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1. Introduction

The boundary value problem of analytic functions serve as a core research direction at the
intersection of complex analysis and mathematical physics. It has a wide range of applications in
elasticity, fluid mechanics, and complex system modeling. For example, in the field of elasticity, the
boundary value problem for analytic functions is the core method for solving the plane elasticity or
anti plane elasticity problems. In fluid mechanics, the flow characteristics of incompressible fluids can
be described through the boundary value analysis of analytic functions. In electromagnetics, it can be
used to solve the boundary value distribution of the electromagnetic fields. The theoretical system for
boundary value problems of analytic functions is relatively complete [ 1-5]. However, in some practical
engineering applications, classical boundary value problems for analytic functions are often difficult to
handle complex boundaries and high-dimensional nonlinear scenarios. This motivates the development
of multifaceted generalizations for analytic functions. There are many types of the extensions of
analytic functions, such as generalized analytic functions, bianalytic functions, and weighted analytic


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2026563

13661

functions [6-10].
One type of the important extension of analytic functions is obtained by weakening the constraints
of their Cauchy-Riemann systems. For example, the Beltrami equation,

(65—,8§6Z)f(z):0, z=x+iy, 0<B<I, (1.1)

which was proposed by Tungatarov [11], is one of the most essential and intrinsic generalizations of
the classical Cauchy-Riemann system. Here,

1 1
62 = E(ﬁx + iay)’ az = E(ax - la}) (12)

Let .
(@) f(2) = (0 ~BZ0)[ ().

The solutions to Eq (1.1) are called S-analytic functions. This kind of function retains some of the core
properties of analytic functions while giving them greater flexibility, and can describe the distribution
of physical fields in non-uniform media. It has demonstrated the significant application value in fields
such as elasticity, fluid mechanics, and composite material mechanics [12, 13]. In [11], a S-generalized
Cauchy-Pompeiu representation formula and the Cauchy integral formula for S-analytic functions were
obtained. Iwaniec and Martin [14] studied another more extensive Beltrami equation:

0:f(z) = m(2)0.f (), |u@|<qg<1,

where p(z) is a measurable function. With the existence theorem for quasiconformal mappings, they
gave the existence and uniqueness theory of the Beltrami equation, and various properties of the
solutions to this equation. The Beltrami equation is a complex form of many first-order linear elliptic
equation systems and has attracted the attention of many scholars. By the S-Cauchy integral formula,
Blaya, Reyes, and Dixan [15] developed the Plemelj-Sokhotski formulas and the Liouville theorem for
[B-analytic functions, and obtained the unique solution to the Riemann jump boundary value problem.
Thereafter, they studied the properties of the S-Cauchy-type integral with continuous density, and
based on that, they discussed the Riemann boundary value problem for S-analytic functions on regular
curves [16,17]. Later, by the properties of -singular integral operators and S-Cauchy type integral
on a domain with d-summable boundary, they derived the solutions and the solvability conditions
for a jump problem of S-analytic functions in domains with fractal boundaries, as well as for the
Riemann boundary value problem on d-summable closed curves [18,19]. Reyes, Blaya, and Rosa [20]
obtained the Hilbert formulas for S-analytic functions on the unit circle and on the upper half-plane
by the singular S-Cauchy integral operator. Furthermore, the Poincaré-Bertrand formula and the
corresponding Schwarz and Poisson formulas were derived. Using the orthogonal decomposition of
the Sobolev space with respect to operator (Sf , Reyes, Barseghyan, and Schneider [21] discussed a type
of Dirichlet problem for S-analytic functions and obtained the specific representation of the solution.
With the measurable Riemann mapping theorem and the Hilbert problem for analytic functions on
the disc, Gutlyanskii, Ryazanov, and Yakubov et al. [22] studied the existence of solutions to a type
of Hilbert boundary value problem for the Beltrami equation (1.2), though they did not provide the
specific form of the solution. Inspired by this, in this article, we will first seek the specific form of
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the solution to the Hilbert problem for S-analytic functions on the unit disc in C. We will obtain the
solution to the problem and the solvability conditions. The conclusions obtained will further deepen
the study of the boundary value problems for S-analytic functions and provide new methods for dealing
with problems of mixed boundary and crack surface in orthotropic elastic mechanics.

Bi-analytic functions are another extension of analytic functions, which were proposed by
Sander [23] when studying the partial differential system

ox oy
k+DE+%2 =0, k+DHF-%=0,

ou o _ ou v _
{ 0 5t = W,
dx dy Oy ox

where k € R, k # —1. Sander obtained some analogous properties of bi-analytic functions similar to
analytic functions. The widespread application of partial differential equations in dynamics and image
processing [24-27] has prompted researchers into the use of bi-analytic functions in the plane strain,
the generalized plane stress, the flow of viscous fluids, and image processing.

Lin and Wu [28] introduced bi-analytic functions of type (4, k), which are defined by the system:

1 0u v _ ou 1ov _
{ AR
ka+/la—y:0, kg—/lazo,
where f(z) = u(x,y) + iv(x,y), and A and k are real constants with 4 # 0,1,k*> and 0 < k < 1,
respectively. The corresponding complex form is

k+10f k-18f A-k Atk—  9p(z)

9 A7k D, R .
> or T 2 0 Ot 5

They obtained the Cauchy integral expression and some properties of bi-analytic functions of type
(4,k). Thus, bi-analytic functions of type (4, k) provide a powerful tool to deal with problems of
plane elasticity [29,30], and become the research focus. Applying the higher-order Cauchy-Pompeiu
representations, Karaca [31] derived the explicit solutions to some mixed boundary value problems
for bi-polyanalytic functions and higher-order boundary value problems for model equations in the
upper half plane. By the properties of complex and quaternionic polyanalytic Fock spaces, Gal and
Sabadini [32] obtained quantitative approximation results by polyanalytic polynomials. Applying the
method of Riemann boundary value problem for analytic functions, Lin [33] obtained the conditions
of solvability and the expression of the solutions for a class of inverse boundary value problems for
(4, 1) bi-analytic functions. These conclusions about bi-analytic functions are in the complex plane, yet
there are few in C". In view of this, in this article, we will explore the solution to the boundary value
problems for bi-analytic functions of type (4, 1) and higher-order complex partial differential systems
on the bicylinder in C?. The conclusions drawn will lay a necessary foundation for further research on
boundary value problems of bi-analytic functions of type (4, k) in high-dimensional complex spaces
or the corresponding high-order partial differential equations, and will provide new tools for handling
complex image and signal problems.

The outline of the article is as follows: In Section 2, we list the definitions and lemmas to be used
in the article. In Section 3, we discuss the Hilbert boundary value problems for S-analytic functions.
In the last section, we study several Riemann problems for higher-order complex partial differential
equations and (4, 1) bi-analytic functions on the bicylinder in C.
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2. Some definitions and lemmas

To get the results, we need the following definition and lemmas.

Definition 2.1. [15] Let Q be an open domain in the complex plane, and let f(z) be a continuously
differentiable complex-valued function. f(z) is called a B-analytic function on Q if it is the solution of
the Beltrami equation

@)f(2) = (6 —Bgﬁz)f(z) =0, zeQ, 0<p<l.

7z’ is an example of B-analytic functions where 6 = lzfﬂﬁ For g = 0, B-analytic functions are
well-known analytic functions.

Lemma 2.2. [I15] Let f € C'(Q; C) " C(Q; C), where Q is an open domain in the complex plane, and
the boundary T of Q consists of a simple smooth Jordan curve. Then

1 f@ode _ p L@t
Cﬁ = f = i
DO = 30T Bmi e T=2iP * 20 =By e 7 - il

is a B-analytic function in C\ I', where 6 = % (0 < B < 1). The above integral plays the role of the
Cauchy type integral in the theory of B-analytic functions and is called the B-Cauchy type integral.

Lemma 2.3. [15] Let f € CY(Q; C) (" C(Q; C), where Q is an open domain in the complex plane, and
the boundary I of Q consists of a simple smooth Jordan curve. If the B-Cauchy type integral (Clﬁ. (@)
has limit values (Cﬁ ) (t) when z approaches t from QF, almost everywhere on T, then (S [; (1) exists
for almost every t € T, and the formula

z¢l

1
(CEN* (1) = S(STH@) = f1)
holds, where (S ? )(2) is the singular B-Cauchy integral operator:
L (U@-f0) B (@~ fund
A =Pmi Jr -1t/ (L=Pmi Jr - (¢ —1lt/21)

which is taken in the sense of Cauchy’s principal value, and 6 = IZTﬁB (0<B<I).

Conversely, if (S ? )(¢) exists for almost every t € T, then the B-Cauchy type integral (Cfi )(2) has
limit values (Cllf )*(t) almost everywhere on I and satisfies the above formulas.

(SEH@) = f(0), zeT,

Lemma 2.4. [17] (B-Analytic Generalized Liouville Theorem) Let F(z) be a B-analytic function in
the whole complex plane C. For r > 0, suppose that

. M(R)
lim Qo =

R—oo

0, M(R):= max|F()|.
I{I=R

Let [ be the least positive integer such that I(1 + 0) > r, then F is a B-polynomial P;_(z|z|’) whose
degree is not greater than | — 1, that is

2] 0N\2 oNI[-1
F(z) = ap+azlzl” + ax(zlz])" + -+ + a1 (2l) 7,

where@z%(OS,B<1).
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Definition 2.5. Let G be the generalized bicylinder in C*, and let A € R\ {0, 1,—1}. Then f(z) is called
a bi-analytic function of type (A, 1) on G if
A=1 A+1—
0:,05,f(2) = W"O(Z) + W(’D(Z)’ 07,0,0(2) =0, z=(21,22),
and ¢(z) is called the associate function of f(z).

3. Hilbert BVP

In this section, we discuss the Hilbert boundary value problems for S-analytic functions. In the
following, let D be the unit disc in C with the boundary L, and D™ be the interior region bounded by L,
and D~ = C\ D*. Let f*(¢) and Ji ~(#) denote the limit values of f(z) as z — #(¢t € L) along the side of
D* and D™, respectively. Let C,(G) represent the set of Holder continuous functions on G.

Problem H1 Leta = a(t)_,b = b(t),c = c(t) e_C,J(L) be the known Holder continuous real
functions defined on L, aﬂ let A(t) = a(t) + ib(t) with |A(t)]* # 0. Find the S-analytic function ®*(z) in
D" being continuous on D*, such that
PD*(2) = (9 - p20.)D*(2) =0, z €D, G0

RIANDDT (O] = c(t), teL, '
where 0 < g8 < 1.
Theorem 3.1. Leti =a(),b = b(),c = it) € C,(L) be the known Holder continuous real functions
defined on L. Let A(t) = a(t) + ib(t) with |A(t)]> # 0, and let

1 . la(t) — ib(1)]?

K= -—Aparg

2n a*(t) + b(r)
Then the solution of problem HI can be expressed as the following:
(1) Fork > 0,

D(2) = Bo(2) + X@leo(@d + 1@y + -+ + es@dt + T @) + - + 3,

where 0 = % 0<p<1)¢;(j=0,1,---,5 = 1) are arbitrary complex constants and cx is arbitrary
real constant, and

Dy(z) =

X(z) { f c()(1 + @)™ dt
27 ), [a(e) + ib(01X* (1) 1 — zlzl?

_ 0\« —k—1 C(t)
(el ff o+ oo

ln[t"‘ ib(t)—_u(t) ]dt
I e U o ad +
X(z) = CeXp{Zm'fL Py } zeD7,
(2) =

ln[t’K ib(t)—a(t)

O\—«k 1 a(t)+ib(t ]dt —
Cldel)y ™ exp {5 [, —25—), zeD",
1 [ oib(e) — a(e”)
C= — A 7 /7]
i dve fo arg (e a(e®) + ib(ete)) }
(2) For k < 0, ©(z) = Dy(z) which is represented in (1), if and only if

»[Lt [a(?) + ib(t)]X+(t)dl =0 (m=0,1,---,-k=2).
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Proof. (i) First, we transform Problem H1.
Let

1
(D*(Z) = (D(E)’ Z € D_9
in which D~ = C \ D* and ®, is the symmetric expansion of ® in D~. Let

W) = { O*(z) = D(z), z€ D,

D.(z), zeD . 32)

Suppose that ®* is S-analytic in D" and f = wforz € D7, then w € D* and 6§CD+(W) = 0. Since
®* = ®in D*, then a§®+(w) = chl)(w) = 05 ®(w) — B0, @(w) = 0. Therefore, for z € D,

D, (2) = D) = (6- —ﬁgaz)w

— Z 0 ow 70 — Ow
= 0:0(w) —ﬁgéz(D(w) = %CD(W) : (9_2 —ﬁ%%q)(w) : a_z

= 8, D(W) - -w — B0 D(W)D. 10
Z

= [05000) — B3, DO + B0, Do = BZ0,B00
- ﬁawqxw)[%zw - Zo.w]

w Z
= O,

which means that ®.(z) is S-analytic in D~. Similarly, if ®.(z) is S-analytic in D™, then ®(z) is -
analytic in D*. From (3.2),

Y.(2) =¥(), ze€D, (33)
Y1) = O (r) = CD+(%_) =0 (H=VY"(r), tel. '
By (3.2) and (3.3), the boundary condition in (3.1) is transformed into
(a+ ib)¥Y* () + (a— b)Y (t) =2¢c, te€L. (3.4)

Since ®(z) is bounded in z = 0, then W¥(o) is bounded. Thus, Problem HI1 is transformed into the
following:

Problem R: Find the piecewise B-analytic function W(z) in D* such that ¥(z) is bounded in co with
Y.(z) = ¥(z), and satisfies the boundary condition:

(1) = GO (1) + g(1), (3.5)
in which ) — ib(o) 2e(t)
a —1 C
G() = —m,g(f) = a0+ b0’ (3.6)
and the index
1 B an) - ib(t) 1 la(t) — ib(1)?
K= pptrarg G = soaiarg o = LA T
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K 1s an even number. Let
Ce'®,  ze D,

C(Zzl") ™™, ze D,

X(z) = {

where C is arbitrary non-zero complex constant and

1 fln[(tltlg)_KG(t)]dt N B ftln[(t|t|9)"<G(t)]dt‘
(=P J,  t—zlz/1f° 200 =Py J, 1z — zlz/1)%)
_ 1 fln[t‘KG(t)]dt N B ftln[t"‘G(t)]dt_
20 =Py J, t—2zlzl 201 =pyni J, 1t — zz)
_ 1 f In[r*“G(?)]dt N B f tIn[t7*G(1)] dl
20 =i J,  t =2l 20 =pmi J Lt —2zlf) ¢
3 1 f In[r*G(t)]dt N B f —In[r *G(r)]dt
2(1 =Bymi J;,  t—2zlz? 2(1 = p)mi J;, t—zlzl
1 In[r*G(n)]dr
T 2mi ), t—zzf

I'(z) = 3

(3.7)

(3.8)

By Lemma 2.2 and the B-analyticity of z|z|’ (6 = %), X(z) is B-analytic on D*. Applying Lemma 2.3,

we get that
() - T (1) = In[(tl1") *G (D)),

which leads to
CeF*(z) — Cel“(t)+1n[(t|t|0)7KG(t)] — C(t|t|0)—KG(t)el”(t).

That is
X*(t) = GOX (1),

which means that X(z) is a particular solution to W*(¢) = G(1)¥~(¢).

Since
pnd v |cib@ —a®)) bt —a)y . ib(1) = a(f)
In[#G(#)] = In |t a(t) + ib(7) tiarg (t a(t) + lb(f)) T (t a(t) + lb(t)),
let ib(1) (0)
bt —a(t)\  ~
e e r am) = OO
then ~
B i G(t)dt
Fa= 2 fL t—27)7?
Therefore,

- o _
ro=rd=, [L00_ L (a0
L

2 Jpt— ?|§|9 2n 1t — z|z|?)

1 [ Gwdt 1 f&'(z)dr
o) t—d0 2 ), ot
=I'(z) - ia,

(3.9)
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where _ )
1 Gdr 1 f T~
= — = — G(e")do
¢ 2mi o J; ot 21 Jo )

is a real number for G € R. As a result,

Cel*@ = Ce™e'@, 7 e D~
X.(2) =4 = _ ’ 3.10
(Z) { C(Z|Z|6)K€r*(Z) — Ce_la(Z|Z|e)K€r(Z), 7€ D+. ( )
By (3.9) and (3.10), we get that
6 —ia Ok +
X.(2) = Ee (zzI")X(z), ze D"
Choose
—i2 1 e i0
C=e¢' :exp{ﬁj(; G(e")do),
then we have
X.(2) = (@)X (z), zeD* (3.11)

(i1) In the case of c(¢) = O (i.e., g(¢) = 0), to obtain the solution to Problem H1, we first solve the
corresponding homogeneous Problem R1, where the boundary condition is

(1) = GO (1)

For « > 0, as X*(r) = G(1)X (t), then we have

¥r@ Y0
X+ X

Thus, % is B-analytic in the whole complex plane. Since ¥(c0) is bounded and X has a zero point of
order at z|z| = oo, then 1 has a pole of « order at z|z] = co. Applying Lemma 2.4,

¥
& (212%),

where P(z|z|?) is an arbitrary S-polynomial whose degree is not greater than «. Therefore,

¥(2) = X(2)P (2", (3.12)
where
P(@l2l®) = co@e’) + ci (22" + -+ + e,
and c; (j = 1,--- ,k) are arbitrary complex constants.

By (3.11) and (3.12), we get that

¥.(2) = X.(2)[P(2lzl)].
= (2" X(@)[Cozld) ™ + i@l ™ P + - + ¢
= X(2)[co + T1(zlzl”) + - - - + Telzlz ) ].

AIMS Mathematics Volume 11, Issue 5, 13660-13682.



13668

To make ¥.(z) = ¥(2),
Co+C1(@zd”) + - + Gz = colalzl®) + e (@Y + -+ e

is required, that is

Since « is an even number, only

is needed. Thus,

0 0 Oyk—1 0NE | (11051 —
P(2lzl") = co(@lzl)* + c1(2lzl" ) + -+ + cx(@lzl)? + c5i(zlzl)> T + -+ + Co,

(3.13)

andc¢; (j=0,1,---, g — 1) are arbitrary complex constants, and Cs is arbitrary real constant. Therefore,
the solution to the homogeneous Hilbert Problem H1 is ®(z) = ¥(z) represented by (3.12), in which

P.(z|z|?) is represented by (3.13).
For k < 0, P,(zlzI) = 0. Therefore, ¥(z) = 0, so that ®(z) has only zero solution.

(i11) In the case of c(r) # 0 (i.e., g(r) £ 0), in the following, we seek the solution to the non-
homogeneous Problem H1. We first seek a specific solution to the non-homogeneous Problem R1

under the boundary condition (3.5).
For « > 0 and by (ii), we have
X (1) = GOX (o).

Plugging the above equation into (3.5), we get that

X*(1)
X=(1)

() = Y (1) + g(1),

SO
Y Y@ g0

X0 X)X

Let
_ )

CX@)'
As ¥ and X are S-analytic on D*, then F is S-analytic on D* with the the jumping condition

I{0)
X*(t)

F(2)

Fr)=F (1) +

As X has an order of —« at z|z]’ = co and ¥(c0) is bounded, then the maximum order of F at z|z]’ = oo

1S K.
Applying the Plemelj formula for S-analytic functions, we get that

p 8\ L f gt) dt B f gty i
(CLX+)(Z) 2(1 = pymi Jp X+(0) 1 = 2’ ’ 2(1 = pymi Jp X*(0) 1(t — zlzl°)

1 gy dt
C 27 J; X0t —ZJz|?”

AIMS Mathematics Volume 11, Issue 5, 13660-13682.



13669

and
8 8 8
(C/Lgx+) (t) (Cﬁ)ﬁ) (0 + X+(t).
Thus, CB is a special solution to
P 8(®)
F')=F () + X0
Therefore,
(Z) gn)  dt
¥(2) = X()(C LX+)() fX+(t)t—z|z|9

is a special solution to (3.5). Thus,

1
Do(2) = S [¥(2) + ¥.(2)]

is a special solution to Problem H1.
Since X.(2) = (zz°)*X(2), then

X+() = X, () = (tlyX(0).

Considering ,
ib(t) — a(®) -
——— X (),

X () =G(HX
(0 =GOX (1) = () + 1b(0)

then (a(t) + ib(1))X*(t) = (ib(¢) — a(t))X " (t), and thus

(a(t) — ib(t)X* (1) = —(a(?) + ib(1)X~ ()
= —(a®) + ib@)(|tl")*X*(r)

|1’

= —(a(t) + lb(l‘))(—) “X*(1)
= —(a(t) + zb(t))t“X*(t).

Therefore,

( 8() ) _ 2¢(1) _ 2¢(1) _ —8@
X*(1)

By (3.14) and (3.15), we get that

g(n) df
Xt(Ht—
g(t) 1 1
= 3¢
= (2lzl) () f X*(t)[ PR

(Z|Z|€)KX(Z) g(f) 1 1
ftKX+(t) t—z|zlf ;]dt

¥.(2) = X.(2)(C} ) (2) = Xu(z )2_mf
zlzl‘9

(a(t) — ib()XT () —(@@) + ibO)EXT() X

(3.14)

(3.15)
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which leads to

1
Dy(z) = 5[‘I’(Z) +¥.(2)]

11 X(@@) g(r) dt (zlzl")KX(z) g(®) 1 1

- E[ f IKXW) — —]dz] (3.16)

Qi LX+(t)t—z|z|" 7zl ot

_X@r 8@ B 1 8O
- 4m'[fLX+(t)(1+ 2zl e I_lele zl? th X—+(t)dt].

The general solution ®(z) of the nonhomogeneous Problem H1 can be obtained from the general
solution of the corresponding homogeneous problem and a particular solution of the nonhomogeneous
problem, that is

D(2) = Og(2) + X(2)lcolel”) + 1@z ™" + -+ + es@led))? + (el ™" + -+ + Tl

inwhich¢; (j=0,1,---,5 — 1) are arbitrary complex constants and Cs is arbitrary real constant.
For k < 0, the S-analytic function F satisfying

g()
X*(1)

Fr)y=F (t)+

has an —k-order zero point at z|z]? = co. Expanding the special solution (C 1x7)(2) of

I{0)
X*(1)

Fr()=F (1) +

into a Laurent series near z|z|’ = co, we get that

gty dt
(CLX+)( 9= fX+(t)t—zlzl(’

_ LNy (8@ -
——%mz:o[fL il

£-)(z) has —«-order zero at z|z|’ = oo, if and only if

To ensure that (C

LX*
8(1)
M—=—=—dt=0 =0,1,---,—k—=2). 3.17
fL e (m K=2) (3.17)
At this point, the problem for S-analytic functions satisfying
_ 8(1)
Fr)y=F () +
(0 =F O+
has a unique solution (C 7x7)(2). Thus, the non-homogeneous Problem H1 has a unique solution ®(z)
if and only if (3.17) holds. |

Remark 3.2. Setting B = 0, we get the result of the corresponding Hilbert problem for analytic
functions.
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4. The Riemann problems

In this section, we discuss several Riemann problems for higher-order complex partial differential
equations and (4, k) bi-analytic functions on the bicylinder in C2.

In the following, let G = D; X D, be the bicylinder in C?, where D, = D, = D. Let L = L; X L, in
which L,, is the boundary of D,, (m = 1,2), and let D}, and D,, denote bounded domains and unbounded
domains, respectively, enclosed by L,,. Let f**(¢), f*(¢), f~"(¢), f~(¢) denote the limit values of f(z)
as z — t(t € L) along the side of D} X D7, D7 X D7, Dy XD;, D] X D7, respectively. Let H,(G) represent
the set of Holder continuous functions on G with @ € (0, 1], and let G*" = D} x D3, G*~ = D} X Dy,
G =Dy xD;,G =D] xD;.

Problem R1 Let G be the bicylinder in C2. Find the function F(z) in G"* UG UGt UG
such that d,,0,, F(z) has finite limit in infinity, and such that

aa%ang(Z) +ﬁ821821622622F(Z)
F++(t) —P21 —P22F+ ([) —P31 —P32F +(t) —l’41 _p42F__(t) fO(t)» te L,
a116?21-74'4— - _kZIt_kzzatlatzF+_ - t_kﬂt_knatlatzF_ - t_k4lt_k426t10t2F__ = fl(t)»

ka1 4k - k31 k - ka1 4k
azlat2F++ - t121t2228t10t2F+ - t 31 uatlatzF 4lt 4201‘18& - fz(t),

4.1

where a and § are real constants, p;; and k;; (j = 1,2, i = 2,3,4) are integers, and the functions
Jo, f1, f> are known Holder continuous functions.

Theorem 4.1. Let G be the bicylinder in C?, and let fy, fi, f» € Hy(L) (a € (0,1]). Then the solution
to Problem R1 is given by

2

Ci @ [geo(z) ~ 21220, 05,() + ¥ (@), (4.2)

F(z) =

ﬁZ

where

1 Z1 22
(@) == f f E({)dd, 4.3)
@ Jo 0

and E(z) is expressed as the following in different situations, and y/(z) is equivalent to replacing k;; and
g in E(z) with p;; and g, in which

2 _ 2
S0
ﬁ[§0++(l) —PZI —P22 (l') f P?l P?Z _+(l) —P4|l2]742 __(l.)]

+f1f2[(9;15z290++(f) 1,728,720, 0,07 (1)
P 8,06 ) - (0,0, O,

go(h) =
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(1) For k1, ks, < 0: E(z) can be expressed as

N 15
1 g()dg m_n ++
Qni)? fL R Z Z CmnZ1 2 2€GT,
m=0 n=0
1 2
—ka1 —kzz g(Hdg m n +—
<y [(2m>2 fL G-2)a—22) Z Z cmZi 2, 2€GT,
_ 0 0
E(Z) - mll nlz
—k31 —k32 g(Hd¢ m_n —+
< [<2m)2 fL N Z Z cmZi ), 2€GT,
m=0 n=0
I b
ket _—kaxp 1 g(ds m_n -
4% g L woem t Z Zcmnzl ol z€G,
m=0 n=0

in which c,,, are arbitrary complex constants, and l; = min{ksy, kq1}, [, = min{ka;, ksyp}. In the case of
A b

min{kas, kay, ka1, kan} < 0O, Z Z cmnZy 2 = 0 with the solvable condition

m=0 n=0
(1g(§)d(_0 m=0,1,--- ,M; -2),
i 9
L {i—zi O(n: ) "'.’Nl_z)’

where | 1
M, = 3 max{lks| — ka1, lka1| — kar}, Ny = 2 max{lko| — ka2, [kaz| — kaz},

and no solvable conditions are required when My, N; = 0, 1.
(2) For ky; > 0, k3, <O:

I b
—ka1
ko 1 £ gde Z Z mon .
4 g GG CmnZi 22, 2€GT,
m=0 n=0
Goe0d | XY
—kzz | 8()dd m_n .
[<2m)2 L GG T Z Z Cmn2i 2l 2€ G,
E(Z) — m=0 n:Ol

L
~k21 1 2
k2|—k'g| k32 4 g(d¢ Z Z m_n —+
< [(2m)2 I G- G- ConZ122), 2€ G,
m=0 n=0

I 153
—ka1
k21—k41 k4z g 7 8dd z : 2 : m_n -
< [(27”)2 fL (&1—z)(2-22) + CmnZ1 221> 2 € G,
m=0 n=0

in which c,,, are arbitrary complex constants and l; = min{ks; — kp1, kg1 — ko1 }, b = min{ky,, ks ). In
nob

the case of min{kyy, kaa, k31 — ko1, ka1 — ko1 } <0, Z Z cmnZ] 2, = 0 with the solvable condition

m=0 n=0

k2
[EEO% 0 =0,1,- My - 2),
s "2{'24“ Zz(:)dc (4.5)
f  —— Zg O(n:()al,"',NZ_z)a

where

1 1
M, = 5 max{lks; — ka1l — k31 + koy, lkay — koi| — kay + k1), No = 5 max{|kx| — ko, lkaa| — kaz},
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and no solvable conditions are required when M,, N, = 0, 1.

(3) For k21 <0, k32 > 0:

I 15
—k3p
P 5" e Z Z mon o
% e 1 G- T CunZi 22}, 2€ G,
m=0 n=0
ko _kap—k T
21 32 22 2 > m_n +-
SRR [<2m)2 L GG T Z Z Cmn2i 2l 2€ G,
_ =0 n=0
E (Z) = ks [T e
—k31 &, “edd Z Z m_n —+
Ko I N CmnZi 2l 2€GT,

m=0 n=0

L b
—k3
__—kay kso—kaz & " eQ)dd ZZ m_n -
Gy L e CmnZi 22l 2€ G,
m=0 n=0

in which c,,, are arbitrary complex constants and |, = min{ks, kq1}, [ = min{ky, — k3, kgo — k3p}. In
I 153

the case of mini{ky, — ks, k31, kay, kay — k3p} <0, Z Z cmnZy'2y = 0 with the solvable condition
m=0 n=0

m k32
fgl(zév g()d¢ =0 (m:O,l,---,M3—2),
2 (4.6)
[ G808 g (= 0,1, N; ~2)
L (I_Zl - n= s Lo B 3 9

where
1 1
M5 = ) max{lks;| — k31, |kai| — ka1 }, Nz = 3 max{lky — ksp| — kop + k3o, [kap — k3| — kap + ka2 },

and no solvable conditions are required when M5, N5 = 0, 1.

(4) For k21 > O, k32 > 0:

R R wh y
21 k32 1 2 ¢ m_n ++
Z] ZZ [(Zﬂi)2 L ((l—ZI)(éVZ_ZZ) + chmnzl ZZ]’ Z € G ’
m=0 n=0
A b
—ka1 k32
kp—kpop 1 g7, 7 g(dl ZZ m_n +-
o Ul L@ t Cmn21 ), € G
E(Z) — m 0 n 0
—ka1 k32
ko1 —k31 407G 7 gdd ZZ +
2"y L e CnnZi ), 2 € G
m=0 n=0
ko1 —ka1 k;z kap { 2142 Szg(()d( o S —_
Zl [(2711)2 j; ((1 ZI)((Z 22) + Z Z Cmnzl ZZ]? < € G s
m=0 n=0

in which c,,, are arbitrary complex constants and |, = min{ks; — ka1, kg1 — ka1 }, [, = min{kyy — kao, kg —
I b

k3»}. In the case of min{kyy — k3z, k31 — ko, kay — kot ko — k3o} <0, Z Z cmnZy'2y = 0 with the solvable

m=0 n=0
condition A
4G e dg
jl: gzkm _0( 1"'.,M4_2)’ (47)
f -[l 21.4J7 gzg(.[)dé‘ _0 ( _0 1 . N _2) ’
L {1271 - n=>u1Lb > 4Y4 ’
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where
{ My = 3 max{lks) — k| — ka1 + ko1, kst — kil — kay + kot ),

Ny = %max{lkzz — k3| — kaz + ko, lkap — kao| — kaa + K32},
and no solvable conditions are required when M4, Ny = 0, 1.

Proof. To solve problem R1, we denote
@0, 0, F(2) + B0, 0:,F(2) = E(2), (4.8)

SO
@0? 02 F(2) +:8021011822812F(Z) = aZlaZzE(Z)-

1722

Then, by (4.1), we get 0;,0;,E(z) = 0. In addition, (4.8) follows that

EY - {2 — R ET — R ET
= [@0,,0,F* + 0,,0,F"] - 121 [20,,0,,F~ + $0.,0,,F*"]
— 2[00, 0, F + B0.,0,F*] — {15 [@0,,0,, F~ + 0,0, F ]
+Bl0, 0, F = 1216520, 0, F*~ — 12620, 0,F ™ — 11 £20,,0,F "]
= afi(t) + B
= g(1),

Therefore, 9,,0,,F(z) has a finite limit in infinity and satisfies (4.1), which follows that E(z) has a finite
limit in infinity and satisfies

{ 0:0.E@=0, (4.9)
E+t — t121t222E+_ _ t]31t232E—+ _ t141t242E—— — g(t),
Applying the results in [34], we get the solution E(z) to problem (4.9).
(1) For kyq, k3p < O:
(1) In the case of min{ky, k31, k41, kso} > 0, E(z) can be expressed as
E\(z) J]: 01(2), ze G™,
—ka1 —k2» +—
7,7, 2B+ Q1(D)], z€ G,
E(z)={ "L.72 4.10
D=1 5o 5@ + 0@, G, (“.10)
M5 EN@) + Q1)) z€G,
where 1 e
— g ¢
Ei@) = Gy )L aoa
Le , _ 4.11)
01 = ). > ewdl?s (I = minfky, ka}, b = minfkas, ko)),
m=0 n=0

in which ¢,,, are arbitrary complex constants;
(i1) In the case of min{kyy, k31, k41, kso} < 0, E(2) is given by (4.10), except that Q;(z) = 0 and the
solvable condition is (4.4).
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(2) For ky; > 0,k3, < 0:
(i) In the case of min{ky,, k4p, k31 — ka1, ka1 — ka1} = 0, E(2) can be expressed as

z’;zkl [E2(2) + 02(2)], z€G*,
] SRIE@ + 0@ ze G
EQ =1 ko ey + 0,0, ze G, (+12)

1
_Z11<21—k41Z£k42 [E2(2) + O2(2)], z€e G,

where s
g ¢, ' e(dg
E>(2) = @i JL ({1l—zn)(§z—zz)’
iy ) | ' (4.13)
0x(2) = Z Z CmnZ) % (i = minfks; — ko1, kay = kai}, b = minfky, kao}),

m=0 n=0
in which ¢,,, are arbitrary complex constants;
(i1) In the case of min{kyy, k42, k31 — ka1, ka1 — ka1} < 0, E(2) s given by (4.12), except that Q,(z) = 0
and the solvable condition is (4.5).

(3) For ky; <0,k3, > 0:
(1) In the case of min{ky, — kay, k31, ka1, kap — k3p} > 0, E(2) can be expressed as

z’sz [Ex2) + 031, z€ G+,
) 7P P Es () + 03(2)], z€GTT,
= ' Es2) + Q)] z€ G, (4.14)
— e By () + 03], z€ G

where K
o 5" edt
E3(z) = @2 JL ({12*Z1)(§2*Z2)’
7 ) | ' (4.15)
03(2) = Z Z CnnZ) 25 (i = minfksy, kai}, b = mintkas — kao, kao — k32}),
m=0 n=0

in which c,,, are arbitrary complex constants;
(i1) In the case of min{ky, — k3o, k31, ka1, kap — k3p} < 0, E(2) 1s given by (4.14), except that O3(z) = 0
and the solvable condition is (4.6).

(4) For ky; > 0, k3, > O:
(1) In the case of min{ky, — k3p, k3 — ka1, kay — ko1, ko — k32} > 0, E(z) can be expressed as

zgﬂzgz [E42) + Qu(2)], z€G™,
) PPE(R) + Qu(2)], € G,
Ho = P OELR) + Qu(@)], z€ G, (4.16)
_Z/1<21—k41Z]§32—k42 [E4s() + O4(D)], z€ G,

where
Mg 0
E4(z) = @i JrL 1(51—121)(4“2—22) ’
l] 12
| . 4.17)
04(2) = Z Z canZ) 2y (I = min{ks; — ka1, ka1 — ki }, [ = min{ky — k3p, kax — k32}),

m=0 n=0
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in which ¢,,, are arbitrary complex constants;

(i) In the case of min{ky, — ka2, k31 — ka1, ka1 — ko1, kap — k32} < 0, E(2) is given by (4.16), except that
04(z) = 0 and the solvable condition is (4.7).

In the following, we seek the solution to (4.1). Since

@02 02 F(2) +ﬁ621az16226Z2F(Z) =0

122

implies that

0,0.13,05F + 20,071 =0,
then
0,0,F + §6Z16Z2F = ¢(2), (4.18)

where ¢(z) is analytic on G. From (4.18), we get that

2 —
E —10,0,F = Lo - 500,
a a
which yields that
2 — —
E ~10.0,F = £56) - 000
a a

Let ¢(z) = 0,,0,,¢(z), so we have that

2

(5 -DF = éf f P(OdL — 21224(2) + Y(2)
04 a Jo 0
= 5@ - ZIZZamaZz‘p(Z) + lﬂ(Z),

which follows that

a,Z

,82—0’2

F(z) =

[SSO(Z) — 21220;,0,0(2) + t//(z)],
in which ¢ and ¢ are undetermined analytic functions. By (4.8) and (4.2), we get that

E(z) = a'azlaZZF(Z) +ﬁaZ1622F(Z)

2 - ’ 9..0..0(2)
IBZCi a? [gazl 82290(1) - amazzQO(Z)] +B- ﬁzci—afz[gaz' 822"0(2) - aZ1622(%7(Z)]

= a/am 622 SD(Z)’

= -

SO

1 21 Yé)
w@=—j\f‘ﬂﬁﬁ
a Jo 0
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In addition, plugging (4.2) into (4.1), we obtain that

> 2
p afo(f)—ﬁ

F++(t) —1721 _p22F+_(t) _l’3l _[’32F (t) —P41 p42F__(t)]

[ﬂ 1) - 11028, 0,07 ) + 50|

— t;””[égf‘(t) — 11120, 0™ (D) + Y+ (1))
04

— tl—mlt p%z[ﬁ¢—+(t) _ tltzatlatZQD (1) + W +(t)]

— 7 ”“[ﬁ 0 (1) = 1120y, Do (1) + U (1),

consequently,
++ _ P21 P22y - _ 4P31.P32  —+ _ P41 pa2 —— _ 4.19
YO =Y O =0 () = 17 (1) = go(D), (4.19)

in which

)
20 = ==L fi0)

B[§0++(t) —PZI P22 ([) tp%l —P32 _+(t) —P4lt21742 __(t)]

+t1t2[at16t2‘10++(t) —p21 pzzatla[290+—(t)
l P%l P%zatl t290 (t) —P41 p42611 8t290 (Z)]

As ¢ is analytic on G, applying Theorem 2.5 in [34], we obtain that (z) satisfying (4.19) can be
expressed as E(z) in (4.10), (4.12), (4.14), and (4.16) (in which k;; and g are replaced by p;; and
go, respectively) in different situations. With the above ¢(z) and ¥(z), we obtain the solution F(z) to
Problem R1. O

Problem R2 Let G be the bicylinder in C?. Find (4, 1) bi-analytic function W(z) in G** UG~ U
G~ U G such that W(z) and ¢(z) have finite limits in infinity, and such that

05,0, W(2) = ﬂw ¢ () + z;:;l ¢ (2), z€G™,

0:,0:,W(2) = 47267 (2) + 4} ¢ (2), z€G",

0:,0;,W(2) = ”4} 1) + L2 (), € G,

0:0,W(@) ==+ (2), z€G,

0:,05,¢"" (2) = P10;,0,,01(2), z€G™,

005,07 (2) = p20;,05,0,(2), z€G',

0:,0:,0"7(2) = B30:,05,05(z), z€ G ™,

0:0:,¢ (1) =0, ze G,

W () = 2 12 W () + 1P 5 W) + (' 15° W () + f(0), tel,
(1) = LG (1) + 1P eTH) + 5P (D) + 8(0), tEL,

(4.20)

where A** € R\{0,1,-1}, 6; (j = 1,2,3) are known functions and ¢;;, k;; (j = 1,2, i = 2,3,4) are
integers, and the functions Sy, 8, 83, f, and g are known Holder continuous functions.
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Theorem 4.2. Let G be the bicylinder in C?, and let 2** € R\{0,1,—1}. Let 0;(j =1,2,3) be known
functions and c;j, kij (j = 1,2, i = 2,3,4) be integers, and let the functions 5\, 52, B3, f, and g be known
Holder continuous functions. Then the solution to Problem R2 is given by

A-1 A+ 11—
W(z) = st(Z)ZlZz + tl O(z) + ¥(2), (4.21)

where ®(2) is determined by 0,,0,,9(z) = ¢(z) and

¢ (2) = ¢ () +B161(2), z€ G,
¢ (2) = ¢7(2) + B262(2), 2€ G,
¢ (z2) = ¢ (2) +B363(2), z€ G,
¢ () =¢,"(), z€G 7,

in which ¢, = E(2) is expressed as in Theorem 4.1, and f is replaced by

g (1) = g(0) + 1 Ba0y (1) + 112 B305(1) — B161(0), (4.22)

#(2) =

and Y(z) = E(z) is expressed as in Theorem 4.1 in which k;j and g are replaced by c;j and f~,
respectively, in which

ff@o=f- [/Fil“ ¢ (D + ;;qu)T(t)]
O+ ) o2
+ff”¢§”[;—:¢‘+(t>t‘1fz+ - ()| @29
+tj'13t§23[/l; ¢ (DHE + ____1®T(t)],

Proof. To solve Problem R2, we first discuss the problem:

0:,0-,W(2) = ”}3 ¢t (2) + ”jff ¢**(2), z€G™,

a1

0-,0:,W(2) = W- L9t (2) + 4 o H¢*(2), z€GT,

0:,0,W(z) = ‘M Lot (@) + 4167 (@), z€ G,

0:,0,W(2) = =L () + LH2¢ (), z€ G, (4.24)
0,056 (2) =0, ze GTUGTUGTUGT,

W) = 12 W () + (7' 5P WH () + 1 5PW () + f(6), tel,

(D) = R GT() + R GTHO) + 5P 9 (1) + g(1), te L.

Applying the results in [34], we get the solution to the problem

{ 0:,05,¢(z) = 0
(1) = (2P (0) + 1R THO) + 5P (D + g(1), teL

which can be expressed as ¢(z) = E(z) in Theorem 4.1 in different situations.
Moreover, 9;,0;,¢(z) = 0 implies that ¢(z) is analytic on G. Let

9:,0,0(2) = ¢(2). (4.25)
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Thus, for

A-1 A+1—
0:,0,W() = () + =900,

we have that

A-1 A+1—
W) = “dnz + Z®@+wa

in which ¥(z) is analytic on G. Let z — ¢, and we get that

W“v)—z;r¢”aﬁn-+§;3®Hay+W“ax

W* (1) = 4i+ ¢ (Oh D + SO () + P (),
W) = 4; Lot (Oh + 2O (1) + PO,

W= (1) = &=L (Oh + 4200 + ¥ (o),

which leads to o -
W (@) =t W () = 152 W () — P 15P W (D)

AT =1 . AT+l —
= [0 0ih + T O]
AT =1 . AT+l ——
— 0| ¢ R R + =00
P At
_ tcntm[ e ¢ *(OhD, + q)—+(t)]
A — AT+ 11—
- tmrm[ = ¢ "L+ —— CD——(t)]
\I,I++(t) Cll C21\}l+_(t) ClZZ.gZZ\IJ—‘F(t) _ tflStSZS\I]—_(l.)
so we have that
() = ") + PO + 1P (O + (), (4.26)

where f*(¢) is represented by (4.23). Reapplying the conclusions in [34], we can find the solution ¥(z)
to the problem (4.26), that is, ¥(z) = E(z) determined in Theorem 4.1 (in which k;; and f are replaced
by ¢;; and f~, respectively) in different situations. By (4.21), with ¢(z), ¥(z) and (4.23), we can get the
solution W(z) to (4.24).

Let
$17(2) =¢""(2) = B161(z), z€G™,
¢ (@) = ¢ (2) = Bath(z), z€GT, 4.27)
$,7(2) =¢7"(2) - B363(2), z€ G, '
¢ @Q=¢"@), z€G .
By (4.20) we get 0;,0:,¢1(z) = 0 and

(D) + B16:(t) = £ [P (1) + Babh (D] + 24247 (8) + B365(D)]
+ 826 (0) + g(0),

¢1(Z) =

that is
(D) = N T() + ARG + R () + g7 (1), (4.28)
in which g*(7) is represented by (4.22). Therefore, problem (4.20) is transformed into question (4.24).
Replacing g by g in the solution W(z) to (4.24), we can get the solution to (4.20). m]
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Remark 4.3. On the basis of Theorem 4.2, we can investigate higher order complex partial differential
systems of (A, 1) bi-analytic functions.

5. Conclusions

We first discuss a type of Hilbert boundary value problems for S-analytic functions on the unit disc
in C. Applying the generalized Liouville theorem for S-analytic functions, the properties of S-Cauchy
type integral and the Plemelj formula for the corresponding singular integral, we get the concrete
representations of the solutions. In addition, on the basis of the results for the Riemann boundary value
problems for analytic functions, we investigate two types of boundary value problems with Riemann
conditions for higher-order complex partial differential systems and (A4, 1) bi-analytic functions on
the bicylinder in C?. With the help of the boundary properties of Cauchy type integrals, we obtain
the solutions and the corresponding solvable conditions. With the method used in this paper, we
can investigate the higher order complex partial differential systems of (4, 1) bi-analytic functions.
The conclusions obtained here lay the foundations for studying other boundary value problems for
B-analytic functions or the corresponding Beltrami equations.
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