple solutions to Eq (1.4) is still unknown. Inspired by [3, 26], we
will study the multiplicity of nontrivial solutions to Eq (1.4) in the case where f (x, u) = λh(x)|u|r−2u +

g(x)|u|s−2u, that is, (p, q)-Kirchhoff equation (1.1), by applying the critical point theorem proposed by
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Perera [29, Theorem 2.1]. In particular, we only need to prove that the energy functional corresponding
to Eq (1.1) satisfies the local Palais-Smale condition ((P.S .) condition for short) via concentration
compactness principle of Lions, which is different from the well-known mountain pass theorem and
symmetric mountain pass theorem [2], which usually requires us to prove that the functional satisfies
(P.S .)c condition for all c ∈ R or R+.

Let the weight functions h and g satisfy
( f1) h ≥ 0, g ≥ 0, |Ω| > 0 for Ω = {x ∈ RN : hg > 0}, where |Ω| denotes the Lebesgue measure in RN .
( f2) h ∈ L∞(RN) ∩ L

p∗
p∗−r (RN), g ∈ L∞(RN).

For m ∈ N, we set

fm(t) =
1
p

tp +
1
q

tq +
1

2p
t2p +

1
2q

t2q −C2(m)ts, t > 0, (1.5)

where 1 < q ≤ p, s ∈ (2p, p∗), and C2(m) > 0 is given by (5.1). It is easy to check that fm has a unique
critical point tm > 0, which is a global maximum point. Let

ds := inf
u∈W1,p(RN )\{0}

||u||p1,p
|u|ps

, cs :=
(

1
2p
−

1
s

)
d

s
s−p
s |g|

p
p−s
∞ , (1.6)

where ||·||1,p and |·|t denote the norm of Sobolev space W1,p(RN) and Lebesgue space Lt(RN), t ∈ [1,∞],
respectively.

We first show the existence result by using the concentration compactness principle of Lions [25]
and the mountain pass theorem [2].

Theorem 1.1. Assume that ( f1) and ( f2) hold. Then, there exists Λ∗ ≥ 0 such that (1.1) has at least
one nontrivial solution for every λ > Λ∗, which is a mountain pass solution. Moreover, if there exists
m ∈ N such that fm(tm) ≤ cs, then Λ∗ = 0. In contrast, Λ∗ > 0.

Remark 1.1. (i) Λ∗ is defined by (4.1) in Theorem 1.1, and Λ∗ = 0 if |g|∞ is large enough.
(ii) In the proof of Theorem 1.1, since the functional only satisfies the local (P.S .) condition by

employing the first concentration compactness principle of Lions, we need to constrain the upper bound
of the mountain pass level by restricting the range of λ (i.e., setting λ > Λ∗), see Section 3.

As can be seen from Theorem 1.1, it seems that there is no advantage in searching for the
existence of nontrivial solutions by applying the concentration compactness principle and mountain
pass theorem. But if we combine the first concentration compactness principle with Perera’s critical
point theorem [29, Theorem 2.1], the multiplicity of nontrivial solutions to problem (1.1) will be
solved.

Theorem 1.2. Assume that ( f1) and ( f2) hold. Then for every m ∈ N, there exists Λm ≥ 0 such
that (1.1) has at least m pairs of nontrivial solutions with positive energy for every λ > Λm. Moreover,
if fm(tm) ≤ cs, then Λm = 0. In contrast, Λm > 0.

Remark 1.2. (i) Λm is defined by (5.4) in Theorem 1.2, and for any given m ∈ N, Λm = 0 when |g|∞ is
large enough.

(ii) For condition ( f2), h ∈ L∞(RN) can be removed, or h ∈ L
p∗

p∗−r (RN) may be replaced by other
conditions. First, the role of h ∈ L∞(RN) is to be able to apply Method 1 in the proof of strong
convergence (see Section 3), because we need to guarantee that 〈ψ′(u), un − u〉 → 0 when un → u in
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Lr(RN), r ∈ (2p, p∗) in Method 1; see (3.29) in Lemma 3.1. In other words, if h ∈ L∞(RN) is removed,
we can also prove strong convergence by Method 2, and then obtain the conclusions of Theorems 1.1
and 1.2. Second, the role of h ∈ L

p∗
p∗−r (RN) is to ensure that the weak continuity of

ψ : W1,p(RN)→ R, ψ(u) =

∫
RN

h|u|rdx

and compactness of ψ′ hold; see [28, Lemma 1]. Therefore, in Theorems 1.1 and 1.2, we may replace
h ∈ L

p∗
p∗−r (RN) by other conditions, ensuring weak continuity of ψ and compactness of ψ′, such as

lim
|x|→∞

h(x) = 0.

(iii) Theorem 1.2 is a partial extension of the result of Ambrosio and Isernia [3, Section 3], where
the existence of nontrivial solutions to Eq (1.1) was proved when h and g are positive constants by using
the Nehari manifold method. This also partially extends the result of Liu and Perera [26, Theorem 1.2],
where the existence of multiple solutions to the (p, q)-Laplacian equation was considered.

(iv) In this paper, to obtain the existence of multiple solutions, we only need to prove that the
functional satisfies the local (P.S .) condition, which is different from [22], where the authors also
need to show that the weak limit of the (P.S .)c sequence produced by the mountain pass theorem
is nonzero after proving that the weak limit is the weak solution of the (p, q)-Laplacian equation;
see [22, Section 3] (also see [11, 21] for critical cases).

In order to prove Theorems 1.1 and 1.2, the crucial step is to prove that the functional satisfies the
local (P.S.) condition, since it is easy to verify that the functional has a mountain pass structure and a
geometric structure satisfying Perera [29, Theorem 2.1], and the critical value c ∈ (0, cs). There are two
difficulties. First, the embedding X := W1,p(RN) ∩ W1,q(RN) ↪→ Ls(RN), s ∈ (2p, p∗) is noncompact.
We will follow the process of Liu and Perera [26] by using the first concentration compactness principle
to prove the strong convergence of (P.S .)c sequences in Ls(RN). Second, we need to prove the strong
convergence of sequences in space X. Since when p , 2, the space W1,p(RN) is not a Hilbert space,
which means that we cannot get∫

RN
|∇un|

p−2∇un · ∇vdx +

∫
RN
|un|

p−2unvdx→
∫
RN
|∇u|p−2∇u · ∇vdx +

∫
RN
|u|p−2uvdx,

only by the weak convergence un ⇀ u in W1,p(RN). By using the fact that

∂un

∂x j
(x)→

∂u
∂x j

(x) a.e. in RN , j ∈ {1, 2, · · ·,N},

which was proved in the first step by [3, Theorem 3], we present two methods to prove strong
convergence; see Step 4 in Section 3.

Regarding the notation, in this paper, || · ||1,k and | · |t denote the norms of the Sobolev space W1,k(RN),
k ∈ {p, q} and the Lebesgue space Lt(RN), t ∈ [1,∞], respectively. → and ⇀ denote the strong and
weak convergence in the related function space respectively. := and =: denote definitions. on(1) denotes
on(1)→ 0 as n→ ∞. C,C1,C2, ... denote positive constants.

The rest of this article is organized as follows. In Section 2, we present some preliminary results,
which include the mountain pass theorem and a critical point theorem due to Perera and the first
concentration compactness principle of Lions. In Section 3, we show that the functional satisfies the
local (P.S .) condition. Sections 4 and 5 are devoted to the proof of Theorems 1.1 and 1.2, respectively.

AIMS Mathematics Volume 11, Issue 5, 13913–13936.
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2. Preliminary results

Let X := W1,p(RN) ∩W1,q(RN) be the Banach space equipped with the norm

||u|| = ||u||1,p + ||u||1,q, where ||u||1,k =

(∫
RN

(|∇u|k + |u|k)dx
) 1

k

, k ∈ {p, q}.

Define the functional I : X → R by

I(u) =
∑

k∈{p,q}

1
k

∫
RN

(|∇u|k + |u|k)dx +
1
2k

(∫
RN
|∇u|kdx

)2 − λr
∫
RN

h|u|rdx −
1
s

∫
RN

g|u|sdx;

then, the critical points of functional I are solutions of (1.1).

Lemma 2.1 ([2, Mountain pass theorem]). Let X be a Banach space and I ∈ C1(X,R) satisfy (P.S .)
condition. Assume I(0) = 0 and
(i) there exist ρ, α > 0 such that I|∂Bρ(0) ≥ α;
(ii) there exists e ∈ X\Bρ(0) such that I(e) ≤ 0.
Then, the functional I possesses a critical value c ≥ α, and

c := inf
γ∈Γ

max
t∈[0,1]

I(γ(t)),

where Γ := {γ ∈ C ([0, 1], X) : γ(0) = 0, γ(1) = e}.

Next, we recall a critical point theorem of Perera [29, Theorem 2.1]. Let X be a Banach space and
BR(0) = {u ∈ X : ||u|| < R}. For a symmetric subset A ⊂ X\{0}, we denote by i(A) the cohomological
index of A, which was introduced by Fadell and Rabinowitz [15]. If A is homeomorphic to the unit
sphere S m−1 in Rm, then i(A) = m.

Lemma 2.2 ([29, Theorem 2.1]). Let X be a Banach space and let I ∈ C1(X,R) be an even functional
and satisfy (P.S .)c condition for c ∈ (0, c∗). If 0 is a strictly local minimizer of I, and there are R > 0
and a compact symmetric set A ⊂ ∂BR(0) such that i(A) = m,

max
A

I ≤ 0, max
B

I < c∗,

where B = {tu ∈ X : t ∈ [0, 1], u ∈ A}, then I has m pairs of nonzero critical points with positive critical
values.

To prove compactness, we also need the first concentration-compactness principle of Lions [25].

Lemma 2.3 ([25, Lemma I.1]). Let {zn} be a sequence in L1(RN) satisfying

zn ≥ 0 in RN ,

∫
RN

zndx = Λ,

where Λ > 0 is fixed. Then, up to a subsequence, one of the following three situations hold:
(i) (Compactness) There exists a sequence {yn} ∈ R

N such that for any ε > 0, there exists Rε > 0 such
that

∫
BRε (yn)

zndx ≥ Λ − ε for all n ∈ N large enough.

AIMS Mathematics Volume 11, Issue 5, 13913–13936.
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(ii) (Vanishing) For all R > 0 there holds

lim
n→∞

sup
y∈RN

∫
BR(y)

zndx = 0.

(iii) (Dichotomy) There exists l ∈ (0,Λ) such that for any ε > 0, there exist n0 ≥ 1 and 0 ≤ z1
n, z

2
n ∈

L1(RN) satisfying the following for n > n0:∫
RN

(
zn − (z1

n + z2
n)
)

dx ≤ ε,
∣∣∣∣∣∫
RN

z1
ndx − l

∣∣∣∣∣ ≤ ε, ∣∣∣∣∣∫
RN

z2
ndx − (Λ − l)

∣∣∣∣∣ ≤ ε,
and

dist
(
supp

(
z1

n

)
, supp

(
z2

n

))
→ ∞, n→ ∞.

Lemma 2.4 ([11, Lemma 4]). Let 1 < p < ∞, {un} be bounded in Lp(RN), and un(x) → u(x) almost
everywhere (a.e.) in RN . Then, un ⇀ u in Lp(RN).

Lemma 2.5 ([10, Brézis-Lieb Lemma]). Let Ω ⊂ RN be an open subset and {un} ⊂ Lp(Ω), 1 ≤ p < ∞.
If {un} is bounded in Lp(RN) and un(x)→ u(x) a.e. in Ω, then

lim
n→∞
|un|

p
p = |u|pp + lim

n→∞
|un − u|pp.

3. Local (P.S .) condition

Lemma 3.1. The functional I satisfies (P.S .)c condition for 0 < c < cs, where cs is defined by (1.6).

Proof. Let {un} ⊂ X be a (P.S .)c sequence of I, that is

I(un) =
∑

k∈{p,q}

1
k

∫
RN

(|∇un|
k + |un|

k)dx +
1
2k

(∫
RN
|∇un|

kdx
)2

−
λ

r

∫
RN

h|un|
rdx −

1
s

∫
RN

g|un|
sdx

→ c,

(3.1)

〈I′(un), v〉 =
∑

k∈{p,q}

∫
RN

(|∇un|
k−2∇un · ∇v + |un|

k−2unv)dx

+
∑

k∈{p,q}

(∫
RN
|∇un|

kdx
) ∫
RN
|∇un|

k−2∇un · ∇vdx

− λ

∫
RN

h|un|
r−2unvdx −

∫
RN

g|un|
s−2unvdx

= on(1)||v||

(3.2)

for all v ∈ X.
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Step 1. We first prove that {un} is bounded in X. If 2p < r ≤ s < p∗, then

1 + c + ||un||

≥ I(un) −
1
r
〈I′(un), un〉

=
∑

k∈{p,q}

(1
k
−

1
r

) ∫
RN

(|∇un|
k + |un|

k)dx +

(
1
2k
−

1
r

) (∫
RN
|∇un|

kdx
)2(

1
r
−

1
s

) ∫
RN

g|un|
sdx

≥
∑

k∈{p,q}

(
1
k
−

1
r

)
||un||

k
1,k.

(3.3)

If 2p < s < r < p∗, then

1 + c + ||un||

≥ I(un) −
1
s
〈I′(un), un〉

=
∑

k∈{p,q}

(1
k
−

1
s

) ∫
RN

(|∇un|
k + |un|

k)dx +

(
1
2k
−

1
s

) (∫
RN
|∇un|

kdx
)2(

1
s
−

1
r

)
λ

∫
RN

h|un|
rdx

≥
∑

k∈{p,q}

(
1
k
−

1
s

)
||un||

k
1,k.

(3.4)

From (3.3) and (3.4), it is easy to see that {un} is bounded in X. Thus, we may assume that

un ⇀ u in X, un → u in Lt
loc(R

N) for t ∈ [1, p∗), un(x)→ u(x) a.e. in RN . (3.5)

Step 2. We shall apply the first concentration compactness principle of Lions [25] to show that un → u
in Ls(RN) for all s ∈ (2p, p∗). We will proceed in the spirit of [7,26], where (p, q)-Laplacian equations
with critical and subcritical growth were studied, respectively. Let

zn = |∇un|
p + |∇un|

q + |un|
p + |un|

q + |un|
s + λh|un|

r.

Since {un} is bounded, up to a subsequence, we have

lim
n→∞

∫
RN

zndx = Λ > 0. (3.6)

In fact, if Λ = 0, then

||un||
p
1,p + ||un||

q
1,q =

∫
RN

(|∇un|
p + |∇un|

q + |un|
p + |un|

q) dx→ 0.

Hence un → 0 in X, and I(un)→ 0, which contradicts c > 0. By (3.6) and Lemma 2.3, we deduce that
one of the following three possibilities must occur: Compactness, Vanishing, and Dichotomy.
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We claim that Vanishing cannot occur. By (3.6), we may assume that
∫
RN zndx ≥ Λ

2 > 0 for all n ∈ N,
and hence there is Rn > 0 such that ∫

BRn(0)

zndx ≥
Λ

4
.

If Vanishing occurs, then for any R > 0, there is n0 ≥ 1 such that∫
BR(0)

zndx ≤ sup
y∈RN

∫
BR(y)

zndx <
Λ

8

for all n > n0; in particular, we have
∫

BRn(0)
zndx < Λ

8 , a contradiction.
We next prove that Dichotomy cannot occur. If Dichotomy occurs, there exists l ∈ (0,Λ) such that

for any ε > 0, there exist R > 0, 4R < Rn → ∞, and {yn} ⊂ R
N such that∣∣∣∣∣∣

∫
BR(yn)

zndx − l

∣∣∣∣∣∣ < ε,
∣∣∣∣∣∣∣
∫

Bc
Rn

(yn)
zndx − (Λ − l)

∣∣∣∣∣∣∣ < ε,
∣∣∣∣∣∣
∫

BRn (yn)\BR(yn)
zndx

∣∣∣∣∣∣ < ε, (3.7)

where Ac denotes the complement of set A in RN . Let ϕ ∈ C∞0 (RN) satisfy |ϕ|∞ = 1, and

ϕ(x) = 1 in B1(0), ϕ(x) = 0 in Bc
2(0).

Define u1
n = ϕ1

nun, u2
n =

(
1 − ϕ2

n

)
un, where

ϕ1
n = ϕ

( x − yn

R

)
, ϕ2

n = ϕ

(
x − yn

Rn/2

)
.

Then,

supp
(
u1

n

)
=

{
x ∈ RN : |x − yn| ≤ 2R

}
, supp

(
u2

n

)
=

{
x ∈ RN : |x − yn| ≥

Rn

2

}
are two disjoint sets, and

supp
(
u1

n

)
⊂ B2R(yn) ⊂ BRn(yn), supp

(
u2

n

)
⊂ Bc

Rn/2(yn).

Moreover,
dist

(
supp

(
u1

n

)
, supp

(
u2

n

))
→ ∞, n→ ∞,

and
|∇ϕ1

n|∞ ≤
1
R
|∇ϕ|∞, |∇ϕ

2
n|∞ ≤

1
R
|∇ϕ|∞.

For k ∈ {p, q}, by (3.7), we have∫
BRn (yn)\BR(yn)

|∇u1
n|

kdx =

∫
BRn (yn)\BR(yn)

|ϕ1
n∇un + un∇ϕ

1
n|

kdx

≤ 2k
∫

BRn (yn)\BR(yn)

(
|ϕ1

n∇un|
k + |un∇ϕ

1
n|

k
)

dx

≤ 2k

(
1 +

1
R
|∇ϕ|k∞

) ∫
BRn (yn)\BR(yn)

(
|∇un|

k + |un|
k
)

dx

≤ 2k

(
1 +

1
R
|∇ϕ|k∞

)
ε,
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and then ∫
RN
|∇u1

n|
kdx =

∫
BRn (yn)

|∇u1
n|

kdx

=

∫
BR(yn)

|∇u1
n|

kdx +

∫
BRn (yn)\BR(yn)

|∇u1
n|

kdx

=

∫
BR(yn)

|∇un|
kdx + oε(1).

(3.8)

Similarly, since BR(yn) ⊂ BRn/2(yn), we have∫
BRn (yn)\BRn /2(yn)

|∇u2
n|

kdx ≤
∫

BRn (yn)\BR(yn)
|∇u2

n|
kdx

=

∫
BRn (yn)\BR(yn)

|(1 − ϕ2
n)∇un − un∇ϕ

2
n|

kdx

≤ 2k
∫

BRn (yn)\BR(yn)

(
|(1 − ϕ2

n)∇un|
k + |un∇ϕ

2
n|

k
)

dx

≤ 2k

(
1 +

1
R
|∇ϕ|k∞

) ∫
BRn (yn)\BR(yn)

(
|∇un|

k + |un|
k
)

dx

≤ 2k

(
1 +

1
R
|∇ϕ|k∞

)
ε,

and then ∫
RN
|∇u2

n|
kdx =

∫
Bc

Rn /2(yn)
|∇u2

n|
kdx

=

∫
Bc

Rn
(yn)
|∇u2

n|
kdx +

∫
BRn (yn)\BRn /2(yn)

|∇u2
n|

kdx

=

∫
Bc

Rn
(yn)
|∇un|

kdx + oε(1).

(3.9)

Combining (3.8) with (3.9), and using (3.7), we have∫
RN

(|∇u2
n|

k + |∇u1
n|

k)dx =

∫
Bc

Rn
(yn)
|∇un|

kdx +

∫
BR(yn)

|∇un|
kdx + oε(1)

=

∫
RN
|∇un|

kdx −
∫

BRn (yn)\BR(yn)
|∇un|

kdx + oε(1)

=

∫
RN
|∇un|

kdx + oε(1).

Similar arguments yield∫
RN
|u1

n|
kdx =

∫
BR(yn)

|un|
kdx + oε(1),

∫
RN
|u2

n|
kdx =

∫
Bc

Rn
(yn)
|un|

kdx + oε(1), k ∈ {p, q},

∫
RN

h|u1
n|

rdx =

∫
BR(yn)

h|un|
rdx + oε(1),

∫
RN

h|u2
n|

rdx =

∫
Bc

Rn
(yn)

h|un|
rdx + oε(1),
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RN

g|u1
n|

sdx =

∫
BR(yn)

g|un|
sdx + oε(1),

∫
RN

g|u2
n|

sdx =

∫
Bc

Rn
(yn)

g|un|
sdx + oε(1).

Using these estimates and (3.7), as well as the boundedness of {ui
n}, i = 1, 2, we deduce

c + on(1) + oε(1) =

2∑
i=1

(
1
p
||ui

n||
p
1,p +

1
q
||ui

n||
q
1,q −

λ

r

∫
RN

h|ui
n|

rdx −
1
s

∫
RN

g|ui
n|

sdx
)

+
1

2p

 2∑
i=1

∫
RN
|∇ui

n|
pdx

2

+
1
2q

 2∑
i=1

∫
RN
|∇ui

n|
qdx

2 (3.10)

and

on(1) + oε(1) = ||ui
n||

p
1,p + ||ui

n||
q
1,q − λ

∫
RN

h|ui
n|

rdx −
∫
RN

g|ui
n|

sdx

+

(∫
RN
|∇u1

n|
pdx +

∫
RN
|∇u2

n|
pdx

) ∫
RN
|∇ui

n|
pdx

+

(∫
RN
|∇u1

n|
qdx +

∫
RN
|∇u2

n|
qdx

) ∫
RN
|∇ui

n|
qdx,

(3.11)

from (3.1) and (3.2) with v = ui
n and supp

(
u1

n

)
∩ supp

(
u2

n

)
= ∅.

Assume that

|ui
n|

p
s → γi, λ

∫
RN

h|ui
n|

rdx→ αi,

∫
RN

g|ui
n|

sdx→ βi.

Since
∫
RN g|ui

n|
sdx ≤ |g|∞|ui

n|
s
s, letting n ∈ ∞, we have

γi ≥ β
p
s
i |g|

−
p
s
∞ . (3.12)

It follows from (3.11) that

αi + βi + on(1) + oε(1)

= ||ui
n||

p
1,p + ||ui

n||
q
1,q +

(∫
RN
|∇u1

n|
pdx +

∫
RN
|∇u2

n|
pdx

) ∫
RN
|∇ui

n|
pdx

+

(∫
RN
|∇u1

n|
qdx +

∫
RN
|∇u2

n|
qdx

) ∫
RN
|∇ui

n|
qdx,

(3.13)

AIMS Mathematics Volume 11, Issue 5, 13913–13936.



13924

and then using (3.10), we have

c + on(1) + oε(1) =

2∑
i=1

(
1
p
||ui

n||
p
1,p +

1
q
||ui

n||
q
1,q −

λ

r

∫
RN

h|ui
n|

rdx −
1
s

∫
RN

g|ui
n|

sdx
)

+
1

2p

 2∑
i=1

∫
RN
|∇ui

n|
pdx

2

+
1

2q

 2∑
i=1

∫
RN
|∇ui

n|
qdx

2

≥

2∑
i=1

(
1

2p

(
||ui

n||
p
1,p + ||ui

n||
q
1,q

)
−
λ

r

∫
RN

h|ui
n|

rdx −
1
s

∫
RN

g|ui
n|

sdx
)

+
1

2p


 2∑

i=1

∫
RN
|∇ui

n|
pdx

2

+

 2∑
i=1

∫
RN
|∇ui

n|
qdx

2
=

2∑
i=1

(
αi + βi

2p
−
αi

r
−
βi

s

)
≥

(
1

2p
−

1
s

)
(β1 + β2) .

(3.14)

If {yn} is bounded, then there exists ρ > 0 such that {yn} ⊂ Bρ(0). Since

supp
(
u2

n

)
⊂ Bc

Rn/2(yn) ⊂ Bc
Rn/2−ρ(0),

and
ψ : D1,p(RN)→ R, ψ(u) =

∫
RN

h|u|rdx (3.15)

is weakly continuous, see [28, Lemma 1], we deduce

h|u2
n|

r · χc
n → 0 a.e. in RN ,

∣∣∣h|u2
n|

r · χc
n

∣∣∣ ≤ h|un|
r,

∫
RN

h|un|
rdx→

∫
RN

h|u|rdx,

where χc
n is the indicator function of Bc

Rn/2−ρ(0). Applying the Lebesgue dominated theorem, we get∫
RN

h|u2
n|

rdx =

∫
Bc

Rn /2−ρ(0)
h|u2

n|
rdx =

∫
RN

h|u2
n|

r · χc
ndx→ 0,

and then α2 = 0. Using (3.13) with i = 2 and (3.12), we get

β2 ≥ lim
n→∞
||u2

n||
p
1,p ≥ ds lim

n→∞
|u2

n|
p
s = dsγ2 ≥ β

p
s
2 |g|

−
p
s
∞ . (3.16)

Since β2 > 0 (indeed, if β2 = 0 then u2
n → 0 in X by (3.13), and hence

∫
Bc

Rn
(yn)

zndx = oε(1), which

contradicts (3.7)), then β2 ≥ d
s

s−p
s |g|

p
p−s
∞ . It follows from (3.14) that

c ≥
(

1
2p
−

1
s

)
d

s
s−p
s |g|

p
p−s
∞ ,

a contradiction.
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If {yn} is unbounded, up to a subsequence, we may assume |yn| → ∞ as n→ ∞. Denoting by χn the
indicator function of B2R(yn), we get

h|u1
n|

r · χn → 0 a.e. in RN .

By similar argument, we have α1 = 0 and β1 ≥ d
s

s−p
s |g|

p
p−s
∞ , and then

c ≥
(

1
2p
−

1
s

)
d

s
s−p
s |g|

p
p−s
∞

by (3.14), a contradiction. This completes the proof that Dichotomy cannot occur.
Therefore, Compactness holds, that is, there exists a sequence {yn} ∈ R

N such that for any ε > 0,
there exists Rε > 0 such that ∫

Bc
Rε

(yn)
zndx ≤ ε (3.17)

for all n ∈ N large enough.
We claim that {yn} is bounded. Otherwise, we may assume that |yn| → ∞ as n → ∞. Given ρ > 0,

Bρ(0) ⊂ Bc
Rε

(yn) for large n, and thus

λ

∫
Bρ(0)

h|un|
rdx ≤ λ

∫
Bc

Rε
(yn)

h|un|
rdx ≤

∫
Bc

Rε
(yn)

zndx ≤ ε.

Letting ρ→ ∞ and then n→ ∞, by the weak continuity of the functional ψ given in (3.15), we deduce

lim
n→∞

λ

∫
RN

h|un|
rdx = λ

∫
RN

h|u|rdx = 0. (3.18)

Hence, by (3.2) with v = un, we get

||un||
p
1,p + ||un||

q
1,q + |∇un|

2p
p + |∇un|

2q
q =

∫
RN

g|un|
sdx + on(1).

Let n→ ∞, and we have

lim
n→∞

(
||un||

p
1,p + ||un||

q
1,q + |∇un|

2p
p + |∇un|

2q
q

)
= lim

n→∞

∫
N

g|un|
sdx =: β. (3.19)

It follows from (3.19) that β > 0. Otherwise, un → 0 in X, and then I(un)→ 0, a contradiction. Similar

to the process of estimating (3.16), we have β ≥ d
s

s−p
s |g|

p
p−s
∞ . Combining (3.18) with (3.19), we get

c + on(1) = I(un)

=
1
p
||un||

p
1,p +

1
q
||un||

q
1,q +

1
2p
|∇un|

2p
p +

1
2q
|∇un|

2q
q

−
λ

r

∫
RN

h|un|
rdx −

1
s

∫
RN

g|un|
sdx

≥
1

2p

(
||un||

p
1,p + ||un||

q
1,q + |∇un|

2p
p + |∇un|

2q
q

)
−

1
s
β

=

(
1

2p
−

1
s

)
β ≥

(
1

2p
−

1
s

)
d

s
s−p
s |g|

p
p−s
∞ ,
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a contradiction. Hence, {yn} is bounded, and we may assume that |yn| < ρ. By (3.17),∫
Bc

Rε+ρ(0)
|un|

sdx ≤
∫

Bc
Rε

(yn)
zndx ≤ ε.

From the compact embedding W1,p(BRε+ρ(0)) ↪→ Ls(BRε+ρ(0)), we have

lim
n→∞

∫
BRε+ρ(0)

|un|
sdx =

∫
BRε+ρ(0)

|u|sdx.

Hence,

lim
n→∞

∫
RN
|un|

sdx = lim
n→∞

∫
BRε+ρ(0)

|un|
sdx +

∫
BεRε+ρ(0)

|u|sdx


≤

∫
BRε+ρ(0)

|u|sdx + ε.

Letting ε→ 0 yields |un|
s
s → |u|

s
s. Using Brezis-Lieb Lemma, we have

un → u in Ls(RN), s ∈ (2p, p∗). (3.20)

Step 3. By (3.20), using the Hölder inequality and the Lebesgue dominated theorem, we get∫
RN

g|un|
s−2unvdx→

∫
RN

g|u|s−2uvdx, (3.21)

and ∫
RN

g|un|
s−2un(un − u)dx→ 0. (3.22)

Moreover, since ψ′ is compact (see [28, Lemma 1]), we have ψ′(un)v→ ψ′(u)v, that is∫
RN

h|un|
r−2unvdx→

∫
RN

h|u|r−2uvdx, (3.23)

and ∫
RN

h|un|
r−2un(un − u)dx = ψ(un) −

1
r
ψ′(un)u

→ ψ(u) −
1
r
ψ′(u)u = 0.

(3.24)

In addition, as in the first step of [3, Theorem 3] where the autonomous (p, q)-Kirchhoff equation was
considered, we have

∂un

∂x j
(x)→

∂u
∂x j

(x) a.e. in RN , j ∈ {1, 2, · · ·,N}. (3.25)

Indeed, using un ⇀ u in X and I′(un)→ 0, we have

〈I′(un) − I′(u), (un − u)ϕ〉 = on(1)
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for the fixed ϕ ∈ C∞c (RN). According to the proof of [3, Theorem 3], if
∫
RN f (x, un)(un − u)ϕdx→ 0 as

n → ∞, then ∇un → ∇u a.e. in RN , where f (x, u) = λh(x)|u|r−2u + g(x)|u|s−2u. Using the boundedness
of {un} in X and (3.20), by the Hölder inequality, we have∣∣∣∣∣∫

RN
g|un|

s−2un(un − u)ϕdx
∣∣∣∣∣ ≤ |g|∞|ϕ|∞ ∫

RN
|un|

s−1|un − u|dx

≤ |g|∞|ϕ|∞

(∫
RN
|un|

sdx
) s−1

s
(∫
RN
|un − u|sdx

) 1
s

≤ C|un − u|ss
→ 0

and ∣∣∣∣∣∫
RN

h|un|
r−2un(un − u)ϕdx

∣∣∣∣∣→ 0,

and hence (3.25) holds.
Step 4. un → u in X. We present two methods.
Method 1. By (3.25), (3.5), and Lemma 2.4, we have

|∇un|
k−2∂un

∂x j
⇀ |∇u|k−2 ∂u

∂x j
in L

k
k−1 (RN)

for k ∈ {p, q}, and
|un|

k−2un ⇀ |u|k−2u in L
k

k−1 (RN).

Hence for any v ∈ X, ∫
RN
|∇un|

k−2∇un · ∇vdx→
∫
RN
|∇u|k−2∇u · ∇vdx,∫

RN
|un|

k−2unvdx→
∫
RN
|u|k−2uvdx.

(3.26)

Let lim
n→∞
|∇un|

p
p = A1 and lim

n→∞
|∇un|

q
q = A2. It follows from (3.21), (3.23), (3.26), and (3.2) that

∑
k∈{p,q}

∫
RN

(|∇u|k−2∇u · ∇v + |u|k−2uv)dx

+ A1

∫
RN
|∇u|p−2∇u · ∇vdx + A2

∫
RN
|∇u|q−2∇u · ∇vdx

= λ

∫
RN

h|u|r−2uvdx +

∫
RN

g|u|s−2uvdx,

(3.27)

and ∑
k∈{p,q}

∫
RN

(|∇un|
k−2∇un · ∇v + |un|

k−2unv)dx

+ A1

∫
RN
|∇un|

p−2∇un · ∇vdx + A2

∫
RN
|∇un|

q−2∇un · ∇vdx

= λ

∫
RN

h|un|
r−2unvdx +

∫
RN

g|un|
s−2unvdx + on(1)

(3.28)
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by (3.2) and the boundedness of {un} in X. In addition, using the Hölder inequality, we have

∣∣∣∣∣∫
RN

h|u|r−2u(un − u)dx
∣∣∣∣∣ ≤ |h|∞ ∫

RN
|u|r−1|un − u|dx

≤ |h|∞|u|r−1
r |un − u|r

→ 0,

(3.29)

and ∣∣∣∣∣∫
RN

g|u|s−2u(un − u)dx
∣∣∣∣∣ ≤ |g|∞|u|s−1

s |un − u|s → 0. (3.30)

Thus, let v = un − u in (3.27) and (3.28); we get

∑
k∈{p,q}

∫
RN

((
|∇un|

k−2∇un − |∇u|k−2∇u
)
· ∇(un − u) +

(
|un|

k−2un − |u|k−2u
)

(un − u)
)

dx

+ A1

∫
RN

(
|∇un|

p−2∇un − |∇u|p−2∇u
)
· ∇(un − u)dx

+ A2

∫
RN

(
|∇un|

q−2∇un − |∇u|q−2∇u
)
· ∇(un − u)dx

= λ

∫
RN

h
(
|un|

r−2un − |u|r−2u
)

(un − u)dx +

∫
RN

g
(
|un|

s−2un − |u|s−2u
)

(un − u)dx + on(1)

= on(1)

(3.31)

by (3.22), (3.24), (3.29), and (3.30). Using the inequality [14]

|x − y|t ≤

 C (x − y)
(
|x|t−2x − |y|t−2y

)
, t ≥ 2,

C (x − y)
(
|x|t−2x − |y|t−2y

) t
2 (
|x|t + |y|t

) 2−t
2 , 1 < t < 2,

we have un → u in both W1,p(RN) and W1,q(RN). Hence un → u in X.

Method 2. Let lim
n→∞
|∇un|

p
p = A1 and lim

n→∞
|∇un|

q
q = A2; we have

∑
k∈{p,q}

∫
RN

(|∇un|
k−2∇un · ∇(un − u) + |un|

k−2un(un − u))dx

+ A1

∫
RN
|∇un|

p−2∇un · ∇(un − u)dx + A2

∫
RN
|∇un|

q−2∇un · ∇(un − u)dx

= on(1)

(3.32)
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by (3.2), (3.22), and (3.24). Note that∑
k∈{p,q}

∫
RN

(|∇un|
k−2∇un · ∇(un − u) + |un|

k−2un(un − u))dx

=
∑

k∈{p,q}

(
||un||

k
1,k −

∫
RN

(
|∇un|

k−2∇un · ∇u + |un|
k−2unu

)
dx

)
≥

∑
k∈{p,q}

(
||un||

k
1,k −

∫
RN

(
|∇un|

k−1|∇u| + |un|
k−1|u|

)
dx

)
≥

∑
k∈{p,q}

(
||un||

k
1,k −

(
|∇un|

k−1
k |∇u|k + |un|

k−1
k |u|k

))
≥

∑
k∈{p,q}

(
||un||

k
1,k − ||un||

k−1
1,k ||u||1,k

)
=

∑
k∈{p,q}

||un||
k−1
1,k

(
||un||1,k − ||u||1,k

)

(3.33)

by using the Hölder inequality, and∫
RN
|∇un|

k−2∇un · ∇(un − u)dx ≥ |∇un|
k
k −

∫
RN
|∇un|

k−1|∇u|dx

≥ |∇un|
k−1
k (|∇un|k − |∇u|k)

(3.34)

for k ∈ {p, q}. By un ⇀ u in X, we get

un ⇀ u in W1,k(RN), un ⇀ u inD1,k(RN) for k ∈ {p, q}.

Since the norm in W1,k(RN) and the norm inD1,k(RN) are weakly lower semicontinuous, then

||u||1,k ≤ lim
n→∞
||un||1,k, ||u||D1,k ≤ lim

n→∞
||un||D1,k for k ∈ {p, q}, (3.35)

where ||u||D1,k = |∇u|k. Combining (3.32)–(3.35), we have∑
k∈{p,q}

||un||
k−1
1,k

(
||un||1,k − ||u||1,k

)
= on(1). (3.36)

Case 1. If q = p, then
||un||

p−1
1,p

(
||un||1,p − ||u||1,p

)
= on(1). (3.37)

We claim that there is C > 0 such that ||un||1,p ≥ C. Otherwise, if un → 0 in W1,p(RN), that is, un → 0
in X, then I(un)→ 0, a contradiction. Hence, by (3.37),

lim
n→∞
||un||1,p = ||u||1,p. (3.38)

If p = 2, by un ⇀ u in W1,2(RN), it is easy to check that un → u in W1,2(RN). If p , 2, then

lim
n→∞
|∇un|p = |∇u|p, lim

n→∞
|un|p = |u|p
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by (3.38) and the weakly lower semicontinuity of the norm in W1,p(RN) and D1,p(RN). By (3.5)
and (3.25), using Lemma 2.5 (Brésiz-Lieb Lemma), we have

lim
n→∞
|∇un − ∇u|pp = lim

n→∞
|∇un|

p
p − |∇u|pp = 0, lim

n→∞
|un − u|pp = lim

n→∞
|un|

p
p − |u|

p
p = 0,

and hence
lim
n→∞
||un − u||1,p = 0,

that is, un → u in X.
Case 2. If q < p, then there exists C > 0 such that ||un||1,k ≥ C for k ∈ {p, q}. Otherwise, if un → 0 in
W1,p(RN), then un → 0 in Lt(RN), t ∈ (p, p∗). Thus,∫

RN
g|un|

sdx→ 0, and
∫
RN

h|un|
rdx→ 0,

since ψ defined by (3.15) is weakly continuous. Hence,

on(1) = 〈I′(un), un〉 = ||un||
q
1,q + |∇un|

2q
q + on(1),

and then I(un)→ 0, which is a contradiction. If un → 0 in W1,q(RN), then un → 0 in Lt(RN), t ∈ (q, q∗).
For any α, β satisfying q < α < q∗ ≤ β < p∗, using the Hölder inequality and the boundedness of {un}

in X, we have
|un|β ≤ |un|

(1−λ)
α |un|

λ
p∗ ≤ C|un|

(1−λ)
α → 0,

where λ =
β−α

p∗−α ·
p∗
β

. Hence un → 0 in Lt(RN), t ∈ (q, p∗). Similarly, I(un)→ 0, which is a contradiction.
Therefore, by (3.37),

lim
n→∞
||un||1,k = ||u||1,k, k ∈ {p, q}.

By virtue of the weakly lower semicontinuity of the norm,

lim
n→∞
|∇un|k = |∇u|k, lim

n→∞
|un|k = |u|k.

By (3.5) and (3.25), using Lemma 2.5 (Brésiz-Lieb Lemma), we have

lim
n→∞
|∇un − ∇u|kk = lim

n→∞
|∇un|

k
k − |∇u|kk = 0,

and
lim
n→∞
|un − u|kk = lim

n→∞
|un|

k
k − |u|

k
k = 0

for k ∈ {p, q}. Hence un → u in X. �

4. Proof of Theorem 1.1

Lemma 4.1. Assume that ( f1) and ( f2) hold. Then
(i) there exist ρ, α > 0 such that I(u) ≥ α > 0 for any u ∈ X with ||u|| = ρ;
(ii) there exists e ∈ X with ||e|| > ρ such that I(e) ≤ 0.
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Proof. (i) For any u ∈ X with ||u|| < 1, by Hölder inequality and (1.6),

I(u) =
1
p
||u||p1,p +

1
q
||u||q1,q +

1
2p
|∇u|2p

p +
1

2q
|∇u|2q

q

−
λ

r

∫
RN

h|u|rdx −
1
s

∫
RN

g|u|sdx

≥
1

2p

(
||u||p1,p + ||u||q1,q + |∇u|2p

p + |∇u|2q
q

)
−
λ

r
|h|∞|u|rr −

1
s
|g|∞|u|ss

≥
1

2p

(
||u||p1,p + ||u||q1,q

)
−
λ

r
|h|∞d

− r
p

s ||u||r1,p −
1
s
|g|∞d

− s
p

s ||u||s1,p

≥ C1||u||p − λC2||u||r −C3||u||s.

Since {r, s} ⊂ (2p, p∗), then there is a ρ ∈ (0, 1) small enough such that

α := inf
||u||=ρ

I(u) > 0 = I(0).

(ii) For any fixed u0 ∈ X\{0} and t > 0, since

I(tu0) =
tp

p
||u0||

p
1,p +

tq

q
||u0||

q
1,q +

t2p

2p
|∇u0|

2p
p +

t2q

2q
|∇u0|

2q
q

−
λtr

r

∫
RN

h|u0|
rdx −

ts

s

∫
RN

g|u0|
sdx,

then I(t0u0) < 0 for t = t0 large enough, and hence there exists e := t0u0 with ||e|| > ρ such that
I(e) ≤ 0. �

Proof of Theorem 1.1. By Lemmas 3.1 and 4.1, applying Lemma 2.1 (mountain pass theorem), it is
enough to show that

c := inf
γ∈Γ

max
t∈[0,1]

I(γ(t)) < cs,

where Γ := {γ ∈ C ([0, 1], X) : γ(0) = 0, γ(1) = e}.
Let Z :=

{
u ∈ X : suppu ⊂ Ω

}
, where Ω is defined by ( f1), then Z is an infinite dimensional subspace

of X. Let Zm be an m-dimensional subspace of Z. On Zm,

[u]h :=
(∫
RN

h|u|r
) 1

r

, [u]g :=
(∫
RN

g|u|s
) 1

s

are norms of u ∈ Zm. Since dim Zm < ∞, all norms on Zm are equivalent. Therefore, for u ∈ Zm, we
have

I(u) =
1
p
||u||p1,p +

1
q
||u||q1,q +

1
2p
|∇u|2p

p +
1

2q
|∇u|2q

q

−
λ

r

∫
RN

h|u|rdx −
1
s

∫
RN

g|u|sdx

≤
1
p
||u||p +

1
q
||u||q +

1
2p
||u||2p +

1
2q
||u||2q − λC1(m)||u||r −C2(m)||u||s

= fm(||u||) − λC1(m)||u||r,
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where C1(m),C2(m) > 0 (depending on m) are constants, and fm is defined by (1.5). Since s > 2p,
there exists R = R(m) > 0 large enough such that fm(R) < 0.

Let
A = Zm ∩ ∂BR(0).

Then, for any λ > 0, taking e ∈ A, we have

I(e) ≤ fm(||e||) − λC1(m)||e||r ≤ fm(R) < 0.

Since the function fm is continuous and fm(0) = 0, then there is δ ∈ (0,R) such that

fm(t) < cs, ∀t ∈ [0, δ].

Thus, if t1 ∈
[
0, δR

]
, then ||t1e|| ∈ [0, δ], and hence

I(t1e) ≤ fm(||t1e||) < cs.

On the other hand, if t1 ∈
[
δ
R , 1

]
, then ||t1e|| ∈ [δ,R]. Since

I(t1e) ≤ fm(||t1e||) − λC1(m)||t1e||r,

it is enough to show that fm(t) − λC1(m)tr < cs for any t ∈ [δ,R].
Let

Λm :=

 max
t∈[δ,R]

fm(t) − cs

C1(m)tr , if fm(tm) > cs,

0, if fm(tm) ≤ cs.

Then, when λ > Λm, fm(t) − λC1(m)||t||r < cs for any t ∈ [δ,R]. Hence,

max
t∈[0,1]

I(te) < cs

when λ > Λm, and then c ≤ max
t∈[0,1]

I(te) < cs.

Let
Λ∗ := min {Λm : m ∈ N} . (4.1)

Then, c < cs when λ > Λ∗. In particular, if there exists a m ∈ N such that Λm = 0, that is max
t>0

fm(t) ≤ cs,
then Λ∗ = 0, where fm is defined by (1.5).

5. Proof of Theorem 1.2

Proof of Theorem 1.2. For any u ∈ X\{0}, when t > 0 is small enough,

I(tu) = tq

(
1
q
||u||q1,q +

tp−q

p
||u||p1,p +

t2p−q

2p
|∇u|2p

p +
t2q−q

2q
|∇u|2q

q

−
λtr−q

r

∫
RN

h|u|rdx −
ts−q

s

∫
RN

g|u|sdx
)

> 0.
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Hence, u = 0 is a strictly local minimizer of I.
Let Z :=

{
u ∈ X : suppu ⊂ Ω

}
, where Ω is defined by ( f1). Then, Z is an infinite dimensional

subspace of X. Let Zm be an m-dimensional subspace of Z. On Zm,

[u]h :=
(∫
RN

h|u|r
) 1

r

, [u]g :=
(∫
RN

g|u|s
) 1

s

are norms of u ∈ Zm. Since dim Zm < ∞, all norms on Zm are equivalent. Therefore, for u ∈ Zm, we
have

I(u) =
1
p
||u||p1,p +

1
q
||u||q1,q +

1
2p
|∇u|2p

p +
1

2q
|∇u|2q

q

−
λ

r

∫
RN

h|u|rdx −
1
s

∫
RN

g|u|sdx

≤
1
p
||u||p +

1
q
||u||q +

1
2p
||u||2p +

1
2q
||u||2q − λC1(m)||u||r −C2(m)||u||s

= fm(||u||) − λC1(m)||u||r,

(5.1)

where C1(m),C2(m) > 0 (depending on m) are constants, and fm is defined by (1.5). Since s > 2p,
there exists R = R(m) > 0 large enough such that fm(R) < 0.

Let
A := Zm ∩ ∂BR(0). (5.2)

Then i(A) = m. For any λ > 0, if u ∈ A, then

I(u) ≤ fm(||u||) − λC1(m)||u||r ≤ fm(R) < 0. (5.3)

Hence max
u∈A

I(u) ≤ 0.
Since the function fm is continuous and fm(0) = 0, then there is a δ ∈ (0,R) such that

fm(t) < cs, ∀t ∈ [0, δ].

Thus, if t1 ∈
[
0, δR

]
, then for any u ∈ A, we have ||t1u|| ∈ [0, δ], and hence

I(t1u) ≤ fm(||t1u||) < cs.

On the other hand, if t1 ∈
[
δ
R , 1

]
, then for any u ∈ A, we have ||t1u|| ∈ [δ,R]. Since

I(t1u) ≤ fm(||t1u||) − λC1(m)||t1u||r,

it is enough to show that fm(t) − λC1(m)tr < cs, that is,

λ >
fm(t) − cs

C1(m)tr

for any t ∈ [δ,R].
Let

Λm :=

 max
t∈[δ,R]

fm(t) − cs

C1(m)tr , if fm(tm) > cs,

0, if fm(tm) ≤ cs,
(5.4)
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and then when λ > Λm, fm(t) − λC1(m)||t||r < cs for any t ∈ [δ,R]. Hence,

max
u∈B

I(u) < cs,

where B = {tu ∈ X : t ∈ [0, 1], u ∈ A}. Applying Lemma 2.2, I has m pairs of nonzero critical points,
which are nontrivial solutions of (1.1).

6. Conclusions

In this paper, we study the multiplicity of solutions to the (p, q)-Kirchhoff equation (1.1) with
nonnegative weight functions by using the concentration compactness principle and a critical point
theorem of Perera. In particular, we only need to prove that the corresponding energy functional
satisfies the local Palais-Smale condition. This work partially generalizes the results of Liu and
Perera [26, Theorem 1.2], and provides a new perspective for studying multiple solutions of Kirchhoff-
type equations. However, this paper only considers the case of nonnegative and bounded weight
functions. As for other cases involving sign-changing or unbounded weight functions, we leave them
for further investigation in our future work.
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