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1. Introduction

The interplay between topological dynamics and operator algebras forms a profound and enduring
branch of modern mathematics. A central bridging framework between these two fields is established
on the basis of crossed product constructions and groupoid structures. Tracing back to their
conceptual origins in the mid-twentieth century, the methodological strategy of encoding dynamical
information into algebraic invariants has propelled substantial advancements in both disciplines.
By constructing operator algebras from dynamical systems, researchers obtain a ‘“noncommutative
shadow”of the underlying dynamics; within this algebraic framework, fundamental dynamical notions
such as equivalence, conjugacy, and entropy admit rigorous algebraic counterparts. This paradigmatic
approach has furnished an indispensable theoretical scaffold for advancing the classification theories
of dynamical systems and operator algebras [1,2].

A central driving force in this field lies in the quest to elucidate how dynamical equivalence
translates into algebraic isomorphism. A landmark achievement in this direction was the
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groundbreaking work of Giordano, Putnam, and Skau (GPS) on Cantor minimal systems [3].
They introduced pivotal notions, conjugacy, orbit equivalence, and strong orbit equivalence, and
furnished a complete characterization of orbit equivalence by establishing a correspondence between
this dynamical property and the K-theory as well as strong Morita equivalence of the associated
transformation group C*-algebras.

The GPS paradigm has since been profoundly generalized. A major extension was developed by Li,
who investigated actions of countable discrete groups on locally compact spaces [4]. He demonstrated
that continuous orbit equivalence for such systems is characterized by isomorphisms of the crossed
product C*-algebras that preserve the canonical Cartan subalgebra Cy(X). This theoretical framework
was further extended to the setting of partial group actions [5]. Subsequently, these results were
generalized to the context of automorphism groups acting on étale equivalence relations [6]. For more
interesting progress and applications on continuous orbit equivalence, see [7-9] and the references
therein.

A parallel and immensely fruitful research strand originates in symbolic dynamics with the Cuntz-
Krieger algebra O,. Its intrinsic structure is deeply intertwined with the two-sided topological
Markov shift (X4, 4). Cuntz established that flow equivalence and conjugacy of these shifts give
rise to invariants for O,4, and this correspondence was later proven to be complete by Carlsen and
collaborators, who linked these dynamical equivalences to diagonal-preserving *-isomorphisms of the
associated Cuntz-Krieger algebras [10-13].

This theory has been decisively extended to one-sided shifts (X4, 04), which are regarded as
semigroup (N) actions. Matsumoto’s introduction of the continuous orbit equivalence for such
systems [14], coupled with Matui’s subsequent identification of the Deaconu-Renault groupoid G,
satisfying C:(G4) = O, [15], laid a seminal bridge connecting one-sided dynamics, groupoid
theory, and C*-algebras. Matsumoto’s follow-up work further refined this dynamical-algebraic
correspondence [16, 17]. The framework was successfully extended to directed graphs [18, 19] and
higher-rank graphs [20], where path groupoids and their associated C*-algebras play a unifying role.
Moreover, the core thesis, that semigroup dynamics is classified by its associated C*-algebra, has been
validated for broader classes of semigroups, including partial group actions [21] and actions of discrete
Ore semigroups [22,23].

In summary, the orbit equivalence classification of topological dynamical systems under group
and semigroup actions, alongside its interplay with C*-algebra classification, forms a mature yet
dynamically evolving research field. However, the dynamical systems discussed above are all defined
by the action of a classical algebraic structure (i.e., a group or a semigroup). A considerably
broader theoretical framework is provided by groupoid actions: An étale groupoid acting continuously
on a topological space defines a groupoid dynamical system. Moreover, Flores and Mintoiu
have systematically investigated the fundamental dynamical properties of such systems, including
transitivity, minimality, and the structure of their limit sets and periodic sets [24,25]. Despite advances
in clarifying their elementary dynamical behaviors, the core classification problem remains unresolved:
How does the continuous orbit equivalence of étale groupoid actions manifest itself in the structure of
their corresponding C*-algebras?

In this paper, I study continuous actions of locally compact Hausdorff étale groupoids on
compact spaces, with a focus on the relationship between their orbit structures and the associated
algebraic invariants. [ first introduce the notion of continuous orbit equivalence for such actions.
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For topologically free actions, I then prove that continuous orbit equivalence is equivalent to the
isomorphism of the corresponding transformation groupoids G < X. Furthermore, I establish that this
dynamical equivalence is, in turn, equivalent to the existence of a C*-isomorphism between the reduced
groupoid C*-algebras that preserves the canonical Cartan subalgebras C(X). Moreover, I prove that for
a (discrete) groupoid action G ~ X, reduced groupoid C*-algebra C (G~ X) is canonically isomorphic
to the reduced crossed product C(X) <¢ G.

The paper is organized as follows: In Section 2, I compile the necessary preliminary concepts
regarding €tale groupoids, their actions, and the corresponding transformation groupoids. Section 3
is devoted to C*-algebraic constructions. 1 define the relevant algebras and prove the canonical
isomorphism between the transformation groupoid algebra and the crossed product. In Section 4, |
introduce the notion of continuous orbit equivalence, establish its equivalence to the isomorphism of
transformation groupoids, and culminate in the proof of my main theorem. Finally, in Section 5, I
present concluding remarks and propose directions for future research.

Throughout this paper, the following notions are used: For a groupoid G, let G© and G be its unit
space and the set of composable pairs, respectively. The range and source maps r, s from G to G are
defined by r(y) = yy~! and s(y) = y~'y, respectively. A topological groupoid is called to be étale if its
range and source maps are local homeomorphisms from G onto G, In this case, G is necessarily a
closed and open subset of G. Given an étale groupoid G, for u € GO, write G* = r"'(u), G, = s~ (),
and G, = G" N G,. The isotropy bundle is defined as G’ = U,cg0G,. Clearly, G’ contains G and is
closed in G. G is said to be topologically principal if the set {u € G© : G" = {u}} is dense in G©. The
reader is referred to [26,27] for more details regarding topological groupoids and their C*-algebras.

2. The action groupoid of groupoid action

Let X be a set and G a groupoid. A left action of G on X is defined by a surjection py : X — G©,
called the moment map, and an action map defined on the set G * X := {(y,x) e GX X : s(y) = px(x)}
given by (y, x) — v - x € X, satisfying the following conditions:

(1) px(x) - x = x for all x € X (where px(x) € G is viewed as a unit);
(2) If (y,n) € G and (1, x) € G * X, then (yn, x) and (y,n-x) € G * X, and y - (- x) =y - x.

Denote such a groupoid action by G ~ X. When it is not necessary to emphasize set X, simply write
p for px. In this case, X is called a left G-space.

Remark 2.1. Given a groupoid action G ~ X, for any (y,x) € G * X,
ply- =1y, ¥y (y-x)=x
Indeed, since (r(y),y) € G?, condition (2) implies that (r(y),y - x) € G * X. Therefore,
ply - x) = s(r(y)) = r(y),

and
Yy =0Ty x=s(y) - x=px) - x=x

Definition 2.1. Suppose G is a topological groupoid and X is a topological space equipped with a left
G-action. G is said to act continuously on X, or X is called a continuous left G-space, if the moment
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map px : X — GO and the action map (y, x) € G * X v vy - x € X are both continuous. Here, G * X is
endowed with the subspace topology from G X X.

Remark that for an étale groupoid G, a continuous left action has natural local topological properties.
Since the source map of an étale groupoid is a local homeomorphism, the continuous action inherits
local section features, and its local restrictions are local homeomorphisms. The following are some
classical examples of continuous groupoid actions.

Example 2.1. Let G be a locally compact Hausdorff groupoid.

(1) The multiplication operation on G defines a continuous action of G on itself.

(2) Let p be the identity map on G, which may also be viewed as the restriction of range map r to
G©. Define

you=ry) =yuy™, (y,u) € G+GY.

Then G ~ G is a continuous action. In fact, the left action of G on G can be expressed as
Y- s(y) =r(y).

() LetIso(@) :={y € G : s(y) = r(y)} be the isotropy subgroupoid of G. Define p : Iso(G) — G
as the restriction of the range map r to 1so(G). For (y,n) € G * Iso(G), the operation

yon=yny”
defines a continuous left action of G on 1so(G).

Example 2.2. Let G ~ X and H ~ Y be two continuous actions of discrete groups on compact
spaces X and Y, respectively. Suppose these actions are conjugate, i.e., there exist a homeomorphism
¢ : X — Y and a group isomorphism n : G — H such that ¢(g - x) = n(g) - ¢(x) for all g € G and
x € X. For notational simplicity, the action of g € G on x € X is denoted simply by gx. Let H = H=Y
be the transformation groupoid associated with the action H ~ Y. Define px : X — HY =Y by
px(x) = ¢(x), and the action on the space H = X = {((h,y),x) € H=Y XX : s(h,y) =y = ¢(x)} by
(h,y) - x = n~Y(h)x. Then H ~ X is a continuous groupoid action.

Suppose that G is a locally compact Hausdorff groupoid and X is a compact Hausdorft space which
is also a continuous left G-space with moment map p : X — G. Analogous to the transformation
groupoid associated with a group action, the action groupoid (or transformation groupoid) G < X is
defined and equiped with the subspace topology inherited from the product topology on G X X. Its set
of arrows is defined as

GeX={r,0)eGxX: r(y) = p)}
Two elements (y, x), (17,y) € G = X are composable if and only if y = y~!' - x. Their product is then
defined by (y, x)(17,¥) = (yn, x). The inverse is given by (y,x)™! = (y~1, vy~ - x).

Remark 2.2. For (y, x) € G < X, the source and range maps are given by
s =Ly 00,0 = (500 = (e X,y ),

r(y,x) = (0,007 y™ X)) = (), 0 = (p(x), ).
Therefore, the unit space is (G < X)© = r(G = X) = {(p(x),x) : x € X}. If the unit space (G < X)©
is identified with X via the natural bijection (p(x), x) — x, then s(y,x) = y~' - x, r(y,x) = x. Under
this canonical identification, the topology induced on X from the unit space (G < X)© is exactly the
original topology of X.
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In fact, the set G+ X = {(y,x) € GX X : s(y) = p(x)} can also be endowed with a groupoid structure.
Two elements (y, z), (17, x) € G * X are composable if and only if z = 1 x. Their product is then defined
by (v,1 - x)(17, x) = (yn, x). The inverse is defined by (y, x)™' = (y7!,y - x). If the unit (o(x), x) of this
groupoid is identified with the point x € X, then the source and range maps take the following simple
form, s(y, x) = (s(y), x) = (o(x), x) = x, r(y,x) = (r(y),y - x) = (o(y - x),y - x) =y - x. Moreover, the
mapd:G=xX — G*X, (v,x) = (y,7 ' - x) is an isomorphism of topological groupoids.

(x) _
- p(x)
{y e G: s(y) = r(y) = p(x)}. Moreover, G, is anti-isomorphic to the isotropy group at the unit x of the

action groupoid G = X.

Lemma 2.1. The set éx =1{y € Gow : v x = x}is a closed subgroup of the isotropy group

Proof. For any y € éx, s(y) = p(x) by definition. Since y - x = x, it follows from the properties of the
action that p(y - x) = r(y). Hence, r(y) = p(x). This shows that éx is contained in the isotropy group at
po(x). The closedness of 'g} follows from the continuity of the action map and the fact that {x} is closed
in X.

To show that éx is a subgroup, let y,n € éx. Then s(y) = p(x) = r(n), so the product yn is defined.
Moreover, (yn) - x =7y - (- x) =y - x = x, which implies yn € éx. Ifye éx, then y - x = x. Applying
y~! to both sides yields y™' - x = y! - (y-x) = x, s0 ! € G,. The isotropy group of the action
groupoid G = X at the unit x is given by (G = X)* = {(y,x) € G= X : y! - x = x}. Consider the mapping
o : éx — (G = X); defined by ¢(y) = (y~!, x). One can check that ¢ is a bijection. Furthermore, for

v,n € G,, one has

dm =m0 ="y L0 =0 007, 0 = dmey).
This shows that ¢ is a group anti-isomorphism. O

Proposition 2.1. Suppose a locally compact Hausdorff groupoid G acts continuously on a compact
Hausdorff topological space X. Then, under the relative topology inherited from the product topology
on G X X, the action groupoid G = X is locally compact and Hausdorff. Furthermore, if G and X are
second countable, then G =< X is also second countable.

Moreover, if G is an étale groupoid, then G < X is also étale.

Proof. By the continuity of the groupoid operations on G and the continuity of the action, G < X is a
topological groupoid. To show that G = X is closed in G X X, consider the map ¥ : Gx X — GV x g©
defined by Y(y, x) = (r(y),p(x)). This map is continuous because r and p are continuous. Note that
Gx X =¥ (A), where A = {(u,u) : u € G?} is the diagonal in G© x G?. Since G is HausdorfF,
A is closed. Therefore, G =< X is closed. Thus, G »< X is locally compact and Hausdorff. The second
countability claim is straightforward.

Now, assume & is an étale groupoid. It is first proved that the range map r : G < X — (G =< X)@ is
open. Let (y,x) € G < X, and let x; be a net in X converging to x. Then p(x;) — p(x) = r(y). Since
the range map r : G — G is open, by the net characterization of openness and Fell’s Criterion, there
exists a net y; in G such that y; — v and r(y;) = p(x;) for all i. Consequently, (y;,x;) € G =< X and
(yi, x;) = (v, x), with r(y;, x;) = x;. This proves that r is open.

Next, it is shown that 7 is a local homeomorphism. Since G is étale, the map r : G — G is a local
homeomorphism. Thus, for (y, x) € G x X, there exists an open neighborhood U C G of y such that
rly : U — r(U) is a homeomorphism. Define V = p~!(r(U)), which is open in X due to the continuity
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of p. Now, consider the set W = (U X V) N (G < X), which is an open neighborhood of (y, x) in G < X.
Claim: rly : W — V is a homeomorphism. To see this, for any y € V, one has p(y) € r(U). Since r|y is
a homeomorphism, there exists a unique n7 € U such that r(n7) = p(y). Then (n,y) € W and r(n,y) = y.
Thus, r|y 1s surjective. Suppose (171, ¥1), (172, ¥2) € W with r(1,y1) = r(i2,¥2), 1.e., y1 =y, = y. Then
r(nm) = p(y) = r(n,). Since 1, and 7, are in U and r|y is injective, it follows that n7; = 7,. Hence,
(11,y) = (m2,y). Therefore, r is a local homeomorphism, and G x X is étale. O

3. The C*-algebra of groupoid action

Each groupoid action G ~ X induces a dual action, specifically, a groupoid dynamical system, of G
on the C*-algebra C(X) of continuous functions. The researchers in [28] detail the construction of the
universal crossed product C*-algebra for groupoid dynamical systems, where the groupoid is equipped
with a Haar system. In this section, I present the construction of this dual action and introduce the
associated universal crossed product C*-algebra and reduced crossed product C*-algebra. For further
details on the underlying concepts, the reader is referred to [28]. Some necessary preliminaries are
recalled first.

Suppose X is a locally compact Hausdorff space and A is a C*-algebra. If there exists a
nondegenerate homomorphism ®, from Cy(X) into ZM(A) (the center of the multiplier algebra M(A)
of A), then A is called a Cy(X)-algebra. For x € X, let J, be the ideal of functions in Cy(X) vanishing at
x. Then I, = ®4(J,) - Ais an ideal in A, where ®4(J,) - A = span{®@4(f)a : f € J,,a € A}. The quotient
A(x) = A/I, is called the fiber of A over x. For every a € A, the image of a in A(x) is denoted by a(x).

Let A be a topological space with a continuous and open surjection p : A — X. Suppose that for
each x € X, the fiber A, = p~!(x) is a C*-algebra satisfying the following conditions: (1) The map
a € A |la| € R is upper semicontinuous (i.e., for every € > 0, the set {a € A : |la|| < &} is
open); (2) the operations of addition, multiplication, scalar multiplication, and involution in A are all
continuous; and (3) if {a;} C A is a net such that ||a;|| — 0 and p(a;) — x, then @; — 0,, where 0,
is the zero element in A,. Then A is called an upper semicontinuous C*-bundle over X. According
to [28, Corollary 3.26], the disjoint union A = | |,.x A(x) can be endowed with a unique topology that
makes it an upper semicontinuous C*-bundle; this A is then called the associated upper semicontinuous
C*-bundle to A.

Definition 3.1. Let G be a locally compact Hausdorff groupoid, A be a Co(G)-algebra, and A be
the associated upper semicontinuous C*-bundle. An action a of G on A by x-isomorphisms is a family
{ay}yeg such that

(a) Forally € G, a, : A(s(y)) — A(r(y)) is an isomorphism.
(b) Forall (y,n) € G?. @, o @, = ay,.
(c) The map (y,a) = a,(a) defines a continuous action of G on A.

The triple (A, G, @) is called a (groupoid) C*-dynamical system.

Suppose G is a locally compact Hausdorff étale groupoid acting continuously on a compact metric
space X. Then C(X) becomes a C(G'?)-algebra via the *-homomorphism ® : C(G?) — C(X) defined
by ®(g)(x) = g(p(x)), where p : X — G is the moment map. For u € G, let I, be the ideal defining
the fiber algebra C(X)(u) = C(X)/I,, and let 1,1, be the ideal of functions vanishing on o '(u). One
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can verify that I, = I,,, leading to the isomorphism C(X)/I, = C(p~'(u)). Denoting X, = p~'(u),
C(X,) can thus be viewed as the fiber over u of the upper semicontinuous bundle A = | |,cg0 C(X,)
over G,

For y € G, define the isomorphism @, : C(Xy,) — C(X,y)) by a,(f)(x) = f(y™' - x). Then
(C(X), G, @) forms a groupoid dynamical system.

3.1. Universal crossed product C*-algebra

As established, A = | |,cg0 C(X,) is an upper semicontinuous C*-bundle over G. Its pullback
along the range map r is the bundle r*(A) = {(y,a) € G X A | r(y) = p(a)} over G, where the bundle
projection is given by the continuous, open, and surjective map ¢g(y, a) = . This structure makes r*(A)
an upper semicontinuous C*-bundle over G. The space of compactly supported continuous sections of
this pullback bundle is denoted by I'.(G, r*(A)). These are continuous maps f : G — r*(A) satisfying
q(f(y)) = yforeveryy € G.

Consider a net {f;},c; and an element f in ['.(G, r*(A)). The net f; is said to converge to f in the
inductive limit topology if f; converges uniformly to f on G, and there exists a compact set K C G such
that eventually all f; and f vanish off K. Furthermore, amap F : I'.(G, r*(A)) — Y is continuous in the
inductive limit topology if whenever a net f; — f in the inductive limit topology, then F(f;) — F(f)
in Y. It can be verified that I'.(G, r*(A)) is a x-algebra with the convolution and involution defined by

From= D foa(g(7'y)),

ngg’(Y)

Fo=a((")).
Furthermore, the convolution product and the involution are continuous with respect to the inductive
limit topology.
The I-norm on I'.(G, r*((A)) is defined as

||f||1=maX{sup DL sup > IIf(y)ll}.

ueG? riy)=u ueG® sy)=u

This norm is submultiplicative and involutive. Furthermore, convergence in the inductive limit
topology implies convergence in the /-norm.

Consider a (nondegenerate) *-representation 7 of I'.(G, r*(A)) on some Hilbert space H. If r is
either /-norm decreasing or continuous in the inductive limit topology, then x is equivalent to the
integrated form 7> U of some covariant representation (G« H,r,U)[28, Section 3.3]. The universal
norm is given by

IIfll = sup{llm <~ U(f)|| : (x,U) is a covariant representation of (C(X), G, a)}.

The resulting completion is the groupoid crossed product C*-algebra, denoted C(X) >, G. From [28,
Proposition 4.38], the following result is obtained:

Proposition 3.1. The map ® : C.(G < X) — .G, r" (A)) defined by O(f)(y)(x) = f(y,x) can be
extended to a x-isomorphism from C*(G = X) onto C(X) =, G.

AIMS Mathematics Volume 11, Issue 5, 13287-13303.



13294

3.2. Reduced crossed product C*-algebra

Let G be an étale groupoid acting continuously on a compact space X, and let (G = X) be a Hilbert
C(X)-module by the completion of C.(G < X) under the following operations:

€ N0 = £, 0)f(x),  for€ € CUG=X), [ € C(X), (y,x) € G < X,
EOW = Y EG0Lyx), foré e CGxX) x€X,

yegﬂ(x)

1/2
5] :sup[ > |§<y,x>|2] . foré e C(G=X).

xeX yegl’m

Let L(*(G < X)) denote the C*-algebra of all adjointable operators on *(G < X). Define a
representation 7 : C.(G = X) — L(I(G = X)) by

NN = D f¢ "y 0Em ), for (y,x) € G X.

ne gp(x)

In particular, for any f € C(X), #(f)(€)(y,x) = f(y! - x)&é(y, x). The reduced groupoid C*-algebra of
the transformation groupoid G < X, denoted C*(G = X), is defined as the C*-subalgebra of L(*(G = X))
generated by {7(f) : f € C.(G *= X)} [29]. In the rest of this section, let G be a discrete groupoid.

Lemma 3.1. Let G ~ X be a continuous groupoid action. Fory € G, set U, = {y} X X,(,), where
Xty = p N(r(y)), and let u, be the characteristic function of U,. Then

(1) u, is a partial isometry in C.(G = X), and u,u, = u,, for all (y,n) € G?.
(2) Forall f € C(X)andy € G, u,f = (f o V,)u,, where V,(x) =y - x.
(3) Ce(G =< X) = span{fu, : f € C(X),y € G}.
Proof. Note that for y € G, X,(,) is an open and compact subset in G < X, so u, € C.(G = X). Properties
(1) and (2) follow from direct computations. The proof of (3) is as follows.
For &€ € C.(G<X), its support supp £ is compact. Since the sets {U, },eg form an open cover of G~ X,

there exist yy,¥2, ..., ¥, € G such that supp & € U, U,,. By a partition of unity argument, there exist
functions &; € C.(G = X) with suppé; C U,, and £ = )", & For each i, define f; € C(X) by

o = {am X, i x € X,

0, for otherwise.
Then &; = fu,, for each i. Thus, C.(G = X) = span{fu, : f € C(X),y € G}. O

Define %(G,C(X)) = {¢( : G = C(X) | &(y) € C(X,y) forally € G, ¢ has finite support}. Then
(G, C(X)) becomes a pre-Hilbert C(X)-module under the following operations:

) f(x), ifx € Xy,
0, for otherwise,

& N = {

Emm = > ENmnm@),  xeX,

yegﬁ(x)
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for &, € X(G,C(X)) and f € C(X). The completion of (G, C(X)) with respect to the norm ||¢|| =
sup (&, E)(x)!/? is a Hilbert C(X)-module, which is denoted by F. Let £(F) be the C*-algebra of all
adjointable operators on F'.

Define a *-homomorphism 7 : C(X) — L(F) by

), if x € Xy,

eCX), EeF, yeg.
0, for otherwise, f &), & veg

m(fHE(x) = {

Note that for each f € C(X), n(f) acts as a diagonal adjointable operator on the Hilbert C(X)-module
F. For n € G, define an operator v, € L(F) by

L if s) =),
() = {f(yn) it s = L p e

0, otherwise,

By direct calculation, the following conclusions can be drawn:
Lemma 3.2. The operators v, satisfy the following:

(1) vy is a partial isometry, and v; = v, for everyn € G.

(2) v,v, = v, for every (y,n) € GP.

(3) Forevery f € C(X) andy € G, vy n(f) vy = n(a,(f)), where a,(f)(x) = f(y™' - x) (defined on
X,y and extended by zero to X).

The reduced crossed product of the dynamical system (C(X), G, @) is the C*-subalgebra of L(F)
generated by {n(f), v, : f € C(X), y € G}, it is denoted by

C(X) = G =5pan {x(f)v, : f € C(X), y € G} € L(F).
Theorem 3.1. C:(G < X) is isomorphic to C(X) < G.
Proof. Define

fr,x), if x € X,

for feC.(GxX),veEQG.
0, for otherwise, ! G hyeg

Q(HH(¥)(x) = {

Then @ can be extended to an operator (still denoted by @) from (G = X) onto F. Moreover, ® is an
adjointable unitary operator with ®*(£)(y, x) = £(y)(x) foré € F, (y,x) € G < X.

Define ¥ : L(I*(G = X)) — L(F) by ¥(T) = ®T®*. Then ¥ is a *-isomorphism. Compute for
EeF,

Y@(NEY)(x) = (PA(LHDE)(Y)(x) = Z(HDE)(y, X)
= fiy ) (@E)(y, x) = f(yx) Ey)(x)
= m(HHEy)(x).

Hence, Y(7t(f)) = n(f).
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Fory € G, let u,, € C.(G < X) be the characteristic function of {y} X X,,. Its convolution action is

Emy,x), it s(m) = r(y),
0, for otherwise,

(uy ), x) = { £ e (G X),

Again compute for & € F,

B (1, DEM() = (Pit(1t,) D EY () = 7y (D)1, 1)
:rwamuminw:wn

0, for otherwise,

szm,mwﬂm

0, for otherwise,
= vy &(m)(x).
Thus, ¥(7(«,)) = v,. Therefore, C;(G = X) is isomorphic to C(X) > G. O

4. Continuous orbit equivalence

Let X be a continuous left G-space. Then the groupoid action defines an equivalence relation on X
as follows:
x~y&e dyeGsuchthaty - x = y.

ThesetG-x={y-x:s(y) =p(x)} ={y-x: ¥y € Gy} 1s called the orbit of x € X.

Definition 4.1. Two continuous groupoid actions G ~ X and H ~ Y are conjugate if there exists a
homeomorphism ¢ : X — Y and an étale groupoid isomorphism A : G — H such that

(1) py(p(x)) = Alpx(x)) for all x € X,
(2) o(y-x) =AWy - px) forall x € X and y € G (»)

Note that condition (1) ensures that for y € G, (), S(A(y)) = A(s(y)) = Alpx(x)) = py(¢(x)), so the
action in condition (2) is well-defined.

Remark 4.1. Given a continuous groupoid action G ~ X, for y € G and x € X, define the set
p;l(x) ={yeX:s(y) =p©y), v-y = x}. Then the actions G ~ X and H ~ Y are conjugate (via ¢
and A) if and only if ¢(p,' (x)) = py(,,(¢(x)) for all y € G and x € X.

Necessity is now proved. Assume the actions are conjugate. Lety € G and x € X. The set equality is
shown by proving two inclusions. If 7 € p;l(x), theny-z = x. By conjugacy, A(y)-¢(2) = ¢(y-2) = @(x).
Since s(A(Y)) = py(¢(2)), it follows that ¢(z) € py(,,(@(x). If w € pyp, (@(x)), then Ay) - w = ¢(x).
Applying the inverse conjugacy, givesy - ¢~ (w) = x. Thus, ¢~ (w) € p;'(x), so w € @(p}' (x)).

Conversely, assume the set condition holds. Consider the unit px(x) € G©. Since px(x) - x = x, it
follows that x € p;;( x)(x). By the assumed set condition with vy = px(x), one has ¢(x) € go(p;;( x)(x)) =
P,_\}px(x))(so(x)). Then A(px(x)) - o(x) = @(x). However, for a unit u € HY to act on y with py(y) = u,
it must be that u -y =y. Thus, py(¢(x)) = A(px(x)). Letz = y-xfor x € X andy € G, . Then
x € p,'(2). By assumption, ¢(x) € ¢(p,'(2)) = pir(,,(@(2)). This means A(y) - ¢(x) = ¢(2) = ¢(y - X).
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Example 4.1. Consider two conjugate group actions G ~ X and H ~ Y on compact spaces,
where G < X and H =< Y denote the corresponding transformation groupoids. Following the method
in Example 2.2, I construct a continuous groupoid action of H =< Y on X. By symmetry, a similar
continuous action of G < X on Y exists. Consequently, the two groupoid actions are conjugate.

Definition 4.2. Two continuous groupoid actions G ~ X and H ~ Y are orbit equivalent if there
exists a homeomorphism ¢ : X — Y such that o(G - x) = H - ¢(x) for x € X.

In this case, for any x,y € X and y € G satisfying y = y - x, there exists an n € H,,, () such that
@(y) = 17 - ¢(x). Similarly, for any u,v € Y and n € H with v = 7 - u, there exists a y € G, such that
¢ '(v) =y - ¢ ' (u). This motivates the following notion:

Definition 4.3. Two continuous groupoid actions G ~ X and H ~ Y are continuously orbit
equivalent if there exist a homeomorphism ¢ : X — Y and continuous maps a : G * X — H and
b:Hx+Y — G such that

90()/ ' X) = (1(’)/, X) . QD(X)’ for X € X,Y € gpx(x)’ (41)

¢\ n-y) =bm,y) - 97 (), fory € Y,ne Hyy. 4.2)
Here, a(y,x) € H,, o) and b(11,y) € Goyo'(y) SO that the groupoid actions on both sides are well-
posed.

As such, continuous orbit equivalence implies orbit equivalence for the underlying groupoid actions.
For a groupoid action G ~ X, consider the action groupoid G < X and the groupoid G * X. Their
isotropy bundles are given by

G=X) ={,x)eG=X:y " x=x},

and
G*X) ={(y,x)eG*xX:y-x=x}.

Moreover, under the isomorphism 0 : G < X — G * X defined by d(y, x) = (y,y"! - x), the relation
0((G = X)) = (G = X) holds.
Motivated by [5,23], topological freeness is defined as follows:

Definition 4.4. A continuous groupoid action G ~ X is called topologically free if {x € X : éx =
{p(x)}} is dense in X. Here, G, = {y € Gy : V- X = x} is the stabilizer group at x.

One can see that G ~ X is topologically free if and only if for a dense set of points x, the only
groupoid element fixing x is the unit at p(x). Moreover, a continuous groupoid action G ~ X is
topologically free if and only if the groupoid G * X is topologically principal, which is also equivalent
to the action groupoid G = X being topologically principal.

Lemmad.l. IfG ~ X and H ~ Y are topologically free, then the mappings a and b in Definition 4.3
are uniquely determined by (4.1) and (4.2), respectively.

Proof. Suppose that a’: G = X — H is another continuous map such that for all (y, x) € G = X,
s(@ (v, x)) = pr(p(x)) and @y - x) = d'(y,x) - p(x).
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Fixing (y, x) € G = X, one has ¢(y - x) = a(y, x) - ¢(x) = d'(y, x) - ¢(x). Let n(y, x) = a'(y, x)ta(y, x).
Then n(y, x) € H and n(y, x) - ¢(x) = @(x), so n(y,x) € Hy. Since a, a’ are continuous, the map
n:G* X — H is continuous. .

By the topological freeness of H ~ Y, there exists a dense subset Y, C Y such that H, = {py(y)}
for every y € Y,. Since ¢ : X — Y is a homeomorphism, the preimage X, := ¢~ (Y) is dense in X.
Take any (y,x) € G * X. By density of X, and the étale property of G, nets {x;} C X, and {y;} C G
can be chosen such that (y;, x;) — (y,x) and px(x;) — px(x). For each i, since x; € X, it follows that
@(x;) € Yo, so Hyn,y = {pr(ep(x;))}. Hence, n(y;, x;) = py(¢(x;)) for all i. By continuity of 7, one has
n(y:, xi) — n(y, x). Additionally, since py(¢(x;)) — py(¢(x)), it follows that n(y, x) = py(¢(x)). Thus,
a'(y, x) 'a(y, x) = py(¢(x)), and multiplying on the left by a’(y, x) yields a(y, x) = d’(y, x). O

Lemma 4.2. In Definition 4.3, if G ~ X and H ~ Y are topologically free, then,
b(a(y, x),o(x)) =y, for (y,x) € G*X,

ab@m.y),¢”' () =1, for (n,y) € H =Y.

Proof. For an arbitrary (y, x) € G* X, one has ¢(y - x) = a(y, x) - ¢(x). Applying ¢! to both sides gives
y - x = b(a(y, x), ¢(x)) - x. This implies that (y~'b(a(y, x), ¢(x))) - x = x. Let £ = ¥y 'b(a(y, x), ¢(x)).
Then ¢ € éx.

Since G is étale, there exists an open neighborhood U of y in G such that s|y: U — s(U) is a
homeomorphism. Then for any z € p~!(s(U)), there is a unique element y, € U with s(y,) = p(z). This
defines a continuous map z — 7y, on p~!(s(U)). Now, for each z € p‘l(SN(U)), (v,,2) € G * X, and thus
(v;'b(alyz, 2), 9(2)) - z = z. Let {(2) = ;' b(aly., 2), ¢(2)). Then {(2) € G. for all z € p~' (s(V)).

Since the action G ~ X is topologically free, the set {z € X : G, = {p(2)}} is dense in X. In
particular, there exists a net {z;} in p~!(s(U)) converging to x such that G, = {p(z;)} for all i. For each
such z;, one has {(z;) € éz; = {p(z;)}, so {(z;) = p(z;). By continuity of the maps involved,

{(z) = v blalys» 20), 9(z)) = ¥ blaly, 1), ¢(x)) = £,

However, {(z;) = p(z;) — p(x) = s(y). Therefore, ¢ = s(y). This shows that y~'b(a(y, x), ¢(x)) = s(y),
and hence b(a(y, x), ¢(x)) = y. The second equality follows through a similar way. m|

Lemma 4.3. In Definition 4.3, if G ~ X and H ~ Y are topologically free, then,
a(y,n - x)a@, x) = a(yn, x) for (y,n - x), (1, x) € G * X,

b(a,B - y)b(B,y) = b(apB,y) for (a,B-y),(B,y) € H * Y.

Proof. Let (y,n - x),(n,x) € G = X be arbitrary. Then (yn, x) = (y,n-x)(n,x) € G * X and ¢(yn - x) =
a(yn, x) - ¢(x). On the other hand, ¢(yn- x) = ¢(y-(n-x)) = aly,n-x)-¢n-x) = aly,n- x)a, x) - p(x).
Thus a(yn, x)- ¢(x) = a(y,n-x)a(, x) - ¢(x). This implies that [a(yn, x)] " a(y, n- x)a(@, x) - e(x) = ©(x).
Let £(x) = [a(yn, )] a(y, 1 - X)a(n, x). Then {(x) € Hy.

Since H is étale, there exists an open neighborhood U of yn in G such that s|y: U — s(U) is a
homeomorphism. Consider the set V = p~!(s(U)). Then V is an open neighborhood of x in X, and for
each z € V, there exists a unique element (yn), € U such that s((yn),) = p(z). This defines a continuous
map o: V — U given by o(z) = (yn),, with o(x) = yn.
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Now, for each z € V, ((yn),,2) € G * X. One can similarly define continuous maps that give
v, and 7, such that (y,, 7, - z) and (17,,z) are in G = X with y,n, = (yn),. This is possible because
G is étale, and one can use local sections of the source map. Define the function F: V — H by
F(z) = [a((yn)., 2)] ' a(y., . 2)a(x., z). By continuity of a and the groupoid operations, F' is continuous.
Moreover, for each z € V, F(2) - ¢(2) = ¢(2), s0 F(z) € Hy,).

Since the action H ~ Y is topologically free, the set {y € ¥ : 7?(y = {p(y)}}isdensein Y. Aspisa
homeomorphism, the set {z € X : ﬁw(@ = {p(¢(z))}} is dense in X. In particular, there exists a net {z;} in
V converging to x such that 7?(50(&.) = {p(¢(z;))} for all i. For each z;, one has F(z;) € 7?@,(21.) = {p(e(z:))},
so F(z;) = p(¢(z;)). By continuity of F, it follows that F(z;) — F(x) = {(x). Additionally, p(¢(z;)) —
p(p(x)) = s(a(yn, x)). Therefore, {(x) = s(a(yn, x)). This shows that [a(yn, x)] 'a(y,n - X)a(y, x) =
s(a(yn, x)). Multiplying on the left by a(yn, x) yields a(y,n - x)a(n, x) = a(yn, x). The proof of the
second equality is similar. O

Corollary 4.1. In the situation of Definition 4.3, assume that G ~ X and H ~ Y are topologically
free. For every x € X, the map a, : y € Gpuvy — a(y,x) € Hy, oy is a bijection with inverse
bo) : 1 € Hyypxy = b1, 9(X)) € Gpy(y - Moreover, a(px(x)) = py(p(x)).

Proof. For y € Y, define b, : n € H,,,, = b(1,y) € Gpys'(yy)- It follows from Lemma 4.2 that
a(byo (M) = a(b(n, p(x)), x) = n and by (a(y)) = bla(y, x), ¢(x)) = y. Therefore, a, and by, are
inverse to each other, and hence a, is a bijection.

To show that a,(ox(x)) = py(¢(x)), note that p(x) = (px(x)-x) = a(px(x), x)-@(x) = a(px(x))-¢(x).
Thus, a,(px(x)) fixes ¢(x). Now, define the map F : X — H by F(x) = a(px(x),x). Then F is
continuous. _

Because H ~ Y is topologically free and ¢ is a homeomorphism, the set {x € X : Hy,) =
{or(e(x))}} is dense in X. In particular, there exists a net {x;} in X converging to x such that for each x;,
Hoiy = {or(e(x))}. Then o(x) = alpx(x;), xi) - ¢(xi) = F(x) - 9(x7), s0 F(x;) € Hyxy = {or(e(xp)}.
By continuity of F and py o ¢, one has F(x) = lim F(x;) = limpy(p(x;)) = py(e¢(x)). Therefore,
a(px(x)) = py(p(x)). a

Proposition 4.1. If two groupoid actions G ~ X and H ~ Y are conjugate, then they are
continuously orbit equivalent. Conversely, if the actions are topologically free and every fiber of the
moment maps px : X — G and py : Y — HO is connected, then continuous orbit equivalence
implies conjugacy.

Proof. Assume that G ~ X and H ~ Y are conjugate by homeomorphism ¢ and groupoid
isomorphism A. Define a(y,x) = A(y), b(n,y) = A~'() for (y,x) € G * X and (,y) € H * Y.
Since A is a groupoid isomorphism, it is continuous, and hence a and b are continuous. Moreover,

ey - x) = Aly) - o(x) = a(y, x) - p(x),
and
¢ ' =A"m ¢ ) =bm,y) ¢ ).

Thus, ¢, a, and b satisfy Definition 4.3, and the actions are continuous orbit equivalent.
Conversely, suppose the actions are topologically free, every fiber of pxy : X —» GY and py : ¥ —
HO is connected, and that they are continuously orbit equivalent via ¢, a, and b. Define A: G — H
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as follows: For y € G, choose any x € X with s(y) = px(x), and set A(y) = a(y, x). Fix y € G, consider
the map f: X,y = H defined by f(x) = a(y, x), where X,,, = px'(s(y)). Since H is étale, the source
fibers of H are discrete. By the continuity of f and the connectedness of X, f must be constant.
Thus, A(y) is well-defined.

By Lemma 4.3 and Corollary 4.1, A is a bijection, and A(yn) = a(yn,x) = a(y,n - x)a(n, x) =
A(y)A(1), so A is a groupoid homomorphism. Similarly, A~! defined by A~!(57) = b(n, y) for any y with
s(n) = py(y) is the inverse of A. Thus, A is a groupoid isomorphism. Finally, the conjugacy conditions
are verified: py(¢(x)) = s(a(y,x)) = s(A(y)) = A(s(y)) = Alpx(x)) and ¢(y - x) = a(y, x) - p(x) =
A(y) - ¢(x). Hence, the actions are conjugate. O

If an étale groupoid G is topologically principal, then Co(G?) is a Cartan subalgebra of C:(G).
Moreover, two topologically principal étale groupoids G and H are isomorphic if and only if there is
a C*-isomomorphism @ : C*(G) — C:(H) such that D(Co(G?)) = Co(H®) [30]. Combining these
results yields the following theorem:

Theorem 4.1. Let G ~ X and H ~ Y be two topologically free continuous groupoid actions. Then
the following are equivalent:

(1) G ~ X and H ~ Y are continuous orbit equivalent;

(2) G = X and H = Y are isomorphic as étale groupoid;

(3) G = X and H < Y are isomorphic as étale groupoid;

(4) There exists a C*-isomorphism @ : C:(G = X) — C:(H = Y) such that (C(X)) = C(Y).

Proof. Only the equivalence of (1) and (2) is proved.
Assume (1) holds, i.e., G ~ X and H ~ Y are continuous orbit equivalent via a homeomorphism
¢ and continuous maps a and b. Define

Q:(y,x) € G*X - (aly,x),p(x)) € H Y,

¥:(my)eH=Y - (b(,y),¢ ' () € G=*X.

From Lemma 4.3, one can show that ® and ¥ are continuous groupoid homomorphisms. Moreover, it
follows from Lemma 4.2 that ®(¥(n,y)) = (,y) and Y(D(y, x)) = (y, x). Then ® and ¥ are converse
with each other. Hence, G * X and H * Y are étale isomomorphic.

Assume (2) holds. Let A : G * X — H = Y be an isomorphism of étale groupoids. Identify the unit
spaces of G * X and ‘H = Y with X and Y, respectively. Define ¢ = Alx, which is a homeomorphism
from X to Y. Define a and b as follows:

a:Q*XLW*Y%W, (¥, x) = a(y, x),

b:?—(*YA—_]>Q*X—>Q, (m,y) = b(1,y),

where the maps to H and G are the projections onto the first component. Then a and b are continuous.

For (y, x) € G+X and (1,y) € H*Y, one has A(y, x) = (a(y, x), ¢(x)), A (17.y) = (b(n,), ¢~'(¥)). Since
A is a groupoid homomorphism, it preserves the source and range maps. Thus, s(a(y, x)) = py(¢(x)),

s(b(1,)) = px(¢~' (), and @(y-x) = r(A(y, x)) = a(y, )-¢(x), ¢~ (7y) = (A~ (1, ) = b(1,y)-¢~' ).
Hence, G ~ X and H ~ Y are continuous orbit equivalent. O
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5. Conclusions

In this paper, the theory of continuous orbit equivalence for continuous actions of étale groupoids
on compact topological spaces is studied. This framework provides a natural generalization of both
partial group homeomorphism actions and actions of reversible semigroups. Under the assumption
of topological freeness, a profound correspondence is established among three domains: The
dynamical system, its associated transformation groupoid, and the corresponding groupoid C*-algebra.
Specifically, it is proved that continuous orbit equivalence of the actions, étale groupoid isomorphism of
the transformation groupoids, and C*-isomorphism of the reduced algebras that preserve the canonical
Cartan subalgebras are all equivalent. Furthermore, for the case of actions by discrete groupoids, the
isomorphism C:(G<X) = C(X)>" G between the reduced groupoid C*-algebra and the reduced crossed
product algebra is proved.

In future research, I will focus on two major directions. The first is to extend the fundamental
C*-algebraic isomorphism established in this work to the setting of general (non-discrete) locally
compact Hausdorff groupoid actions. The second direction aims to further generalize the
theory by considering continuous actions that are genuine homeomorphisms (rather than local
homeomorphisms). Developing a complete theory of continuous orbit equivalence for such groupoid
homeomorphism actions would directly generalize the classical theory for group actions and offer
a more unified framework for understanding the interplay between dynamical systems and operator
algebras.
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