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Abstract: We study an explicit finite difference approximation for the one-dimensional heat equation
with purely integral conditions. The integral constraints are discretized by the trapezoidal rule, which
yields explicit formulas for the boundary values at each time level and leads to a dense iteration matrix
for the interior unknowns. The scheme is written in matrix form, its local truncation error is estimated,
and a stability-convergence statement is established under a natural power-boundedness assumption on
the full iteration matrix. Numerical experiments are reported for both stable and unstable time steps. In
particular, a fixed-final-time convergence study confirms the expected first-order behavior with respect
to the time step when k and h2 are refined simultaneously. The paper also documents the larger errors
observed near the first and last interior nodes, a characteristic feature of the boundary reconstruction
induced by the integral conditions.
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1. Introduction

Parabolic problems with nonlocal constraints arise when the state is not prescribed pointwise at the
boundary but through global measurements such as total mass, weighted moments, or energy balance
relations. Such formulations appear in heat conduction, thermoelasticity, ion transport, and diffusion
in heterogeneous media. Early analytical studies by Day [6, 7] and Friedman [11] showed that
nonlocal conditions may substantially alter the qualitative behavior of parabolic solutions, while
related solvability questions for equations with integral constraints and fractional/nonlocal models
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were also investigated in other settings; see, for instance, [4, 19].
From the numerical point of view, the heat equation with nonlocal or integral conditions has been

treated by several families of methods. General explicit and stable finite-difference/time-integration
schemes for heat and diffusion-type equations are discussed in [14, 15, 17]. Ekolin [10] analyzed
forward Euler, backward Euler, and Crank–Nicolson discretizations for the one-dimensional heat
equation with integral boundary conditions. Finite element and Galerkin-type approaches were later
developed by Fairweather and López-Marcos [12] and by Bouziani, Merazga, and Benamira [3].
Monotone and weighted finite-difference schemes for parabolic problems with nonlocal conditions
were investigated in [2, 5, 16]. For two-dimensional diffusion problems with integral constraints,
implicit, explicit, and splitting strategies were studied by Dehghan [8, 9], Sapagovas and
Jesevičiūtė [22], Sapagovas [23], and Sajavičius [20, 21]. Recent works continue to examine explicit,
implicit, and nonlinear variants of nonlocal heat models [1, 13, 24].

Despite this progress, comparatively little attention has been given to a fully explicit treatment of the
one-dimensional heat equation with two purely integral conditions of the form (1.3) and (1.4). In this
setting, the boundary values are not prescribed independently; instead, they must be reconstructed at
every time level from the integral data. This reconstruction couples the first and last interior equations
with all interior unknowns, so the explicit iteration is no longer tridiagonal. Understanding how this
dense coupling influences stability and error propagation is therefore essential.

The present work revisits the problem studied in [18] and gives a corrected and more transparent
explicit finite-difference formulation. The main contributions are as follows. First, we derive the
boundary reconstruction formulas obtained from the trapezoidal discretization of the two integral
constraints and write the full method in matrix form. Second, we establish consistency and a
stability-convergence statement based on the power-boundedness of the complete iteration matrix,
which is the natural matrix-spectral framework used in the analysis of nonlocal schemes [20–23].
Third, we provide a more detailed interpretation of the numerical evidence: we relate the spectral
radius to the observed stable and unstable regimes, explain why the largest errors concentrate near the
first and last interior nodes, and verify the fixed-final-time convergence trend predicted by the
theoretical estimate.

We consider the problem

Ul(s, l) − αUss(s, l) = F(s, l), 0 < s < 1, 0 < l ≤ Γ, (1.1)
U(s, 0) = ϕ(s), 0 < s < 1, (1.2)∫ 1

0
U(s, l) ds = ψ1(l), 0 < l ≤ Γ, (1.3)∫ 1

0
s U(s, l) ds = ψ2(l), 0 < l ≤ Γ. (1.4)

Here U denotes the temperature, ϕ, ψ1, ψ2, and F are known functions, and α > 0, Γ > 0 are constants.
We keep the notation (s, l), which is consistent with [18]. Throughout the paper, subscript notation
denotes partial derivatives; for example, Ul = ∂U/∂l and Uss = ∂

2U/∂s2.
The rest of the paper is organized as follows. Section 2 derives the explicit scheme and the

reconstructed boundary values. Section 3 gives the matrix formulation. Section 4 discusses
consistency, stability, and convergence. Section 5 contains numerical experiments, including a
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fixed-final-time convergence study and additional tests with different parameter values. A MATLAB
implementation is included in Appendix A.

2. Discretization of the problem

Let N,M ∈ N, h = 1/N, and k = Γ/M. We define

si = ih, i = 0, 1, . . . ,N, ln = nk, n = 0, 1, . . . ,M.

We denote by Un
i an approximation of U(si, ln) and set Fn

i = F(si, ln), ψn
r = ψr(ln) for r = 1, 2.

Applying a forward Euler discretization in time and a centered difference in space gives

Un+1
i − Un

i

k
− α

Un
i−1 − 2Un

i + Un
i+1

h2 = Fn
i , i = 1, . . . ,N − 1, n = 0, . . . ,M − 1. (2.1)

Hence
Un+1

i = λUn
i−1 + (1 − 2λ)Un

i + λUn
i+1 + kFn

i , λ =
αk
h2 . (2.2)

The initial data are discretized as

U0
i = ϕ(si), i = 1, . . . ,N − 1. (2.3)

The integral conditions are approximated by the trapezoidal rule:

ψn
1 =

h
2

Un
0 + Un

N + 2
N−1∑
i=1

Un
i

 , (2.4)

ψn
2 =

h
2

Un
N + 2h

N−1∑
i=1

iUn
i

 , n = 0, . . . ,M. (2.5)

This choice is standard in finite-difference treatments of nonlocal heat problems because it preserves
simple linear reconstruction formulas for the unknown boundary values [2, 10, 16]. Solving (2.4)
and (2.5) for the boundary values yields

Un
N =

2ψn
2

h
− 2h

N−1∑
j=1

jUn
j , (2.6)

Un
0 =

2(ψn
1 − ψ

n
2)

h
+ 2

N−1∑
j=1

( jh − 1)Un
j . (2.7)

These relations make the method explicit: once the interior vector Un is known, both boundary values
are computed directly, after which (2.2) provides the next time level.

Substituting (2.7) and (2.6) into (2.2) gives the near-boundary equations

Un+1
1 =

(
2λ(h − 1) + (1 − 2λ)

)
Un

1 +
(
2λ(2h − 1) + λ

)
Un

2 + 2λ
N−1∑
j=3

( jh − 1)Un
j
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+
2λ
h

(ψn
1 − ψ

n
2) + kFn

1 , (2.8)

Un+1
N−1 =

(
λ − 2λ(N − 2)h

)
Un

N−2 +
(
(1 − 2λ) − 2λ(N − 1)h

)
Un

N−1 − 2λh
N−3∑
j=1

jUn
j

+
2λ
h
ψn

2 + kFn
N−1. (2.9)

For the interior nodes i = 2, . . . ,N − 2, (2.2) remains the standard three-point explicit stencil.

3. Matrix formulation

Let
Un = (Un

1 ,U
n
2 , . . . ,U

n
N−1)T , Fn = (Fn

1 , F
n
2 , . . . , F

n
N−1)T .

We also define

S n =

(
2λ
h

(ψn
1 − ψ

n
2), 0, . . . , 0,

2λ
h
ψn

2

)T

, Ln = S n + kFn.

Then the scheme can be written as

Un+1 = MUn + Ln, n = 0, 1, . . . ,M − 1, (3.1)

where M = (mi j)1≤i, j≤N−1 is the dense matrix defined by

m1,1 = 2λ(h − 1) + (1 − 2λ),
m1,2 = 2λ(2h − 1) + λ,
m1, j = 2λ( jh − 1), j = 3, . . . ,N − 1,

mN−1,N−2 = λ − 2λ(N − 2)h,
mN−1,N−1 = (1 − 2λ) − 2λ(N − 1)h,

mN−1, j = −2λh j, j = 1, . . . ,N − 3,

and, for 2 ≤ i ≤ N − 2,
mi,i−1 = λ, mi,i = 1 − 2λ, mi,i+1 = λ,

with all other entries equal to zero.
Equation (3.1) makes the influence of the integral conditions explicit: the first and last rows are

dense, while the interior rows remain tridiagonal. A similar “tridiagonal core plus dense boundary
rows” structure also appears in weighted and θ-type discretizations for nonlocal heat problems [2,5,16].
Since the method is explicit, advancing one time step only requires the multiplication of M by the
current state vector and the addition of Ln.

4. Consistency, stability, and convergence

4.1. Consistency

Proposition 1. Assume that U ∈ C4,2([0, 1] × [0,Γ]). Then the local truncation error R(n)
i of (2.1)

satisfies
|R(n)

i | ≤ C(k + αh2), i = 1, . . . ,N − 1, n = 0, . . . ,M − 1, (4.1)
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for some constant C independent of h and k.

Proof. A Taylor expansion in time gives

Ul(si, ln) =
U(si, ln+1) − U(si, ln)

k
−

k
2

Ull(si, θn),

for some θn ∈ (ln, ln+1). Likewise, a Taylor expansion in space yields

Uss(si, ln) =
U(si−1, ln) − 2U(si, ln) + U(si+1, ln)

h2 −
h2

12
Ussss(ξi, ln),

for some ξi ∈ (si−1, si+1). Substituting these expressions into (1.1) and comparing with (2.1)
proves (4.1). □

4.2. Stability

The classical explicit restriction λ ≤ 1/2 remains the relevant threshold for the present problem.
However, due to the elimination of the boundary values through (2.7) and (2.6), the full iteration
matrix is dense and the standard maximum-principle proof for the three-point stencil no longer applies
directly. Following the matrix-spectral viewpoint adopted in [20–23], we therefore formulate stability
in terms of the powers of the complete transition matrix.

Proposition 2. Let the full scheme be written as (3.1). Assume that 0 ≤ λ ≤ 1/2 and that the powers
of M are uniformly bounded in the infinity norm, that is,

∥Mn∥∞ ≤ CM for all n ≥ 0,

with a constant CM independent of n. Then the scheme is stable in ∥ · ∥∞.

Proof. Consider two numerical solutions of (3.1) generated from different initial vectors but with the
same data Ln. Their difference En satisfies

En+1 = MEn.

Hence
En = MnE0, ∥En∥∞ ≤ ∥Mn∥∞∥E0∥∞ ≤ CM∥E0∥∞.

Therefore perturbations in the initial data remain uniformly bounded for all time levels. □

Remark 3. For the matrices used in Section 5, the computed spectral radius satisfies ρ(M) < 1
whenever λ < 1/2, whereas ρ(M) > 1 when λ > 1/2. This is consistent with the observed blow-up for
the unstable cases in Figure 1 and Table 1.

Table 1. Spectral radius and error summary for n = 7, h = 0.05, and α = 1.

k λ ρ(M) ∥e∥∞ ∥e∥2
0.0025 1.0000 3.000000 1.588708e+01 7.147506e+00
0.0016 0.6400 1.560000 1.509848e-01 7.019799e-02
0.001 0.4000 0.960845 7.978429e-03 4.405654e-03

0.0001 0.0400 0.996085 9.329870e-03 3.061557e-03
1e-05 0.0040 0.999608 1.408409e-03 4.573229e-04
1e-06 0.0004 0.999961 1.468638e-04 4.767724e-05
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Figure 1. Exact and approximate solutions for k = 0.0025, n = 7, h = 0.05, and α = 1. Here
λ = 1 > 1/2, so the scheme is unstable.

4.3. Convergence

Theorem 4. Assume the hypotheses of the previous proposition and the truncation estimate (4.1). Let

en
i = U(si, ln) − Un

i , i = 1, . . . ,N − 1.

Then, for ln = nk ≤ Γ,
∥en∥∞ ≤ CM∥e0∥∞ + ΓCMC(k + αh2). (4.2)

In particular, if the initial condition is imposed exactly, then the scheme converges as (h, k)→ (0, 0).

Proof. Let Rn be the vector of local truncation errors. Subtracting the numerical scheme from the exact
discrete identity gives

en+1 = Men + kRn.

Iterating this recursion yields

en = Mne0 + k
n−1∑
j=0

Mn−1− jR j.

Taking infinity norms and using ∥R j∥∞ ≤ C(k + αh2) together with the power-boundedness of M gives

∥en∥∞ ≤ CM∥e0∥∞ + k
n−1∑
j=0

CMC(k + αh2) ≤ CM∥e0∥∞ + nk CMC(k + αh2).

Since nk = ln ≤ Γ, estimate (4.2) follows. □

5. Numerical experiments

We test the scheme on

Ul(s, l) − αUss(s, l) =
(
−1 + 4π2α(1 + l)

)
sin(2πs)

(1 + l)2 , 0 < s < 1, 0 < l ≤ Γ, (5.1)

AIMS Mathematics Volume 11, Issue 5, 13632–13646.



13638

U(s, 0) = sin(2πs), (5.2)

∫ 1

0
U(s, l) ds = 0, (5.3)

∫ 1

0
sU(s, l) ds = −

1
2π(1 + l)

. (5.4)

The exact solution is
U(s, l) =

sin(2πs)
1 + l

.

Unless stated otherwise, we use h = 0.05 (N = 20). All reported errors are computed at the interior
nodes si, i = 1, . . . ,N − 1, because the boundary values are reconstructed from the integral conditions
and are not prescribed pointwise. The reconstruction step explains why the largest pointwise errors
occur near the first and last interior nodes.

5.1. Stable and unstable time steps

Table 1 summarizes the behavior of the method for n = 7 time steps. The unstable cases k = 0.0025
and k = 0.0016 violate the condition λ ≤ 1/2; correspondingly, the computed spectral radius of the full
iteration matrix exceeds 1 and large errors appear. For k ≤ 10−3, the method is stable and the errors
become small. This behavior is consistent with the spectral-stability analyses reported for related
nonlocal schemes in [20–23]. Figure 1 clearly shows the blow-up when λ = 1, while Figures 2–5 show
the agreement between the numerical and exact solutions for stable time steps.

The figures also reveal a more nuanced transition toward stability. In Figure 2, where λ = 0.64, the
interior part of the profile still follows the correct oscillatory shape, but visible distortions remain near
the first and last interior nodes. In Figure 3 the numerical and exact curves are already close over the
whole interval, and the discrepancy continues to decrease in Figures 4 and 5. Figure 6 confirms that,
for k = 10−6, the remaining pointwise difference is below the graphical resolution on the displayed
subinterval. Thus, the visual evidence is fully consistent with the spectral-radius indicator reported in
Table 1.

Figure 2. Exact and approximate solutions for k = 0.0016, n = 7, h = 0.05, and α = 1.
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Figure 3. Exact and approximate solutions for k = 0.001, n = 7, h = 0.05, and α = 1.

Figure 4. Exact and approximate solutions for k = 10−4, n = 7, h = 0.05, and α = 1.

Figure 5. Exact and approximate solutions for k = 10−6, n = 7, h = 0.05, and α = 1.
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Figure 6. Zoom of the solution profile on [0.9, 0.95] for k = 10−6. The numerical and exact
curves are visually indistinguishable at this scale.

5.2. Boundary error behavior

Table 2 reports the absolute error at selected nodes for three stable time steps. The largest errors
occur at s = 0.05 and s = 0.95, i.e. the first and last interior nodes, which are the most directly affected
by the reconstructed boundary values. As k decreases, these errors decay rapidly.

Table 2. Absolute error at selected interior nodes for n = 7, h = 0.05, and α = 1.

s k = 10−4 k = 10−5 k = 10−6

0.05 9.329870e-03 1.408409e-03 1.468638e-04
0.10 1.315452e-03 3.024071e-05 1.506940e-06
0.25 2.238567e-04 2.262617e-05 2.265135e-06
0.50 9.068304e-17 1.138669e-17 1.218203e-18
0.75 2.238567e-04 2.262617e-05 2.265135e-06
0.90 1.315452e-03 3.024071e-05 1.506940e-06
0.95 9.329870e-03 1.408409e-03 1.468638e-04

The table also shows that the localization of the error is not accidental. For k = 10−4, the error
at s = 0.05 is about one order of magnitude larger than at s = 0.10, and the same pattern appears
symmetrically near s = 0.95. By contrast, the error at the midpoint s = 0.50 is essentially at machine
precision because the exact solution vanishes there. This concentration of the maximum error near the
first and last interior nodes is consistent with earlier observations for one-dimensional nonlocal heat
schemes, where the elimination of boundary values creates dense couplings in the extreme rows of the
discrete operator [2, 10, 16].

5.3. Convergence for fixed final time

To avoid the ambiguity that comes from fixing the number of time steps, we next fix the final time
at T = 0.01. We refine the mesh with a fixed CFL ratio λ = 0.2, i.e. k = 0.2h2. Table 3 shows a
first-order convergence rate with respect to k, in agreement with the estimate (4.2).
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This interpretation is important because, under the refinement law k = 0.2h2, the theoretical bound
O(k+h2) reduces to O(k). The rates in Table 3 are therefore not merely descriptive; they verify that the
dominant error behaves exactly as predicted by the consistency and stability analysis. In particular, the
nearly constant halving pattern in the maximum norm confirms that the explicit reconstruction of the
boundary values does not destroy the global convergence order when the full matrix remains stable.

Table 3. Fixed-final-time convergence study for T = 0.01 with λ = 0.2 and α = 1.

N h k ∥e(T )∥∞ rate
20 0.05000 0.00050000 6.771805e-03 –
40 0.02500 0.00012500 1.690152e-03 1.001
80 0.01250 0.00003125 4.232731e-04 0.999

160 0.00625 0.00000781 1.057870e-04 1.000

5.4. Additional tests

Tables 4 and 5 provide additional results for n = 9 time steps with two values of α. When α = 1,
the L2 error decreases monotonically as k decreases, while the L∞ norm remains more sensitive to the
first and last interior nodes. When α = 0.03, the stability parameter λ is much smaller, and both error
norms decay smoothly.

Table 4. Additional tests for n = 9, h = 0.05, and α = 1.

k λ ∥e∥∞ ∥e∥2
0.0016 0.6400 3.126416e-01 1.578361e-01
0.001 0.4000 6.880802e-03 4.479326e-03

0.0005 0.2000 9.840975e-03 4.359468e-03
0.0001 0.0400 1.043873e-02 3.450735e-03
1e-05 0.0040 1.783163e-03 5.790759e-04
1e-06 0.0004 1.885322e-04 6.120465e-05

Table 5. Additional tests for n = 9, h = 0.05, and α = 0.03.

k λ ∥e∥∞ ∥e∥2
0.0016 0.019200 6.746543e-03 2.199110e-03
0.001 0.012000 4.712246e-03 1.532448e-03
0.0005 0.006000 2.588009e-03 8.406231e-04
0.0001 0.001200 5.583791e-04 1.812784e-04
1e-05 0.000120 5.680351e-05 1.844024e-05
1e-06 0.000012 5.690107e-06 1.847182e-06

These two tables clarify the role of the diffusion coefficient in the explicit stability parameter. For
α = 1, moderate values of k still produce a visible endpoint effect in the maximum norm, so ∥e∥∞ is not
strictly monotone for all stable time steps. This does not contradict convergence; it only indicates that
the largest error is governed by the boundary-reconstruction mechanism. By contrast, when α = 0.03,
the quantity λ = αk/h2 is sufficiently small across the whole experiment, and the numerical errors
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decay in a smoother and more uniform fashion. In other words, the tables separate two phenomena: the
intrinsic consistency of the scheme and the additional sensitivity introduced by the nonlocal boundary
reconstruction when λ is closer to the stability threshold.

Finally, Figures 7 and 8 compare the exact and approximate solution surfaces on the interval 0 ≤
l ≤ 0.01. The two surfaces are in very good agreement.

Figure 7. Exact solution surface for (5.1)–(5.4) on 0 ≤ l ≤ 0.01.

Figure 8. Approximate solution surface computed with N = 80, λ = 0.2, and T = 0.01.

This agreement is meaningful for two reasons. First, the numerical surface reproduces both the
amplitude decay in time and the oscillatory spatial structure of the exact solution, so the match is not
limited to isolated cross-sections. Second, the absence of visible distortion near the lateral edges of
the surface indicates that the boundary reconstruction remains accurate over the entire time interval
when the CFL ratio is kept in the stable regime. Therefore the surface plots complement Tables 3–5 by
providing a global space-time verification of the method.
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6. Conclusions

We have presented an explicit finite-difference treatment of the one-dimensional heat equation with
two purely integral conditions and rewritten the method in a form that makes the nonlocal coupling
completely explicit. The discrete integral constraints lead to closed formulas for the boundary values,
but they also transform the standard tridiagonal explicit heat operator into a dense matrix in the first
and last rows. This is the main structural feature of the problem and it explains both the usefulness and
the limitations of the method.

From the analytical viewpoint, the scheme is consistent with local truncation error O(k + αh2).
Stability is naturally expressed through the power-boundedness of the full iteration matrix, and in the
numerical tests this framework is fully compatible with the practical threshold λ ≤ 1/2. From the
computational viewpoint, the method is attractive because each time step is inexpensive and requires
no linear solve, so it provides a transparent benchmark for studying the effect of the integral conditions.

The numerical results support three clear conclusions. First, the spectral radius of the iteration
matrix accurately distinguishes stable and unstable parameter choices. Second, when the scheme is
stable, the dominant pointwise errors are localized near the first and last interior nodes, precisely where
the reconstructed boundary data enter the stencil. Third, under the refinement law k ∝ h2, the fixed-
final-time experiments recover the expected first-order behavior with respect to k, in agreement with
the convergence estimate.

Therefore, the revised manuscript does not merely report an explicit algorithm; it clarifies the
discrete structure induced by the integral conditions, connects the observed behavior to
matrix-spectral stability, and documents the regimes in which the method is reliable. A natural
continuation of this work would be to study implicit or IMEX variants, higher-order quadrature for
the integral constraints, and sharper stability criteria that remove the power-boundedness assumption
from the convergence theorem.
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A. MATLAB code

For reproducibility we include a compact MATLAB implementation of the corrected scheme.

function [s,U] = heat_integral_explicit(N,k,Gamma,alpha)

% Explicit finite-difference solver for the heat equation

% U_l - alpha U_ss = F(s,l)

% with purely integral conditions

%

% int_0ˆ1 U(s,l) ds = psi1(l),

% int_0ˆ1 s U(s,l) ds = psi2(l).

h = 1/N;

M = round(Gamma/k);

s = linspace(0,1,N+1).’;

U = sin(2*pi*s); % initial condition phi(s)
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for n = 0:M-1

l = n*k;

idx = (1:N-1).’;

% Boundary values reconstructed from the integral conditions

UN = 2*psi2(l)/h - 2*h*sum(idx .* U(2:N));

U0 = 2*(psi1(l)-psi2(l))/h + 2*sum((idx*h-1) .* U(2:N));

Ufull = U;

Ufull(1) = U0;

Ufull(end) = UN;

lam = alpha*k/hˆ2;

Unext = U;

for i = 2:N

Unext(i) = lam*Ufull(i-1) + (1-2*lam)*Ufull(i) + ...

lam*Ufull(i+1) + k*F(s(i),l,alpha);

end

U = Unext;

end

end

function val = F(s,l,alpha)

val = ((-1 + 4*piˆ2*alpha*(1+l))*sin(2*pi*s))/((1+l)ˆ2);

end

function val = psi1(˜)

val = 0;

end

function val = psi2(l)

val = -1/(2*pi*(1+l));

end
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