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Abstract: Synthetic signaling circuits provide a versatile framework for programming contact-
dependent cell behaviors, yet their collective dynamics are strongly shaped by cell density and
processing delay. In this work, we studied a reduced delay differential model motivated by synNotch-
type signaling with density-dependent attenuation and adaptive inhibition. The analysis was organized
along two complementary routes. First, the equilibrium structure was characterized through a density-
driven saddle-node bifurcation analysis, which identified the emergence of a three-equilibrium region
and, when the outer-branch trace condition is satisfied, a low/high bistable subinterval. Second, the
local dynamics around positive equilibria were examined through a delay-induced Hopf bifurcation
analysis, which determined the onset of oscillatory behavior and the associated stability switching.
Numerical simulations confirmed the predicted branch structure and the delay-dependent stability
switching on the upper equilibrium branch. These results provided a compact dynamical description
of how density and intracellular processing time jointly regulated state selection and rhythmic activity
in contact-mediated synthetic signaling systems.

Keywords: synNotch relay; delay differential equations; saddle-node bifurcation; Hopf bifurcation
Mathematics Subject Classification: 34K18, 34K20, 92C42

1. Introduction

Synthetic developmental systems seek programmable rules for multicellular organization [1–3].
Among the available platforms, synNotch receptors are especially useful because they convert contact-
dependent recognition into user-defined transcriptional responses and thereby enable modular cell–
cell communication in engineered tissues and therapeutic circuits [4–6]. In parallel, studies of
endogenous Notch signaling have shown that contact geometry, ligand interactions, and force-
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dependent activation shape signaling strength, temporal response, and spatial patterning [7–10]. This
biophysical background makes synNotch systems a natural setting for quantitative dynamical analysis.

Recent experiments have clarified the importance of tissue context in synthetic juxtacrine
signaling [11–13]. Santorelli et al. showed that cell growth and local density reshape the speed, spatial
range, and temporal profile of synNotch signal propagation in multicellular relay circuits [14]. Dawson
et al. further demonstrated that contact area and tissue growth dynamics influence synthetic juxtacrine
activation patterns in vivo [15]. Related engineering studies have shown that synNotch outputs can also
be spatially programmed through designed material interfaces and multicellular architectures [16].
These studies identify density, contact geometry, and response timing as primary determinants of
collective synNotch behavior.

The spatial simulation framework in [14] incorporates weighted cell–cell contact, delayed ligand
induction, cis-inhibition, and density-dependent attenuation, and it captures signal propagation in
large lattices. However, that framework does not directly provide local conditions for state switching,
bistability, or oscillatory onset [17–20]. Reduced analytical models are valuable in this setting because
they expose the branch structure and stability changes that organize local dynamics more transparently.
Earlier mathematical studies of Notch signaling already illustrate how tractable reductions can reveal
the mechanisms underlying signaling-state selection and pattern formation [21–23]. More broadly,
delayed feedback and adaptive regulation are well-known sources of switching and oscillation in
biological control circuits [24–28]. These considerations motivate a local bifurcation analysis for
density-gated synNotch relay circuits.

We therefore formulate a reduced local model that retains the main ingredients needed for local
dynamical analysis: density-gated relay strength, delayed positive activation, cis-inhibition, and slow
adaptive inhibition. The adaptive variable is introduced as an effective activity-dependent inhibitory
state that summarizes the gradual loss of productive signaling output under sustained crowding and
persistent activity. This reduction preserves the two ingredients needed for the dynamics of interest:
density-gated changes in equilibrium structure and delay-mediated changes in local stability. At the
same time, it is intended as a local closure rather than as a full replacement of the spatial lattice
model. Its role is to extract local branch geometry and local stability changes near coherent active
patches or locally smooth front segments, not to quantitatively reproduce front speed or spatial pattern
morphology in strongly heterogeneous tissues.

The aim of this paper is to determine how density and delay jointly organize the local dynamics
of this adaptive synNotch relay. The analysis follows two complementary routes. The first route
addresses density-driven saddle-node bifurcation and identifies the conditions under which multiple
positive equilibria, bistability, and hysteresis arise. The second route addresses delay-induced Hopf
bifurcation and characterizes stability switching and the onset of oscillation around positive equilibria.
Numerical calculations guided by the signaling architecture and parameter scales in [14] support both
analytical routes and show how density and intracellular processing delay together govern local state
selection and rhythmic activity in adaptive synNotch relay circuits. In this sense, the experiments
in [14] provide the biological motivation for a reduced model, whereas the present analysis is aimed at
local dynamical organization rather than direct quantitative fitting of spatial propagation data.

The paper is organized as follows. Section 2 derives a reduced local model from the lattice
framework. Section 3 develops the density-driven fold analysis and the delay-dependent stability
theory. Section 4 presents numerical verification, and Section 5 summarizes the main conclusions.
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2. Model formulation

We start from the spatial lattice framework in [14]. There, cells occupy a hexagonal lattice, and the
incoming ligand signal to a transceiver cell i is

Ii(t) =
∑

j

wi js j(t), (2.1)

where s j(t) is the ligand level on cell j, and W = (wi j) is a Gaussian-weighted adjacency matrix
normalized by

∑
j wi j = 1. This form accounts for contact-dependent signaling together with spatially

weighted local interactions.
Our interest here is the local relay dynamics near a coherent active patch or a locally smooth segment

of a propagating front. In this setting, the weighted neighborhood input is approximated by an effective
local exposure,

Ii(t) ≈ q s(t), 0 < q ≤ 1, (2.2)

where s(t) denotes a ligand level and q is an effective coupling coefficient determined by local contact
geometry. Under this closure, the same variable s(t) represents both the neighborhood input and the
ligand level of a transceiver cell.

To indicate the range of validity of (2.2), we write Ii(t) = q si(t) + ri(t), with ri(t) :=
∑

j wi js j(t) −
q si(t). Then |ri(t)| ≤

∑
j wi j|s j(t)− si(t)|+ |1−q| |si(t)|. The residual is therefore small when neighboring

ligand levels vary weakly and q captures the local attenuation of effective contact. The reduced model
is intended for this local regime. Near sharp fronts, fragmented clusters, or strongly heterogeneous
neighborhoods, the approximation is less accurate and the full lattice description remains necessary.

A second ingredient inherited from [14] is the density-dependent attenuation of synNotch
transduction. For the super-confluent regime considered here, we take

β(ρ) = e−m(ρ−1), m > 0, ρ ≥ 1, (2.3)

so that the effective density-gated trans-activation coupling is

B(ρ) = q β(ρ) = q e−m(ρ−1). (2.4)

To incorporate slower regulatory effects, we introduce an adaptive state h(t) describing the
progressive loss of signaling competence under sustained activity. In the present reduced setting, h(t)
is an effective inhibitory state. It may represent the combined influence of several slower attenuation
mechanisms, such as receptor downregulation, ligand–receptor endocytosis, delayed transcriptional
repression, or related activity-dependent feedback processes.

The delay τ acts on the productive activation pathway, so both the activation kernel and the adaptive
modulation are evaluated at time t − τ. We define

Φ
(
s(t − τ); ρ

)
=

(
B(ρ)s(t − τ)

)p

kp +
(
B(ρ)s(t − τ)

)p
+

(
εs(t − τ)

)p , (2.5)

and obtain the reduced adaptive relay system ṡ(t) = µ +
α

1 + χh(t − τ)
Φ
(
s(t − τ); ρ

)
− s(t),

ḣ(t) = σs(t) − δh(t).
(2.6)
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Here, s(t) is the ligand level of a transceiver cell, and h(t) is the adaptive inhibitory state. The
parameter α is the maximal induced ligand production rate, k is the inducible promoter threshold, p
is the Hill exponent, and ε measures cis-inhibition. The parameter χ sets the strength of adaptive
suppression. The parameter σ controls the accumulation rate of the adaptive state, while δ controls
its relaxation rate, so that 1/δ is the recovery time scale and the equilibrium relation h∗ = (σ/δ)s∗

determines the effective adaptive load at steady state. The constant µ > 0 is a small basal leak term.
All quantities in Table 1 are nondimensional. Time is scaled by the turnover time of the ligand variable,
and the state variables are scaled by reference expression levels.

Table 1. Nondimensional parameter values for the reduced model.

Parameter Meaning Value
α induced ligand production rate 3
k inducible promoter threshold 0.02
p promoter cooperativity 2
ε cis-inhibition strength 1
τ reference delay used in illustrative computations 0.3
ρ reference density used in illustrative computations 3
m density sensitivity of signaling 1
q effective local exposure factor 1
χ inhibition strength of adaptive state 1
σ induction rate of adaptive state 1.3
δ relaxation rate of adaptive state 0.05
µ basal ligand leak 10−3

For the delay system (2.6), the state is supplemented with history functions

s(θ) = φ1(θ), h(θ) = φ2(θ), θ ∈ [−τ, 0],

where φ1, φ2 ∈ C([−τ, 0],R+) are prescribed nonnegative initial histories. In the numerical simulations,
continuous histories are chosen near the equilibrium branch under study.

Figure 1 summarizes the reduced model. A transceiver cell receives an effective neighborhood input
described by (2.2). Productive synNotch activation is filtered by the density gate B(ρ) and represented
by the delayed kernel Φ

(
s(t − τ); ρ

)
. This activation drives ligand production s(t) and, on a slower time

scale, builds up the adaptive state h(t). The feedback factor (1 + χh(t − τ))−1 reduces induced ligand
production and closes the delayed negative-feedback loop. The resulting system provides a compact
local description of density-gated state selection and delay-dependent stability changes in synNotch
relay dynamics.
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Figure 1. Schematic of the reduced single-cell synNotch transceiver model.

3. Theoretical analysis

The theoretical analysis follows two complementary routes. The first route concerns the equilibrium
structure and studies how the density parameter organizes the steady-state branches through saddle-
node bifurcation. The second route concerns the local delay-dependent dynamics and studies how
intracellular processing delay changes stability and produces oscillatory behavior through Hopf
bifurcation. This separation allows the roles of density and delay to be analyzed independently: density
determines the multiplicity and geometry of positive equilibria, whereas delay determines whether a
selected equilibrium remains stable or develops rhythmic activity.

3.1. Density-driven saddle-node bifurcation

We begin with the equilibrium structure. At any positive equilibrium (s∗, h∗) of system (2.6), the
second equation gives

h∗ = κs∗, κ :=
σ

δ
. (3.1)

Introducing
θ := χκ =

χσ

δ
, X(ρ) := qpe−mp(ρ−1), (3.2)

the first equilibrium equation reduces to

µ +
α

1 + θs∗

X(ρ)sp
∗

kp +
(
X(ρ) + εp)sp

∗

− s∗ = 0. (3.3)

Since the fraction in (3.3) is positive, every positive equilibrium satisfies s∗ > µ.
Define

A(s) := (s − µ)(1 + θs). (3.4)

Rearranging (3.3) gives

X(ρ) =
A(s)

(
kp + εpsp)

sp[α − A(s)
] . (3.5)

Hence, positive equilibria are represented by the density–equilibrium map

ρ = Rµ,α(s) := 1 −
1

mp
ln

(
A(s)

(
kp + εpsp)

qpsp[α − A(s)
] )
. (3.6)

AIMS Mathematics Volume 11, Issue 5, 13216–13232.



13221

Its natural domain is
Dα = {s > µ : A(s) < α} = (µ, sα), (3.7)

where sα > µ is the unique solution of A(s) = α. Indeed,

A′(s) = 1 + 2θs − θµ > 0, s > µ, (3.8)

so A is strictly increasing on (µ,∞).

Theorem 3.1 (Density-driven saddle-node bifurcation and branch stability). Assume that all
parameters in system (2.6) are positive.

(i) Positive equilibria of (2.6) are in one-to-one correspondence with the roots of

ρ = Rµ,α(s), s ∈ Dα, (3.9)

where

Rµ,α(s) := 1 −
1

mp
ln

(
A(s)

(
kp + εpsp)

qpsp[α − A(s)
] )
, A(s) := (s − µ)(1 + θs), (3.10)

and
Dα = {s > µ : A(s) < α} = (µ, sα), (3.11)

with sα > µ being the unique solution of A(s) = α.
(ii) The turning points of the equilibrium curve are determined by

R′µ,α(s) = 0, (3.12)

equivalently,
1

s − µ
+
θ

1 + θs
+

pεpsp−1

kp + εpsp −
p
s
+

1 + 2θs − θµ
α − (s − µ)(1 + θs)

= 0. (3.13)

If Rµ,α has two distinct nondegenerate critical points

µ < s c
− < s c

+ < sα, R′µ,α(s c
±) = 0, R′′µ,α(s c

±) , 0, (3.14)

with
R′′µ,α(s c

−) > 0, R′′µ,α(s c
+) < 0, (3.15)

then the equilibrium curve has a local minimum at s c
− and a local maximum at s c

+. Defining

ρ−fold := Rµ,α(s c
−), ρ+fold := Rµ,α(s c

+), (3.16)

one obtains a folded equilibrium branch. In particular, if

1 ≤ ρ−fold < ρ
+
fold, (3.17)

then the biologically admissible regime ρ ≥ 1 contains one positive equilibrium for 1 ≤ ρ < ρ−fold,
three positive equilibria for ρ−fold < ρ < ρ

+
fold, and one positive equilibrium for ρ > ρ+fold.
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(iii) Let

F(s, ρ) := µ +
α

1 + θs
qpe−mp(ρ−1)sp

kp +
(
qpe−mp(ρ−1) + εp)sp

− s. (3.18)

At each nondegenerate turning point in (3.14)–(3.15), one has

F(s, ρ) = 0, Fs(s, ρ) = 0, Fρ(s, ρ) , 0, Fss(s, ρ) , 0. (3.19)

Hence each turning point is a simple saddle-node bifurcation point.
(iv) For τ = 0, let (s∗, h∗) be a positive equilibrium and define

Xρ := qpe−mp(ρ−1), Dρ := kp +
(
Xρ + εp)sp

∗ . (3.20)

Then, the Jacobian of the non-delayed system is

J0 =

(
fs fh

σ −δ

)
, (3.21)

where

fs =
αpXρkpsp−1

∗

(1 + χh∗)D2
ρ

− 1, fh = −
αχXρs

p
∗

(1 + χh∗)2Dρ
. (3.22)

Its trace and determinant satisfy

tr J0(s∗) =
pkp(s∗ − µ)

s∗Dρ
− 1 − δ, (3.23)

and
det J0(s∗) = δ Fρ(s∗, ρ)R′µ,α(s∗), (3.24)

with

Fρ(s, ρ) = −
αmpqpe−mp(ρ−1)sp(kp + εpsp)

(1 + θs)
(
kp +

(
qpe−mp(ρ−1) + εp)sp

)2 < 0. (3.25)

Therefore, every equilibrium on a branch with R′µ,α(s∗) > 0 is a saddle, whereas every equilibrium
on a branch withR′µ,α(s∗) < 0 and tr J0(s∗) < 0 is locally asymptotically stable. In particular, when
the two outer branches satisfy tr J0 < 0, the interval ρ−fold < ρ < ρ

+
fold contains low/high bistability.

Proof. Part (i) follows by eliminating h∗ through the equilibrium relation h∗ = κs∗ and rearranging the
scalar equilibrium equation into the density–equilibrium map ρ = Rµ,α(s). The domain Dα = (µ, sα)
follows from s∗ > µ and from the strict monotonicity of A(s) = (s − µ)(1 + θs) on (µ,∞).

Part (ii) is obtained by differentiating Rµ,α(s) with respect to s, which yields (3.13). Moreover,

lim
s→µ+
Rµ,α(s) = +∞, lim

s→s−α
Rµ,α(s) = −∞, (3.26)

so two nondegenerate critical points with the sign pattern in (3.15) generate the folded equilibrium
geometry and the 1–3–1 equilibrium configuration in the biologically admissible range.

For part (iii), equilibria satisfy F(s, ρ) = 0. Along the equilibrium branch ρ = Rµ,α(s),

Fs
(
s,Rµ,α(s)

)
+ Fρ

(
s,Rµ,α(s)

)
R′µ,α(s) = 0. (3.27)
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At a turning point, R′µ,α(s) = 0, hence Fs = 0. Since Fρ < 0, differentiating once more gives

Fss = −Fρ R′′µ,α, (3.28)

so Fss , 0 whenever R′′µ,α , 0. This proves that each nondegenerate turning point is a simple fold.
For part (iv), differentiating the non-delayed vector field gives (3.21)–(3.22). Using the equilibrium

identity
αXρs

p
∗

(1 + χh∗)Dρ
= s∗ − µ, (3.29)

one obtains the trace formula (3.23). Since h = κs on the equilibrium manifold,

Fs(s∗, ρ) = fs +
σ

δ
fh, (3.30)

and, therefore,
det J0(s∗) = −δFs(s∗, ρ) = δ Fρ(s∗, ρ)R′µ,α(s∗). (3.31)

Because Fρ < 0, the sign of det J0 is opposite to the sign of R′µ,α(s∗), which gives the branch
classification and the stated stability conclusion. □

Theorem 3.1 shows that density organizes the equilibrium structure through a folded branch
geometry. When two nondegenerate fold points are present in the biologically admissible regime, the
model exhibits a three-equilibrium interval bounded by ρ−fold and ρ+fold. At zero delay, the middle branch
is always a saddle, whereas the lower and upper outer branches are stable only when the additional
trace condition tr J0 < 0 is satisfied. Thus, the folded geometry identifies the candidate switching
region, but actual low/high bistability must be verified from Theorem 3.1(iv) along the outer branches.
This folded structure provides the dynamical basis for density-controlled switching and hysteresis.

3.2. Delay-induced Hopf bifurcation

We next study the delay-dependent stability of a positive equilibrium (s∗, h∗) at a fixed admissible
density level. Linearizing (2.6) around (s∗, h∗) with

u(t) := s(t) − s∗, v(t) := h(t) − h∗, (3.32)

gives  u̇(t) = −u(t) + b u(t − τ) + c v(t − τ),
v̇(t) = σu(t) − δv(t),

(3.33)

where

b =
αpXρkpsp−1

∗

(1 + χh∗)D2 > 0, c = −
αχXρs

p
∗

(1 + χh∗)2D
= −
χ(s∗ − µ)
1 + χh∗

< 0, (3.34)

with
Xρ := qpe−mp(ρ−1), D := kp +

(
Xρ + εp)sp

∗ . (3.35)

The associated characteristic equation is

∆(λ, τ) := (λ + 1)(λ + δ) −
(
b(λ + δ) − ζ

)
e−λτ = 0, ζ := −cσ > 0. (3.36)
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Theorem 3.2 (Delay-induced Hopf criterion). Let (s∗, h∗) be a positive equilibrium of (2.6), and define

G(z) = z2 +
(
1 + δ2 − b2)z + δ2 − (bδ − ζ)2, z ≥ 0. (3.37)

Then, the following statements hold.

(i) The characteristic equation (3.36) has purely imaginary roots λ = ±iω with ω > 0 if, and only if,
z = ω2 is a positive root of G(z) = 0.

(ii) If z0 > 0 is a positive root of G and ω0 =
√

z0, then the corresponding critical delays are

τn =
1
ω0

[
atan2

(
bω0, bδ − ζ

)
− atan2

(
(1 + δ)ω0, δ − ω

2
0
)
+ 2nπ

]
, n ∈ N0. (3.38)

(iii) If z0 is a simple positive root of G, then the corresponding root pair satisfies

sgn
ℜ(

dλ
dτ

)∣∣∣∣∣∣
λ=iω0, τ=τn

 = sgn
(
G′(z0)

)
, 0. (3.39)

Hence, the sign of G′(z0) determines the crossing direction. If, in addition, no other characteristic
roots lie on the imaginary axis at τ = τn, then (2.6) undergoes a local Hopf bifurcation at τ = τn.

Proof. Substituting λ = iω into (3.36) gives

(iω + 1)(iω + δ) =
(
ibω + bδ − ζ

)
e−iωτ. (3.40)

Taking moduli yields
(ω2 + 1)(ω2 + δ2) = (bδ − ζ)2 + b2ω2, (3.41)

which is equivalent to G(ω2) = 0. This proves part (i).
For part (ii), write

P(iω0) = (iω0 + 1)(iω0 + δ), Q(iω0) = ibω0 + bδ − ζ. (3.42)

Then, (3.40) implies
P(iω0) = Q(iω0)e−iω0τ, (3.43)

so the phase balance gives (3.38).
For part (iii), differentiating (3.36) implicitly with respect to τ and evaluating at λ = iω0 gives

ℜ

(dλ
dτ

)−1 = G′(ω2
0)

|P(iω0)|2
. (3.44)

Since |P(iω0)|2 > 0, the sign of ℜ(dλ/dτ) is the sign of G′(ω2
0), which proves the transversality

statement. □

A useful sufficient condition for the existence of a positive root of G is

G(0) = δ2 − (bδ − ζ)2 < 0. (3.45)
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Since G is a quadratic polynomial in z = ω2, (3.41) can yield no positive Hopf frequency, one
positive Hopf frequency, or two positive Hopf frequencies. Thus, the delay system has at most two
distinct positive frequencies associated with purely imaginary characteristic roots. Indeed, if (3.45)
holds, then G(0) < 0 and G(z)→ +∞ as z→ +∞, so G has at least one positive root.

The Hopf route complements the equilibrium analysis in a precise way. Density selects the available
positive equilibria and determines whether bistability is possible, whereas delay governs the spectrum
near a chosen equilibrium. When the polynomial G has one or more positive roots, the corresponding
critical delays locate stability switches. If several positive roots are present, the associated crossings
may play different dynamical roles, and the sign of G′(z0) identifies whether a given delay crossing
stabilizes or destabilizes the equilibrium.

The stabilization effect can be interpreted directly from the characteristic equation ∆(λ, τ) = (λ +
1)(λ + δ) −

(
b(λ + δ) − ζ

)
e−λτ = 0, where b > 0 describes delayed positive relay, c < 0 describes

delayed adaptive inhibition, and ζ = −cσ > 0 is the effective strength of the delayed adaptive channel.
Because the delayed term contains the combination b(λ+ δ)− ζ, the delay acts through two competing
components rather than through a single positive feedback loop. The positive relay term tends to
promote instability, whereas the adaptive contribution partially offsets it.

This competition is reflected in the auxiliary polynomial G(z) = z2 + (1 + δ2 − b2)z + δ2 − (bδ − ζ)2.

When G has two positive roots z1 < z2, the smaller root may satisfy G′(z1) < 0 while the larger root
satisfies G′(z2) > 0. In that case, the first delay crossing is stabilizing and the second is destabilizing.
Thus, delay-induced stabilization is possible when the delayed positive relay is strong enough to make
the zero-delay equilibrium unstable, but the delayed adaptive inhibition is also strong enough to reverse
the first crossing direction at low frequency. This mechanism depends on the relative magnitudes of b,
δ, and ζ, and therefore occurs only in a restricted parameter regime rather than universally.

4. Numerical simulation

4.1. Density-driven saddle-node bifurcation

We first verify the density-driven branch structure predicted by Theorem 3.1. Using the parameter
values in Table 1, we obtain κ = σ

δ
= 26 and θ = χκ = 26. The admissible interval of the equilibrium

map is determined by the unique solution of (s − µ)(1 + θs) = α, which gives sα ≈ 0.3215. Solving
R′µ,α(s) = 0 yields two turning points, s−c ≈ 0.0021 and s+c ≈ 0.0139, with corresponding fold densities
ρ−fold ≈ 2.6694 and ρ+fold ≈ 3.0065. Moreover, R′′µ,α(s−c ) ≈ 1.9743 × 105 > 0 and R′′µ,α(s+c ) ≈ −2.5983 ×
103 < 0, so both turning points are nondegenerate, in agreement with the saddle-node conditions in
Theorem 3.1.

Figure 2(a) displays the equilibrium map ρ = Rµ,α(s). The branch attains a local minimum at
SN1 = (ρ−fold, s

−
c ) and a local maximum at SN2 = (ρ+fold, s

+
c ). Hence, the interval (ρ−fold, ρ

+
fold) ≈

(2.6694, 3.0065) is precisely the density range in which three positive equilibria coexist, whereas
only one positive equilibrium remains outside this interval. This reproduces the 1–3–1 equilibrium
configuration predicted by the equilibrium map.

Figure 2(b) shows the corresponding static bifurcation diagram together with the zero-trace point on
the upper branch. The continuation confirms the folded three-branch geometry: the middle branch is
unstable and connects the two fold points, while the lower branch remains stable throughout the plotted
range. However, the upper branch is not stable on the entire three-equilibrium interval. A numerical
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evaluation of tr J0 along the upper branch yields a zero crossing at ρ+tr ≈ 2.9908, marked by TR+ in
Figure 2(b). Therefore, the upper branch is stable only for ρ−fold < ρ < ρ

+
tr, and becomes unstable for

ρ+tr < ρ < ρ
+
fold, before terminating at the upper fold SN2. Consequently, the genuine low/high bistable

interval at τ = 0 is not the full three-equilibrium window, but only (ρ−fold, ρ
+
tr) ≈ (2.6694, 2.9908).

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
s

-8

-6

-4

-2

0

2

4

6

8

 =
 R

,
(s

)

Density-driven equilibrium map and fold points

SN
1

SN
2

fold

-
 = 2.6694

fold

+
 = 3.0065

(a) (b)

Figure 2. Numerical verification of the density-driven fold structure. (a) Density-driven
equilibrium map ρ = Rµ,α(s) with fold points SN1 and SN2. (b) Static bifurcation diagram
with respect to ρ, showing the folded three-branch structure and the trace-zero point on the
upper branch.

4.2. Delay-induced Hopf bifurcation

We next examine the delay-dependent dynamics at ρ = 3. This value lies inside the three-
equilibrium window (ρ−fold, ρ

+
fold) ≈ (2.6694, 3.0065). A numerical evaluation of tr J0 along the upper

branch yields a zero crossing at ρ+tr ≈ 2.9908, so the genuine low/high bistable interval at τ = 0 is only
(ρ−fold, ρ

+
tr) ≈ (2.6694, 2.9908). Therefore, although three positive equilibria still coexist at ρ = 3, the

upper equilibrium considered here is already unstable in the non-delayed problem. For the parameter
set in Table 1, the steady states are E1 = (s1, h1) ≈ (0.0012, 0.0309), E2 = (s2, h2) ≈ (0.0118, 0.3057),
and E3 = (s3, h3) ≈ (0.0162, 0.4223). The Jacobian of the non-delayed system shows that E1 is locally
asymptotically stable, E2 is a saddle, and E3 is unstable at τ = 0.

The delay-induced transition occurs on the upper equilibrium branch. For E3, the auxiliary
polynomial G has two positive roots, z1 ≈ 0.0028 and z2 ≈ 0.2553, which correspond to the critical
delays τ(1)

0 ≈ 1.63 and τ(2)
0 ≈ 11.56. The signs G′(z1) < 0 and G′(z2) > 0 indicate that the first crossing

stabilizes E3, whereas the second crossing destabilizes it. Hence, the characteristic-equation analysis
predicts the following delay-dependent stability switching on the upper branch: E3 is unstable for
0 ≤ τ < τ(1)

0 , stable for τ(1)
0 < τ < τ

(2)
0 , and unstable again for τ > τ(2)

0 . Beyond the second threshold,
the loss of stability is accompanied by the emergence of a stable oscillatory response.

Figure 3 provides numerical verification of this scenario. In Figure 3(a), we plot the delay-induced
bifurcation diagram on the upper equilibrium branch E3 with τ as the control parameter. The horizontal
branch corresponds to the equilibrium level s = s3, shown as unstable for τ < τ(1)

0 , stable for τ(1)
0 < τ <

τ(2)
0 , and unstable again for τ > τ(2)

0 . The two critical delays τ(1)
0 ≈ 1.63 and τ(2)

0 ≈ 11.56 are marked
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on the branch. For τ > τ(2)
0 , the green curves show the numerically computed extrema of the periodic

orbit, indicating the emergence of a nontrivial oscillatory branch after the second Hopf crossing.
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Figure 3. Numerical verification of the delay-induced Hopf bifurcation. (a) Delay-induced
Hopf bifurcation diagram on the upper equilibrium branch E3 with τ as the bifurcation
parameter. (b) Time series of s(t) for representative delay values.

The time series in Figure 3(b) further illustrate the stability switching predicted by Theorem 3.2.
At τ = 1 < τ(1)

0 , trajectories initiated near the upper branch do not remain close to E3 and instead
leave the upper state, indicating that E3 is unstable in the small-delay regime. At τ = 2, which lies
just above the first threshold, the solution exhibits damped oscillations and relaxes toward the constant
level s3, confirming the delay-induced stabilization of E3. The same convergent behavior is observed
more clearly at τ = 10, where the trajectory approaches the upper equilibrium after a transient stage.
In contrast, at τ = 13 > τ(2)

0 , the oscillation amplitude remains bounded away from zero after the
transient, indicating convergence to a stable periodic orbit. These simulations therefore agree with the
two-crossing Hopf picture obtained from the characteristic equation: the first critical delay stabilizes
the upper equilibrium, whereas the second destabilizes it and gives rise to sustained oscillation.

From the viewpoint of practical relevance, the baseline reference delay in Table 1, τ = 0.3, is
much smaller than the first critical delay τ(1)

0 ≈ 1.63 at ρ = 3. Therefore the baseline parameter
set does not predict oscillation for the nominal delay used in the illustrative computations. Instead,
the Hopf analysis identifies a delayed regime that becomes accessible only when the effective delay
is sufficiently enlarged. In this sense, the oscillatory behavior in Figure 3 can be interpreted as a
dynamical possibility of the reduced model rather than as a direct quantitative prediction for the
reference synNotch experiments.

The present reduced model is consistent with the experimental setting of [14] at the level of
mechanism: density enters through the effective relay factor B(ρ) = qe−m(ρ−1), and delayed intracellular
processing enters through the lag τ in the productive activation pathway. These two ingredients reflect
the experimentally observed roles of crowding and response timing in synNotch relay behavior. At
the same time, the current model is local and does not explicitly resolve tissue growth, front motion,
or spatial contact heterogeneity. Therefore, quantities such as signal propagation speed or full spatial
response curves cannot be compared directly with the present two-dimensional reduction. The fold
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and Hopf thresholds derived here should instead be interpreted as local organizing thresholds that help
explain how density and delay may bias state selection and local temporal response within the broader
spatial framework.

4.3. Sensitivity of the Hopf thresholds

To examine how key parameters shift the two Hopf thresholds on the upper equilibrium branch,
we perform a one-at-a-time sensitivity analysis at ρ = 3. Starting from the baseline parameter set in
Table 1, we vary one parameter at a time while keeping all others fixed, and recompute the two Hopf
thresholds determined by Theorem 3.2. The four parameters considered here are the adaptive inhibition
strength χ, the induction rate σ, the relaxation rate δ, and the density sensitivity coefficient m.

Figure 4 shows that, within the displayed parameter neighborhoods around the baseline values, the
two critical delays respond in a systematic but opposite manner. As χ increases, the first critical delay
τ(1)

0 increases whereas the second critical delay τ(2)
0 decreases. The same qualitative trend is observed

when σ increases. By contrast, increasing δ decreases τ(1)
0 and increases τ(2)

0 . A similar opposite trend
is also observed for m: larger m shifts τ(1)

0 upward and τ(2)
0 downward. Hence, in the baseline regime

considered here, larger χ, σ, or m compress the intermediate stable-delay window (τ(1)
0 , τ

(2)
0 ), whereas

larger δ expands it.
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Figure 4. Sensitivity analysis of the Hopf thresholds on the upper equilibrium branch E3 at
ρ = 3. Each panel shows the dependence of the stabilizing threshold τ(1)

0 and the destabilizing
threshold τ(2)

0 on one parameter, with all other parameters fixed at the baseline values in
Table 1. The dashed black line marks the baseline value used in the main simulations, and
the abbreviation B/L denotes the baseline value.

These trends are consistent with the feedback structure of the reduced model. The sensitivity curves
should be interpreted as local model-based trends, since the parameters describe effective feedback
strength and time scales rather than directly measured molecular constants. Figure 4 therefore serves
as a qualitative robustness check of the Hopf scenario and indicates how adaptive inhibition and density
attenuation may shift the oscillatory regime in the reduced system.
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5. Conclusions

This paper proposed a reduced synNotch relay model to study how local density and intracellular
processing delay shape signaling dynamics. The model incorporates density-dependent attenuation,
delayed positive relay, cis-inhibition, and a slow adaptive inhibitory effect in a compact local
framework. Within this setting, the analysis follows two complementary routes. The first concerns
density-driven saddle-node bifurcation and identifies how variation in density organizes the equilibrium
branches, produces a folded branch structure, and generates a three-equilibrium interval together with
a low/high bistable subinterval when the outer-branch trace condition is satisfied. The second concerns
delay-induced Hopf bifurcation and determines how delay changes the local stability of positive
equilibria through stability switching, including the onset of periodic oscillation on the upper branch.

The numerical results support both parts of the analysis. Continuation of the equilibrium map
recovers the folded branch geometry and shows that, for the chosen parameter set, the bistable
subinterval ends before the upper fold because the upper branch loses stability at a trace-zero point.
Delay computations then verify the two-crossing Hopf scenario on the upper equilibrium branch: the
first critical delay stabilizes the equilibrium, and the second destabilizes it and is followed numerically
by a periodic branch. The sensitivity analysis further shows that the two Hopf thresholds vary
systematically with the adaptive feedback parameters and the density sensitivity coefficient, which
clarifies how the stable-delay window shifts in the reduced system.

Taken together, these results provide a local dynamical description of state selection and delay-
dependent stability in adaptive synNotch relay circuits. Density determines the available equilibrium
states and the range of genuine bistability, while delay determines whether the selected high-signaling
state remains stationary or develops oscillatory behavior. For the baseline parameter set considered
here, the nominal reference delay remains below the Hopf thresholds on the upper branch. The
oscillatory regime should therefore be interpreted as a delayed-feedback scenario admitted by the
reduced model under sufficiently large effective delays or altered feedback parameters, rather than
as a calibrated prediction for the reference experimental setting.

Two extensions are particularly important. One is to reconnect the local reduction to the full
spatial lattice framework and determine how contact heterogeneity and front steepness shift the fold
and Hopf thresholds in heterogeneous tissues. The other is to calibrate the reduced dynamics against
measured temporal response data and to compare alternative forms of adaptive inhibition. These steps
would clarify how the local thresholds identified here relate to multicellular synNotch patterning and
experimentally accessible regimes.
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