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Abstract: In this paper, we established compactness results for families of continuous functions in
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1. Introduction

Compactness plays a central role in functional analysis, partial differential equations, and the
theory of function spaces. In classical Lebesgue spaces L”, compactness is well-characterized by the
Kolmogorov—Riesz theorem and related embedding results [2]. However, these classical criteria are
no longer directly applicable in multi-exponent frameworks such as grand Lebesgue spaces (GLSs).

The classical grand Lebesgue spaces L”(Q) introduced by Iwaniec and Sbordone [8] are defined by
considering a fixed exponent p and measuring the behavior of functions near this exponent via

. 1
||f||LP>(Q) = Ssup & /p”f”LP*S(Q) < 00
O<e<p-1
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This construction was later extended by Fiorenza through the spaces L”-?(€2), which incorporate an
additional parameter 8 > 0 to provide finer control of integrability [3].

In contrast, the spaces G, (E) considered in this paper provide a more flexible framework, where the
behavior of the function is controlled over an entire interval of exponents p € I through a generating
function ¢ (see [9, 10]). In particular, the classical grand Lebesgue spaces can be viewed as special
cases of the G, spaces for suitable choices of i, which highlights the greater generality of our setting.

Classical compactness arguments rely heavily on uniform bounds, tightness, and translation
control. Recent works have established Kolmogorov—Riesz-type compactness criteria and
Sobolev-type embeddings in GLS within a specific functional framework, where compactness is
described in terms of L”-type conditions [12].

The present work is developed in the more general setting of G, spaces and focuses on families of
continuous functions, combining the GLS norm structure with equicontinuity assumptions to obtain a
different and more structured compactness framework.

These methods are also relevant in the stability and convergence analysis of analytical and numerical
models arising in applied problems, including nonlinear evolution equations and fractional diffusion
models.

The results established in this paper may have potential applications in several applied fields,
including fluid dynamics, biomechanics, and aerodynamics. In particular, properties of generalized
function spaces play a crucial role in the analysis of nonlinear partial differential equations, the
stability of solutions, and the convergence of numerical schemes. Such analytical frameworks are
closely related to modern numerical approaches, including finite difference and finite volume methods
for nonlinear evolution equations [1].

The aim of this paper is to establish relative compactness criteria for families of continuous
functions in grand Lebesgue spaces. Our approach combines Arzela—Ascoli-type arguments with
uniform control in GLS norms, leading to compactness results under natural assumptions on the
generating function . We also provide extensions to weighted GLS settings and to families satisfying
fractional Sobolev-type conditions. Furthermore, we present counterexamples illustrating the
necessity of equicontinuity assumptions.

The paper is organized as follows. Section 2 introduces the notation and preliminary definitions.
Section 3 presents auxiliary results related to L” control and convergence. Section 4 contains the main
compactness theorems and their proofs. Extensions and examples are discussed in the final sections.

2. Related work

Research on grand Lebesgue spaces (GLSs) originated in the seminal work of Iwaniec and
Sbordone [8], who introduced these spaces to capture refined integrability properties beyond the
classical fixed-exponent Lebesgue framework. Since then, GLSs have been systematically developed
as Banach function spaces with rich structural properties, including completeness, duality, and
embedding theory.

Fiorenza established fundamental results concerning duality and reflexivity in grand Lebesgue
spaces [5]. Further structural developments were carried out by Fiorenza and Karadzhov [6], who
clarified the relationship between grand and small Lebesgue spaces and positioned GLSs within the
broader scale of rearrangement-invariant spaces.
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Compactness in GLSs has been studied in connection with the classical Kolmogorov—Riesz
theorem. Rafeiro and Vargas [12] established compactness criteria and obtained extensions of
Rellich-Kondrachov-type embeddings within the GLS framework.

Further refinements of Kolmogorov—Riesz-type results in the fixed-exponent setting were
developed by Hanche-Olsen, Holden, and Malinnikova [7], providing sharper insights into
compactness phenomena in the classical setting.

Recent advances based on extrapolation techniques in generalized Lebesgue-type spaces, as well as
developments in operator theory within GLSs, are discussed in the existing literature [11].

Interpolation and duality aspects of GLSs have also been studied extensively. Di Fratta and
Fiorenza [4] provided a direct approach to the duality and norm structure of grand and small
Lebesgue spaces. Survey contributions from Capone and Fiorenza [3] offer a broader overview of
recent developments in the field and contextualize GLS within modern analysis.

However, compactness criteria specialized to families of continuous equicontinuous functions in
GLS remain less explored.

The present work addresses this gap by providing a direct and transparent compactness criterion
adapted to continuous families in the G, setting.

3. Preliminaries and notation

Throughout the paper, (E, M, u) denotes a measure space with finite measure p(E) < oo, unless
otherwise stated. The main results are formulated for subsets £ C R" endowed with the Lebesgue
measure y, but the analytic framework extends to general o-finite measure spaces.

We adopt the following notation. A compact subset of E is denoted by K, and C(K) denotes the
space of continuous functions on K. When needed, each f € C(K) is identified with its zero extension
to E, thatis, f(x) =0forx e E\ K.

The space L”(E) denotes the classical Lebesgue space. Unless otherwise indicated, constants may
change from line to line.

Definition 3.1 (Grand Lebesgue space G, (E)). Let (E, M, 1) be a measure space with u(E) < oo, and
let I = (a,b) C (1, 00) be an open interval. Let ¢ : I — (0, o) be a measurable function such that

inf y(p) > 0. 3.1)
pel

The grand Lebesgue space G, (E) is defined as the set of all measurable functions f : E — R such
that

17l 3= sup % < oo, (32)
where
1/p
1l = ( fE If(X)I”du(x)) L lsp<o, (3.3)
and
SNl = esiiup Lf ol (3.4

The function y is called the generating function of the space G,(E) (see [10]). It governs the
growth of the L” norms of f as p varies over the interval /, thereby encoding the integrability profile
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of functions in G,(E). Consequently, G,(E) provides a refinement of the classical Lebesgue scale
through a y-modulated variable exponent structure. Moreover, (G, (E), || - ||, ) is a Banach space [9],
whose completeness follows from the completeness of each L”(E) together with standard arguments
for supremum norms.

The associate (Kothe dual) space of G,(E) consists of g such that f f fg defines a bounded
functional on G (E).
Definition 3.2 (Kothe associate / small Lebesgue space). Let X = G, (E). The Kothe associate (also
called the Kothe dual) of X is

(X) :={g: E > R measurable :

lIgllcxy = sup {f [f(0gldu(x) : f e X, Ifllx < 1} < 00}.
E

We denote S, (E) := (Gy(E)) and call it the small Lebesgue space. Moreover, if G,(E) has an
order-continuous norm, then (S ,(E))" = G,(E) (see [6]).
Embeddings and density. Several basic embeddings follow directly from the definition of G (E):

e From the definition of the G,-norm, we immediately have, for every p € I,

Wfllrey < () IfllG, - (3.5)
This yields the continuous embedding G, (E) < L”(E) for each fixed p € I, and in particular,
Gy(E) (| LV(E). (3.6)
pel

The reverse embedding LP(E) — G, (E) does not hold in general without additional assumptions
(e.g., simultaneous control in a range of exponents).

o A delicate feature of GLS is the non-density of smooth compactly supported functions in some
cases. Capone and Fiorenza [3] provided explicit counterexamples, showing that standard
mollification techniques do not always approximate arbitrary GLS elements. This motivates
compactness proofs that avoid density arguments and instead rely on functional analytic
methods.

For a family F ¢ C(K) of continuous functions on a compact set K, we recall some standard notions:

Equicontinuity means that for every £ > 0, there exists 6 > 0 such that | f(x) — f(y)| < € whenever
|lx —y| <6, forall f e Fandall x,y € K.

Uniform boundedness refers to a common sup-norm bound

sup || fllz=x) < oo. (3.7

feF

Translation operators are denoted by (7}, f)(x) = f(x+ h) when x + h € E.
The modulus of continuity of f in L? is

wp(f,0) :=supITof = fller (3.8)

|h|<t

for equicontinuous families, where w,(f,f) — 0 as t — 0, uniformly in f.
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The following result is an immediate consequence of the definition of the norm in G (E).

Lemma 3.3 (Uniform L? control from G -boundedness). Let / = (a,b) C (1,00) and lety : I —

(0, o) be continuous. Let F C G, (E) be a family of functions such that

sup || fllG, &) < M < co.
feF

Then: i. Forany p € I and all f € F, we have

f ey < M y(p).
ii. For any compact sub-interval J C I, there exists a constant C; such that
lfllrey <C; Vpeld, VfeF.
In particular, one may take

Cy:= M supy(p).

peJ

Proof. 1. Let p € I be arbitrary and let f € F. By the definition of the grand Lebesgue norm,

e
Il = sup L 2.
Tlower =53 =5

Since p € I is fixed, and the supremum is taken over all r € I, we have:

1 f1lr e £l
f ® <o e

v Py = Wl

WA lrey < w(P) IfllG, )

Wfllzr ey < M y(p).

ii. Let J C I be compact. Since ¥ is continuous on J, it is bounded above there, and we set

B :=supy(p) < oco.
peJ

Then by (i),
I fllzrey < My(p) < MB; = Cy, Vpel, VfeF

which proves (3.11).

(3.9)

(3.10)

(3.11)

O

Lemma 3.4 (Uniform convergence implies L” convergence). Let K be measurable with u(K) < oo
and let f,, f € C(K). If f, — f uniformly on K, then f, — f in L”(K) for every p € [1, o) (see,

e.g. [2]).

Proof. Fix 1 < p < co. Uniform convergence gives ||f, — fllz~x) — 0. Hence

Wy = 71 = f = £V dit < gy = Fll gy —

(3.12)

O
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4. Main results

Our compactness arguments transfer convergence from the uniform norm on compact sets to the
grand Lebesgue norm via a single quantitative estimate.
If K has finite measure and

Kl/r
Cky = sup HK) < 00,
pel l/’(P)
then every g € C(K) satisfies
lglle, &) < Cky llgll=k)-

Therefore, whenever a subsequence converges uniformly on K (obtained from Arzela—Ascoli under
uniform boundedness and equicontinuity), it converges in G (K).

When results are stated in G, (E) for functions originally defined on K C E, we identify f € C(K)
with its zero extension to E. This reduces L”(E) estimates to integrals over K and yields the same
transfer estimate.

Theorem 4.1 (Relative compactness in G,(K)). Let K C R" be compact with u(K) < oo and let
I =(a,b) C (1,00). Assume

1
Cry = sup = (K)'? 4.1)
pel Y (p)
Let F C C(K) N Gy(K) satisfy: (i). SUp sef I fll=ky < o0; (i1). F is equicontinuous on K.
Then F is relatively compact in G, (K).
Moreover, the estimate
lgllgyx) < Cry gl 4.2)

holds for all g € C(K), and it holds with some finite constant for all g € C(K) if and only if Cgy < co.
Proof. (Compactness.) Let (f,) C F. By Arzela—Ascoli, there exist (f,,) and f € C(K) with ||f,, —
fllze — 0. For each p € I,

Ifow = Fllery < (B PNl = Flloc)-

Taking the supremum over p € [ yields

o — f||G¢(K) < Cryllfu = flleoy — 0.

Hence F is relatively compact in G, (K).
(Necessity in the “ift”.) If ||gllg, k) < ClIgll=&) holds for all g € C(K) with some C < oo, take g = 1
to get Cky = ||lllg,x) < C, hence Cgy < oo. O

The weighted version of the compactness result follows by adapting the argument of Theorem 4.1
to weighted norms.
Theorem 4.2 (Compactness in weighted grand Lebesgue spaces). Let K ¢ R" be compact with
U(K) < oo, I =(a,b) C(1,),andlet w : K — (0, ) be a bounded weight satisfying

O<wlx)<M<oo onkKk.

Define

VAIT7ITS)
/G, &) = sup ———

, 4.3
pel Ww(p) (*3)
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where
I/p
bz i=( [ vwdn)”. (44)
K

Assume

c p(K)'P

= su
o pe? w(p)

If F c C(K)NGy(K)is
(i). uniformly bounded in the sup norm on K, (ii). equicontinuous on K, then F is relatively compact
in Gy, ,(K).
Proof. Let (f,) C F. By (1) and (i1) and the Arzela—Ascoli theorem, there exist a subsequence (f,,) and
a function f € C(K) such that

”fnk - f||L°°(K) - 0.

For each p € I, we have

= MWy = [ V= 9P i M [ Uy = 91 < MAB) = e
« K K

Hence
o = Flluza < M2 PNl = Flles-
Dividing by ¥(p) and taking the supremum over p € I, we obtain

M'Pu(K)! P
o = fllG,ux) < (Sup R A

pel w(p) )”f”k = fllz=x).-

Since M7 < M'“ for p € I, it follows that

e = flGyui < MY“Cryl fo, = flisay = 0. (4.5)

Therefore (f,,) converges to f in G, ,(K), and F is relatively compact in G ,(K). O
Definition 4.3 (Fractional Sobolev seminorm). [1] Let Q C R” be measurable and |Q2| < oo, s € (0, 1),
and p € [1, 00). The Slobodeckij seminorm is

_ P p
e ([ [ g oo
aJao |x—ylmr

We set || fllwsr@) := I fllr@) + [flwsr@)-
Theorem 4.4 (Fractional smoothness and compactness). Let Q c R” be a bounded Lipschitz
domain, let I = (a,b) C (1, 00), and let ¢ : I — (0, o) be an admissible function.

Fix s € (0, 1) and choose p, € I such that spy > n. Assume that F' C G, () satisfies

). supfeF[f]me(Q) < C < oo; (i1). SUP fep ”f”Gw(Q) <M < oo.

Then F is relatively compact in G,(£2).
Proof. Since spy > n, the fractional Morrey embedding theorem yields

W(Q) = C*(Q),  a=s- pﬁ > 0. “.7)
0
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Hence, there exists C; > 0 such that

[f(x) = fOI < Cilflwsro@lx = yI%,  x,y € Q. (4.8)

By assumption (1), the family F is uniformly Holder equicontinuous. Moreover, (ii) yields uniform
G,-boundedness, hence uniform L” bounds. Therefore F is uniformly bounded in L*(£2) by the
Morrey embedding.

Applying the Arzela—Ascoli theorem, every sequence in F admits a uniformly convergent
subsequence on Q. By Lemma 3.4, uniform convergence implies convergence in L”(Q) for every
p el

Finally, taking the supremum over p € [ in the definition of the G, norm yields

e — f||G¢(Q) — 0.

Hence, F is relatively compact in G, (£2). O
Corollary 4.5 (Rellich—-Kondrachov-type compactness in G,). Let Q C R”" be a bounded domain
with a Lipschitz boundary, and let p > n. Let I = (a,b) C (1, c0) and assume

Then, every bounded set B ¢ W'(Q) is relatively compact in G,(Q). Equivalently, the inclusion
map
W(Q) — G,(Q)

is compact.
Proof. Since p > n and Q is bounded with a Lipschitz boundary, Morrey’s inequality (see [1]) implies
the continuous embedding

W Q) = C*9Q), a=1- g > 0. (4.9)

Hence, every bounded subset of W'”(Q) is uniformly bounded and equicontinuous on Q. Because Q
is compact, the Arzela—Ascoli theorem yields a uniformly convergent subsequence in C(Q). Applying
Theorem 4.4, we conclude convergence in G, (£2). O
Counterexample 4.6 (Necessity of equicontinuity). This example shows that equicontinuity is a
necessary condition. There exists a bounded family F ¢ C(K) N G,(K) with sup rer IfllG, < o0 which
fails to be relatively compact in G (K).

Proof. Let K = [0,2n] and let ¢ : (a,b) — (0, 00) be admissible with py = 2 € (a,b) and Y(2) < co.
Define
Jfn(x) = sin(nx), xeK,neN,. (4.10)

Then, the family F' = {f,},enr C C(K) N Gy (K) is bounded in G, (K) but is not relatively compact in
Gy(K).

||f;1||Loo(K) <1, VmeN. (411)
So F is uniformly bounded in C(K).
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For any p € (a, b),
27
il = fo |sin(ux)l? dx. (4.12)

Using the change of variables u = nx (so du = ndx), we obtain

27 1 27n
f | sin(nx)|’ dx = — f | sin ul? du.
0 nJo

Since | sin u|” is 2x-periodic, the interval [0, 27n] splits into n periods, hence

27n 21
f | sin ul” du = nf | sin u|” du.
0 0

21
1ol = f | sin ul” du, (4.13)
0

which is independent of n. Consequently,

Therefore,

Supllfn||G¢(K) < 00, (414)
neN

So F is bounded in G, (K).

But, the derivatives satisfy
f(x) = ncos(nx), (4.15)

which shows that the oscillations increase with n, and therefore F is not equicontinuous.
To prove lack of compactness, observe that in L>(K), the functions {sin(nx)},ey are orthogonal.
Hence, for n # m,

21 27
2 2 2 22 - 2
U = Ful oy = Wl + Wl = f sin*(nx) dx + f sin’(mx) dx = 27
0 0

Therefore,

Ifo = Full2gy = V2.
Hence (f,) has no Cauchy subsequence in L*(K).

Since el
8llL2 (k)
>
||8||Gw(1<) = Q) >

we obtain =

2n
n-_ Jm 2 _— > 0. 4.16
o = fullG, @ 72 (4.16)
Therefore, no subsequence can converge in G, (K). Therefore, F is not relatively compact in G, (K).
Hence boundedness in G, (K) alone does not imply compactness. O

Corollary 4.7 (Zero-extension principle in G,(E)). Under the assumptions of Theorem 4.1, let E be
a set of finite measure, K C E be compact, and let ' C C(K) N G, (E).

Identifying each function f € C(K) with its zero extension to E, the family F is relatively compact
in Gy(E).
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Proof. Since the zero extension preserves uniform boundedness on K and does not affect equicontinuity
on K, the assumptions of Theorem 4.1 remain valid for the extended family.

Let (f,) C F. By assumptions (i) and (ii) of Theorem 4.1 and the Arzela—Ascoli theorem, there exist
a subsequence (f,,) and a function f € C(K) such that

o = fllzexy — O as k — co. 4.17)

Let f denote the zero extension of f to E. Since f,, — f = 0 on E \ K, for every p € I, we have

o = Wy = f o = FIP dpt = f o = £V dpe < wE i, = FIli

Hence
e = Fllrcey < )Pl foe = flliosx)- (4.18)
Dividing by ¢(p) and taking the supremum over p € I, we obtain

U = Fllrey _ ( H(K)'?
PE

e = f”Gw(E) = Spli113 W (p)

By the definition of the constant

< [sup

P )Ilfnk—flle(K).

Kl/p
CK,lﬂ ‘= Sup ﬂ( ) s
pel Y (p)
we conclude that
Wfn = flleye) < Cry lfuy = fllzo@) — 0. (4.19)
Since G, (E) is complete, the limit belongs to G (E). Therefore (f,,) converges in G,(E), and hence
F is relatively compact in Gy (E). O

5. Examples

Example 5.1 (Oscillatory family without equicontinuity). Let ¢ € C’([0, 1]) with ||¢[|.» = 1 for
some p € I, and set

Ja(x) = ¢(x) sin(nx). (5.1)

Then f, € C([0,1]) N Gy([0,1]) and sup, ||fullc, < oo. However, the sequence (f,) is not
equicontinuous for any fixed 6 > 0:

sup [fu(x) = fu — 2llgll= (. — o). (5.2)

|x—yl<é

Hence, no subsequence of (f,) converges in G,([0, 1]). It is enough to show non-compactness in L?.

1 1 1
I£ll7, = f ¢(x)* sin’(nx) dx = ! f ¢* - ! f #(x)? cos(2nx) dx
0 2 Jo 2 Jo

1
_>lf¢2>o (5.3)
2 Jo
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by Riemann—Lebesgue (see, e.g., [2]). For n # m,

I = SullZe = WAMT + Wl =2 fol ¢ sin(nx) sin(mx) dx (.4
and the cross-term equals
% [)1 #*(cos((n — m)x) — cos((n + m)x))dx asn,m — co. (5.5)
Hence 1
Ify = 1l — [ 07 >0. 56)

Therefore, (f;) is not Cauchy in L?, thus there is no L” (and no G,) convergence.
Equicontinuous family. Fix ¢ € C([0,1]) with ¢(0) = 0 and define f,(x) = ¢(x/n). Then
sup,, || fulle=x) < llllL~x) and (f,) is equicontinuous on [0, 1]. Moreover,

1fn = O)le=x) = sup [p(x/n) = p(O) — 0, (5.7

x€[0,1]

so f, — O uniformly, hence in every L”, and therefore in G:

ILfallzr

1fallG, = su — (5.8)
) G pEII:) Y(p) noe
Example 5.2 (Poisson model with an explicit G, rate). Consider

—u” =f in(0,1), u(0)=u(l)=0 (5.9)

with f(x) = sin(;rx) and noisy data f,(x) = sin(rx) + &, sin(27x), &, | 0. Since —u” = sin(knx) yields
u(x) = ﬁ sin(kmx), we have:

u(x) = 7% sin(7rx), u,(x) = 7% sin(7rx) + 8,,@ sin(27x). (5.10)

Thus

8}1 . 81’[
12 i@l < 7-5 w0, nhr. (5.11)

If Co,1)4 := Sup e, 1(0, D7 /ys(p) < oo, then

||zt — M||Lv(o,1) =

€En
472

et — G, 0.1y < Co.w — 0, (5.12)

i.e., u, = uin G4(0, 1) and there exists a constant C > 0 such that

et — ullG,0.1) < C &,

Example 5.3 (Galerkin scheme and G, convergence). Let

o 1o < 1 -
f(x) = 27 sin(krx),  u(x) = ; e sin(krx).

Let u,, denote the Galerkin approximation obtained by truncating the series at k < n. Since

AIMS Mathematics Volume 11, Issue 5, 13647-13659.
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- 1
< oo, 5.13
; R+ k) -13)
and |sin(knx)| < 1, the Weierstrass M-test yields uniform convergence of the series for u on [0, 1].
Hence u,, — u uniformly.
By Lemma 3.4, uniform convergence implies convergence in L”(0, 1) for every p € I. If

(0, D7
C.1)y :=sSup ———— < 0o, (5.14)
O )
then Theorem 4.1 gives
et — ullG, 0.1y — O. (5.15)

Thus Galerkin approximations converge strongly in G, providing simultaneous control across all
exponents p € I.

6. Discussion

This work develops a compactness framework for families of continuous functions in grand
Lebesgue spaces, providing results that extend classical compactness principles such as the
Kolmogorov—Riesz and Rellich—-Kondrachov theorems to the GLS setting [1,7,12].

The approach relies on uniform boundedness and equicontinuity, allowing compactness to be
characterized without invoking reflexivity or density arguments typically used in classical settings [5].
Explicit counterexamples further clarify the necessity of the equicontinuity assumption.

The results also extend naturally to weighted and fractional settings [4], offering a unified
compactness perspective across several functional frameworks. Applications to elliptic and fractional
PDEs suggest that the developed theory is not only structurally robust but also relevant for stability
and convergence analysis in modern analytical models [1].

Future research may focus on extending these compactness criteria to nonlinear problems, time-
dependent equations in GLS, and nonlocal operators on unbounded domains.

7. Conclusions

We have established a compactness criterion for families of continuous functions in grand Lebesgue
spaces under a quantitative structural condition on the generating function . The results provide a
direct extension of classical compactness principles to the multi-exponent GLS framework and clarify
the precise role of equicontinuity in this setting.

The developed theory extends naturally to weighted and fractional contexts and yields strong
convergence results relevant to approximation schemes and PDE models. Further investigations may
explore nonlinear, time-dependent, and nonlocal extensions within the GLS setting.
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