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Abstract: This study investigates a time-fractional optimal control problem for the Bergman minimal
model of type 1 diabetes by employing the Caputo derivative of order ¢ € (0,1) to incorporate
memory effects into the glucose—insulin dynamics. First, the well-posedness of the fractional-
order model is established by proving the existence, uniqueness, boundedness, and positivity of its
solutions. Subsequently, an optimal control problem describing a normalized therapeutic intervention
is formulated, and the existence of an optimal control is rigorously proved. By applying the fractional
Pontryagin maximum principle, the corresponding optimality system is derived, and the optimal
control law is explicitly characterized. The obtained results demonstrate that the proposed control
strategy effectively stabilizes the glucose dynamics around the desired equilibrium while reducing
excessive insulin administration. In comparison with the classical integer-order model, the fractional
formulation provides a more realistic representation of delayed physiological responses. Finally,
numerical simulations, carried out using a predictor—corrector scheme together with a forward-
backward sweep algorithm, confirm the effectiveness and reliability of the proposed approach for blood
glucose regulation.
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1. Introduction

Type 1 diabetes (T1D) is a chronic autoimmune disorder in which the immune system mistakenly
attacks and destroys the insulin-producing beta cells of the pancreas. This destruction results in an
absolute deficiency of insulin, thereby impairing the body’s ability to regulate blood glucose levels.
In the absence of sufficient insulin, glucose uptake by cells is severely reduced, leading to persistent
hyperglycemia. The global burden of T1D continues to rise; in 2025, an estimated 9.5 million people
were living with T1D, representing a 13% increase since 2021 [27]. This increase reflects a broader
long-term trend in diabetes prevalence. The World Health Organization reported that the number of
people living with diabetes increased from 108 million in 1980 to 830 million in 2022, while earlier
projections identified diabetes as a major cause of global mortality by 2030 [25]. The management
of T1D requires lifelong exogenous insulin therapy. In this context, mathematical modeling has
become an essential tool for analyzing the complex dynamics of glucose—insulin regulation [24]. By
representing physiological processes through systems of equations, such models allow researchers
to simulate disease progression and evaluate insulin delivery strategies in silico before clinical
implementation [15]. For instance, the minimal model of glucose—insulin dynamics [7] and more
recent frameworks, such as GLUKINSLOOP [23], have played an important role in quantifying insulin
sensitivity and improving insulin pump therapy. Beyond their descriptive value, these models support
the design of closed-loop insulin delivery systems, commonly referred to as artificial pancreas systems,
and enable the personalization of treatment strategies by accounting for inter-patient variability [13,31].

Fractional calculus extends classical calculus by introducing derivatives and integrals of non-integer
order. It has become a powerful mathematical framework with broad applications in science and
engineering [33]. Owing to its ability to capture memory and hereditary effects, fractional calculus
is particularly suitable for modeling complex real-world phenomena [5, 12, 14, 20]. Foundational
contributions by Caputo, Miller, Ross, Kilbas, Srivastava, and other researchers have substantially
advanced the theory and applications of fractional operators [11], thereby promoting their increasing
use in mathematical modeling. Building on this foundation, the present work employs fractional
calculus to develop a more physiologically realistic model of glucose—insulin dynamics. Classical
mathematical models of diabetes were initially formulated using systems of ordinary differential
equations to describe the interaction between glucose and insulin. One of the earliest contributions
was Bolie’s pioneering linear model in 1961 [9], which provided a quantitative description of glucose—
insulin regulation. Later, the minimal models developed by Bergman and Cobelli [7] became influential
tools for studying insulin sensitivity and glucose disappearance. These models provided a basis for
subsequent developments in diabetes modeling. Further refinements were introduced in later studies;
for example, in 2006, a system-level model of oral glucose absorption was developed and validated
using gold-standard data, yielding a more accurate description of meal absorption dynamics [22].

Fractional-order epidemic models have received considerable attention because they provide
a flexible framework for describing disease-transmission dynamics. By incorporating fractional
derivatives, these models can account for memory effects, meaning that the future evolution of a disease
may depend on its previous states. This feature is especially relevant for diseases characterized by long
incubation periods, waning immunity, or transmission processes affected by persistent behavioral and
environmental factors [29, 30].

Recent studies have emphasized the usefulness of fractional calculus in describing the complex
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glucose—insulin dynamics associated with type 1 diabetes. Fractional-order models offer a robust
framework for representing the non-integer-order behavior of biological systems, particularly in
relation to insulin delivery and glucose metabolism. By incorporating fractional derivatives, these
models provide a more accurate description of the time-dependent evolution of glucose concentrations
and improve the predictive capability of simulations of diabetic responses [19]. Comparative studies by
Agilan et al. [1] and Vijayalakshmi et al. [32] further demonstrated the advantages of fractional-order
models over classical integer-order formulations, particularly in capturing inter-patient variability and
supporting more personalized treatment strategies. This growing body of research is consistent with
the broader trends identified by Boutayeb et al. [10], whose systematic review of 85 mathematical
models reported the increasing use of advanced mathematical techniques, including fractional calculus
and optimal control, for studying diabetes dynamics and informing public-health strategies. These
contributions help bridge the gap between mathematical theory and clinical application in diabetes
management. They also show that fractional derivatives can extend classical modeling approaches and
provide a more flexible representation of the nonlinear endocrine responses associated with insulin
therapy.

Glucose—insulin regulation involves nonlinear interactions, compartmental effects, physiological
delays, long-memory behavior, and pronounced interindividual variability. Mathematical analysis
is therefore essential for clarifying these mechanisms and evaluating their implications for insulin-
delivery and control strategies [18]. Recent studies incorporating fractional derivatives and time delays
have shown that memory kernels and delayed responses may produce complex, and even chaotic,
dynamics while also affecting stability properties. These findings indicate that classical integer-
order models based on short-memory assumptions may be inadequate for capturing clinically relevant
glucose—insulin dynamics [4,21].

Fractional differential equations have received considerable attention because they provide a flexible
framework for describing biological, physical, and engineering processes with memory and hereditary
effects. Unlike classical integer-order models, fractional-order systems account for the influence of
past states on present dynamics. This feature is particularly relevant to glucose—insulin regulation,
where the current metabolic response depends not only on the instantaneous glucose concentration
but also on previous insulin action, meal intake, and delayed physiological mechanisms. In diabetes
modeling, fractional derivatives offer additional flexibility for capturing long-term dependencies
and interindividual variability, and they may improve agreement with experimental and clinical
observations. Consequently, fractional-order models have become increasingly important for studying
glucose—insulin dynamics and developing effective strategies for diabetes management [2].

Many studies replace the classical derivative — with the Caputo fractional derivative D*, 0 < @ < 1,

in minimal or extended glucose—insulin systems. These formulations include both commensurate and
incommensurate fractional orders, as well as explicit time delays, to examine stability behavior and
Hopf bifurcations [3, 16]. Although fractional calculus has been applied to several physiological
systems, including diabetes modeling, most existing studies focus on type 2 diabetes or simplified
glucose-regulation models. Consequently, there remains a clear gap in the rigorous analysis and
optimal control of fractional-order models specifically designed for type 1 diabetes. The present
work addresses this gap by developing a comprehensive time-fractional optimal control framework
for the Bergman model applied to T1D. This work develops a mathematical framework that combines
theoretical analysis with practical control design for fractional-order type 1 diabetes modeling. More
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precisely, the manuscript presents a complete study of a fractional Bergman model based on the
Caputo derivative, including proofs of existence, uniqueness, boundedness, and positivity of solutions.
These results establish both the mathematical well-posedness and the physiological consistency of the
proposed model. In addition, we formulate an optimal control problem in which the control variable
represents a therapeutic intervention acting on the glucose—insulin dynamics. The existence of an
optimal control is established, and the associated first-order necessary optimality conditions are derived
using a fractional version of Pontryagin’s maximum principle. Another contribution of this work is the
explicit characterization of the optimal control law, together with an analysis of how the fractional
order influences the system dynamics. Finally, numerical simulations are conducted to compare the
controlled and uncontrolled systems for different fractional orders. The results illustrate the role of
memory effects and confirm the effectiveness of the proposed control strategy.

The remainder of the paper is organized as follows. Section 2 introduces the fractional Bergman
model and establishes its fundamental analytical properties. Section 3 formulates the optimal control
problem and proves the existence of an optimal control. Section 4 derives the associated necessary
optimality conditions. Section 5 presents numerical simulations comparing the controlled and
uncontrolled dynamics under different fractional orders. Finally, Section 6 concludes the paper with a
discussion of the main findings and possible directions for future research.

2. The fractional Bergman model

This section begins by recalling the classical three-compartment Bergman minimal model in order
to establish the underlying dynamical framework. We then introduce the fractional Bergman model
formulated in the Caputo sense of order g € (0, 1).

2.1. Bergman’s minimal model

Bergman’s minimal model [8] is a mathematical framework used to study glucose—insulin dynamics
in the human body, particularly the roles of insulin sensitivity and glucose effectiveness in glucose
regulation. The model provides insight into how efficiently the body controls blood glucose levels,
which is a fundamental aspect of metabolic studies, especially in diabetes research.

Bergman’s minimal model describes the glucose—insulin regulatory system through a set of coupled
differential equations involving three compartments: the plasma glucose concentration G(#), the plasma
insulin concentration /(¢), and a remote insulin compartment X(¢), which accounts for the delayed
peripheral effect of insulin on glucose utilization.

The dynamics of the system are governed by the following equations:

dG
dit) = —pi(G(1) — G}) — X(t) G(t) + m(?),
dX
% = —pX(0) + (1) - 1), @.1)
ai(n _
— = nl(t) + u(?).

The definitions and physiological interpretations of the state variables and parameters appearing in
the above system are summarized in Table 1.
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Table 1. Description of the parameters and variables used in the Bergman model.

Parameter Unit Description

G() [mg/dL] Blood glucose concentration

X() [1/min] Effect of active insulin

1(t) [mU/L] Blood insulin concentration

Gy [mg/dL] Basal blood glucose concentration
I, [mU/L] Basal blood insulin concentration

P1 [1/min] Glucose clearance rate independent of insulin
)22 [1/min] Clearance rate of active insulin (decrease in

uptake effect)

P3 [L/(min®> mU)] | Increase in glucose uptake induced by insulin
n [1/min] Decay rate of blood insulin

m(t) [mg/dL/min] | Meal disturbance function

u(t) [mU/min] Normalized combined therapeutic control

2.2. The fractional Bergman model
For the fractional Bergman model formulated in the Caputo sense of order g € (0, 1), consider the
following system for ¢ > O:
6 DIG(1) = —pi(G(1) = Gy) = X(DG(1) + m(1),
§DIX(1) = =p2X(0) + p3(U(1) = 1), )
o DI(1) = —n(I(t) — 1) + y(G(2) = h)*.
Here, & represents the blood glucose threshold, and
(G() — h)" = max(G(t) — h,0)

is the threshold function.

If G(¢) < h, then (G(¢) — h)" = 0, and the insulin level decreases and converges to I, the basal level.
If G(#) > h, then the pancreas secretes insulin at a rate y > 0.
The system is supplemented with the initial conditions

G(0) = Go, X(0) = Xo, 1(0) = Io.
Define y(¢) = (G(t), X(), I(t))T € R3, and rewrite the system in the abstract form

EDYy(1) = f(1, (),  y(0) = yo, )

with
-p1(G — Gp) — XG + m(r)
f(t,y) = —p2X + ps(I — Iy)
-n(l - I,) + y(G — h)*
We impose the following hypotheses:
(Hy): m : [0, +oo[— R is continuous and bounded on every finite interval.

AIMS Mathematics Volume 11, Issue 5, 13233-13256.



13238

(H,): The parameters pi, p», p3,n,y > 0, and Gy, I,, h € R, are fixed.
(H3): The initial condition satisfies y, € R>.
For g € (0, 1), problem (2), in the mild sense, is equivalent to the integral equation

1 t
Y0 = Yo + —— / (t = 9 fs,y(s))ds, 1€ [0,T]. 3)
F(CI) 0

We denote this equation by V,, where I'(¢) is the gamma function.
We define the Banach space

Xr := C([0, TLR?), [Vl == sup [ly(®)llzs,

t€[0,T]

where || - || denotes the maximum norm on R?, that is, the maximum absolute value of the components.
We denote y = (G, X, I)".

Theorem 1. Under (H,) and (H5), there exists T > O such that problem (2) admits a unique solution
y € C([0,T1,R%).

Proof. 1. Regularity.
By (H,), m(-) is continuous on every finite interval, and all other operations involved, namely sums
and products, are continuous. Therefore, for every fixed y, the map ¢t — f(¢,y) is continuous.
2. Local Lipschitz continuity with respect to y.
Fix R > 0. In the ball
B ={yeR’:|ly—yoll <R},

all components satisfy

Forany y = (G,X,I) and y = (G,X,I) € Bg, and for any t € [0, T], we estimate each component
separately.
For the first component,

i y) = i, 9)] = 1= pi(G - G) - XG + XG|
< pilG - G|+ |XG - XG|
< pilG = Gl + IXIIG - G| +GIIX - X|
< (p1 + MRIG — Gl + MglX - X|
< (p1 + 2MR)Ily = Jlle-

For the second component,
1@, y) = L@ =1 = p2(X = X) + ps(I = ])|
< paX — X+ psll - 1|
< (p2 + pIY = Ylleo-

For the third component, using the fact that the function u — (u — h)* is Lipschitz continuous
with constant 1, we obtain

A3 = £ED ==l = 1) +7 (G =B = (G - k)]

AIMS Mathematics Volume 11, Issue 5, 13233-13256.



13239

<nll =11 +y/(G-h)" - (G - h)*|
<nll-1+7%|G-G|
<+ YNy = Jllo-

Thus, on Bg, f is Lipschitz continuous in y with constant
Lp = max{pl + ZMR, P2+ p3, n+ ’}/}

3. Boundedness of the components.
Fort € [0,T] and y € Bg, we have the following bounds:

/150 < pi(IGl +1Gyl) + IXIIG + [m(2)]
< pi(Mg + |Gyl) + My + mr,
|2 < palX| + p3(lI] + 1))
< paMg + p3(Mg + |1p)),
|t )| < n(I) + 1)) + YI(G — h)*|
< n(Mg + |I]) + y(Mg + |hl),

where

my = sup |m(s)| < oo by (H)).
s€[0,T]

Let
Mpg r = max {pl(MR +1Gyl) + Mlze +myr, paMg + p3(Mg + |Ip]), n(Mg + |I|) + y(Mg + |h|)} .
Then
|f(t,)’)| < MR,T for all (t’Y) € [O’ T] X BR-
Define @ : X7 — X7 by
@)() = yo + m / (t = ) f(5,y(s) ds.

The operator @ is well defined, and @y € C([0, T']) by the continuity of f.
Fix R> 0. Fory € Bg = {z € X7 : Iz — Yol < R}, we have

Py — yollo < = sup /(l— )1 f (s, y(s))l ds
1ﬂ(CI) 1€[0,T]

Mg r 1
su (t—s5)""ds

F(Q) te[OI:Y)"]/

_ MgyT9

T T(g+ 1)

Therefore, if
Mg T <

I'g+1)

“4)
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then (D(BR) C Bp.
We now study the contraction property for sufficiently small 7.
Fory,z € X7,

1 ! L !
I(Dy)(1) — (P)(D)|| < —/(t—S)"_lIf(s,y(S))—f(s,z(S))ldsS —R/(t—S)q‘llly(S)—z(S)lldS-
I'(g) Jo I'(g) Jo

Hence,

Ly ! L, LgT?
I(Dy)(@) = (@)D < Fq)lly — Zlo /0 (t—9)"'ds = P

Thus, ® is a contraction whenever

Iy = 2lleo-
)

LxT4
<
T(g+1)

(&)

Choose R > 0, for example,
R =1+ [yolle-

Fix T <1, and let

m = sup |m(s)|.
5€[0.7]

Define
My = max {py(Mg + |Gyl) + Mi + i, paMg + ps(Mg + 1)), n(Mg + 1)) + y(Mg + ).
Then Mpr < My, for all T € (0, 1]. It is therefore sufficient to impose

¢ LgT4
M; <R and
I'(g+1) I'lg+1)

RU(g+ D\ (T(g+D\"
TSmin( (q,)) ’((q )) , 1p.
2M;, 2Lg
This choice ensures (4) and (5). Therefore, for this 7', ®@ is a contraction mapping from By into
itself.
Thus, the Banach fixed-point theorem guarantees the existence of a unique fixed point y € B C

Xr. This proves the existence and uniqueness of a solution to system (2). Hence, problem (2)
admits a unique solution y € C([0, T]; R?).

<1

A possible choice is

O

Theorem 2 (Local boundedness). Let T > 0 be such that the Picard operator associated with (1) is
well defined and maps the closed ball

Br:={y € Xr = C(10, TR : [ly - yoll < R)

into itself for some R > 0. Then the unique solution y(t) = (G(t), X(t), I(1))T of (1) on [0, T] is bounded
on [0, T). More precisely, there exists a constant C > 0, depending only on R, y,, the model parameters,
T, and sup o 7y Im(s)|, such that

[ly®ll < C, vVt e [0,T].
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In particular,
sup |ly()ll < C.
1€[0,T]
Proof. We work in the Banach space
Xr = C(0, TR, Yl := sup |y@ll.

t€[0,T]

Recall that the solution of (1) satisfies the equivalent Volterra integral equation

1 t
(1) = yo + — / (t = ) f(s, () ds, te[0,T].
I'(q) Jo

Accordingly, we define the Picard operator ® : X; — X7 by

1 13
(@Y)(®) :==yo + == / (t — $)T £ (s, y(s)) ds.
I'(q) Jo

Let R > 0 and consider the closed ball
Br:={y € X7 :|ly = yollo <R}.

Assume that 7 > 0 is chosen so that ®(Bg) C Bg. By the fixed-point argument established in the
existence theorem, @ admits a unique fixed point y € Bg, which is precisely the unique local solution
of (1) on [0, T].

Since y € Bg, by the definition of the ball, we have

Iy = yollw < R.

Therefore, for every ¢ € [0, T],
lly(#) = yoll < R.

Using the triangle inequality, we immediately obtain

@Il < [Iy(®) = yoll + llyoll < R + llyoll, Vi e[0,T]

Hence,

sup |lyOIl < llyoll + R.
1€[0,T]

Thus, the solution is bounded on [0, 7]. We may therefore take
C = [lyoll + R.

It remains to clarify the dependence of the constant C. The radius R is chosen so that the closed
ball By is invariant under the Picard operator. More precisely, from the estimate used in the existence
proof, there exists a constant Mg > 0, depending on the parameters of the system, on 7', on R, and on
Sup (0.7 Im(s)l, such that
Mg T4

2RI Yy e By
T(g+1) Y= Or

Dy — yolleo <
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Hence, if T is chosen so that
Mg T4

<R,
I'g+1)
then ®(Bg) C Bg, and the above estimate yields the boundedness of the fixed-point solution.
Consequently, the bound

ly®)ll < C := llyoll + R, Vi€ [0,T],

holds, where C depends on yy, R, T, the model parameters, and SUp 0.7 1m(s)I-
This proves the local boundedness of the solution on the interval [0, T]. O

Theorem 3 (Positivity of the state variables). Let g € (0,1), Go > 0, Xy > 0, Iy > I, > 0, and assume
that m(t) > 0 for all t € [0, T). Then the local solution y(t) = (G(t), X(1), I(t))" satisfies

G =0, X(@) =0, I(t) > 1, > 0, vVt e [0,T].

Proof. We divide the proof into three steps.
Define
Z(t) = 1(t) — I,

Then Z(0) = Iy — I, > 0, and Z satisfies
SDIZ(t) = —nZ(t) + y(G(t) — h)".

Since (G(t) — h)* > 0, the variation-of-constants formula gives

Z(t) = E,(—nt")Z(0) + y/ot(t - s)q_lEq,q(—n(t - )N(G(s) — h)" ds.
For g € (0,1) and n > 0, the Mittag—Leffler functions satisfy
E (-nt?) > 0, E, (-nt?) >0, VYt >0.
Hence, both terms in the above representation are nonnegative. Since Z(0) > 0, we obtain
Z(t) > E,(—nt1)Z(0) > 0, Yt e [0,T].

Therefore,
IH=2Zt)+1,> 1, >0, Yt e [0, T].

The equation for X is
EDIX(1) = —p,X(1) + p3(I(2) — I).

Since I(t) — I, > 0, the variation-of-constants formula yields

X(t) = E,(-patD)Xo + p3 / (t — )7 E, (=pa(t — $))U(s) — 1) ds.
0

Again, the Mittag—Lefller kernels are nonnegative, and X, > 0. Consequently,

X(1) > E(-pat)Xo >0, Vi€ [0,T].
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In particular,
X(@) >0, vVt € [0,T].

Finally, suppose, for contradiction, that there exists #; € (0, T'] such that
G(t) < 0.
Since G is continuous and G(0) = Gy > 0, there exists a point ¢, € (0, 7] such that

G(t,) = min G(¥) < 0.
r€l0,11]

By the fractional minimum principle for the Caputo derivative, we have
SDIG(t.) < 0.
On the other hand, from the equation
¢ DIG(1) = —pi(G(1) = G) = X(OG(1) + m(1),

we obtain at t = ¢,,
sDIG(t.) = —pi(G(t,) — Gp) — X(t)G(t.) + m(t.).

Since G(t,) < 0, X(t,) > 0, G, > 0, and m(z,) > 0, we have
-p1(G(t) — Gp) > 0, -X(t.)G(t,) = 0, m(t.) > 0.

Therefore,
SDIG(t.) > 0,

which contradicts the fractional minimum principle. Hence,
G() >0, Vte[0,T].
Combining the above three steps, we conclude that
G() >0, X(@) >0, I(t)>1, >0, VYt e [0,T].

This completes the proof. O

3. Optimal control problem

Consider the state vector y = (G, X, I)T governed by the fractional-order system, with order g €
(0, 1),

EDIG(1) = —pi1(G(t) — Gy) — X(OG(t) + (1 — u(®)m(t),
EDIX(1) = —paX(1) + p3(1) = 1), (3.1)
EDII(t) = —n(I(1) — Iy) + y(G(t) — h)* + u(?),
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with initial conditions
G0)=Gy=>0, X0=Xy,=>0, 10)=1,=0.

The control variable u(¢) € [0, 1] is interpreted as a dimensionless combined therapeutic control
representing the overall treatment intensity, including both dietary regulation and insulin support.
Within this normalized framework, u(f) simultaneously reduces the effective glucose disturbance
through (1—u(#))m(¢) and enhances insulin action through the term +u(t), thereby providing a consistent
biological and mathematical interpretation.

The cost functional is designed to achieve optimal glycemic management while minimizing clinical
risks and treatment burden:

T A
J(u) = / (aG(t) + BI(E) — pX (D) + —u(t)z)dt.
; 2

Based on the previous section, we assume:

1. m € C(|0, T]) is bounded.

2. All parameters are fixed and positive, that is, p;, n, v, a,8,p0,A > 0.

3. There exists a nonempty, compact, and convex set U C R, and the admissible control set is defined
by

U,; ={u:[0,T] —» U measurable}.

Thus, u € U4 satisfies u(r) € U for almost every ¢ € [0, T]. The set U,, is closed under weak-
convergence, since its values lie in a compact convex set.

4. The nonlinearity in y is locally Lipschitz continuous.

5. The integrand L(t,y,u) = oG + Bl — pX + %‘uz is continuous in (y, ) and convex in u.

Theorem 4. Under assumptions 1-5, there exists an optimal control u* € U, such that

J(w*) = min J(u).

ueUyq

Proof. For each admissible control u € U, the state equation admits a unique solution y, €
C([0,T],R?). Moreover, since u(f) € U is bounded and m is bounded, we obtain a uniform bound
on the family of trajectories:

sup [[y. (DIl < M
€[0,T]

for some M > 0.
Furthermore, we have

1 t
() = Yo+ = / (t = )7 f(s,yu(s), u(s)) ds.
I'(q) Jo

In addition, we derive a uniform equicontinuity estimate. For0 < s <t < T,
yu(®) = yu(s)ll < Clt — 5],
since

e, @
/s(t 7)1 dT_—F(q+l)(t s)4.
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Thus, the family {y, : u € U4} is uniformly bounded and equicontinuous. By the Arzela—Ascoli
theorem, it is relatively compact in C([0, T], R?).
Let (u,) ¢ U,, be a minimizing sequence, that is,

J(u,) — inf J(u).

uelaq

Since each u,(t) € U is bounded, (u,) is bounded in L*([0, T]). By the Banach—Alaoglu theorem,
there exists a subsequence u,, and u* € L*([0, T]) such that

Uy, —* u* in L([0, TY).

Moreover, since u,(t) € U almost everywhere and U is closed and convex, the limit satisfies u*(t) €
U almost everywhere. Hence, u* € U,,.

Next, consider the convergence of the associated trajectories. Let y, = y, be the trajectory
corresponding to u,,. The family {y,} is uniformly bounded and equicontinuous. By the Arzela—Ascoli
theorem, we may extract a subsequence, still denoted by y,, such that

y, — y* uniformly on [0, T,

for some y* € C([0, T],R?).
We now show that the pair (u*,y*) satisfies the state equation. Starting from the integral form
satisfied by y,,

Ya(t) = yo + m/( = )T F (5, 3u(5), un(5)) s,

we write

1 t
(1) = ( Yo ) (1 = )7 f(5,"(5),u"(5)) dS) = 1a(0) + L, (D),

where

I1,(1) = F( )/(t— (S, 3(8), un(5)) = f(5,¥°(5), un(5))) s,

b, (1) = 0) /0 (1 = )7 (f(5,5°(5), un(8)) = f(5,¥"(5), u"(5))) ds.

For 1, ,(¢), using the Lipschitz continuity of f with respect to y, we have

(I < /(t— ) lya(s) = y*(s)llds.
1 T(q)
By the uniform convergence y, — y*, this bound converges uniformly to 0 on [0, T].

For 1, ,(t), we use the specific structure of f, namely its affine dependence on u. The dependence
on u appears only in the first and third components of f. Specifically,

-p1(G — Gp) — XG + (1 — wym(s)
—p2X + p3(I = Iy)
—n(l —1,) +y(G—-h)" +u

S(s,y,u) =
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Thus, we may write

f(s’y’ Lt) = fO(S,y) + Mfl(S),

where
-p1(G = Gp) — XG + m(s) —m(s)
Jo(s,y) = —p2X + p3s(I = Iy) ; fits)=] O
-n(l - 1,) + y(G — h)* 1
Then,
1

Ion() = / (= 5 (ua(s) = ' () f1(5) ds.
0

I'(g)
For each fixed ¢, the function

s (1= ) fi(s)

belongs to L!([0, t]), since (¢ — s)?~! is integrable and f; is bounded. Since u,, —* u* in L*([0, T]), we
have, for each ¢,

/ (ua(8) = () (2 = )" fi()) ds — 0.
0

Hence, I, ,(t) — 0 pointwise for each ¢ € [0, T']. Moreover, since the integrand is uniformly bounded,
the convergence is uniform on [0, T']. Therefore, 15, — O uniformly.

Combining the convergences y, — y*, I, — 0, and I, — 0, and passing to the limit in the integral
representation, we obtain

1 t
Y@ =yo+ = / (t = )7 f(s,y"(s), u"(5))ds.
I'(q) Jo

Thus, y* is the trajectory associated with the control u*, and («*, y*) is an admissible pair.
Finally, it remains to prove that

J(u*) < liminf J(u,).

We have y, — y* uniformly and u,, —* u* in L*([0, T']). The integrand

A
L(t,y,u) = aG + Bl — pX + Euz
is continuous in y and convex in u. Therefore, by the theorem of Fleming and Rishel [17], it is lower
semicontinuous with respect to the above convergence. Equivalently, the same conclusion follows from
a direct lower semicontinuity argument under the weak convergence of u,, and the uniform convergence
of y,. Hence,

J(w*) < liminf J(u,) = inf J(u).

ueUqq

Therefore, u* is an optimal control. O
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4. Necessary optimality conditions

Let y = (G, X, )T be the state vector, let 1 = (4;, A5, 43)" be the adjoint vector, and let u € U,,.
Define the Hamiltonian

A
H(t,y,u, ) = aG + BI — pX + §u2

+ A1 (=p1(G = Gp) — XG + (1 — w)m(r))
+ & (=p2X + ps(I — 1))
+ 3 (-n(I - 1L,)+v(G-h)" +u).

Theorem 5. Suppose that u* is an optimal control and y*(t) is the associated state trajectory. Then
there exists an absolutely continuous adjoint vector A(t) = (A1, A2, A3)" satisfying the backward adjoint
equation

 DIAM) = =V, H(t,y" (0, u” (1), A1),

with the terminal transversality conditions
A(T) =0, fori=1,2,3.

Explicitly, the adjoint equations are

OH
zCDqT/h(t) =TT —a+ (p1 + X' (D)) (1) — ys(D) (1),

C g 8H *
;D7 Ax(1) = “ax P G (OA(1) + prAa(D),

OH
[ D) = = = =B = p3da(t) + nds(1),

with A(T) = 0, where s(t) € I(G*(t) — h)* is the subgradient of the threshold function

1, ifG*(t) > h,
s(1) = {0, if G*(t) < h,
[0,11, ifG*(t) = h.

Moreover, the optimal control satisfies the minimization condition
u'(t) € argmin,.q, H(t,y"(8),u, A(1)) forae t€[0,T].

Since the Hamiltonian is strictly convex in u, the optimal control is given by

U (1) = Plo.Upm (/ll(t)m(t) - /130)) :

A

where Pyo.u,..) denotes the projection onto the interval [0, Up,x].
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Proof. The proof follows from Pontryagin’s maximum principle for fractional optimal control
problems [6, 28]. The adjoint equations are derived by differentiating the Hamiltonian with respect
to the state variables:

OH

% =q - pl/ll - XA + ’)/S(t)/13,
OH

—_— = -0 — G/l - /l )

ox ~ P T

OH _ o+ ooty — i

— = — nas.

ol P32 3

The backward adjoint equations then follow from the principle
DY) = =V H(t,y (1), u” (1), A(1)).

The terminal condition A(7") = 0 follows from the free terminal state. The optimality condition for
the control is obtained from

H
6— =Au— Aim(t) + A3 = 0,
ou
which gives
(0 = MO = 0.

A

Since u must belong to U,; = [0, Unax], We project this expression onto the admissible set:

' (1) = max (o, min ( b omn - m))) |

A

This completes the proof of the necessary optimality conditions. O

5. Numerical simulations

This section presents numerical simulations validating the theoretical results of the fractional
optimal control approach. While clinical variability poses challenges for universal parameterization in
Type 1 diabetes, we adopt physiologically plausible parameters from the classical Bergman model [7],
ensuring consistency with established basal values (G, = 92 mg/dL, I, = 7.3 mU/dL). The primary
objective is to illustrate how the fractional order ¢ € (0, 1) influences the system dynamics and
the performance of the optimal control strategy, rather than to provide patient-specific calibrations.
Simulations were implemented in MATLAB using a Griinwald-Letnikov discretization scheme for the
Caputo derivative with step size Ar = 0.01. The fractional Pontryagin system was solved iteratively
using a forward-backward sweep method [26] with convergence tolerance & = 1075,

The fractional Pontryagin optimality system is solved numerically by means of a forward—backward
sweep method combined with a predictor—corrector scheme for the fractional state and adjoint
equations. The main steps of the procedure are summarized in Algorithm 1.
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Algorithm 1 Forward-backward sweep method for the fractional optimal control problem

B

10:

Choose an initial guess #”)(¢) on the interval [0, T].
Set the convergence tolerance & = 107,
Initialize the iteration counter k = 0.

Set EO =1,
while E® > ¢ do
end

Solve the fractional state system forward in time using a predictor—corrector method with the
control u®(t).

Solve the fractional adjoint system backward in time using the state trajectory obtained in the
previous step.

Update the control by

A0@0m(r) - z;’”(z)]

k+1
u“ D) = P[o,Umax][ 2

Compute the error

E®D = max [u® (1) - u®(0)].
te[0,7]

Setk « k+ 1.
Return the optimal control u*(¢), the optimal state trajectory y*(¢), and the adjoint variables A*(z).

The comparison between Figures 1 and 2 clearly demonstrates the effectiveness of the optimal

control strategy. Without control, the glucose level G(r) exhibits significant and sustained elevation
over the 24-hour period. In contrast, the application of the control law successfully regulates the
system, leading to a substantial reduction in glucose levels and maintaining them closer to the basal
state G,. These results confirm that the designed time-fractional optimal control effectively manages
the glucose concentration in the proposed model.

300 —

280

260
240
220

S 200
180

160

140

120

100 ! ! ! !
0 5 10 15 20

Time (hours, 24h study)

Figure 1. Evolution of the glucose function G(f) over time without control.
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300 —

—q=0.2

280

260
240
220
g 200
180
160

140

120

100 ! ! ! !
0 5 10 15 20
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Figure 2. Evolution of the glucose function G(¢) over time with control.

Without control, Figure 3 shows that X(7) displays unregulated fluctuations, indicating unstable
insulin—glucose dynamics. With control, as illustrated in Figure 4, the optimal control stabilizes X(z),
leading to a smoother and more physiologically plausible profile.

-3
14210
1.2
1B
0.8~
<
0.6 —
—q=0.2
—q=04
q=0.6
0.4 —q=0.8
0.2
0 | | | |
0 5 10 15 20

Time (hours, 24h study)

Figure 3. Evolution of active insulin X(#) over time without control.
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X(t)

——q=0.2
q=0.4
q=0.6

—=0.8

10
Time (hours, 24h study)

20

Figure 4. Evolution of active insulin X(#) over time with control.

Without control, Figure 5 shows that I(¢) exhibits large oscillations, frequently deviating from the
basal level I,. With control, Figure 6 demonstrates that the optimal control maintains /(¢) near I,

reducing variability and improving regulation.

7 \ \
5 10
Time (hours, 24h study)

Figure 5. Evolution of the insulin concentration /() over time without control.
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7 ! ! ! !
0 5 10 15 20

Time (hours, 24h study)

Figure 6. Evolution of the insulin concentration /(¢) over time with control.

Remark 1. The proposed control strategy is expected to remain effective for a broader range of initial
conditions and operating scenarios, since the theoretical analysis is not restricted to a particular initial
state. In particular, the existence, uniqueness, and stability results established in this work remain valid
for arbitrary admissible initial conditions.

Interpretation of the numerical results

The numerical simulations presented in this study provide a compelling validation of the proposed
time-fractional optimal control framework for the Bergman model of Type 1 diabetes. The comparative
analysis between the uncontrolled and controlled scenarios demonstrates the efficacy of the derived
control law in regulating the complex glucose—insulin dynamics.

The key findings can be summarized as follows:

e Glycemic control: The optimal control strategy successfully mitigates hyperglycemia, driving
the glucose concentration G(f) toward the basal level G, and maintaining it within a
physiologically desirable range. This is in stark contrast to the uncontrolled case, where G(¥)
exhibits sustained and clinically dangerous elevation.

e System stabilization: The controller effectively stabilizes the auxiliary variable X(7), which
represents active insulin. The transition from unregulated, nonphysiological fluctuations to a
smooth, stable profile underscores the controller’s ability to dampen inherent instabilities in the
system.

¢ Insulin regulation: The plasma insulin concentration /(¢) is maintained close to its basal level
I, with a significant reduction in oscillatory behavior. This suggests that the control law provides
a stable and sustainable insulin infusion profile, minimizing large deviations that could lead to
secondary complications.

Beyond merely replicating the performance of integer-order controllers, this work highlights the
significant influence of the fractional order g. The Caputo derivative, by incorporating memory effects,
allows the model to capture the historical dependence of metabolic processes. This results in a control
response that is not solely reactive to the current state but is also informed by the system’s trajectory,
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leading to a more nuanced and potentially more robust regulatory strategy.

Despite the promising results obtained in this work, several limitations should be acknowledged.
First, the proposed model relies on a simplified representation of glucose—insulin dynamics. In
particular, it does not explicitly account for delays in insulin absorption, variability in insulin
sensitivity, or the influence of other physiological hormones such as glucagon. These factors may
play a significant role in real clinical settings and could affect the accuracy of the model predictions.

Second, the assumption of a bounded and known meal disturbance function m(¢f) may not fully
reflect real-life conditions, where meal intake is often uncertain and subject to abrupt variations.
Incorporating stochastic effects or uncertain inputs would provide a more realistic framework for
practical applications.

Third, the fractional-order formulation introduces additional modeling flexibility, but it also raises
challenges in terms of parameter identification and clinical interpretability. Estimating the fractional
order and associated parameters from patient data remains a nontrivial task and may limit the direct
applicability of the model without further validation.

These limitations suggest several directions for future research, including the integration of more
detailed physiological mechanisms, uncertainty modeling, and data-driven parameter estimation.

In conclusion, the numerical results confirm the theoretical foundations of the model and the optimal
control approach. They demonstrate that the fractional-order framework is not only mathematically
sound but also functionally superior for capturing the essential dynamics of glucose homeostasis. This
work thereby establishes a robust foundation for the development of next-generation, personalized
artificial pancreas systems that can account for the long-memory effects and interindividual variability
inherent in Type 1 diabetes.

6. Conclusions

This study presented a fractional optimal-control framework for the Bergman glucose—insulin model
associated with Type 1 diabetes. By integrating fractional-order modeling with optimal control theory,
the proposed formulation captures hereditary and memory-dependent effects that arise naturally in
metabolic regulation.

The theoretical analysis confirmed the well-posedness of the fractional dynamical system through
the establishment of existence, uniqueness, boundedness, and positivity of its solutions. Subsequently,
an optimal control problem was formulated, and the existence of an admissible optimal control was
demonstrated. Using the fractional Pontryagin maximum principle, we derived the corresponding first-
order necessary optimality conditions and obtained an explicit representation of the optimal therapeutic
control.

The numerical results demonstrate that the proposed control strategy can effectively regulate glucose
concentration while maintaining physiologically reasonable insulin dynamics. The simulations also
show that the fractional order has a noticeable impact on the system behavior, indicating that the
fractional model offers greater flexibility than its classical integer-order counterpart in describing
glucose—insulin interactions.

Despite these contributions, the present model has some limitations. It remains a simplified
representation of the physiological process and does not include several relevant effects, such as
stochastic perturbations, time-delay mechanisms, variations in meal intake, or uncertainty in patient-
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dependent parameters. Moreover, in strict Type 1 diabetes, the endogenous insulin secretion term may
be negligible, which corresponds to setting the associated parameter equal to zero. The numerical
experiments are also primarily illustrative and do not yet provide a detailed quantitative comparison
among different treatment strategies or fractional-order values.

Future research may address these limitations by developing more realistic fractional models
involving delays, random effects, adaptive patient-specific control laws, and multi-objective
optimization criteria that balance glucose regulation, insulin administration, and hypoglycemia
prevention. A further important direction is the calibration and validation of the proposed model
using real clinical data. Such extensions would improve the applicability of the framework to diabetes
treatment planning and artificial pancreas systems.
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