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Abstract: In this paper, we studied the asymptotic behavior of a stochastic multi-group Susceptible-
Exposed-Infectious-Recovered (SEIR) epidemic model with infinite distributed delays and Lévy
jumps. First, by the methods of Lyapunov functions, It6’s formula, and the theory of stopping times,
we proved the existence and uniqueness of the global positive solution to the stochastic delayed
system. Furthermore, by using appropriate Lyapunov functions, graph theory and stochastic analysis,
we established the asymptotic dynamical behaviors around the disease-free equilibrium P, and the
endemic equilibrium P* of the deterministic system, respectively. It was shown that if the threshold
Ry < 1, the solution of the stochastic delayed system oscillates around the disease-free equilibrium
Py; while if Ry > 1, the solution fluctuates around the endemic equilibrium P*. Finally, numerical
simulations were performed to intuitively analyze the impact of Lévy noise on the dynamical behavior
of the stochastic delayed system.
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1. Introduction

With the increasing complexity of disease transmission across heterogeneous populations, the
mechanisms of inter-group transmission and cross-infection have become a critical research focus
in infectious disease dynamics. Lajmanovich and Yorke [1] pioneered the development of a multi-
group Susceptible-Infectious-Susceptible (SIS) model for gonorrhea transmission. By dividing the
population into groups based on sexual activity, they captured contact heterogeneity and proved the
global stability of the unique endemic equilibrium, thereby laying the foundation for subsequent multi-
group models. Building on this work, Beretta and Capasso [2] analyzed a non-migrating multi-group
SIR model. They employed methods including Lyapunov functionals, matrix analysis, the fixed-
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point theorem, Perron-Frobenius spectral radius calculation, and numerical simulations. Their research
explored the existence, uniqueness, and global stability of the model’s non-trivial endemic equilibrium,
while verifying its applicability to human diseases. Guo et al. [3,4] investigated the multi-group SIR
and SEIR epidemic models, respectively. Through the integration of global Lyapunov functional
methods and graph-theoretic approaches, they clarified that the basic reproduction number R, plays
an important role in governing the existence, uniqueness, and global stability of disease equilibria.
Building on these foundational works, a variety of multi-group epidemic models have been developed,
which are widely applied to the investigation of diverse infectious diseases (see [5—7]).

However, time delays naturally arise in infectious disease transmission due to biological processes
such as pathogen incubation, immune responses, and infectious periods. For example, the incubation
period of COVID-19 and the time from infection to infectivity in influenza vary significantly among
individuals. A large number of studies employ discrete time delays to model the delay effects; see [8].
Such idealized hypotheses remain valid only for systems with distinct time-varying behaviors, whereas
complex pathological dynamics commonly display considerable individual variability. Consequently,
distributed time delays defined by probability distributions have emerged as a key area for model
improvement. This integral kernel-based approach can address dynamically changing transmission
intensities. It can clearly describe the sustained effects of pathogens. It also accurately represents the
non-uniform nature of infection processes. As a result, the explanatory power of biomathematical
models is greatly enhanced. Busenberg and Cooke [9] pioneered the use of distributed delays in
epidemic models and demonstrated their superior fitting performance. Thieme [10], investigating
population-related delays, provided valuable methodological insights for subsequent research. Further
advancing the field, Beretta and Takeuchi [11] developed a distributed delay model for vector-borne
diseases. Following this work, Beretta et al. [12] investigated the permanence of an SIR epidemic
model with distributed time delays. On this basis, Li [13] analyzed the influence of delay distribution
functions and refined the analytical framework for stability, facilitating the transition of multi-group
models from discrete to distributed delays. Subsequently, Safi and Gumel [14, 15] and Shu et al. [16]
extended this framework to quarantine, age-structured, and multi-group SEIR models, respectively.
Collectively, these studies have provided a more comprehensive theoretical foundation for accurately
characterizing complex infectious disease dynamics. De la Sen et al. [17] extended distributed-delay
SEIR models with vaccination and proved that delays affect stability and convergence, supporting the
use of infinite distributed delays in this work. Meanwhile, multiple infection stages and delays are
common in real transmission. Zhang et al. [18] built a reaction-diffusion model with nonlocal delays
and studied traveling wave fronts between the two equilibria.

In addition, infectious diseases are often subject to external random disturbances, such as variations
in light intensity, temperature, humidity, precipitation, wind speed, and direction. These environmental
fluctuations can influence key epidemic parameters, including the transmission rate. Continuous
stochastic perturbations are commonly modeled using Brownian motion (see [19-21]). Liu et al. [22]
constructed a two-group stochastic SEIR model with infinite delays. They proved the stochastic
asymptotic stability of the endemic equilibrium and demonstrated that sufficiently small environmental
noise can preserve the stability of the model. Liu et al. [23] further constructed an n-group stochastic
epidemic model incorporating the distributed time delay term fr :oo fi(rE(t — r)dr and general kernel
functions f;(-), whose specific form was given as follows:
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dr + oS dBq (1),

Sy =[Ae - Zﬁkjskf fAPE;(t = dr - dS,
— r=0
- (1.1)
dr +,3kEkdB2k(l), k=1,2,...,n,

dE; =| > BiSi f FOELt = rdr = (df + &) E
| =1 r=0

where S, and E; denote the size of the susceptible compartment and the exposed (infected but non-
infectious) compartment of the kth subgroup at time ¢, respectively. The parameters in system (1.1)
have the following biological meanings: Ay is the influx of individuals into the kth group; B, ; represents
the transmission coefficient between S and Ej; d;f and d,f are the death rates of S, and E;, respectively;
€ 1s the rate at which exposed individuals become infectious after a latent period. All parameters are
non-negative, with Ay, d,f , d,f > 0 for all k. In addition, the kernel function f;(r) is non-negative and
continuous, with fr :oo findr=a;>0(j=1,2,...,n). By(?) (i = 1,2) are standard Brownian motions
with independent components, defined on the complete probability space (Q, 7, {F;}=0, P) equipped
with a filtration {F}> satisfying the usual conditions (increasing, right-continuous, and ¥, containing
all P-null sets). ay, B denote the intensities of the white noise. For stochastic system (1.1), the basic
reproduction number Ry, = p(M,) (spectral radius of M,) determines disease occurrence, in which

S0 . . .
M, = (ﬁdk’E—f;’) and S 2 = % It has been shown that if Ry < 1, the solutions oscillate around the
k nxn k

disease-free equilibrium E, = (59,0,59,0,...,5%,0), and the disease tends to die out almost surely;
if Ry > 1, Ey becomes unstable, and the solutions fluctuate around the endemic equilibrium E* =
(S}, EY,....S,, E,), which indicates that the disease would persist in the population.

In reality, populations are exposed not only to continuous environmental noise but also to sudden
disturbances, such as natural disasters (e.g., earthquakes, floods, or toxic spills) or abrupt climate
shifts. These events can induce drastic, discontinuous fluctuations in population sizes, which traditional
Brownian motion fails to capture accurately. Therefore, stochastic models with jumps have been
introduced as a more realistic framework for modeling such perturbations, as evidenced by recent
studies [24-26]. Motivated by these concerns, this paper improves the existing stochastic delayed
epidemic model (1.1) and develops a complete stochastic multi-group SEIR model with infinite
distributed delays, Lévy jumps, multi-group heterogeneity, and disease-induced mortality. The
model can characterize disease transmission dynamics more realistically. By constructing integral-
type Lyapunov functionals with graph-theoretic weights, combined with the Itd formula for jump-
diffusion processes, stopping-time techniques, and compensated Poisson random measure estimates,
we establish the existence and uniqueness of the global positive solution. We then investigate the
asymptotic behavior of solutions around the disease-free equilibrium and the endemic equilibrium,
analyze the combined effects of noise and time delays on the dynamical behavior and transmission
trends of the system, and further enrich the theoretical framework of stochastic delayed epidemic
models with Lévy perturbations.

The organization of this paper is as follows: In Section 2, we formulate the stochastic delayed
system, which serves as the main model for our analysis. In Section 3, we introduce the preliminary
concepts and lemmas required for subsequent analyses. In Section 4, we prove the existence and
uniqueness of the global positive solution for the stochastic delayed system (2.1). In Sections 5 and 6,
we discuss the dynamical behavior of stochastic delayed system (2.1): when R, < 1, the solutions will
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oscillate around the disease-free equilibrium P, under certain conditions; when Ry > 1, the solutions
will fluctuate around the endemic equilibrium P* under sufficient conditions, respectively. In Section 7,
we perform numerical simulations to support the theoretical findings. In the last section, we provide a
brief discussion and summary of the main results.

2. Stochastic multi-group SEIR epidemic model with an infinite distributed delay

This paper focuses on a class of infectious diseases predominantly driven by latent infection. In
such diseases, latently infected individuals account for a large proportion of all cases. Once symptoms
appear, disease transmissibility declines sharply as symptomatic individuals receive timely isolation or
mount effective immune responses. Typical examples include chickenpox and hand, foot, and mouth
disease (HFMD). The transmission of these pathogens is jointly shaped by multiple factors, including
population heterogeneity, random environmental noise, and disease-induced mortality—factors that
conventional epidemic models fail to fully incorporate. Accordingly, we construct a multi-group SEIR
model with distributed time delays and stochastic jump processes to better describe the transmission
dynamics of this type of infectious disease. The model is formulated as follows:

dSe(®) =|Ax — Zn: BriS (1) fo ) Fi(DE(t = r)dr — &) S () |dt + oS 1 (£)d By (1)
=1

+fYSk(t)le(y)N(dt, dy),

dEx(r) = Z‘ BiiS (1) fo ) FEt = dr = (df + &) Ex(t) | dt + o E(1)dBy (1) o
= .
+£Ek(l)D2k(Y)N(dt’dY)’

dI (1) = [€Ex(t) = (df + i + 0) ()] dt + o3I (0)dB3 (1) + fy (D3 ()N (dr, dy),

dR(0) = Yelu(t) = dERy(D)] dt + Ty Ru(DdBy(r) + fy R(ODy N dy), k=1.2....n,

where By (t) (i = 1,2,3,4) are independent standard Brownian motions, defined on a complete

probability space (Q, F, {F;}=0,P), and the filtration {F,},»¢ satisfies the usual conditions (i.e., it is
increasing and right-continuous, and % contains all P-null sets). The constants o > 0 (i = 1,2,3,4)
denote the intensities of the white noise. N(dt,dy) is a Poisson random measure with compensator
N, where the compensated Poisson random measure is defined by N(dt,dy) = N(dt,dy) — v(dy)dt.
Here, v is a Lévy measure defined on a Borel set Y c (0, o) satisfying v(Y) < oo. Furthermore,
D;(y) (i = 1,2,3,4) represents the jump intensity function for the i-th noise term in the k-th group,
which is assumed to be bounded and continuously differentiable in y. The other parameters in
system (2.1) and their biological meanings are summarized in Table 1. All parameters are non-negative.

Here, the matrix B = (Bi;)nx» denotes the contact matrix, where §;; > 0 for all k, j € {1,2,...,n}.
The corresponding Laplacian matrix can be defined as follows:

AIMS Mathematics Volume 11, Issue 5, 13412-13448.



13416
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Lp = k#2

i _ﬁnl _Bnl s Z ﬁnk‘

k#n

Table 1. Definitions of the parameters in system (2.1).

Symbol Biological significance

Ay Constant recruitment rate of the k-th subgroup.

Brj Transmission coeflicient between S and E;.

€ Infection rate of exposed individuals in the k-th subgroup.

Vi Recovery rate of infected individuals in the k-th subgroup.

O Disease-induced mortality rate of infected individuals in the k-th subgroup.
r Time delay variable.

d},d¢,d,d} Natural mortality rate of Sy, Ex, I, Ry in the k-th subgroup.

3. Preliminaries

First, we give some fundamental results of stochastic differential equations.

Theorem 3.1. ( [27,28]) Let 0 < ty < T < oco. Assume that the mappings f : R — RY, g : R4 —
Myn(R) (the space of d X m real matrices), H : R? x RY — R4, and K : RY x R? — R? are all Borel
measurable. Consider the d-dimensional stochastic differential equation:

dx(r) =f(x(=))dt + g(x(t-))dB(1) + H (x(1-),y) N (dr, dy) + f K (x(r=),y) N (dr, dy) ,

Iyl<e ylze

for ty < t < T with initial value x(ty) = xo € R?, where f and g are the drift and diffusion coefficients,
respectively, and H, K are the jump coefficients. The equation has a unique solution if the following
conditions hold:

(1) Lipschitz condition: There exists a positive constant L such that for all x,, x, € R,

1f(x1) = FG)I” < Lixy = xl, llgtxa) — gl < Lix; — xo*,
f \H(x1,y) = H(x,, y)P v(dy) < Lix; = xa*.
yl<e
(2) Growth condition: There exists a positive constant K such that for all x € R¢,

FOOP < K1+ 1xP), gl < KA+ |xP), H(x, y)IP v(dy) < K(1 + |x?).

Iyl<e

(3) The mapping x — K(x,y) is continuous for all |y| > c.
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Theorem 3.2. ( [27,28]) Let Y(t) be a Lévy-type stochastic process satisfying:

dY() = G()dt + FOAB(t) + | H (4, y) N (dt, dy) + f K (4, y)N(dr,dy),

[yl<e yl=c
where Y is a Lévy-type stochastic process. For any f € C*(RY) and t > 0, the following identity holds:
! ) 1 ! ) )
FOX@) - FY(O)) = f 8. (Y(s-NAYi() + 5 f 8,0, £ (¥ (s)dIY', YI](5)
0 0
!
+ f [f(Y(s—) + K(s,y)) — f(Y(s—))IN(ds,dy)
0 Jyl=c
!
+ f L(Y(s=) + H(s.) — f(Y(s-))IN(ds. dy)
0 Jlyl<e
!
+ f [f(Y(s=) + H(s,y)) — f(Y(s=)) — H'(s,)0; f(Y(s—))]v(dy)ds.
0 Jhl<e
Next, we introduce some notations and results of graph theory [29,30]. A directed graph G = (V, E)
consists of a vertex set V = {1, 2,--- ,n} and an edge set E of directed arcs (j, k). The graph is weighted
if each arc (j, k) carries a positive weight a;;. For a weighted directed graph (G, A) with n vertices,
where A = (axj)nxn 1 the weight matrix of the directed graph, the element a;; equals the weight of the

arc (J, k) if the arc exists; otherwise, it is 0. The graph is strongly connected if and only if its weight
matrix A is irreducible. The Laplacian matrix of (G, A) is defined as

2 ai —ap - —a
k1
—ay Y Ay - —ay
Ly = k2
—an —ay) e Z Apk
k#n

Let ¢, be the cofactor of the k-th diagonal entry of L.

Lemma 3.1. If A is nonnegative and irreducible, then the spectral radius p(A) is a simple eigenvalue,
and A has a positive eigenvector e = (ey,...,e,) corresponding to p(A).

Lemma 3.2. Suppose n > 2.
(1) If (G, A) is strongly connected, then c;, > 0 forall 1 <k < n.
(2) The identity 3y 2_y cxarjGi(xi) = Xy 2=y ckaxjG j(x ;) holds for arbitrary functions Gy.
4. The existence and uniqueness of the global positive solution

In order to study the dynamic behavior of stochastic delayed system (2.1), it is necessary to
determine the existence and uniqueness of a global positive solution. Before presenting our main
theorems, we introduce two assumptions on the jump diffusion coeflicients that will be used throughout

the paper.
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(A1) For each N > 0, there exists Ly > 0 such that fY |Hy(x1,y) — Hik(xz,y)lzv(dy) <
Lylxi — xof (i = 1, 2, 3, 4), where Hii(x,y) = Dig(»)Sk, Hu(x,y) = Dou(0)Ex, Hy(x,y) = Dyl
Hy(x,y) = Dy ()R, [x1] V |x2 < N.

(A2) 1+ Dy(y) > 0 and fy [Di(y) — In(1 + Dy(y))] v(dy) < oo fori =1,2,3,4,y €Y.

The local Lipschitz condition (A1) guarantees the existence and uniqueness of the local solution.
It constrains the intensity of Lévy jumps within a reasonable range and avoids unrealistic extreme
fluctuations. Moreover, it conforms to the natural variation of group sizes across different stages of
real disease transmission. Assumption (A2) shows that under the condition Dy > —1 , the mean level
remains bounded even if extreme jump events occur.

Let X(¢) = (S1(0), E1 (1), I,(1), R(2), - - - , S ,(2), E, (1), I,(1), R,(1)) be the solution to stochastic delayed
system (2.1), and define R¥ = {x e R¥" | x; > 0,i = 1,2,...,4n)}.

Theorem 4.1. Let assumptions (Al) and (A2) hold. If the matrix B = (B;j)uxn is irreducible, then for
any initial values S 1(0) = S0, Ex(0) = ¢r(s) (s € (—00,0]), [;(0) = Lo, Re(0) = Ry (k =1,2,...,n),
the stochastic delayed system (2.1) admits a unique positive solution X(t) for all t > 0. Moreover, this
solution will remain in R* with probability one almost surely.

Proof. By assumption (A1), the coefficients of the stochastic delayed system (2.1) are locally Lipschitz
continuous. Thus there exists a unique local solution X(¢) on t € (-0, 7,], where 7, is the explosion
time. To show the existence and uniqueness of the global solution to system (2.1), it suffices to show
that 7, = oo almost surely. Let m, be a sufficiently large constant such that Sy, @¢i(s), Iro, and
R0 (1 <k < n) all lie in the interval [mlo, mo]. For each integer m > my, we define the stopping time

1
= inf{r € (=o0,7] : min (S0, Ex(0, L0, R0} < — or max (Sk(0), Ex(0, (0, Ri(0)) 2 m}

As usual, we set inf () = co. Clearly, 7, is increasing. Let 7, = lim 7, where 7, < 7, a.s. If we can

m—o00

prove that 7., = oo a.s., then 7, = oo and the solution stays in R for all # € R a.s. If this claim is
untrue, then there exist a constant 7 > 0 and a constant € € (0, 1) such that

P{to <T}>€.
Hence there is an integer m; > my such that

Plr, <T}>e€, VYm=m,. “.1)

Let ¢, be an algebraic cofactor corresponding to the k-th diagonal entry of Lp (the Laplacian matrix of
the graph (G, B)). Since B = (B;j)nxx 18 irreducible, the directed graph (G, B) is strongly connected. By
Lemma 3.2(1), it follows that ¢; > 0 for all 1 < k < n. Define a C*>-function V : RY" — R, as

V(SbElaIlaRl’ e ,Sn»En’InaRn)

acy
+acy Z,Bkjf j; fiNEj(u—r) drdu} ,
Jj=1 !
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where a is a positive constant to be determined later. Obviously, this function is non-negative, which
can be seen from x — 1 —Inx > 0, Vx > 0. Making use of 1td’s formula for V, we have

dV(X) =LV(X)dr + Z [0 1k (Sk — acy) dB (1) + ook (Ex — 1) dBy (1) + 073, (I — 1) dB3i (1)
=1

- 4.3)
+0 4 (R — 1) dBy (D] + Z f [S kD1 (y) — acy In(1 + Dy (y)) + ExDa(y)
Y

—In(1 + Dy(y) + LD3(y) — In (1 + D3(y)) + ReDa(y) — In (1 + Dag(y))] N(dt, dy),
where

LV(X) = ( “C")
k=1

Ak—Zﬁk]Skf fNE(t—r)dr—d;$S ) 2(1_%)(”1,(_615&)

k

k=1
+ Cle,Bkja]E +Z(1——)[Zﬁkjskf fj(I‘)E (Z—r)dr—(dk +Ek)Ek]
k=1 j=1
+ (1 - —) &E, — (dk Yt Hk Ik Z Zackﬁkff fi(DE(t—r)dr
k=1 =1 j=1
1 v 1
+ 3 Z [a (oS + E_k (owE)* + 1—2 (o l)* + R_k (TaRY) ]

n

+ Y acy f [Du®) = In(1 + Dy(»))] v(dy)+2 f [D2(y) = In(1 + Dye(3))] ¥(dy)

k=1

f D3 (y) — In(1 + D3(y))] v(dy) + Zf Dy (y) — In(1 + Dy (y))] v(dy)

n

n
= [Ak +ackd,f +d£ + € +d,€ + Y + O, +d§ +ackz,8kjajEj —d,fSk —
k=1 =1

—(di+6) L —d Rk+ackz,8kJ f FHPE(t - r)dr—ackZﬁkJ f F{PEt = r)dr

EkEk Yka 1 &
Z:Bk]f f](r)E(t r)dr_——R—k]‘i'EZ(aCkO'%k+O'§k+O'§k+O'ik)

k=1

e ace (10w -1+ Dy + Y [ D) 11 + Dyl e
k=1 Y k=1 VY

CleAk
Sk

—dr E;

+ Z f [D3k(Y) —In(1 + D3k(y))] v(dy) + Z f [D4k()’) —In(1 + D4k0’))] v(dy)
k=1vY k=1 vY

n

Ak + ackd,f + dkE + € +d]€ + Vi + Qk + dllj - [dkEEk — acy ZﬂkjajEj]

k=1

n

1 n
+ 3 Z (ackofk + o%k + o%k + O'ik) + Z acy f [D1:(y) = In(1 + Dy(y))] v(dy)
=1

k=1 Y
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+ Z f [D2(y) — In(1 + Dy(y)] v(dy) + Z f [D3(y) — In(1 + D3i(y))] v(dy)
=1vY k=1vY

+ Z f [Dax(y) = In(1 + Dy ()] v(dy).
k=1 VY

According to Lemma 3.2, we know that

Zn: Zn: cBiE; = Zn: Zn: ckPriEx.

k=1 j=1 k=1 j=1

. d¥
Choose a = min{ —*—,k=1,2,--- ,ny, such that foreachk =1,2,--- ,n,
Ck _Zlﬁkjaj
J=

n
acy Z,Bkjaj - df <0.
=1

Therefore,
. 1 -
LV(X)< Z A+acd, +df +e+di+yi+60 +df + 5 (acko-%k+o-§k+o-§k+o-ﬁk)+4Fk =F, (44
k=1
where

Fj = max {ack f [Di(y) — In(1 + Dy(y)] v(dy), f [Dyr(y) — In(1 + Dyr(y))] v(dy),
Y Y

f [D3(y) = In(1 + D3 (y))] v(dy), f [Da(y) = In(1 + Dae(y))] V(dy)}~
Y Y

Since x —In(1 + x) > 0, Vx > —1, and hypothesis (A2) is satisfied, we conclude that F} is non-negative.
Therefore, F is a positive constant, and combined with inequality (4.4), we get

dV(X) <Fdr + Z o1k (Sk — acy) dByi(t) + oox (Ex — 1) dBo(2) + 0731 (I — 1) dBi (1)
=1

- 4.5)
+oa (R — 1) dBy(D] + Z f[Slek()’) —aci In(1 + Dy(y)) + ExDy(y)
=1 vVY
—In(1 + Dy(y)) + LeD3(y) = In(1 + D3(y)) + ReDax(y) — In(1 + Dar(y)] N(dr, dy).
Integrating (4.5) from O to 7, A T and taking the expectation on both sides yields
T AT
EV(X(r, AT)) < V(X(0)) + Ef Fdt < V(X(0)) + FT. (4.6)
0

Let Q, = {r,, < T}, for m > my, and by (4.1), we have P(Q2,,) > €. Note that, for every w € Q,,, there

is at leastone of Sy (t,, AT), Ex(ty AT), (T NT),Ri (1, AT) (1 <k < n) that equals either m or %
Consequently,

) m 1
V(X(t,, AT)) > min(m — acy — acyIn —) A min(— — acy + acy Inacym),
0<k<n acy 0<k<n m
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where we define ¢\ such that acy = 1. It is easy to observe that

V(X(0) + FT
>E 1o, VS AT), Ex(tiy AT), [ (t)y AT),Ri(tiy ANT)), 1 <k < n

. m (1

>e [mln (m —acyg — acyIn —) A min (— —acy + ac In ackm)] ,
0<k<n acy 0<k<n\m

where 1g, is the indicator function of €,,. Letting m — oo leads to the contradiction that V(X(0)) +

FT = 0. S0 Ty, = o0 a.s. ]

5. Asymptotic behavior of the solution around the disease-free equilibrium point P,

It is not difficult to show that P, (%,
1

deterministic model. For the deterministic system, if the basic reproduction number Ry < 1, then
Py is globally asymptotically stable, which implies that the disease will die out. In this section, we
discuss the asymptotic behavior of the solution for the stochastic multi-group delayed SEIR epidemic
system (2.1) around P,.

The basic reproduction number R, of system (2.1) is defined as the spectral radius of the next-
generation matrix M, i.e.,

0,0,0,--- ,%",O, 0, O) is the disease-free equilibrium of the

Ry = p(My),

and

M, - (ﬁkjS 2%’) ’
nxn

df + €
where S,(z = % denotes the number of susceptible individuals in the k-th group at the disease-free
k

equilibrium Py, and a; = fooo fi(r)dr is the integral of the delay kernel function. Since S 2 > 0,a; >0,
and df + ¢ > 0, the matrix M, is a non-negative matrix obtained by multiplying each entry of the
irreducible matrix B = (Bx;).x, by a positive scalar. Therefore, M, is also irreducible.

Theorem 5.1. Suppose that B = (Bij)uxn i irreducible. If Ry < 1 and the following conditions hold:

o2
Tt ZfD%k(y)V(dY) <dy, 72]( +2 ngk()’)V(d)’) <d; + &,
v Y

0'2 0'2
7“ + f D3 0)(dy) < dj + vy + b, % + f D ow(dy) <df, k=1,2,---,n,
Y Y

then for any given initial value (S;(0), E(0),1;(0),R(0), 1 <k<n) € R, the solution
S, Ex(0), L), R(t), 1 <k <n) € Rﬁ” of stochastic delayed system (2.1) possesses the following
property:

2

k=1

1 n £ A 2
limsup;ZE f l(sk(s)—d—sk) +E§(s)+1,§(s)+R§(s)ldss R
k=1 0

t—00 k
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where

A 2
Jo = (b + 1) (d_Sk) (aﬁk +2 f ka(y)v(dy)), My =d, —o7, -2 f D3, (y)v(dy),
k Y Y

1 1 1
My, = 3 (d,f +e— Eagk -2 f ng(y)v(dy)), Ms;, = %(d,ﬁ + Y+ O — zo-gk - f D%k(y)v(dy)),
Y Y

1

5 T fDik()’)V(dy)) M = min{My, Moy, M3, My},

8k
M4k = 3 (d]{e

and b, ai, fi, g (k =1,2,--- ,n) are positive constants to be determined later.

Proof. Letu;, = S, — d,f’ vi = Ex, wy = I, and x; = R. Then we have u, € R, v = 0, wi =2 0, x; = 0,

and the stochastic delayed system (2.1) can be rewritten as
s Ay
dug(t) = |~ uy ~ Z By (1w + 2 dS f](r)v](t—r)dr di + e e+ — | dB1e(0)
=1 k

A .
+ f(uk + d_sk) Dy (y)N(dz, dy),
Y

k

dt + 09, vid By (1)

A0 _[Z By (uk+ ) f Fi(rwvit = Ndr = (dF + e)w

+ f viDo(y)N(dt, dy),
Y

dwi(?) = [Ekvk —(d} +y + 9k)Wk] dt + o3widBs(t) + fWkD3k(y)N(df, dy),
Y

dx,(r) = (7kwk - dllka) dt + oy x dBa (1) + kaD4k(y)N(dt, dy), k=1,2,...,n.

Y

Since M is non-negative and irreducible, by Lemma 3.1, there exists a strictly positive left eigenvector
e = (e, e..,e,) € R with e, > 0forall k =1,2,---,n corresponding to p(Mp), that is,

(er, €2, ,e,) p(Mo) = (er, €2, -+, €,) M.
Right-multiplying both sides by the vector v = (v, vs,...,v,)!, we obtain the key identity
(e1, €2, ,e0) pP(Mo)(V1, Vs ., v)| = (er, €0+, €0) Mo(Vi, v, ) (5.1)

Define the function V; (i = 1,2, 3,4, 5) as follows:

n

Vi = %Z(Mk‘i‘vk)z, Vo = %Z;akui, Vi = ZdE Vi, V4 = kawk, Vs = 2ngxk

By applying the It6 formula, the computation of dV; (i = 1,2, 3,4, 5) can be carried out:

A
O 1k (Mk + d_;{) dBy(1) + O'ZkvkdBZk(t)]
k

dV, = LVdr + Z (uy + vy)
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: A 3
)le(Y) + Vszk(Y)) + 2 (uy + vy) ((Mk + s )le(y) + VkDZk(Y))l N(dz, dy),

k

2 [
k
dV, =LV,dr+ ; kalkuk(uk+ )dBlk(t)+ ZZakf

dV; = LVidr +
3 3 ;df-ﬁ-Ek

NI*—‘

Ax
(uk+ ) D}, (y)+2u; (uk+d—)D1k(y)]N(dt dy),

k

f viDy ()N (dt, dy),
Y

O Vid By (1) +
; d]f €k

n 1 n B
dVi = LVadi + ) firsovidBs + 5 > fi f w} (D30 + 2D5()) N(dr, dy),
k=1 k=1 Y

n 1 n 5
dVs = LVsd + ) guouxidBu() + 5 ) 8 f % (D3() + 2Dy () N(dr, dy).
k=1 k=1 Y

In addition:

n 1 A 2
= 3w [t + e+ 3 3o 2] o]
k=1 k= k

L

n

o Ar)
< —Z{(ds o—%k)uk (dE+€k—%) i+(d,f +df+ek)ukvk_(o'zs k) ]
k=1 k

n

LV, = gy [—d,f Uy — Z’ka (uk + )f fitryv(t—r)dr
- P

k=1

1 © A\ 2
*+3 Z ay | u + d_S fYle(y)V(dY)
< -
2|

BTV 1 Ai i
( ) ] 2 kZ::l P (uk + d,f) ﬁle(Y)V(dy).

Due to ), ﬁkjui fooo fitryvi(t—rydr >0,k, j=1,2,...,n, the above equation can be reduced to
j=1

A
(uk + d_sk) Dy (y) + vilDy(y) v(dy)
k

A 2
(uk + d—s") DL(y) + v,zng@] v(dy),
k

1 Ay
+§kZ:ak0'%k(uk+ ds)

dS 0'1k uk+Zﬁk,ukf fi(rv;(t - r)dr+Z/3kde ukf fi(ryv;(t —r)dr

LV, <

M

n A 00 o A
dS _ O-%k) M% + Zﬁk]d—;cukf f}(r)vj(t - r) dr — ( Z{S k)Z]

k=1 k

1
EZak (uk+ ) f D}, ()v(dy), (5.2)
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n

n A o
LV3 = Z dEe-:i - Zﬁkj (Mk + d_;)\fo‘ f]‘(}’)Vj(t - I") dr— (df + ek)vk]

A
= Z kﬁk’ ukf firwvt = rydr - Z exVk + Z Z ekﬁk} — f firvt = rydr,
k=1 L=

LV, = Z fi [ekvkwk — (d,ﬁ + Vi + 6 — a'3k) wk Z fkwk fD%k(y)v(dy)
k=1 Y
<—l Y fx (d1+yk+0k—10'2)w2— 613 v +lzn:fkw2fD2 (y)v(dy)
— 2 £ k 2 3k k dI + Vi + gk _ lo_gk k 2 - k . 3k s

n

LVs =) & (kakxk B dka Z RO X + ) Z 8kXg fDik(Y)V(d)’)

k=1
< - 1 Y 8k [(dR - l0'2 )x2 — sz + — Z gk)c2 fD2 (y)v(dy)
- k 4k | Yk k k Ak .
2 =1 2 dllf - %oﬁk 2 =1 Y
Let
~ n n ekﬁkj Ak f+r 00
Vi = V3+;ZdE+6kd_Sft ) fi(rv(u —r)drdu,
=1 j=1 "k k
and then
_ n n ekﬁk Ak
dV; =dV; + kzz; JZ:; - +J€ dS [f fitryvt+r—rydr— f fi(rvie—r) dr]
- €0 ey -
= LVidr + D N(dt, dy),
) ;d,§+ : kayvk #()N(dr, dy)
where

" - e Ak €/<,3/< Ax
Lv3:LV3+ZZdE+’6 T ZZ ! f fi(rwt = rydr

k=1 j=1 k=1 j=1
ekﬁkj abi Ak
= f](r)vj(t —-r)dr— ekvk + dE N dS avij.
k=1 j=1 k=1 j=1 €
Combining with formula (5.1), it is noted that
Sans 315 Al b,
CkVk dE + & dS avi
k=1 j=1
A A A
ﬁll#al /312#02 ﬁlnﬁan
- - e -
Vi dl /‘\"61 dl/-\i—q d1 /—\l—el Vi
Br-tar  Pnia Bon=%ay
12 4 4 L. b V2
- (61, €y, , 6’”) s (61, €y, , 6,1) X d§+€2 d§+€2 d2E+62
\% A \%
" ﬁnl %al ﬁnZ %gnaZ ﬁnn %an n
n n P n
df+e, dE+e, df+e,
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=—ev+eMy = —ev+ p(Myev = (p(My) — 1)ev
=(Ro— 1) Z €xVi-
k=1

If Ry < 1, then (Ry — 1)e’v < 0, and thus

LV3<ZZ "ﬁ a f Firvit = rdr. (5.3)

k=1 j=1

Applying (5.2) and (5.3), yields

n

i n A 00 g A 2
LVy+ L5 <= ap|(df - o) u? + Zﬁkjd—skuk f Jitrvite =ndr= ( ZS k)
k=1 ‘ ‘

ZZak 1+ % ) | ka(y)V(dy)+ZZ P [ poma-nar

k=1 j=1

:—Zak| — o) up - (mkAk)l Zzﬁkf(a/;l/s\k dE+Ek)

k=1 j=1

n

1 A\
X ity fo v =ndr+2 > a, (uk e ) f D} (y)v(dy).

k=1
. exdy
Choosing a; = m such that
aNe e
d/f df + €
leads to
_ n 0'1kAk 2 1 n . 2
LV, +LV; <— Z ay l(d,f - O'%k) u,% - ( o ) + 3 Z ay (uk + 75 ) YD%k(y)v(dy)
k=1 k k=1 k
We have
LV, +b(LV, + LV;)
nr o oul 2
2% 16/ k
<- > @b+ D)(d - ot)uf + (dE +e - T)Vi (d +df + &) weve = (axh + 1)( & ) ]

n l A 2 n
+ )| sub+ 1)(uk+d—;) fy D%k(y)v(dy)+;vi fy D2,(y)v(dy)

k
(d;f +df + ek)z
2(df + e - )

1 n 0_2 n A 2
-3 (d;;" + & — % -2 f ng(y)v(dy)) Vi + Z (axb + 1) (d—s" (afk +2 f D%k(y)v(dy)),
k=1 Y k=1 k Y

Volume 11, Issue 5, 13412-13448.
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Y
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where b is a positive constant defined by

(d;f + d,f + ek)2

b k = 1’2’... ’n 2
2 (df + & = ) (df - o, =2 [, D man)

b = max

(d +d +6k)

such that akb (dS O-Ik fY D%k(y)v(dy)) Z(dE Zk)
+g—-—3¢

> 0 for each k. Accordingly, we obtain

n

- 1 < o2
LV +b(LVy + LV3) <= )" (d;j ol -2 f ka(y)v(dy)) 0 -3 > (dE ta -
k=1 Y k=1

n A 2
-2 f ng(y)v(dy)) v,§+Z(akb+ 1)(d—s") (afk+2 f D%k(y)v(dy)).
Y k=1 k Y

Therefore,

LV, + b(LV, + LV3) + LV, + LV

n

op
<- Z(ds ol — fok(y)v(dy)) u; — 22(d5+e 22/< 2J;D%k(y)v(dy)

k=1
fké,f ) 2 I 1, 2 gk)’;% 2
- Vi — = fld, + v+ 6 — =0 —fD yv(dy) - ————|w
o) i3 (e e gk [oomen - Sty
BN 1 5 2 R A\ ) )
DI GRS R AGRC) By YCURSY = | (7h+2 | Dhowy).
k=1 Y k=1 k Y
Let fi = 52 (dE +e—2-2[D k(y)v(dy)) (! + yi + 6 — Lo2,), which leads to
fie 1( . o f ) )
=—\d, +e—-———-2 | D v(dy)]. 5.4
d/€+)’k+9k—%0'§k AN kT , S ()v(dy) (5.4)
Let g, = (dl + v+ O — 5 - [, D3 (y)v(dy))( 1o%,). and then
2 o2,
8kY, 1
R—klz ) (dl + Ykt O - 7 - szk()’)V(dy)) (5.5)
Ji (dk - 50'4k)

According to the conditions of Theorem 5.1, it can be inferred that f}, g, are non-negative constants.
Therefore,

LV(X) = LV, + b(LV, + LV3) + LV, + LVs

C 1 1
<-) [(d,f — =2 fY Di@)v(dy)) it g (df t& - 50y -2 fy Di(y)v(dy)) Vi

k=1
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2
1
+% (d,ﬁ + Yk + O — 73" - f D%k(y)v(dy)) wp + g—z"(df ——05, - f Dﬁk(y)y(dy)) xi]
Y Y

2
n A 2
k
+ ) (@b +1) (d—s) ((r%k +2 f Dﬁ(y)v(dy))
k=1 k Y
= - Z (Mlku% + MZkV]% + Mngi + M4kx,%) + Z Ji, (56)

k=1

where

1 1
My =d¥ — o3 - f D} (n)v(dy), My, = Z(df + & — Ecr%k—z f Dék(wv(dy)),
Y Y
f 1 2 _ 8k [ R 1 2
M = 4 d + Vi + O — 20-3k D3 (yyv(dy) |, My = E d; — 2 4k D4k(Y)V(dy)
Y

A 2
Ji = (b + 1>(d—§) (cr%k+2 f D%k<y>v<dy>).
k Y

It follows that

dV(X) =dV; + b(dV, + dV3) + dV, + dVs (5.7)
n n n A
<- Z (Mlku,% + MZkV]% + M3kwi + M4kx,%) + Ji + Z (uk + Vk) O 1k (I/tk + d—;) dBlk(t)
k=1 k=1 k
Ay ero
+O'2kvkdek(t)] +b Z apo U | Uy + —< dB]k(f) +b Z E deBZk(t)
k=1 dk —d + €

P
(( )le(y) + Vszk()’))

+ Z fiouwidBa(t) + Z Lo 30 dBy(t) + = Z f
N(dr,dy) + 3 Z ay f

f viDo ()N (dt, dy)
Y

dS

+2 (u + vi) ((uk + A—) Dy (y) + Vszk(y))

(uk + ds) D%k@)

Ay
+2uy (uk + & )le(y)] N(dt,dy) + b Z dr +

1 n 5 n 5
*t3 kZ‘ fi fy W (D30 + 2D5()) N(di,dy) + 5 ; % fy 22 (D) + 2Dy () N(dr, dy).
Integrating both sides of inequality (5.7) from O to 7 and taking the expectation, we get
!
EV(X(2)) =V(X(0)) + Ef LV(X)ds.
0

Then by (5.6), we find

0 < BV(X(1) < V(X(0)) - ) | E f (M1} (5) + Mari(s) + Myowi(s) + Myxi(s)) ds + 1 " Jp.
k=1 0 k=1
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Since M]k > O, MZk > O, M3k > O, M4k > 0, we obtain

n

) E f (Miai(s) + Mo (s) + Myowi(s) + My (s)) ds < VX)) +1 )" Jy.
0

k=1 =1
Dividing both sides of the above inequality by ¢ and taking the limit superior as t — oo, we have
2,7

=1

lim sup % Z Ef (u,%(s) +1(5) + wi(s) + xi(s))ds < :M ,
0

[—o00 =1

n

in which M = min {Mlk’ MZk’ M3k, M4k}. Hence

I [ Ai) =
limsup— » E Si(s) = == | + EX(s) + I*(s) + R3(s)|ds < .
Hmpt; fol( () d}f) HORFAORSHO) v
This completes the proof. O

Remark 1. Theorem 5.1 shows that when Ry < 1 and certain assumptions are satisfied, the solution of
the stochastic delayed SEIR system (2.1) fluctuates randomly around the disease-free equilibrium P
of the deterministic system. The oscillation amplitude is affected by perturbation intensity: weaker
perturbations result in smaller oscillations near Py, while stronger perturbations generate larger
amplitudes. When oy = 0 (i = 1,2,3,4) and Dy, = 0 (i = 1,2,3,4), the stochastic delayed SEIR
system (2.1) reduces to the deterministic delay system, where Py is globally asymptotically stable and
the solution converges to P,.

6. Asymptotic behavior of the solution around the endemic equilibrium point P*

When Ry = p(M,) > 1, the deterministic multi-group SEIR model admits a positive equilibrium,
namely, the endemic equilibrium P*(S7, E7, I{, R}, -+, S, E,, I, R;). Obviously, P* is no longer an
endemic equilibrium of the stochastic multi-group SEIR model (2.1). In this section, we show that the
solution of stochastic delayed system (2.1) oscillates around P* under certain conditions.

We introduce the following notations:

Bkj :ﬁkjSZajEjag = (ﬁkjS;:ajE;)ana 1< k?.] <n n2 25

kglﬁlk _BIZ e _Bln
_BZI Z BZk T _BZn
Lg = . k;tz.

_Bnl _BnZ e Z Bnk
k#n

Note that L is the Laplacian matrix of matrix B. If (Bkj)nxn 18 irreducible, B and Lj are also
irreducible. Let ¢, denote the cofactor of the k-th diagonal entry of Lj.
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Theorem 6.1. Suppose that B = (Bij)uxn i irreducible. If Ry > 1 and the following conditions hold:
o+ 2 f DY (w(dy) < di, o5 +4 fy D3 (y)v(dy) < df + &,
0'3k + 2£D§k@)v(dy) < d,i + Vi + 6y, O'ik +2 f;Dﬁk(y)v(dy) <d®, k=1,2,---,n,

then for any given initial value (S (0), E(0), 1,(0), R1(0), - - , S ,(0), E,(0), 1,(0), R,(0)) € R, the

solution (S ((?), E.(¢), I,(?), R\ (¢), - -- ,S,(0), E, (), I,(t),R,(t)) € Ri" to stochastic model (2.1) has the
following property:

L D H
lim sup B f |(Si(s) = S1)° + (En(s) = E)* + (I(s) = I})* + (Rus) = R’ | ds < kzln ,

t—o00

where

a+2_ R a+1_ o\ s
Hk:( > ck+bksk)ska§k+( ck+bkEk)Eka§k+Ak(I)agk+Bk(Rk) T

ome )5t [ Doy +anEy [ Dhoman s a [ Dioma)
k Y Y Y

+ Bu(Ry)’ f Dy O)v(dy) + 3Gy,

Nk =

by
25* [ds O-lk fD%k()’)V(dy)] T]zk—

df + 6 — 0% — 4fD§k()’)V(d}’)],
Y

depro-oh-2 | D§k<y>v<dy>], M = {[dﬁ—aﬁk—z | Dﬁk@)vmy)],
Y Y

n = min {1k, Mok, N3k> Nak) »

A
Tl3k—4

in which a, by, I, Ay, Bi (k =1,---,n) are positive constants to be determined later.

Proof. Since P~ is the deterministic endemic equilibrium of the system, we have

Av=diS;+ ) BuSiaE;,

J=1

(df + &)E; = > BSiaiE;,
j=1

&E; = (d} + v + 61,

Define C*>-functions V; (i = 1,--- ,6):

n

N\ - Y Ey R . Ey
Vl—;ck(Sk—Sk—SklnS—:+E ~E ElnEZ),Vz_;ck(Ek—Ek—lnE—z),
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V3: bk(Sk—SZ+Ek—EZ)2,V4:

1 k=1

B (R, — k)
=1

L(Sk =S5, Vs = A=),

| =
| =
| =
T

k

s |l

l\JI>—‘

Ve =

wherec¢, >0 (k=1,---,n). Thus V; (i = 1,-- -, 6) is positive definite. According to Itd’s formula, we
compute that

dV] :LVldt + Z Cr [O—Ik (Sk — SZ) dBlk(t) + O (Ek - EZ) dek(l)]
k=1

+ Z Ck f [SkD1() = S;In(1 + D(y) + ExDy(y) — E; In(1 + Dyr(y)] N(dt, dy),
Y
AV, =LVydt + Y Gory (Ex — E}) dBu(t) + ) & f [EcDax(y) — E; In(1 + Dy(y))] N(dr, dy),
k=1 k=1 Y

dV3 :LV3dt + Z bk (Sk - Slt + E; — EZ) (O'lkSkdBlk(t) + O-ZkEkdBZk(t))
k=1

2 Z by f (SDu() + ExDu(3))* + 2 (S — S} + Ex — E}) (SkDu(y) + Eszk()’))] N(dz, dy),

n

dv, —Lv4dr+Zlk (S = S7) oS dBu(0) + ZZlk f [S2D%,() + 284 (S — S;) Du()| N(dr, dy),

k=1 k=1 Y
dVs =LVsdr + Z Av (I = I) o3 id By (1) + 5 Z Ay f [12D%0) + 20 (I - I}) D3| N(dt. dy),
k=1

dVg =LVedt + Z By (Rk - k) O 4 R dBy (1) + = > Z f RzDik(y) + 2Ry (Rk - RZ) D4k(y)] N(dt, dy),

k=1

which implies

n

LV, :Zék

2 =
Si-S1) & (DEt—ndr &
g S OO B2 - S0

k=1 Sk =1 a;E;
S [T HE (- drEr ] 1y
- Z Br S EE, + > kZ:; Cr (Sko-lk + E; O'Zk)

+ Z Ck f [S; (Di(y) = In(1 + Dy(y))) + E; (Dok(y) — In(1 + Dyi(y)))] v(dy),
k=1 Y
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S [ AME—ndr & B 1
Zﬂkj e =S B |45 > ek,
kI j=

.
=3 a(i-5)

k=1

J=1

+ Y ek f (Dax(y) = In(1 + Dy(y))) ¥(dy)
k=1

. (6.1)
Y, [Z Sk fy FiE (= ndr Z E Z S [y FHOE (=) drE;
k=1 =1 Sia;E; ‘= Sra;iE Ey
n _ lZ*CTZ n
+ D Byt =+ ) Ak f (D) = In(1 + Dye(y))) v(dy),
j=1 k=1 Y

(Sko-lk + Eko'zk)

SRSy

LVs =Y b(Si = S; + Ex - E)) |~df (Si = S7) = (dF + &) (Ee - Ep)] + .
k=1

Py
1 n
+ 2 Z by f [SD1(y) + ExDy ()] v(dy)
k=1 Y
=- Z bi|df (Sk =807+ (df + &) (Ex - Ep) + (df +df + &) (Sk—S}) (Ex - E})]
1 n
Z biSio + = Z biE;oy, + 3 Z by f [S«D1x(y) + E Do (y)]* v(dy)
k=1 Y

(d;f +df + ek)2 ]

; @ {dk 7k 2 (a’,‘{E + & — crgk)

1 © 1 ©
~3 Z by (dkE + & — O%k) (E - E.) + > Z by j; [S¢D1(y) + E Dy ()] v(dy),
k=1 k=1

(k=817 + D b (oS + ohbu(EyY)

k=1

LV, :Zlk (Sc—S7)

Zﬁkj (SZajEf; - Sk fow fi(DEt—7) dr) —d (Sy—S3)
4+ Z LS2od, + % Z LS? f D%, (y)v(dy)
; Zl WBiST (Sk—S7) U fiEt—r)~E! )dr] —kznl (df - 02) (5k - 87)
= =
+ Z Lot (SOP + 5 Z LS} f D%, ()v(dy),
LVs = ZAk (= 1) | & (Ex = Ep) = (df + v+ 6) (I - )] + ZAk0'3k12

+3 ZAkﬂ f D ()v(dy)
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1 , 5 2 C
2k:1Ak(dk+yk+6k O-3k)(lk o) +;2(d£+7k+9k—0§k)

ol I
+ ) AGREY + 5 ) A f D3 ()v(dy),
k=1 Y

LVs = Bi(Ri—R) |y (e — ) — df (R — RY)| + ZBk0'4k (Ri — R, +R})

k=1
1 n
+2 Y BiR} f D3, (»)v(dy)
2 k=1
1 - R Bkyk
<=3 D Bu(df — of) R~ R’ +ZW(1,<—1) +ZBk0'4k(Rk)
k=1
1 n
+3 BiR; f D3, (y)v(dy).
Y
k=1
Define
5 n no 1+r OofA(r)E(u—r)dr Oof-(r)E-(u—r)dr
=V Y & ﬁk,f [fo — —1—lnf0 — du.
k=1 ' aikj a;k;
Therefore

I~ FOE (tdr i [~ FOE ndr
4, TR

I

dv, = dv, +chz [(
k=1 =1

) ( by AEt = rdr - NG r)dr)] .
ajE”f (,IJ'E*.

E,; d “ F(NE(t - r)d
SRS 30 1 R [ S TG

aJE;‘ ClJE;k
= LV,dt + Z Ck f [S«Di(y) = S;In(1 + Dy(y) + ExDyr(y) — Ef In(1 + Dy (y))] N(dt, dy)
— Y

# D Eloi (Sk = $7) dBuo) + o (Ex — E;) dBu(0)],
k=1

where

(ﬂ 11— B] B fooofj(r)Ej(t— r)dr Cien fooofj(r)Ej(t— ) dr
Ej E; ajE;k' Clej.

L‘71 =LV, + Z Cr Bkj
k=1

=
n
=)
k=1

2 ~
S-S &L FAMEG-ndr &L B S, & S
DPIUBRING Y SR LIELLS PR I
k 7= =1 k =1 =1 k
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Z": Sk |y f{PE (it - r)drE;
“ N3, i
! S a;EEx

1

+ ZE (Skalk + E; 0'2k)

+ Z Ck f [S; (D) — In(1 + Diu()) + E; (Da(y) — In(1 + Do(»))] v(dy)
- Y

E(t - d 0 , E(t — d
+chZﬁkJ (E* 1-1In _)_[fo fi(E(t—r)dr l—lnfo fi(NEi(t—r1) r]]

aJE* ajE;‘f
& E; d n .
L R I RNt

l\) |

k=1 j=1 J
" E &S & Sef fNEt-ndrE;) 1 1
_ZﬁkjE_Z] {2 Zﬁkj - Zﬁkjs Z,Bkj St EEs + 2Sk0'1k + 2E o-Zk]
J=1 J=1 J=1 Jj=1 J
+ Z Ck f [S; (D) = In(1 + Di()) + E; (D (y) — In(1 + Do ()] v(dy). (6.2)
=1 Y
Applying inequality x > 1 + Inx, x > 0, we have
n _ S;: n _ S;:
Z:Bkjs_k > Z,Bkj(l +1In S—k), (6.3)
j=1 j=1
Sk [y HOE(=ndrE; S, . E ~ fNE it - r)dr
Bij th HOE; oy 1+1n—k+1n—k+lnf0 it . (6.4)
= SZajE;’fEk Ek ajE;‘.

According to Lemma 3.2, we obtain

n n _ E] n _ Ek
Cr Brjzx — Bkj_*] = 0. (6.5)
kZ:; [j=1 E; ,Z::‘ E;
Similarly, we get
n B n _ E n B n B Ek
> . ﬁkjlnE—jf -G > Bijin 2 =0. (6.6)
k=1 j=1 Iok=l j=1 k

Substituting (6.3)—(6.6) into (6.2), then
- O Si=8)° (&  E - “ FDE(t—r)dr) & _ g
LV, S;Ck[—d/fks—kk_(Z,BkjlnE—;—Zﬁkjlﬂj(; ! ajé; )_Zﬁkj(l +1n5_i)
N E Sk fo fi(DE (t=71) dr] o
+ — = I1+In—+ ln 2 ;
(Zﬁ’”E* Z’B’” ] Z'B"J[ S A a;E; ;’8’”

k
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+ Z Ck f [S ¢ (D1x(y) — In(1 + Dix(y))) + Ex (Do (y) = In(1 + Doy(y))] v(dy)
Y

n . (Sk_S*)Z 1 * 1

+ Ck
k=1

By combining (6.1) with (6.4), the following result can be derived:

¢ f [S; (Di(y) — In(1 + Di(y))) + E; (Dy(y) — In(1 + Dyi(y)))] v(dy).
¥

(&L Sk [ fME-ndr & f fi(rE;(t = r)dr
LV, SZC/{[Z,B/(‘/ 0 Srq B Z’Bk/ 1+1n—+lnik 0 aE*
k=1 Jj=1 K= 7=
n _ E n _ 1 n
Y B 3 Bl 5 D ki + Z iE; [ D)~ In(1 + D) @)
j=1 kooj=1 k=1 k=1 Y
[ S AE(-dr & E,  E
=) %\ ) B P Biiz: + ) By 1n— Bri (ln > —In —*]
k=1 [; Sia;iE; Z E; Z Z E; E
1 * - = %
e3E |+ Y 6 [ [Dut) - In(t + Dy )
2 k=1 Y
n Sk T AME(t-ndr I E )
=ka [Z,Bkj . ; E ZﬁkjEl: + Z:Bkj ln "‘ Ek o
k=1 j=1 K4 j=1

N ZEkEZ f [Dy(y) - In(1 + Day(y)] v(dy)

n S f(r)E(t r)dr n
[Z,Bkj kfo ’ Z kJE*+Zﬁk]( ) E*O'zk

kaJ

S

Y ek f (Do) = In(1 + Da(y))] v(dy).

k=1
Notice that
o Sk fE - dr

Zék Zﬁkj S,’;ajE;‘.
(6.7)

no & (s I f(NE - r) dr ) ¢ I f(E; - ndr &
=) G E ,ﬁkj( *—1)[ n E ﬁkj : E ,ﬁkl " kj
k=1 [j:l Sk a-/Ej aj EJ =1
Define
t+r (oo
. n "o fi(NE (u—r)drdu
Vo=V, + Ck ﬁkjj; j(; ’ EJ,* )
=1 =1 a;k
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and then
v, =dV, + Y & Z B, % b ff(riEé(f - dr] dt
k=1 j=1 J it
:=LV,dt + Zn: Croax (Ex — E}) dBy(t) + Zn: Ck fy [ExDxu(y) — E; In(1 + Dy (y))] N(dt, dy),
k=1 =1
where
_ - _ Si(E(t—r)dr
LV, =LV, + Z > ]E* —;E ,=1ﬂ b 1 o F
SRS Nie * o (i)
< ; & 2 Bei (Sk - Sk)( OE= ) - Ej)dr) + ]Z;,BkjajEjS—k]
v kZ‘ & E[0, + ZakE;; fy (Do) — In(1 + Dyg(y))) ¥(dy).

Thus

LVs+ LV, < — ZZﬁkJ(zks*—ck)(sk— k)f £ (Ejt = r) - E}) dr

k=1 j=1

2
Sk - S: ) n 1 &
+ Z Z B iE; = Dl (df =0 ) (S =837 + 5 PNAT: fy D3, (y)¥(dy)
=1 j=1 =1 =1
n 1 n
+ Z EE;’;cr%k + Lo (S| + Z cE; f(Dzk()’) = In(1 + Dx(y))) v(dy).
k=1 k=1 Y

Choose [, = ;—" such that [;§; — ¢, = 0. Hence
k

2
_ n n Sk _ S;: n -
LV2+LV4 SzzékﬁkjajE;(S—)_ZS_]i(di O-lk)(Sk_ k)
k=1 j=1 k k=1 "k
1 al
+ Z | ohSi+ 3B+ DL aE | (Dx0) = In(l + D)) v(dy)
-1
1 c 2 2
2 S*S le()’)V(d)’)’
Y
(Si-s;) &
~ ~ _ k=g C .
alVi + LV, + LV, <— ) & ( Z,Bk]aj ] - S—" (& —02) Sk~ 5p)

=1 k k=1 "k
. a+?2 ., a+1 1l e
k=1 k=1 "k Y
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+ Z acy f [S; (D1(y) — In(1 + Dy ()) + E; (D(y) — In(1 + Do ()] v(dy)
k=1 Y

# Y 6E [ (Du() - In(t + D)) ),
k=1 Y

Choose a = max{ds Zﬁk]ajE* k=1,2,--- ,n} such that aa’,f - 'ZlﬁkjajE‘jf >0,k=1,2,---,n. We
Jj=1 Jj=
have

- - a+?2 g a+1 _,
aLVi+ LV, + LV, < — E S (dS 0'1k) (Sx— k) + Z ck( kO’%k 5 ——F O'Zk)
i=1

+ Z acy f [S ¢ (D1(y) = In(1 + Dix(1))) + Ej (Da(y) — In(1 + Dy(y)))] v(dy)

1
*3) 5*52 f D%k(y>v<dy>+2ckE f (D(y) = In(1 + Dy () ¥(dy).

In addition, we get

alLVy+ LV, + LVs + LV, + LVs + LV,

n — S E 2
< - Z [% (dlf 0'1k fD%k()’)V(d)’)) + by (ds %k - i ekz - 2fok(y)v(dy))]
k

k=1 2(d]€j + & — O-Zk) Y
w2 N b e 2 2 Are; 2
X(Sk=8)" - Z 5 di +& =0y =4 | Dy(yv(dy) - . 5 (Ex — E})
=1 Y by (dk + Yk + 6, _0-3k)
- Ak 1 2 2 Bk72 Bk R
-y 2 dk+yk+9k—0'3k—2fD3k(y)v(dy)—— (I - L) - |df - o3,
Z 2 y A (df - a2) kZ‘ 2
a+?2 a+1
szztk()’)V(dy) (Re— R}’ + Z ( Ck + biS )S?ZO'?k + ( 5 Ck + bkEZ) Eo + AL o,

+Bu(R)) 05, + (2bk+ S—’;)(S;;)2 fy D1 ()v(dy) + 2b(E})* fy D3 ()v(dy) + A(I})? fy D3, ()v(dy)
k

b

+Bi(R;)’ f Dy (n)v(dy) + 3Gy
Y

where

Gy = max {aaksz f (D1(y) = In(1 + D)) v(dy), a&,E; f (Dau(y) = In(1 + Do(3))) ¥(dy),
Y Y

CkEy f (Dx(y) = In(1 +Dzk(y)))V(dy)}-
Y

We choose b, > 0 such that

¢ (d;f +df + ek)2
5 (ds 0'11< f D%k(y)v(dy)) + by, dS (le ) -2 f; D%k(y)v(dy)
k

E 2
2(dk + & — 05,
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2o (dS o - fy D?k(y)V(dy)),

and A; = (dE + & — 0% — 4 [, DL 0)IV(d)) (d! + yi + 6 — 0%, ) such that

Akflz
bk(dli + Yk +0k —O'%k)

1
df + ¢ — 03, —4 f D3, (y)v(dy) — =5 (d,f +g -0y —4 f ng(y)v(dy)).
Y Y

Set By = (d + i+ O — 0% 2 f, DY 0)v(dy)) (df - o%,) such that

1
di+ Y+ 60— 03, — ngk(Y)V(dy) D\ =5 (d + Y+ O — 03, — ngk()’)V(dy)) .
Y Y

Therefore

alLV, + LV, + LV; + LV, + LVs + LV

<- Z |:)71k (Sk — S]t)z + Mok (Ek — E;:)2 + M3k (Ik — I]:)z + Nak (Rk — RZ)2:| + Z Hk, (68)
k=1 k=1

where

S f D (y)v(dy)],
1k = 2S [ 1k v 1k

by
Mok :Z [d/[j + €& — 0%/( -4 j;D%k(y)V(d)’)] )

A
M3k =Zk di + Yk + 6 — 03, — 2 ngk()’)V(dy)] ,
Y

By
N4k =—

df — o3 -2 fy Dik<y>v<dy)],

a+?2 . a+1._ o\ s .
H, _( S—C+ biS; )Skcr%k + (Tck + bkEk)E o5 + Aoy, + BuR) o,

+(2bk+ %)(S;;)Z f D2 ()v(dy) + 2bi(EL) f D2 v(dy) + ALY f D2 (9v(dy)
k Y Y Y

+ By(Ry)? fy D3, (y»)v(dy) + 3Gk
Consider a Lyapunov function:
VIX)=aV, + Vo + Vs + Vi + Vs + V.
Then we derive
dV(X) =adV; + dV, + dV5 + dVy + dVs + dV; (6.9)
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< {_ Z [Ulk (Sk= S0 + o (Ex = EQ)’ + nsic (e = 1) + e (Ric — R’t)z] " Z Hk} !
K

=1 k=1
n

_l_

acy o1 (Sk = ;) dBi(0) + oo (Ex — E;) dBy(1)]

k=1

+ ) acg f [S«Du(y) = S;In(1 + Dy(y) + ExDy(y) — Ef In(1 + Dy (y))] N(dt, dy)
1 ¥

s

=~

s |l

+ Z CrO 2k (Ek — EZ) dBZk(t) + Z Cr f [EkDZk(y) — EZ ln(l + ng(y))] N(d[, dy)
k=1 Y

k=1

S |l

+ Z b (Sk — Si + Ex — E;) (1S kdB (1) + 0o Exd By (1))
=1

RS -
+ EZbk | (S kD) + ExDok(0))* +2 (S iD1(y) +(S k=S ; + E= E) ExDor(»))| N(dl, )

Y

n

1 .
+sz(sk— DouSidBu0) +3 ) f [SEDYO) + 284 (Sk = S}) Di(y)| N(dr, dy)

k=1 kl Y

+ ZAk (I = I}) o3[ dB3y (1) + = Z Ay f IZng(Y) + 20 (I - L) D3k(y)] N(dt, dy)

+ Z Bi (R — Ry) o RidBy(t) + = Z ka RzDik()’) + 2R, (R« — Ry) D4k()’)] N(dz, dy).

Integrating both sides of the inequality (6.9) from O to ¢ and taking the expectation, we get

EV(X(r)) =V(X(0)) + E f LV(X)ds.
0

Then by (6.8), we find

0<EV(X(2))<V(X(0)) ZEf (k=57 +n (Ex—EQ) +13 (I~ 1;) + 145 (Re—R}) dSHZHk

k=1

Since n1; > 0,12 > 0,13, > 0,14, > 0, it follows that

n ¢
e
k=1 VO

Dividing both sides of the above inequality by 7 and taking the limit superior as t — co, we have

1
lim sup ;]E

—o0

Therefore,

lim sup %Efo [(Sk(s) — S+ (Ex(s) — EX) + (I(s) = I)” + (Ri(s) — RZ)Z] ds < &

k=1

k=1

>

t—00

AIMS Mathematics

ft[nlk(sk_ O+ o (B — Ep) + 3 (I — 1) + g (R — R} ds<ZHk

i (Sk — SZ)Z + Nk (Ex — EZ)z + 03 (I — IZ)Z + Nag (Ry — Rz)z] ds < V(X(0)) + TZ H,.
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where n = min {7yx, 2k, 3k, N4 }. This completes the proof. O

Remark 2. According to Theorem 6.1, when Ry > 1 and the parameter constraints are satisfied,
the solution of the stochastic delay system (2.1) fluctuates randomly around the endemic equilibrium
P* of the deterministic system. The oscillation amplitude is affected by both white noise and Lévy
jumps: weaker perturbations result in smaller oscillations, while stronger perturbations generate
larger amplitudes. If both the Brownian motion and Lévy jumps are equal to zero, the stochastic
system (2.1) reduces to the deterministic delay system, which has a unique globally asymptotically
stable endemic equilibrium P* when Ry > 1.

7. Numerical simulations

In this section, we use the Milstein high-order algorithm mentioned in [31] and the Euler-Maruyama
algorithm mentioned in [32] to discretize the model. Assume that the delay kernel function is taken as
fi(s) = e™¥ as in [22], which satisfies the normalization condition me e *ds = 1. The initial condition
is E;(0) = zj¢’, where 0 < 0,z; > 0. When n = 2, system (2.1) becomes

2 2
e’ _ !
dSi =|Ac— = D zBuSi—e fZﬁk,Skfo CE(s)ds —d S, | dr
=1 =1
+ oS dB(7) + fle()’)Sk(t)N(df, dy),
Y
- 2 ;
dE, = 7 ZZjIBkjSk +e! Z’BkjSkf gsEj(S) ds — (dlfZ + Ek) E|dt 7.1)
j=1 j=1 0 .

+ oo Erd By (1) + szk(y)Ek(f)N(df, dy),
Y

dl = [GkEk - (dlﬁ + Y+ 9/<) Ik] dt + o3 [kd B3 (1) + fD3k()’)Ik(1)N(df, dy),
¥

AR, = (yul - diRe)dt + kBt + [ DuGIRONGL Y. k=12
Y

For simplicity, we always assume that d} = df = dj = df = d; and fot Ei(s)ds=a;=1(j=1,2). The
parameter values adopted in the numerical simulations of this section are presented in Table 2.

Example 1. 7o verify Theorem 5.1, we choose the parameters for population 1 as A; = 0.3,
B = 002, B, = 005, d, = 02, ¢ = 0.5, y = 0.1, 6, = 0.1, and the positive initial
value (S1(0), E1(0), 1,(0),R(0)) = (5,z1, 2.3,2.5), where z; = 2.7; and for population 2 as
Ay = 04, B = 0.04, B, = 0.02, d, = 0.15, ¢ = 0.6, v, = 0.15, 6, = 0.07, and the positive
initial value (S,(0), E>(0), 1,(0),R,(0)) = (2,2, 1,3), where z, = 2.1.

0.04 0.11
0.07 0.53
Ry = p(My) = 0.55 < 1, which satisfies the conditions of Theorem 5.1. When o = 0 and Dj = 0
(j=1,2,3,4; k = 1,2), stochastic system (7.1) reduces to a deterministic system, and the evolutionary
trajectories of its solutions correspond to the results presented in Figure 1. In this case, population 1

Using Example 1, we obtain the matrix M, = ( ) and the basic reproduction number
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and population 2 admit the disease-free equilibrium P(l’(l .5,0,0,0) and Pg(2.67, 0,0, 0), indicating that
the disease dies out.

To intuitively illustrate the impact of stochastic perturbation intensity on the dynamic behavior of the
system, we use the data in Table 2 to carry out numerical simulations while keeping other parameters
unchanged.

Figure 2 shows that the solutions for population 1 and population 2 fluctuate around the disease-free
equilibrium under stochastic perturbations. Despite these fluctuations, the disease dies out eventually.
This result is consistent with our theoretical analysis of the stochastic asymptotic behavior of the
disease-free equilibrium. Furthermore, as shown in Figures 3 and 4, when the jump intensity is reduced
or the white noise intensity is increased, the system dynamics still imply that the disease will gradually
die out.

In summary, the numerical simulation results presented in the figures fully verify the validity
of Theorem 5.1: the greater the intensity of random perturbations, i.e., the more significant the
random interference, the larger the oscillation of the solutions of system (2.1) around the disease-free
equilibrium point of the deterministic SEIR model, and the faster the disease dies out.

Example 2. For the purpose of verifying Theorem 6.1, we specify the parameters for population 1 as
A = 4.6, B =038, B, =035, d; = 0.8, ¢ =09, y; = 0.8, 6, = 0.1; and for population 2 as
Ay = 5.75, B =032, B, =051, d, =09, & = 0.9, y, = 1.75, 6, = 0.07. The initial values
(51(0), S,(0), E(0), E»(0), 1,(0), I,(0), Ri(0), R,(0)) = (4,2.5,z1, 20, 2.2, 2.2, 2.5, 3), where
1 = 2.5, = 3.5.

In Example 2, we select the parameters (refer to Table 2) such that Ry > 1 and the conditions in

Theorem 6.1 are satisfied, and the results are presented in Figures 5-8. In this case, we can calculate the
1.01 0.93
094 1.5
which satisfies the threshold condition Ry > 1. When the stochastic perturbation parameters are set to
zero (i.e., ojp = 0and Dy = Ofor j = 1,2,3,4 and k = 1,2), the model reduces to a deterministic
system. As illustrated in Figure 5, the deterministic system admits endemic equilibria for population 1
and population 2, which are P} (2.06, 1.15, 0.61, 0.61) and P; (2.36, 1.46, 0.76, 0.64), respectively.
This indicates that the disease will persist in the populations.

With all other parameters fixed and random perturbations introduced, Figure 6 depicts the time
evolution curves of S (1), Ex(?), Ii(t), Ri(t) (k=1,2) in populations 1 and 2 for the stochastic system.
As can be seen from the figure, the solution of the stochastic system oscillates persistently around the
endemic equilibrium point of the deterministic system, indicating that the disease remains endemic in
the population.

Figures 7 and 8 further illustrate the influence of noise intensity on the stochastic system. In
Figure 7, when the Lévy jump intensity is reduced, the system solutions still oscillate around the
endemic equilibrium, with a smaller fluctuation amplitude compared to Figure 6. In Figure 8, as the
white noise intensity is increased, the fluctuation intensity is found to be larger than that in Figure 7.
However, the solutions still remain around the endemic equilibrium, and the disease remains endemic.

The results validate Theorem 6.1: stochastic perturbations alter the system trajectories and disease
transmission dynamics, with the oscillation intensity of stochastic system (2.1) around the endemic
equilibrium P* increasing significantly as the perturbation intensity rises. Nevertheless, the core trend
of persistent disease endemicity remains unaffected.

matrix My = ( ), and then the basic reproduction number is determined as Ry=p(My)~2.21,
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Table 2. Parameter values used in the numerical simulations of system (7.1).

Population Parameters Numerical values
o1 0.2 0.2 0.35 0.15 0.15 0.31
021 0.3 0.3 0.8 0.1 0.1 0.22
031 0.2 0.2 0.6 0.2 0.2 0.4
o4 0.05 0.05 0.4 0.1 0.1 0.25

Population 1 Dy, 0.14 0.001 0.14 0.13 0.001 0.26
Dy, 0.2 0.002 0.2 0.11 0.003 0.22
Dy, 0.23 0.005 0.23 0.16 0.008 0.31
Dy, 0.21 0.003 0.21 0.15 0.005 0.3
o2 0.18 0.18 0.3 0.15 0.15 0.35
on 0.25 0.25 0.8 0.1 0.1 0.2
03 0.15 0.15 0.5 0.25 0.25 0.45
ot 0.1 0.1 0.4 0.15 0.15 0.32

Population2 Dy, 0.12 0.002 0.12 0.15 0.005 0.3
Dy, 0.21 0.003 0.21 0.12 0.002 0.23
Ds; 0.22 0.008 0.22 0.18 0.008 0.39
Dy, 0.17 0.006 0.17 0.16 0.005 0.32

Figure 2 Figure 3 Figure 4

Figure 6 Figure 7 Figure 8

Population 1
T T

Time t

25

0.5

Population 2
T T

- - =5,

E, )
e
)

Figure 1. When R, < 1, the dynamic behavior of the solution of system (7.1) for o = 0,
Dy =0,j=1,2,3,4, k=1,2, At =0.001.
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P ion 1 Population 2
T T

s, ()
E, ()

— 0
R0

. L
0 10 20 30 40 50
Time t

Figure 2. When R, < 1, the dynamic behavior of the solution of system (7.1) with Lévy
noise. (Parameters are shown in Table 2, Column 1).

; Population 1 . Population 2
T T T T T
s, () — - =5,
E, () - = —E,0
—0 a5l |- = -LW 1
61 R,0| 7 - - =RO|

0 10 20 30 40 50
Time t Time t

30 40 50

Figure 3. Under the condition of Ry < 1, the dynamic behavior of system (7.1) when the
intensity of the jumps decreases. (Parameters are shown in Table 2, Column 2).
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1 2
6 T 7 :
— 5,0 YT
E,(0) -
—0 )
R, (1) 6 - - =R,

40 50

Time t

Figure 4. Under the condition of Ry < 1, the dynamic behavior of the solution of system
(7.1) when the intensity of white noise and Lévy jumps increases. (Parameters are shown in
Table 2, Column 3).
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Time t Time t

Figure 5. When R, > 1, the dynamic behavior of the solution of system (7.1) for o = 0,
Dy =0,j=1,2,3,4, k=1,2, At =0.001.
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Pop ion .
4.5 4 T T T

4 —0 |

Figure 6. When R, > 1, the dynamic behavior of the solution of system (7.1) with Lévy
noise. (Parameters are shown in Table 2, Column 4).
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Figure 7. Under the condition of Ry > 1, the dynamic behavior of the solution of system (7.1)
when the intensity of the jumps decreases. (Parameters are shown in Table 2, Column 5).
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Population 2
T

7 T T

I I 0 I I I I I

0 I I I
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time t Time t

Figure 8. Under the condition of Ry, > 1, the dynamic behavior of the solution of system
(7.1) when the intensity of white noise and Lévy jumps increases. (Parameters are shown in
Table 2, Column 6).

8. Conclusions

A multi-group stochastic SEIR epidemic system with infinite distributed delays driven by Lévy
jumps is proposed and analyzed in this paper. The dynamical behaviors of the system are systematically
studied. Numerical simulations indicate that random noise causes the model solution to fluctuate
around the two equilibrium points, and the intensity of the fluctuations is related to the strength of
the noise. The results contribute to expanding the investigation and analysis for stochastic epidemic
models. This work investigates the impact of Lévy noise exclusively on the transmission rate; in
contrast, the scenario where noise perturbations are incorporated across all parameters would offer
greater generality and better consistency with empirical epidemiological observations. If the threshold
Ry < 1, the solutions of the stochastic delayed system oscillate around the disease-free equilibrium P,,
and the disease will disappear; while if Ry > 1, the solutions fluctuate around the endemic equilibrium
P*, and the disease will persist. An important direction for future investigation is to establish a
stochastic multi-group SEIR model with infinite distributed delays under the combined influence
of Markovian switching and Lévy noise. It would also be intriguing to examine how media noise
modulates the dynamical properties of the solutions. Addressing these aspects is crucial for a deeper
understanding of the combined effects of non-Gaussian fluctuations and memory on the persistence
and extinction of infectious diseases.
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