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1. Introduction

This paper is focused on discussing the following fractional p-Laplacian equation

(~A)pu = f(xu) in Q 0
u=0 on RV\Q,
where the operator (—A);, is defined by
_ p-2 _
(~A)u(x) = 2 lim f |u(x) — u(y)l ]E[u(X) u(y)) dy, (12)
€=0" JrmB.(x) |x — y|V*ps

O0<s<l1,pe[2,+x),sp<N,B(x)={yeR":|x—y| <e},and f : QxR — R is a Carathéodory
condition function.

Fractional elliptic problems are important in modern mathematical analysis. These problems have
many real world applications. They appear in fields like quantum mechanics, social sciences, and
material science. They also play a role in phase transitions, game theory, image processing, and Lévy
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processes. References for these applications can be found in [3-5] and [17, 18]. The theoretical study
of fractional Laplacian problems has also progressed via different methods. For example, variational
methods have been employed to establish existence and multiplicity results for fractional p-Laplacian
equations, as seen in [19,25,29]. Additionally, the connection between nonlocal operators and Lévy
processes has been studied in works like [3,7, 18]. Additional results on various aspects of these
problems are provided in [12,26,30].

While the literature extensively covers fractional elliptic problems with continuous nonlinearities
f(x,u), significantly less attention has been given to discontinuous cases, despite their prevalence in
physical phenomena. For instance, in electrorheological fluids, the potential f(x,u) often exhibits
discontinuous jumps due to phase transitions or material heterogeneities. Such discontinuities arise
naturally in problems involving multiphase flows, composite materials, and biological systems with
abrupt changes in constitutive properties.

Motivated by these applications, we consider the following discontinuous fractional p-Laplacian
problem

{(—A);u € OF(x,u) in Q, (13)

u=0 on RV\Q,

where 0 < s < 1, p € [2,40), sp < N, Ba(x) = {y € RV : |x —y| < €}, and dF(x, u) is the partial
generalized gradient of F(x, -) at point u.

It is well known that many free boundary problems and obstacle problems may be reduced to
differential equations with nonsmooth potentials. As a result, the classical C' continuity theory
is not suitable for studying these problems. Fortunately, the theory of differential inclusions has
attracted the interest of researchers. This field offers new insights and methodologies to deal with
the discontinuous and nonlocal elliptic problems. The area of nonsmooth analysis is closely related
to the development of critical points theory for nondifferentiable functions, in particular, for locally
Lipschitz continuous functionals based on Clarke’s generalized gradient [8]. It provides an appropriate
mathematical framework to extend the classic critical point theory for C!-functionals in a natural way.
For a comprehensive treatment, we refer to the monographs by [21] and [11]. Further developments
and applications can be found in, e.g., [22-24] for variational methods, [2, 15, 16] for related elliptic
problems, and [1,27,28] for recent extensions.

In this paper, we investigate the multiplicity of solutions to problem (1.3). We establish two results.
First, combining truncation techniques with the nonsmooth Mountain Pass theorem, we prove that
problem (1.3) admits at least four constant sign solutions. Furthermore, by applying nonsmooth critical
point theory and analysis techniques, we demonstrate the existence of at least two nontrivial solutions.

To give our main results, we give the hypotheses below. let F : Q X R — R be a function such that
F(x,0) = and 0F (x, 0) = {0} for almost every x € Q.

(H1) Forall u € R, Q > x — F(x, u) is measurable;
(H2) For a.e. x € Q, the function u +— F(x, u) is locally Lipschitz;
(H3) Forae. x€ Q,allu € R, {* € 0F (x, u),

I*] < a(x) + Clul’™" with @ € L¥(Q),, C > 0;

(H4) limy,_ 400 2 Flbil“f;”) = A; uniformly for a.e. x € Q and lim— 1o ({*u — pF(x, u)) = —co uniformly for

a.e. x € Q.
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(HS) There exists o > 0 such that A |u|” < pF(x,u) fora.e. x € Q and all || < o;
(H6) There are a_ < 0 < a, such that 0 € dF(x,a_) and 0 € 0F (x, a,) for a.e. x € Q and there exists
[ > 0 such that
0< <la, —u’!

forae. x € Q,all u € [0, @,) and all {* € OF(x, u), and
—“lu-—a)< <0

fora.e. x € Q,all u € (a_,0] and all £* € IF(x, u);
(H7) There exists u € L*(Q) such that u(x) < 0 for a.e. x € Q with strict inequality on a set of positive

measure and Flxu)
pF(x,u
— < u(x)

|u| > +00 |u|p
uniformly for a.e. x € ;
(H8) There exists w > 0 and for u € R with |u| < w, such that

(A = Al < pF(x,u) < (A — ADul” Yk =1
for a.e. x € Q, where 4; is the i-th eigenvalue of problem (2.1)(i = 1,2, ...).
Remark 1.1. It is straightforward to observe that numerous functions can fulfill the hypotheses. let’s
consider two examples. The first function, denoted as F(u), is defined by
Fu - {?[1 = (U= u")(L+ plub], iflul < 1,
;‘[Iul” + In(1 + |u]) — 1], if lul > 1.

Then F(u) satisfies hypotheses (HI)—(H6).
The second function F,(u) is defined as

KOyl + & — 9 if | > 1,
ORI
EJu, iflul < 1,
where k € [A; — Ay, Lks1 — 411 Function F,(u) complies with hypotheses (HI)—(H3), as well as (H7)
and (HS).
Now we give our main results.
Theorem 1.1. If hypotheses (HI)—(H6) hold, then problem (1.3) has at least four nontrivial solutions
uo, iy € intC., vy, Vg € —intC, such that
uy < iy, U # iy and vy < vy, Vo £ vo.
If we replace the right side of (1.3) with A, |u|”~>u+8F (x, u), we can obtain the following multiplicity
theorem:

Theorem 1.2. If hypotheses (H1)—(H3), (H7) and (HS8) hold, then problem (1.3) has at least two
nontrivial solutions.

The paper is organized as follows. In Section 2, we recall essential preliminary results and establish
the functional framework necessary for our analysis. Section 3 is devoted to proving the existence of
four distinct nontrivial constant sign solutions (two positive and two negative) to problem (1.3). Finally,
in Section 4, we establish our second multiplicity result, demonstrating that problem (1.3) admits at
least two additional nontrivial solutions.
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2. Preliminaries

Let (X, || - |) be a real Banach space, and its topological dual as (X*,|| - ||). The constants C and
C; (where i = 1,2,...) represent estimated values that may vary from line to line. The symbol *—’
is employed to denote strong convergence in the space X, in contrast to ’—’, which signifies weak
convergence. The norm in the space L”(€2) is represented by || - ||,. Last, | - |,, is used to denote the
Lebesgue measure. Set

N .
ot = N_’;p, if N > sp,
P leo,  if N < sp.

The Gagliardo seminorm is defined for all measurable functions u : R¥ — R by

~ u(x) —uyl? , \'"”
[u]s,p = (f]RZN |x——y|N+Sp d)Cdy) .

Subsequently, we introduce the fractional Sobolev space
WSP(RY) = {u € LP(R") : u is measurable and [u];, < o},

equipped with the norm
p p \'?
lallyp = (lleel + [217,) ™"

For further properties of W*?(R"), we recommend [10]. Denote Q = R?" \ O, where
0 = C(Q) x C(Q) c R¥,

and C(Q) = RV \ Q. W is a linear space of Lebesgue measurable functions from R” to R such that the
restriction on € of any function u in W belongs to L”(£2) and

f lu(x) — u(y)l” |N+ps dxdy < oo.

The space W is equipped with the norm

1 7
by =Yl + fQ IM(X)—M(y)Ipmdxdy) .

It is easy to see that || - ||y is a norm on W. In the following, we define the closed linear subspace
X(Q) = {u e WPRY) : u(x) = 0ae. inRY\ Q},

which can be endowed with the norm [-],, (see [10, Theorem 7.1]). From [10, Theorems 6.5, 7.1],
(X(€2), ]| - |I) 1s a uniformly convex Banach space, and the embedding mapping X(Q) — L7(Q) is
continuous for all g € [1, p;] and compact for g € [1, p}). Next, we introduce the fractional p-Laplacian
operator, a nonlinear operator A : X(Q2) — X(Q)*, defined for all u, v € X(Q) as follows:

(AG). v = f Ju(x) = u@)P > (w(x) = u@))(Vx) = v() dxdy
R2N

|x — y[V+or
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For any v € X(Q), we say u € X(Q) is weak solution of problem (1.3) if u € X(Q2) satisfies the following
equation

(Au),v) = f {(x)vdx,
Q

where {(x) € 0F (x, u). Now, let’s consider the following nonlinear eigenvalue problem

(2.1

(—A)[S,u = Aulf?u in Q,
u=0 in RV\Q,

depending on parameter A € R. If problem (2.1) has a non-zero weak solution u € X(£2), then A is an
eigenvalue, and u is an eigenfunction corresponding to 4. We define the first eigenvalue, denoted as A,
of the problem as the infimum of the ratio between the seminorm [u]}, » and the LP-norm ||u||Z over all
nonzero functions u in the space X(£2). Specifically, we have

[”]f,p

= m P
ueX(@\(0} [|ullh

(2.2)

A; is the first eigenvalue of problem (2.1), and the corresponding function u; is called the A;-
eigenfunction. According to Proposition 2.3 in [14], the A,-eigenfunction u#; maintains a consistent
sign. Consequently, without loss of generality, we can assume that u;(x) > O for every point x in the
domain Q. This assumption simplifies the analysis and interpretation of the eigenvalue problem.

Definition 2.1( [11]) (i) / satisfies the nonsmooth (PS). condition if every sequence {u,} C X satisfying

I(u,) — ¢ and m(u,) —» 0 as n — oo,

has a strongly convergent subsequence, where m(u,) = inf,;:corq,) |[1,]1x--
(11) 1 satisfies the nonsmooth C-condition if every sequence {u,} C X satisfying

I(u,) — c and (1 + [luy|)m(u,) — 0,
has a strongly convergent subsequence, where m(u,) = inf,;:corq,) |[1;]1x--

Definition 2.2 Suppose that / : X — R is a locally Lipschitz function and X = X; & X,. We say that /
has a local linking at 0, if for some r > 0, we have

I(M) = 0’ ue Xla ”M”X < r,
I(w) <0, ue Xy, llully <r.
The next result is a nonsmooth version of a result due to Brézis-Nirenberg [6].

Theorem 2.1. If X is a reflexive Banach space X = Y @ V with dimY < +oo, I : X — R is a locally
Lipschitz function which is bounded below, satisfies the nonsmooth C-condition, 1(0) = 0, infy/ < 0
and there exists r > 0 such that

(local linking condition),

Iu) =20, uey, |ullx <r,
Iw) <0, ueV, |lulx <r

then I has at least two nontrivial critical points.
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3. The first multiplicity theorem

To give the proof of our results, we first present the following important lemma.

Lemma 3.1. (i) A: X — X" is a continuous, bounded and strictly monotone operator;
(i1) A is a mapping of type (S.), i.e., if u, — uin X and limsup,_,, (A(u,),u, — uy < 0 implies

U, — U.

Proof. It is obvious to see that A is continuous and bounded. Note that
1
(A(u),uy = f |u(x) — u(y)lpmdxdy,
1
(A(u),v) = f |(u(x) = u)IP?(u(x) = u(y)(v(x) - V(Y)) IN+P‘dXdy’

1
(AW).v) = fQ ) = VO [
Using Cauchy’s inequality, we have

2 Ll
uv < luv| < M 3.1

Then,

(A(w) — A(v),u —v)
= (A(u), uy — (A(u), vy — (A(v), uy + (A(v), v)

1
= fﬂu(x) — u()I” = lu(x) — u(IP > (w(x) = u(y))(v(x) — V)5 dxdy
0 |x — y[V+P

- f [v(x) = v)IP2(0(x) = v))((x) — u(y)) — [v(x) = v(y)"] x dxdy (3.2)
0

_ y|N+ps

1
2 f [lu(x) — u(y)l” - S ) = u)r (|ux) = uP + () = ve)P)] dxdy
0

|x — y[¥*rs

- p=2 !
_ f [M(Iv(x) — v + [u(x) — u()?) = v(x) = v | ——7; dxdy
, 5 |x — y[**p

= | 5[0~ w0200 — )P = 0~ v P ey
1 1
= [ 300 = v () = P - ) - O sy
Q

f (1) = U = ) = v ) ux) = uOPE = ) = v |N+mdxdy,

i.e., A is monotone. In fact, A is strictly monotone. Indeed, if (A(u) — A(v), u — v) = 0, then we have

f (Ju(x) = uI"? = () = v )(|(x) = u)P = ) — V(Y)I) |N+,,§dxdy=0,
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which deduces that u = v. Therefore, (A(u)—A(v), u—v) > 0, which means that A is a strictly monotone
operator in X.

(i1) From (i), if u,, = win X and lim,_,.(A(u,), u,—u) < 0, then lim,_,.(A(u,)—A(u), u,—u) > 0. By
virtue of (3.2), one has u, — u in Q. Thus, we obtain a subsequence, still denoted by itself, satisfying
u, — ua.e. x € Q. From Fatou’s lemma, we have

) 1 1
lim . f | (x) — un(\/)l” — 5 dxdy > f lu(x) = u()P ——=—dxdy. (3.3)
0 — y|V*p 0 |x — y[V+p
By u, — u, we derive
lim (A(u,), u, —uy = lim (A(u,) — A(u),u, —u) = 0. (3.4)
n—-+oo n—-+oo

On the other hand, we have
<A(un) Uy, — >
1
f it (%) = P> (Un(%) = U)Wt (X) = 4, () — (u(x) — u(y))) = s dxdy

1
f (2t () =ty I = it (x) = s )P~ () = u(y)l) ledxdy

3.5)
-1 1
> | ()= O = ==l = 1, = —|u(x> ~ )y
f () = s = ) = W) |N+,,S dxdy.
According to (3.3)—(3.5), we have
1
Jim [ ) ~ w0 ddy = f — W ju(x) — u(y)lPdxdy.
Therefore, u, — uin X, i.e., A is of type (S ;). m|

To prove the existence of solutions for problem (1.3), we give the following truncations of the
nonsmooth potential F(x, u). Set

0, ifu<0,
F+(-xa I/l) = F(X, u)’ lfu € [Oa Cl’+],

F(x’ a/+)5 lf a, S u,

and
0, ifu >0,

F_(x,u) =< F(x,u), ifuce€la_0],

F(x,a_), ifu<a_.

It is evident that for every real number u, the mappings u — F.(x,u) are measurable. Moreover,
for almost every point x in the domain Q, these mappings exhibit local Lipschitz continuity in u.
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By applying the chain rule for nonsmooth functions, as detailed in reference [8, p.42], we derive the
following subdifferential conditions

{0} ifu<0,
{10F(x,0): 1€ [0,1]} ={0} ifu=0,

OF .(x,u) = OF(x,u) ifue0,a,), (3.6)
Cc OF(x,ay) ifu=a,,
{0} ifu>as.

Similarly,

{0} if u>0,
{A0F(x,0): 1 €[0,1]} ={0} ifu=0,

OF _(x,u) = { OF (x, u) ifue(a_,0), (3.7)
Cc OF(x,a.) ifu=a.,
{0} ifu<a._.

These equations delineate the subdifferential behavior of F.(x,«) under various conditions of u,
ensuring that the functions are well-defined and their derivatives are appropriately constrained.
We define the functionals 7,7, : X(Q) —» R by

L(u) = %[u]f’p - f F.(x,u)dx, Yxe X(Q), (3.8)
Q

and .
I(u) = I;[u]f’p - fF(x, u)dx, Yx e X(Q). (3.9)
Q

Since I, and I are Lipschitz continuous on bounded set, they are locally Lipschitz (see [8, p.83]).
Recall that
OI.(u) c A(u) — N.o(u) and 0I(u) € A(u) — N(u), Yu € X(Q),

where
N@u) ={" € L (Q) : " € dF .(x,u(x)) a.e. on Q}

and
N@u) ={* € L (Q) : &* € dF (x,u(x)) a.e. on Q}.

Denote by C°(Q) and C*#(Q) (0 < < 1) the usual Holder spaces, endowed with the norms

|u(x) — u(y)|
lullcoy = max (u(x)], lullcos@y = lullcogy + sup ————,
xeQ) X,yeQx#y |X - yl'B

respectively. Besides, set d(x) = dist(x, 0Q) for all x € Q. Fix 0 < y < 1 and introduce the weighted
Holder spaces

CYUQ) = (ue C¥Q) : ud™ € C°Q)}, CYP(Q) = {ue %) : ud™ € C¥¥(),
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respectively. As such, if u € CS(Q), then u = 0 on JQ. In general, all functions that vanish at
0Q will be identified with their zero extensions to RY. From the Ascoli Theorem, the embedding
Cg’ﬁ (©Q) — CYQ) is compact for all 0 < B < 1. CH(Q) is an ordered Banach space with the order cone

C, ={ue CYQ) : u(x) >0 forall x € Q).

By Lemma 5.1 in [14], we know that

intC, = {u e C%Q) : ;‘y(—(xx)) > 0 for all x € Q).

Lemma 3.2. If hypotheses (HI)—(H6) hold, then problem (1.3) has at least two solutions, uy € intC,
and vy € —intC,, ug is a minimizer of 1,, vo is a minimizer of I_, and both are local minimizers of I.

Proof. We first prove that u, € intC,,, which is a minimizer of I, and a local minimizer of /. Recall that
|F.(x, w)] < a(x)

forae. x € Q, all u € Rand @ € L®(Q),, from which it follows that 7, is coercive. From X(Q) <>~
LP(Q), we have that I, is weakly lower semicontinuous. Hence, from the Weierstrass theorem, one can
find up € X(Q) such that

I, (up) = i, = inf{l, (1) : u € X(Q)). (3.10)

Next, we prove that 2, < 0. Let u; € intC, be the L”-normalized principal eigenfunction. Take g > 0
small enough such that
0 < gu(x) <6 < min{o, @} YxeQ,

where o and a. can be found in (HS) and (H6), respectively. Thus, from (HS), it follows that
A -
ZePu (x) < F(x, euy(x)) = Fo(x, €uy(x)) (3.11)
P

for a.e. x € Q, all € € (0, &]. Therefore, by (2.2) and (3.11), one has

p

L(ew) = E—[m]é’,,—fﬁ(x, eur(x))dx
p ' Q

e’ e’
< —[mlf, - 7““1”5

Ep/ll 617/11
= (— - —)nulng
p p

=0,
from which we infer that i, < 0. If /i, = 0, then I, (eu;) = 0 for all € € (0, ]. Hence,

0 € 9l (euy),

i.e.,
A(ew) = ¢,
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where {7 € N, (eu), which deduces that
(=A),(eur)(x) = £ (x) (3.12)
for a.e. x € Q. Recalling that 0 < eu;(x) < 6 < a, fora.e. x € Q, by (3.6), we obtain
OF . (x, euy(x)) = OF (x, eu;(x))

for a.e. x € Q. This, with (3.12), means that ex, is a solution of (1.3) and a minimizer of I, for any
€ € (0, g]. Furthermore, since eu; € intC, and eu;(x) < 6 < a, for all x € Q, there exists p > 0 small,
such that

i+ |Bc2, (eu1(x)) = I, |BC2 (eui(x)),

from which it follows that eu;(x) is a local Cg(fl)—minimizer of 1. By Proposition 5.4 in [14], we have
that eu;(x) is a local X(Q)-minimizer of I. Hence, if 771, = 0, we derive a whole continuum of functions
(the functions {eu, } € (0, ]) satisfying the properties claimed by the proposition. Thus, without loss
of generality, we can assume that

m, < 0.

By (3.10), we have
I (up) <0 = 1,(0),

from which we derive uy # 0. Thus,
0 € 01, (uo),

i.e.,
A(uo) = &y, (3.13)

where £ € N, (up). Acting on (3.13) with —u; € X(2) and by (3.6), one has [u;],, = 0, which infers
that u; = 0, and so uy > 0, up # 0. From (3.13) it follows that

{(—A);uo(x) = {5(x) € OF . (x,up(x))  forae. x€Q, (3.14)

u=0 on RV\ Q.

From hypotheses (H3) and Theorem 1.1 in [13], we derive that u, € CS’“(Q) for some a € (0, s].
Recalling that
{y(x) =0 for ae. xef{u>a,l,

if we act on (3.13) with (1 — @,)* € X(Q) N C(Q), we have

_ p
f ) =P o
{up>a4}

lx — yVesp

from which it follows that
{uo > a | = 0.

Thus,
0<uy<a, for ae xeQ.
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From (3.14) and hypothesis (H6), we derive that
(—A);uo(x) >0 for a.e. x € Q.

Invoking the strong maximum principle of [20, Lemma 2.3], we infer that uy € intC,. Furthermore,
employing hypothesis (H6), we derive

(=A)(@s = uo)(xX) = (=A)y(—up)(x) = =£5(x) = —lavy — up)"™ (x)
for a.e. x € Q. Hence, using the minimum principle [9, Theorem 1.2], we have
up(x) < a, Yxe Q.
Using the definition of £, (x, u), by choosing p > 0 sufficiently small, we can establish that

L | o (o) = L | o (uo(x)),
B, B,

which implies that
up is a local CH(Q) — minimizer of 1,

and hence
ug is a local X(€2) — minimizer of I,

(see [14, Proposition 5.4]). Similarly, by examining /_, we deduce that v € intC, is a minimum point

of I_ and a minimum point of 1. Moreover, v, constitutes a solution to problem (1.3). O
Now we begin to prove Theorem 1.1.

Proof of Theorem 1.1. By Lemma 3.1, we already have two solutions, u, € intC, and vy € —intC,.

First, we prove that there exists a solution of ity of problem (1.3) such that

ug < iy, Uup # iy.

With this aim in mind, we introduce the functional T, : X(Q) — R defined by
T,(w) = l[uo +wlt, - f F(x,uy +wh)dx + fzjgw_dx + A, (3.15)
p Q Q
where () € L"(Q), £y € OF (x,up(x)) for a.e. x € Q satisfies
(=A),uo(x) = {H(x) for ae. x€Q,
(see Lemma 3.1) and A = fQ F(x, up)dx. It is evident that Y, is locally Lipschitz on X(€2). Noting that

(o + w1t = [uo + W'1% , + [uog — w15, = [uol? ,, (3.16)

we can deduce that
1
T w) = Iug + wh) — I(ug) + Sl —w P, + fgow dx. (3.17)
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Since ;(x) € OF (x,up(x)) for a.e. x € Q, and uy(x) € [0, a,] for all x € Q, as indicated by (H6), we
can conclude that
Lo(x) >0 forae. xeQ.

Furthermore, since u, € intC, is a local minimizer of /, we can prove that the origin is a local minimizer
of T, according to Eq (3.17) (cf [11, p.675]).

Next, we will utilize the Mountain Pass Theorem to prove the existence of a solution i, to
problem (1.3). This will be done in three steps.
Claim 1. There exists r > 0 small such that

inf{Y,(w) : Wl = r} =10, = —[uolf, = 1..(0).

SR

Assume that uy € intC, is an isolated local minimizer of /. Otherwise, we derive a whole sequence of
distinct solutions of (1.3). So for p > 0 small enough, one has

I(up) < I(w) and 0 ¢ 9I(w), Yw € B,(up) \ {uo). (3.18)
we show that for any r € (0, p),
m, = inf{I(w) : w € B,(uo) \ B.(up)} > I(uy). (3.19)
Suppose, by contradiction, that there exists r € (0, p) and {w,},>1 C Bp(uo) \ B,(ug) such that
I(wy) ™\ I(up). (3.20)
Then we can conclude that the sequence {w,} C X(Q) is bounded. Consequently, we can assume that
w, = w in X(Q) and w, > w in L’(Q).
Because I is weakly lower semicontinuous, it follows from (3.20) that
I(w) < r}l_g)lo I(w,) = I(up).

Using (3.18), we can further deduce that w = u,. By the nonsmooth mean value theorem (see [8, p.41]),

one has Wty W —
Ton) = 1(M222) = (w;, 2 220), (3.21)

2

where w;, € dI(t,w, + (1 —1,)"5), 1, € (0, 1), n > 1. Note that

w, + Uy

W= A (tnwn =1 )— z, (3.22)

with £, € 0F (t,w, + (1 -1, W”T”“)) for a.e. x € Q. Combining (3.21) and (3.22), we derive

Iw,) — I(W" - ”0) - <A(t,,wn b (1 — gm0y Wn = ”°> - fg;w" “May. (3.23)
2 2 2 L2

Since

f ol > Ddx — 0, (3.24)
Q
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and
w, + U

2

— uy in X(Q),

we derive

nt
I(uo) < liminfl(w - ”0).

n—+o0o

Then, passing n — oo, from (3.20), (3.24) and (3.25), it follows that

nt+ n—
lim sup <A(t,,wn 4 (1 = gyt loy W ”0> <0.
n—+oo 2 2
Since w, +Uu W, — U
oW + (1 = )= — gy = (1 + £,)——=
wy, + ( ) 5 ug = ( ) 5
and w, + U
town + (1 = 1,) "2 0y in X(Q),
from (3.26) and Lemma 3.1, we infer that
nt .
fown + (1 — z,,)% Sy in X(Q).
However,
n t+ n—
fow, + (1 — 1) 210 uo] —(1+ tn)[w ”0] > (1 +16,)" >
2 S,p S,p 2

This contradicts (3.27), which proves (3.19).

(3.25)

(3.26)

(3.27)

(3.28)

Let us fix r € (0, p) and let [w],, = r. Then, we have [w"], , > % or w7y, > % First, let us assume

that |lw*|| > 5. From (3.27) and (3.19), it follows that

To(w) = m; > 0.

Now, let us assume that [w™],, > % From (3.17), A(up) = ¢ and noting that u 1—17[u0 - w‘]ip 18

convex, we have

1
To(w) > me + —[ug —w1¥ , + (Aup), w™)
P :
L
2 m: + I;[Mo]s,p

1
> —[uolf

which proves Claim 1.
Claim 2. Y, satisfies the nonsmooth C-condition.
Assume that {w,},>; C X(Q) is a sequence, such that

Ti(w,) = ¢ and (1 + [w,[)m(w,) — O.

(3.29)

Suppose, by contradiction, that there exists sequence {w,},>; C X(£2) is unbounded. Since 07, (w,) C
X*(Q) is weakly compact, and the norm functional in a Banach space is weakly lower semicontinuous,
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according to the Weierstrass theorem, there exists w; € 07, (w,) such that m(w,) = ||w}|[x- for n > 1.
Let F, : Q xR — R be defined by

Fo(x,0) = F(x,up(x) + ).

Thus, for all £ € R, the function x — F, (x, {) is measurable, and for almost every x € €, the function
¢~ F.(x,0)is locally Lipschitz. Additionally, let j_() = £~. Then we have

W= Ao +w,) = &+ &, (3.30)

where 2;: € dF.(x,w,(x)) and 1, € 0j_(w,(x)) for almost every x € Q and all n > 1. Using the
nonsmooth chain rule, we have

{0} if £ <0,
OF .(x,0) = {{rOF (x,up) : T € [0,1]} = {0} if£ =0, (3.31)
OF (x,uy + ) if £ >0,
and
-1 if £ <0,
0j-(0) =4[-1,0] if¢ =0, (3.32)
0 if £ > 0.

From the given choice of the sequence {w,} C X(Q2), we have
Kw,, V| < €, Yv e X(Q),

where €, N\ 0. Let us take v = —w, € X(2), and note that

Aug + wy) = A(ug + w)) + A(ug — w;,) — A(up). (3.33)
Then
(Aug +w,), =w,) + (Ao — w,), —w,) — (Aup), —w,)
N ~ (3.34)
+ fzj:wndx - f{Snnwndx < €.
Q Q
Since
(Aug +w,), =w,) + (Ao — w,), —w;,) — (Aup), —w,)
= (A(u), —W_,,> + (z_‘l(uo = w,), =w,) — (A(uo), —w,) (3.35)
= (A(ug — wy,), —w,)
> [ug — w12, — [uo — w;, 12, w0l s
also from (3.31), (3.32) and (H3), we derive
‘ f Zwidx| < Clw; 1, Yn2>1, (3.36)
Q
and
f{gnnw;dx < Clw,lsp, VYn>1. (3.37)
Q

AIMS Mathematics Volume 11, Issue 5, 13500-13529.



13514

Substituting (3.35)—(3.37) into (3.34), we obtain

(1o = wy 10, < Cluo = w;10," + Clwy 1, + C,

from which it follows that the sequence {w,} € X(€) is bounded, and therefore the sequence {w;} C
X(Q) is unbounded. By passing to a subsequence if necessary, we assume that [u,, ], — +00, so,

[Lt() + W;:]S,p — 400,

Set
ot Wa sy (3.38)
L= ———— Vn>1. .
¢ [Lt() + W:{]s,p

Then u, > 0 and [z, ], = 1 for all n > 1. Passing to a subsequence if necessary, one has
u, = u in X(Q) and u, — u in L7(Q).

From hypothesis (H4), for a given € > 0, there exists M; = M;(e) > 0 such that
1 1
;(/11 -l < F(x,{ < I;(/h + el (3.39)

for a.e. x € Q, all |{| > M,. Noting that
T+(Wn) — G,

we can find M > 0 such that
1T (W)l < M Vn > 1.

From (3.16), one has

Ty (w,) 1 Lug — w15, 1 [uols,
o = —[Zn]f,,+— R 7
[MO + W:{]s,p p | p [MO + W;:]s,p P [MO + W:{]s,p
F(x,up+w!’ - A
- f Flototwi) g f é—opw,;dx R — (3.40)
Q [MO + W:{]s,p Q [MO + W:{]s,p [MO + W:{]s,p
M
<—— VYn>1.
[ug + wj;]’;p

Since the sequence {w, },>; C X(€2) is bounded, one has

uy— w15 :
M—)O and f—ow_dx—>0.
Q

[uo + Wrﬂf,p

Then, (3.40) can be transformed to

1 F(x,ug +w)) '
P — 7 "dxl <€ 3.41
'p[z s fg [uo + W} 15, = G40

where €, | 0. From (3.39) and (H3), it can be inferred that

F(x,up+w)) F(x,up +w)) F(x,up+w))
o lug+wils, worwi=nny Lo + wilsp fworwi <y Lo + witls

A + C
SlTG[z;]’,’ = a1

(3.42)
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Substituting (3.42) into (3.41) yields
€ "
Slelty ;lnznng - Sl < €.

where €, | 0. As n — +oo in (3.43) and letting € \, 0, we have

[Zn]g’p < /ll ”Z"”Z’

which implies that
z=0 or z=u

(3.43)

(note that u > 0). If z = 0, then z, — 0 in X(€2), which contradicts the fact that [z,];, = 1. Therefore,

z = u;. Consequently, using (3.38), we obtain
(ug + wi)(x) = +oo for a.e. x € Q.
Furthermore, based on hypothesis (H4), we know that
CH(xX) (g + wi(x) = pF(x, (ug + w))(x) = —co for ae. x € Q.
Then, from the Fatou Lemma, we derive

fQ [:(x) (o + W) — pF(x, (up + wi))dx — —co.

Furthermore, by (3.16), for all n > 1, we obtain
pY (w,) = [ug + w:[]ﬁ”p - fg;pF(x, uo + w,)dx + fgp{éw;dx + pA
= [ug + W;]f,p + [ug +w, 1%, — [wolf, — L

< [ug +w, 1%, - LpF(x, up +wydx + C.
By (3.30) and (3.33), one has
—(wr g +wry = —(A(ug + w), ug + w, ) — (Aug — wy), uo)
+ fZ;(uo +wi)dx — fggn,,(uo + w)dx
o) )
< —lug +w, 12, — (Aluo — w;), uo) + fg Ci(up + whdx + C.

Adding (3.45) and (3.46), we obtain

pYr(w,) — Wi ug+w,) < f[f;(uo +wr)—pF(x,up +w)ldx+C VYn > 1.
Q

Using (3.29), we can deduce that

pYi(w,) — (W, up + wy) — pc.

(3.44)

PF(x,ug + wi)dx + fpggw;dx + pA  (3.45)
o

(3.46)

(3.47)

(3.48)
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Combining (3.44), (3.46), and (3.47), we arrive at a contradiction, which indicates that the sequence
(w1 € X(Q) is bounded, so the sequence {w,},>; C X(€2) is also bounded. Consequently, by passing
to a subsequence if necessary, we may assume that

w, = w in X(Q),
w, = w in LP(Q),

wu(x) > w(x) forae. x€Q,

and
[w,(x)| < Il(x) fora.e. x €

with [(x) € LP(Q). Hence, we have
|<W:;, Wp — W)I < €ns

which implies

‘(A(uo + W), W, — W) — ff;(wn —w)dx + f{(’)‘nn(wn —w)dx| < €,. (3.49)
Q Q
Considering that
fZ;;(w,, —w)dx — 0 and f{énn(wn —w)dx — 0,
Q Q

we can infer from (3.49) that
(A(uo + wy), wy, —w) — 0. (3.50)

Asw, —= win X(€2), combining (3.50) and Lemma 3.1, we can conclude that
w, = w in X(Q),

which demonstrates that Y, satisfies the nonsmooth C-condition.
Claim 3. There exists w € X(€) with [w],, > r such that

Ti(w) <T,(0) <6,
(r > 0 and 6, as in Claim 1). From hypothesis (H4), for a given 8 > 0, we can find M = M(6) such that
C'u— pF(x,u) < -6 (3.51)

fora.e. x € Q, all [u| > M and all * € OF(x,u). From hypothesis (H2), for a.e. x € Q, it follows that
u- @ is locally Lipschitz on [M, +c0) and

P

(3.52)

6( F(x, u)) c uPOF (x,u) — puP~'F(x, u) _ udF (x,u) — puF(x, u)

up u2p up+1

F(x,u)
uP

for all u > M. By the Rademacher Theorem in [11, p716], we have that %( ) exists for a.e. u € R

and

i(F(x, u)) c a(F(x, u))'

du\ up up
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Consequently, from (3.51) and (3.52), one has

%(F(x, u)

-0
) < for a.e. x € Q.

ul up+l

For a, < ay, integrating over [a;, a,] C [M, +00), we derive
F(x,a;) F(x,ay) < 0

P p =
a, a; p

P P
a, a

1 1
(— - —) forae. x e Q.
Letting a, — +co, by (H4), we have
ﬂ B F(x,ay) <_ 0

P = p*
p a; pa;

Then
pF(x,a;) —/llaf >0 for ae. xeQ and all a; > M. (3.53)

Since [u115, = 4illuillh, by (3.53), for ¢ > 0, we can derive
pltw) = w17, - fg pF (e, tuydx
= P Al I} - LPF(X, tuy)dx
= fg [ A1u] = pF (x, tuy)]dx (3.54)

= f ) [t”/lluf — pF(x, tu])]dx+f ) [tp/llu’f — pF(x,tuy)]dx
{tuy>M} {tu, <M}
< —9|{tl/t1 > M}Im + Cl{tul < M}lms
where | - |,, denotes the Lebesgue measure on RY. Recall that
Htu; < M)|,, » 0 as t — +oo.

Therefore, from (3.54), we can conclude

limsup I(tu;) — —oco0 as t — +oo. (3.55)

t—+00

Since u; € intC,, one can choose a sufficiently large ¢ > 0O such that fu; > u,. Let w = tu; — up, then
w € C,. According to (3.17), we have

1
Ty (tuy —ug) = I(tuy) — I(uo) + ;[Mo]f,p-

From (3.55), it follows that
T (tur —up) < 1,(0) <6,

which proves Claim 3. Therefore, by using the nonsmooth Mountain Pass Theorem (see [11, p.40])
with Claims 1-3, we can conclude that there exists wy € X(Q), wo # 0, such that

0, < T (wp) and 0 € T (wy). (3.56)
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Then, we have

Alug + wo) = &5 — Zomo. (3.57)
where i € F . (x,wo(x)), & € L (Q) for ae. x € Q, and £no € LP (Q), 1, € 8j_(wo(x)) for almost
every x € Q. By multiplying both sides of (3.57) with —w; € X(Q), we obtain

(A(uo + wo), —wg) = f Zy(=wy)dx — f Lomo(=wp)dx.
Q Q
From (3.31), (3.32) and the fact that A(up) = £, we can derive that

(Ao — wy), —wy) = (Aluo), —=wy).

Consequently, we have
(Aug —wy) — Aluo), —wy) = 0.

Based on Lemma 3.1 and the fact that A is strictly monotone, we combine it with (3.56) to deduce
—wo =0, 1e., wyp=>0, wog#0.
Thus, from (3.57), we conclude that

{(—A)Z(uo + wo)(x) = ZS(X) — {5(x)no for ae. x € Q,

3.58
(up +wo) =0 in RN\ Q, (3.58)

Therefore, from Lemmas 2.1, 2.2 in [15], one has uy + wy € CS(Q). Furthermore, by the fractional
p-Laplacian Hopf’s lemma [9, Theorem1.5], we have, for all x € 9€,

’ (uo + wo)(y)
im —
Qay—x d;l(y)

which means that uy + wy € intC,(see [15, Lemma 5.1]). Let &g = ug + wo, then we have

> 0,

g € IntCy, ug < ity, and ug # ily.
Furthermore, by applying the Stampacchia theorem, it is known that for a.e. x € {wy = 0},
(=)l = (=A)uo = §5(x) € OF (x, ug(x)) = OF (x, ii(x)).
On the other hand, by (3.58), we can deduce that
(—=A)Sig = {3(x) € OF (x,ii(x)) for ae. x € {wy > 0).

Thus, it can be concluded that i € intC, is a solution to problem (1.3).
With the same method, we define the functional Y_ : X(Q) — R as follows:

1
T-(w) = —[ug +wlt , - fF(x, up —w)dx + f§3w+dx + A.
p | Q Q
By repeating the same process, we obtain ¥y € X(Q) such that
Vo € —intC,, Vo <vg, and Vg # vp.

Furthermore, ¥, is a solution to problem (1.3). Thus, we have proved that problem (1.3) has at least
four nontrivial smooth solutions of constant sign (two positive and two negative). O
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4. The second multiplicity theorem

In this section, we discuss the existence of problem (1.3), which can be restated as follows:

4.1)

(=A)su € Ay|ulPu + OF (x,u) forae. x € Q,
u=0 on RV\Q,

where A, represents the first eigenvalue associated with problem (2.1). We commence by establishing
several foundational results, which are important in demonstrating the coercivity of the energy
functional to problem (4.1).

Lemma 4.1. Suppose that X c X(Q) is a finite-dimensional subspace with a unique continuation
property, and X ¢ L*(Q). Then the following hold:

(1) For any € > O, there exists 1(e;) > 0 such that
l{x € Q: u(x)| < t(eDlulsp}l < & Yu e X\ {0}
(i1) For any € > 0, there exists 1(e;) > 0 such that
fx € Q: W) > (@)Wl < e Ywe X'

Proof.(i) Noting that all norms on X are equivalent, we can choose the || - ||-norm on X. Therefore, it
suffices to show that for a given €; > 0, we can select 7(e;) > 0 such that

Hx e Q:ux)| <t(e)lln <& Yue€dB,.
To achieve this, we aim to prove that for every u € dB,, there exists 7(u, €) > 0, satisfying
HxeQ: )| <1, e)lln<e YveX,[v- ulsp, < 7(u, ). 4.2)

Suppose, by contradiction, that there exists uy € 9B, such that for all n > 1, we can find v, € X such
that

1
[V = uolsp < o and |[{x € Q: [v(x)| < %}Im > €.
Let us define

1
Q,={xeQ:vx)|<—} Vn>1.
2n

Then |
Q,c{xeQ:vx)|<-} VYn=>1.
n

Consequently,

1
xe Q:lugx)| < =}n=>€ Yn=1.
n

By utilizing the unique continuation property of X, we deduce that u, = 0. However, this contradicts
the fact that uy € dB,, and this contradiction verifies (4.2).
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Next, let us examine the family {B(,(u)}. It serves as an open cover for the compact set 9B, (note
that X is of finite dimension). Consequently, we can choose a finite subcover { By, «)(u)};.,. Let

7(€1) = min{t(uy, €)}),.

Then 7(¢;) > 0 does the job.

(i1) Suppose that the result is not true. Then there exists € > 0 such that for all n > 1, one can find

w, € X* with [w,],, = 1, satisfying
l{x € Q: w, ()| > il > €.
By passing to a suitable subsequence if necessary, we assume that
w, — win X(Q).
Due to the compactness of the embedding X(Q) c L”(€2), we conclude that
w, = win LP(Q).

Therefore,

f W, ()P dx > f W, (0)IPdx > en”,
Q {xeQ:lw, (x)|=n}

lim W, (x)|Pdx = +o00,
n—+oo ]

which implies that

contradicting the fact that w, — w in L”(€). Thus, the proof is completed.
Let us consider the energy functional = : X(Q2) — R, defined by

1 A
Ew) = ~[ul?, — = ull?, - f F(x,u)dx, Yx € X(Q).
p p Q

It is easy to observe from (H1)—(H3), that Z(u) is locally Lipschitz.
Lemma 4.2. If hypotheses (HI)—(H3), (H7) and (H8) hold, then E is coercive.
Proof. From (H7), for any given € > 0, it is possible to find M, = M,(€) > 0 such that

pF(x,u) < €lul’ forae. x € Q and all |u| > M,.
Therefore, for all u € X(Q), we obtain

1 A
Eu) = —[ul?, — = ull? - f F(x,u)dx
p p Q

1 A
= —[u]ﬁp - —lllullg - f F(x,u)dx — f F(x, u)dx.
p p {lul<M>) {lul>Ms)

By using (4.4), we deduce

f Flruydx < < f uPdx Vx € X(Q).
{lul>M>) P Jo
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Moreover, from assumption (H3) and the mean value theorem for locally Lipschitz functions, it follows
that

f F(x,u)dx <C forall x e X(Q). (4.7)
{lul<M>}

By substituting (4.6) and (4.7) into (4.5), we obtain
— 1 A1 €
E(u) > I;[u]f,p - ;llulli - ]—?||u||1’j -C VYxeX(Q). (4.8)

For u € X(Q), let
u=u'"+ut with u' € EQ)), u'eEWQ),

i.e., u' = tu; for some t € R, where u; is the normalized principal eigenfunction of ((—A);,X(Q)).
Using the orthogonality between E(4;) and E(A;)* and the fact that [u;]} » = Aqlluy IIZ, by (4.8), one has

1
Ew) = —[u'1?,
PO

b
- ;lnuLng - If)||u||§ —C VxeXQ). 4.9)

Since
D12, > LIblE Yy e EQ)*,

(2]}, = Aullzll;, Yz € X(Q),
for all u € X(Q2), we obtain

= 'y, - C VueX(Q. (4.10)

1/ A
E(u) > —(1 _a i)[ul]fp -
P TopA

Ay pAy

Then we will prove that = is coercive. With this aim, we consider a sequence {u,,} C X(€2) such that
[un]s,p — +00,

Since u, = u} +ut with u! = t,u;, 1, € R and ur = E(1,)* for all n > 1, if the sequence {u},5; C X(Q)
1s bounded, we must have
[t 15,p — +00,

this, combined with (4.10), follows that
E(uy) — 400,

which means that Z is coercive. Thus, we suppose that the sequence {u}l}nzl C X(£) is unbounded.
Passing to a subsequence if necessary, we assume that

1
[un]s,p = |tn| — +00,

,} . . . . . .
Note that the sequence {#}nZ 1 is within the interval [0,1]. By passing to a subsequence if necessary,
nls,p
p . .
we can assume that # — d as n — oo, where d € [0, 1]. We will consider two cases.
nls,p

Case 1. 0 <d < 1. From (4.10), we can deduce that

et!

-C VYn>1.
pA

_ 1 A €
2(u) > ;(1 - /l_; - Z)[ui]ip -
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Therefore,

() 1( e s)[u; O
[un]ls),p B p A2 A2 [un]g,p p/ll [un]f,p [un]f,p

Since X(Q) = E(1;) P E(1))*, we have

Vx € X(Q).

1 _ [un]f,p _ [ujl_ f,p + tfz)[ul].ls'],p _ [ujl_ f,p + trll7
[, [, (4,15,

which implies
P
Ly 1z, —1-d.

(1,15,

Taking the limit n — oo in (4.11), we obtain

E(u, 1 A d
liminf(—up) > —(1 _ i)(l —ay- £
n—-+oo [l/tn]s,p p /12 ),1 pﬂl

By choosing € > 0 to be sufficiently small such that % + 4 < 1, we can conclude that

E(un)

14
Uy $,p

lim inf > 0,
n—+o0o [

which implies

E(un) - +OO9

i.e., 2 is coercive.
Case 2. d = 1. In this case, we have

tl’
z 1.
(4,15,
Then .
[un ]S,p 0_
[,]5,

Now, we need to prove that

F(x, uy(x))dx
lim sup fQ

n—+0oo [un]f,p

4.11)

(4.12)

From Lemma 4.1, for given €, &, > 0, one can find 7, = 71(¢)) € (0, €) and 7, = 72(&) € (0, &) such

that
I{X €Q: IV(X)I <Ti [V]s,p}lm < €, Yv e E(/ll)

and
Hx € Q: lwX)| > talwls plln < €, Yw € E(A))".

We introduce the following two Lebesgue measurable subsets of Q:

A, ={xeQ: |u,1,(x)| 2T [M:l]sm}’

B, = {x € Q:|ur(x)| < malu,)
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foralln > 1. As such, [Q\ A,|, < € and |Q \ B,|, < &. Thus, if we choose €, €, > 0 small enough,
we may derive |A, N B,|,, # 0 for all n > 1. Since E(1;) € C(Q) is finite dimensional, we have

v(x)| < Clvly, YveE@), xel.
Consequently, for x € A, N B,, and n > 1, one has

a0l _ Ju, ()| N iy (1 _ C[u},]s,p i q [ 15 p

[un]s,p B [un]s,p [un]s,p B [un]s,p [un]s,p

b

and so

lim sup u "(x)l)(Ant (x) < (4.13)

n—+oo [ n]s N

for a.e. x € Q. Furthermore, for x € A, N B, and n > 1, we have

ACINN (O Lty ()] S [, [, ).

= Z T 2 ’
[un]s,p [un]s,p [un]s,p [un]s,p [”n]s,p

from which it follows that

iminf " > (4.14)

n—o+oo [u, ] D

for a.e. x € Q. Based on hypotheses (H3), (H7), and the mean value theorem for locally Lipschitz
functions, we can deduce that for a given € > 0,

F(x,u) < 117(#()0 + e’ +C (4.15)

for a.e. x € Qand all u € R. It follows from (4.13)—(4.15), for a given € > 0, we can find ny = ny(€’) >
1, for all n > ng, such that

f Flx, un(®) |
———dx
A,NB, [un]sp

1 A, N B,
s—f (u()+6)[|; +C—| [ ]pl
I’l un S.
oo L (4.16)
< —(C+¢€) (u(x) + e)dx + —(1; =€) (u(x) + e)dx + €
p {u>—€} p {u<—e}
1 1
< —(C+¢€) (u(x) + e)tdx — — (11 — €’ f(,u(x) +e)dx+ €.
p {u>—é p Q
Furthermore, for x € B, \ A,, the following inequality holds
1 1 1 L
lut, (x)| < |, (O] Juy (X)) <7 [, )5 o [ 1s.p
[un]s,p [un]s,p [un]s,p [un]s,p [un]s,p
Iy [u4; 15 p
=T + T )
[un]s,p [un]s,p

AIMS Mathematics Volume 11, Issue 5, 13500-13529.



13524

thus we have

B | ()|
1m sup
n—+co [ ]?p

——X4,nB,(X) < “4.17)

for a.e. x € Q. Additionally, by
[F(x, )| < aa(x) + Clul’,

where a, € L*(Q),, for all n > ny, we utilize Lemma 4.1 to obtain

f IF(x,u,;(x))l dr < f as(x) +pC|u|” dx
B,\A, [un]s,p B, \A, [un]s,p

<€ +Clr) +€)IQ\ Al (4.18)
<€ +C(r)+€)eg.
On the other hand, for all n > ng, we have
p
f |F'(x, u,;(X))Id)C < f @(x) +pC|u| dx
QO\B, [un]s,p O\B, [un]s,p 419
<€ +CIQ\ B, (4.19)
<€ +Ce.
From (4.20), (4.18) and (4.19), we infer that
. f F(x, u,(x))
limsup | ————dx
n—+00 Q [un]s,p
(4.20)

< l(C + € f(,u(x) +e)"dx - l(7'1 -€)y f(,u(x) +€) dx
p Q p Q
+ 36+ C(t1 + €)e + Ce.

Since €, €, €, and ¢, are all arbitrary positive values and p(x) < 0 a.e. in Q, letting €, €', and ¢, to zero
and noting that (u(x) + €)* — 0 and (u(x) + €)~ — u(x) for a.e. x € Q, we take the limit to obtain

F(x,u, 1
lim supf de < - f,u(x)dx+ (6524 L €1
Q Q

oo (.15, P

1
< - f,u(x)dx + Ce (note that 7; € (0, g)).
P

Flx.u, |
limsupfwdxs —elp(fy(x)dx+Cel).
notoo Ja o [Unly p

Since fQ (x)dx < 0 and € > 0 is arbitrary, we infer that (4.12) is true. From [u,]} - /11||Mn||p for all
n > 1, it follows that

Thus,

1 A
S () = ~ [, — Ll f F(x,u,)dx
p p o (4.21)
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Consequently,

), _ [Pl
Q

(uals, (15,

from (4.12), we derive

E(up)
”n]f,p

lim inf > 0,

n—+oo [

from which it follows that there exists a subsequence such that Z(u,) — +oc0. Since every subsequence
of {E(u,)},>1 has a further subsequence such that Z(u,) — +co, we obtain that Z(u,) — +oco0, which

means that = is also coercive.

O

Remark 4.1. From Lemma 4.2, the coercivity of E means that = is bounded below and satisfies the

nonsmooth PS-condition.

[ee]

Let us define the sets E; = @le E(1;) and Ey = @, ,, E(A). It can be observed that X(Q)
E; @ Ek, where E is the orthogonal complement of E;, and the dimension of E} is finite with dimE},

k < oo,

In the following, we will demonstrate that = has the local linking geometry for the direct sum

decomposition E; P E;.

Lemma 4.3. If hypotheses (HI)—(H3), (H7), and (H8) hold, then there exists p > 0 such that

E(H) < O’ lf ue Ek7 [u]s,p < P>
Eu) <0, ifue€ky, [ul,<p.

Proof. Since E, Cc C (Q) is finite dimensional, we can find p1 > 0, such that
w
lu(x)| < 3 <w, YVx€Q, ue€k, |ul,<p,

where w as in hypothesis (H8). Hence, for u € Ej with [u],, < pi,

1 A

Ew) = —[ul?, — = ull?, - f F(x, u)dx
p p Q
1 A Ay — A

< —[ul?, - Zullh - === lull?

p P P p p
1
p

A
[ul?, - ;ﬂmnz <0.

Now, set u € E, and decompose u as follows

u=1i+1i, where i1 € E(1;1) and @i € @ E).
i=k+2
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From hypothesis (H8) and the fact that [i#], = Ay.1|lll), one has

1 A
am:—mg—iwm—meww
p p Q

1 A
=t - - [ Fooodi- [ R
P p {|u|<w} {lu>w)

1~ /lk+1
> Ly +f P Fxu)d 422
lal, WMJ . P~ Fx|dx 422)

At — A 4
+ f [MWQ)V’ - F(x, u)]dx Spbiia 2l
lul>w) p

1 A A
z—m@—k“ww+f‘ [“ Hu(x)l — mekx
p p {lul>w} P

Furthermore, we claim that there exists p, > 0, such that

1
];Iu(X)I < la(x)| (4.23)

with [u],, < p, fora.e. x € {lu| > w}and all u € E.. Indeed, leveraging the finite-dimensional space of
E(As1) € C(Q), we have
u(x)| < Clul,, VYxe€Q, ue€ E(d).

Letp, = p% and assume that [u], , < p, for a.e. x € {Ju| > w}, one has
lu(x)| < |a(x0)| + |a(x)| < Clia(x)]s,, + lax)|

1
()] + li(x)l,

sCMmW+WMS%+WWSP_

from which we deduce (4.23). Since
|F(x,u(x))] < Clu(x)|? for a.e. x € {|lu|l > w} (4.24)

for g € (p, p*). From (4.23), (4.24) and X(Q) c L1(Q), it follows that
Aps1 — A
‘ f [Mlu(x)lp — F(x, u)]dx
lu|>w V4

SCJ‘ Aol < Clale,,
{lul>w}

(4.25)

Substituting (4.25) into (4.22), we obtain

1 A
Eu) > ~[al’, - “nw Cla),,
p
1( /lk+1) . .
> —1- [@]f , — Clal? .
p Ak P ?

Since g > p, one can find p3 > 0 small enough, such that

Eu) >0 Vxe E,, [ulsp < p3.
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Finally, by selecting p = min{py, p2, 03}, we derive that = has the local linking at 0. m|
Now, we are ready to prove the multiple results for problem (4.1).

Proof of Theorem 1.2. Noting that F(x,0) = 0 fora.e. x € Q, we have Z(u) = 0. If v € E(14;_,) € C(Q)

and |v(x)| < w for all x € Q, from hypothesis (H8), we derive

1 A
Eu) = ~[ul?, — = ull; - f F(x, u)dx

p p Q
1 A A1 — A

> —[u]?, — Hlull, — =" lu()||”
p p p
1 Ak

= —[ul?, = = lull”
p P p 4
A1 Ak

< =Ly, =l <.

so inf,ex) Z(u) < 0, and from the above inequality, Lemmas 4.2 and 4.3, and Theorem 2.1, we can
derive two nontrivial critical points of =, which are two nontrivial solutions of (4.1). O
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