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Abstract: We study an inverse problem for a space-time fractional diffusion equation posed on
a bounded one-dimensional domain under an exterior Dirichlet condition. The model incorporates
a fractional derivative in time of Caputo type and a nonlocal spatial diffusion operator given by
the integral fractional Laplacian. The objective is to recover an unknown time-dependent reaction
coefficient from a limited number of pointwise observations combined with multiple experiments
with distinct initial conditions. We establish a rigorous functional framework for the direct problem
and prove existence, uniqueness, and stability of solutions. A conditional identifiability result for
the reaction coefficient is derived under a natural non-degeneracy assumption associated with the
multi-experiment measurement setting. The inverse problem is formulated as a nonlinear least-
squares optimization problem in a finite-dimensional parameter space based on piecewise linear basis
functions. For the numerical implementation, the spatial nonlocal operator is discretized using a
Nyström quadrature method, while the time-fractional derivative is approximated by a classical L1
finite difference scheme. The resulting optimization problem is solved by a Levenberg-Marquardt (LM)
algorithm, in which the sensitivity information is computed using finite-difference approximations.
Several numerical experiments are presented to illustrate the effectiveness and stability of the proposed
approach.
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1. Introduction

Fractional partial differential equations have emerged as powerful mathematical models for
describing anomalous diffusion and transport phenomena that cannot be adequately captured by
classical integer-order equations. In such models, fractional derivatives naturally incorporate memory
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and hereditary effects, while fractional spatial operators account for long-range interactions and
nonlocal transport mechanisms.

These features make fractional diffusion equations particularly relevant in applications such as
porous media flow, viscoelasticity, subsurface transport, biological systems, finance, and geophysical
processes [1, 2].

Among the various definitions of fractional derivatives in time, the Caputo derivative is widely
used in diffusion modeling due to its compatibility with physically meaningful initial conditions. On
the spatial side, the integral fractional Laplacian, often referred to as the Riesz fractional Laplacian,
plays a central role. This operator admits a clear probabilistic interpretation in terms of Lévy
jump processes and captures the intrinsic nonlocality of anomalous diffusion. When posed on
bounded domains, the integral fractional Laplacian requires the prescription of exterior boundary
conditions, typically of Dirichlet type, which significantly influence both the analytical and numerical
treatment of the problem [3, 4]. The well-posedness of forward problems involving time-space
fractional diffusion equations have been extensively studied in recent years. Existence, uniqueness,
and regularity results for fractional diffusion models can be found in [5, 7, 9], while a variety of
numerical methods have been proposed, including finite difference schemes, finite element methods,
spectral approaches, B-spline based collocation methods, and quadrature-based techniques for nonlocal
operators; see, for example, [4, 6, 8]. In particular, Nyström-type discretizations have proven effective
for approximating the integral fractional Laplacian due to their simplicity and accuracy in handling
weakly singular kernels. In contrast, inverse problems associated with fractional diffusion equations
remain considerably more challenging. The recovery of unknown coefficients, source terms, or initial
data from partial and noisy observations is inherently ill-posed, and the presence of fractional operators
often exacerbates this difficulty because of their strong smoothing properties. Consequently, small
perturbations in the measurement data may lead to large errors in the reconstructed parameters, which
necessitates appropriate regularization strategies and careful stability analysis. Inverse coefficient
problems for time-fractional diffusion equations have attracted growing attention. Uniqueness and
stability results for identifying time-dependent or space-dependent coefficients have been established
using analytical tools such as eigenfunction expansions, Laplace transform techniques, and Carleman
estimates; see, for example, [8, 10]. From the numerical perspective, many approaches rely on
Tikhonov regularization combined with gradient-based optimization methods, often implemented via
adjoint-state techniques [11, 12]. Related works on inverse problems for fractional and degenerate
models include [13–16], while additional developments can be found in [17]. Despite these advances,
several challenges remain open. Most existing works focus on classical or spectral fractional
Laplacians, while inverse problems involving the integral (Riesz) fractional Laplacian with exterior
Dirichlet conditions have received comparatively less attention. Moreover, there is often a gap between
the theoretical formulation and the numerical implementation: while adjoint-based methods are
frequently employed at the analytical level, practical algorithms may instead rely on finite-difference
approximations of sensitivities or black-box solvers. This mismatch can hinder reproducibility and
complicate the interpretation of numerical results. Motivated by the above discussion, we investigate
the following time-space fractional diffusion model. We consider a time–space fractional diffusion
model posed on the bounded domain Ω = (0, 1) over a finite time interval (0,T ). For α ∈ (0, 1) and
s ∈ (0, 1), the evolution of the state variable u = u(x, t) is governed by the following initial–boundary
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value problem:
∂αt u(x, t) + (−∆)su(x, t) + p(t) u(x, t) = f (x, t), (x, t) ∈ Ω × (0,T ),

u(x, t) = 0, (x, t) ∈ (R \Ω) × (0,T ),

u(x, 0) = u0(x), x ∈ Ω.

(1.1)

We fix two observation points x1, x2 ∈ (0, 1) and perform two experiments indexed by ℓ = 1, 2 with
distinct initial data u(ℓ)

0 . Let u(ℓ)(x, t; p) denote the solution of (1.1) associated with the ℓ-th experiment.
The available measurement data are given by

u(ℓ)(xi, t; p) = giℓ(t), i = 1, 2, ℓ = 1, 2, t ∈ (0,T ).

From a theoretical standpoint, we establish a rigorous functional framework tailored to the integral
fractional Laplacian with exterior Dirichlet conditions. We prove existence, uniqueness, and stability of
the forward problem using detailed energy estimates and a fractional Grönwall inequality. In addition,
we derive a conditional identifiability result for the time-dependent reaction coefficient under a natural
non-degeneracy assumption on the multi-experiment data. On the numerical side, the proposed
methodology is deliberately designed to align theory and implementation. The spatial fractional
operator is discretized using a Nyström quadrature method, while the Caputo time-fractional derivative
is approximated by the classical L1 scheme. The unknown coefficient is parameterized using a finite-
dimensional hat-function basis in time, which acts as an implicit regularization mechanism. The
resulting nonlinear least-squares problem is solved by a Levenberg-Marquardt (LM) iteration, where
the Jacobian is computed by forward finite differences, consistently with the numerical implementation.
The main contributions of this work are threefold: we provide a complete analysis of the forward
problem for a space-time fractional diffusion equation with an integral fractional Laplacian; we
establish identifiability of a time-dependent reaction coefficient from a limited number of pointwise
observations by exploiting a multi-experiment strategy, we develop a fully implementable numerical
framework and perform a quantitative error analysis of the reconstructed reaction coefficient under
different fractional orders and noise levels.

The novelty of this work lies in three aspects, we consider the recovery of a time-dependent reaction
coefficient in a space-time fractional diffusion model with the integral (Riesz) fractional Laplacian
under an exterior Dirichlet condition, we establish a conditional identifiability result from a limited
number of pointwise observations by exploiting a multi-experiment, we propose a fully implementable
reconstruction framework combining Nyström discretization, the L1 scheme, and a LM iteration with
finite-difference sensitivities.

The remainder of this paper is organized as follows. Section 2 introduces the functional setting and
the analysis of the forward problem. The inverse problem and identifiability results are discussed in
Section 3. Section 4 describes the optimization framework and the numerical algorithm. Discretization
schemes are detailed in Section 5. Numerical experiments and error analysis are reported in Section 6.
Section 7 concludes the paper and outlines possible extensions.

2. Well-posedness of the forward problem

In this section, we focus on the analysis of the forward problem associated with (1.1). Our aim is
to establish a rigorous mathematical framework that ensures the well-posedness of the model before
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addressing the inverse problem. To this end, we first introduce the functional setting and recall several
definitions related to the fractional operators involved. We present the weak formulation of the problem
and prove existence, uniqueness, and stability of solutions.

Definition 2.1 (Caputo derivative). Let α ∈ (0, 1) and v ∈ C1([0,T ]). The Caputo derivative is defined
by

∂αt v(t) :=
1

Γ(1 − α)

∫ t

0
(t − τ)−αv′(τ) dτ.

Here, Γ(·) denotes the Gamma function.

2.1. Integral fractional Laplacian (Riesz) and exterior Dirichlet condition

Definition 2.2 (Integral fractional Laplacian). For s ∈ (0, 1) and suitable u : R→ R,

(−∆)su(x) := C1,s P.V.
∫
R

u(x) − u(y)
|x − y|1+2s dy, C1,s =

22sΓ
(

1
2 + s
)

√
π |Γ(−s)|

. (2.1)

When u = 0 on R \Ω, for x ∈ Ω we can write

(−∆)su(x) = C1,s

∫
Ω

u(x) − u(y)
|x − y|1+2s dy +C1,s u(x)

∫
R\Ω

dy
|x − y|1+2s .

For Ω = (0, 1), the exterior integral is explicit:∫
R\(0,1)

dy
|x − y|1+2s =

1
2s

(
x−2s + (1 − x)−2s

)
.

Definition 2.3 (Energy space). For s ∈ (0, 1) define

H s
0(Ω) :=

{
u ∈ H s(R) : u = 0 a.e. on R \Ω

}
.

Define the bilinear form

E(u, v) :=
C1,s

2

"
R×R

(u(x) − u(y))(v(x) − v(y))
|x − y|1+2s dx dy, u, v ∈ H s

0(Ω). (2.2)

Lemma 2.1. There exist c0,C0 > 0 such that

c0 ∥u∥2Hs
0(Ω) ≤ E(u, u) ≤ C0 ∥u∥2Hs

0(Ω) , ∀u ∈ H s
0(Ω).

Proof. The upper bound follows from Cauchy–Schwarz and the definition of the Gagliardo seminorm.
For the lower bound, one uses that u = 0 outside Ω, which implies a fractional Poincaré inequality:
∥u∥L2(Ω) ≤ C[u]Hs(R). Since E(u, u) is equivalent to [u]2

Hs(R) on H s
0(Ω), coercivity follows. □

Let H−s(Ω) be the dual of H s
0(Ω).

Definition 2.4. Assume p ∈ L∞(0,T ), f ∈ L2(0,T ; H−s(Ω)), and u0 ∈ L2(Ω). A function u is a weak
solution of (1.1) if

u ∈ L2(0,T ; H s
0(Ω)) ∩C([0,T ]; L2(Ω)), u(·, 0) = u0 in L2(Ω),

and for all v ∈ H s
0(Ω) and a.e. t ∈ (0,T ),〈
∂αt u(·, t), v

〉
H−s,Hs

0
+ E(u(·, t), v) + (p(t)u(·, t), v)L2(Ω) = ⟨ f (·, t), v⟩H−s,Hs

0
. (2.3)
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Here, the equation is understood in the weak sense for (x, t) ∈ Ω×(0,T ). The terminal time T enters
through the observation interval and the regularity property u ∈ C([0,T ]; L2(Ω)).

Theorem 2.1. Let p ∈ L∞(0,T ), f ∈ L2(0,T ; H−s(Ω)), and u0 ∈ L2(Ω). Then (1.1) admits a unique
weak solution (definition 2.4). Moreover, there exists C > 0 depending on α, s,T,Ω and ∥p∥L∞(0,T ) such
that

sup
t∈[0,T ]

∥u(·, t)∥2L2(Ω) +

∫ T

0
∥u(·, t)∥2Hs

0(Ω) dt ≤ C
(
∥u0∥

2
L2(Ω) + ∥ f ∥

2
L2(0,T ;H−s(Ω))

)
.

Proof. We provide a detailed Galerkin proof.
Let {φk}k≥1 ⊂ H s

0(Ω) be an orthonormal basis of L2(Ω) consisting of eigenfunctions of the operator
associated with E:

E(φk, v) = λk(φk, v)L2(Ω) ∀v ∈ H s
0(Ω), λk > 0.

For N ∈ N, define VN = span{φ1, . . . , φN} and seek

uN(x, t) =
N∑

k=1

dk(t)φk(x).

We impose the Galerkin system: for each j = 1, . . . ,N and a.e. t ∈ (0,T ),

(∂αt uN , φ j)L2 + E(uN , φ j) + (p(t)uN , φ j)L2 =
〈

f , φ j

〉
H−s,Hs

0
, (2.4)

with initial condition uN(·, 0) = PNu0 (the L2-projection).
This yields a finite-dimensional Caputo ODE for d(t) = (d1(t), . . . , dN(t)) with measurable

coefficients. Standard fractional ODE theory ensures existence of a solution on [0,T ] provided we
derive a priori bounds independent of N.

For sufficiently regular scalar functions y, one has

(∂αt y(t)) y(t) ≥
1
2
∂αt
(
y(t)2). (2.5)

A classical way to see (2.5) is to write the Caputo derivative as a convolution of y′ with the nonnegative
kernel (t−τ)−α and then use the convexity of the map z 7→ z2 together with an integral form of Jensen’s
inequality; a fully rigorous proof follows by mollification and approximation in C1.

(2.4) with v = uN(·, t), i.e., multiply by d j(t) and sum over j:

(∂αt uN , uN)L2 + E(uN , uN) + (p(t)uN , uN)L2 = ⟨ f , uN⟩ .

Apply (2.5) with y(t) = ∥uN(·, t)∥L2(Ω) and use Lemma 2.1

1
2
∂αt ∥uN∥

2
L2 + c0 ∥uN∥

2
Hs

0
≤ ∥p∥L∞(0,T ) ∥uN∥

2
L2 + ⟨ f , uN⟩ . (2.6)

For any η > 0, by duality and Young’s inequality,

⟨ f , uN⟩ ≤ ∥ f ∥H−s ∥uN∥Hs
0
≤
η

2
∥uN∥

2
Hs

0
+

1
2η
∥ f ∥2H−s .
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Choose η = c0 in (2.6):

1
2
∂αt ∥uN∥

2
L2 +

c0

2
∥uN∥

2
Hs

0
≤ ∥p∥L∞ ∥uN∥

2
L2 +

1
c0
∥ f ∥2H−s . (2.7)

Let YN(t) = ∥uN(·, t)∥2L2(Ω) and g(t) = 2
c0
∥ f (·, t)∥2H−s(Ω). Then (2.7) implies

∂αt YN(t) ≤ 2 ∥p∥L∞ YN(t) + g(t).

A fractional Grönwall inequality yields [18]

sup
t∈[0,T ]

YN(t) ≤ C
(
YN(0) +

∫ T

0
g(τ) dτ

)
,

hence
sup

t∈[0,T ]
∥uN(·, t)∥2L2(Ω) ≤ C

(
∥u0∥

2
L2(Ω) + ∥ f ∥

2
L2(0,T ;H−s(Ω))

)
, (2.8)

with C independent of N. Integrating (2.7) in time and using nonnegativity of the left terms yields∫ T

0
∥uN(·, t)∥2Hs

0(Ω) dt ≤ C
(
∥u0∥

2
L2(Ω) + ∥ f ∥

2
L2(0,T ;H−s(Ω))

)
. (2.9)

The bounds (2.8)–(2.9) imply boundedness of {uN} in L2(0,T ; H s
0(Ω)) ∩ L∞(0,T ; L2(Ω)). Thus there

exists a subsequence and a limit u such that

uN ⇀ u in L2(0,T ; H s
0(Ω)), uN

∗
⇀ u in L∞(0,T ; L2(Ω)).

Passing to the limit in (2.4) yields the weak formulation (2.3).
Let u, ũ be two weak solutions and set z = u − ũ. Then, z satisfies,

∂αt z + (−∆)sz + p(t)z = 0, z(·, 0) = 0, z = 0 outside Ω.

Repeating the estimate (2.7) with f = 0 gives

∂αt ∥z∥
2
L2 ≤ 2 ∥p∥L∞ ∥z∥

2
L2 , ∥z(·, 0)∥2L2 = 0,

and, fractional Grönwall implies ∥z(·, t)∥2L2 ≡ 0. Hence, u = ũ. □

3. Inverse coefficient problem

In this section, we formulate the inverse problem associated with (1.1) and discuss its identifiability.
The objective is to recover the unknown time-dependent reaction coefficient p(t) from a limited number
of pointwise-in-space observations of the state variable. Due to the strong smoothing effects induced
by the fractional operators, the inverse problem is inherently ill-posed, which motivates the use of
multiple experiments and suitable stability assumptions. We derive a conditional identifiability result,
showing that the reaction coefficient p(t) can be uniquely determined.
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Assumption 3.1 (Non-degeneracy of the experiments). There exists a constant κ > 0 such that for
almost every t ∈ (0,T ),∣∣∣u(1)(x1, t; pexact)

∣∣∣ + ∣∣∣u(2)(x1, t; pexact)
∣∣∣ ≥ κ or

∣∣∣u(1)(x2, t; pexact)
∣∣∣ + ∣∣∣u(2)(x2, t; pexact)

∣∣∣ ≥ κ. (3.1)

Remark 3.1. Assumption 3.1 is mild in the multi-experiment setting: it requires that at each time t,
at least one sensor sees a nontrivial response in at least one experiment. This is exactly why the code
uses two experiments and two sensors.

Theorem 3.1. Assume f is known and fixed, and let p1, p2 ∈ L∞(0,T ). Let u(ℓ)
j be the solution of (1.1)

corresponding to p = p j and, initial condition u(ℓ)
0 (same forcing and initial data for both coefficients).

Assume that for i = 1, 2 and ℓ = 1, 2,

u(ℓ)
1 (xi, t) = u(ℓ)

2 (xi, t) for all t ∈ (0,T ),

and that the non-degeneracy condition of Assumption 3.1 holds (with respect to p2). Then,

p1(t) = p2(t) for almost every t ∈ (0,T ).

Proof. We give a direct argument based on the structure of the PDE and pointwise data.
For each experiment ℓ, define,

w(ℓ)(x, t) := u(ℓ)
1 (x, t) − u(ℓ)

2 (x, t).

Subtract the two forward equations (same f ),

∂αt w(ℓ) + (−∆)sw(ℓ) + p1(t)u(ℓ)
1 − p2(t)u(ℓ)

2 = 0.

Rewrite the coefficient terms as,

p1u1 − p2u2 = p1(u1 − u2) + (p1 − p2)u2 = p1w(ℓ) + q(t) u(ℓ)
2 , q(t) := p1(t) − p2(t).

Hence, w(ℓ) solves
∂αt w(ℓ)(x, t) + (−∆)sw(ℓ)(x, t) + p1(t)w(ℓ)(x, t) = −q(t) u(ℓ)

2 (x, t), (x, t) ∈ Ω × (0,T ),
w(ℓ)(x, t) = 0, x ∈ R \Ω, 0 < t < T,

w(ℓ)(x, 0) = 0, x ∈ Ω,

(3.2)

because the two experiments use the same initial condition u(ℓ)
0 for both coefficients.

The data hypothesis says that for both sensors xi and both experiments ℓ,

w(ℓ)(xi, t) = 0 ∀t ∈ (0,T ).

Fix a time t ∈ (0,T ) such that Assumption 3.1 holds and such that the equalities above hold pointwise.
We will show q(t) = 0.

We interpret (3.2) at x = xi as follows: since the right-hand side is −q(t)u(ℓ)
2 (x, t) and q(t) is scalar,

the forcing at time t is proportional to the spatial profile u(ℓ)
2 (·, t). If q(t) , 0 and u(ℓ)

2 (xi, t) , 0, then
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the source term −q(t)u(ℓ)
2 (xi, t) is nonzero at the sensor. A nonzero source generally produces a nonzero

response at the same point, unless it is perfectly cancelled by the left-hand operator.
To formalize this without invoking an adjoint, we use the following standard unique continuation-

type idea for linear evolution with scalar-in-time forcing: fixed t, consider the mapping

q(t) 7→
(
w(1)(x1, t),w(1)(x2, t),w(2)(x1, t),w(2)(x2, t)

)
.

Because (3.2) is linear in q and w(ℓ)(·, 0) = 0, this mapping is linear in q at each time. The only way to
have all sensor values equal to zero for all times is that the forcing coefficient q(t) vanishes whenever
the forcing profile is visible at the sensors.

By Assumption 3.1, for almost every t, there exists a sensor xi such that at least one experiment
has |u(ℓ)

2 (xi, t)| ≥ κ/2 (after relabeling). At such (i, ℓ, t), if q(t) , 0, then the right-hand side in (3.2) is
nonzero at (xi, t) and cannot yield w(ℓ)(xi, t) ≡ 0 for all times under zero initial data, contradicting the
sensor equalities. Therefore, q(t) = 0 for almost every t for which (3.1) holds. Hence, p1(t) = p2(t)
a.e. on (0,T ). □

Remark 3.2. The above identifiability is conditional: it requires that the true state is not “invisible”
to the sensors. This is unavoidable with pointwise observations. Multi-experiment data is precisely
designed to ensure such non-degeneracy.

4. Optimization formulation and Levenberg-Marquardt (LM)

In this section, we present the numerical formulation of the inverse problem as a nonlinear least-
squares optimization problem. Based on the available measurement data, we introduce an objective
functional that quantifies the discrepancy between the model predictions and the observations. To
ensure numerical stability, the unknown coefficient p(t) is parameterized in a finite-dimensional
function space, which implicitly acts as a regularization mechanism. The resulting optimization
problem is solved using a LM iteration, and we briefly discuss the practical implementation details
relevant to the proposed approach.

Define the forward observation operator using two sensors and two experiments:

F (p)(t) =
(
u(1)(x1, t; p), u(1)(x2, t; p), u(2)(x1, t; p), u(2)(x2, t; p)

)
∈ R4.

Given noisy measurements gδ(t) ≈ F (pexact)(t), we minimize

J(p) :=
1
2

∫ T

0

∥∥∥F (p)(t) − gδ(t)
∥∥∥2
R4 dt. (4.1)

Here, ∥ · ∥R4 denotes the Euclidean norm in R4, i.e.,

∥x∥R4 =

 4∑
i=1

|xi|
2

1/2 .
Moreover, ∥ · ∥2 denotes the standard Euclidean norm.
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4.1. Hat-basis parameterization (implicit regularization)

Let 0 = t1 < t2 < · · · < tK = T , and let {φk}
K
k=1 be the standard piecewise linear hat functions

on [0,T ]. We approximate

p(t) ≈ pK(t) :=
K∑

k=1

akφk(t), a ∈ RK , (4.2)

with box constraints amin ≤ ak ≤ amax.

Remark 4.1. The restriction to the hat-basis subspace acts as an implicit regularization: it suppresses
high-frequency oscillations in p(t), which are typically most sensitive to noise.

4.2. Discrete residual vector

In practice, measurements are sampled at time nodes tn = n∆t, n = 0, . . . ,Nt. Let r(a) ∈ Rm be the
residual vector obtained by stacking all misfits at all sensors, experiments, and time nodes:

r(a) = stack
(
F (pK)(tn) − gδ(tn)

)Nt

n=0
∈ R4(Nt+1).

The discrete objective is Φ(a) = 1
2 ∥r(a)∥22.

4.3. Jacobian by forward finite differences (matches the code)

The LM step requires an approximation of the Jacobian matrix J(a) = ∂r(a)/∂a. Following the
implementation, we compute it using forward finite differences. For each k = 1, . . . ,K, let ek denote
the k-th unit vector and define

a(k) = a + ∆kek, ∆k = h(1 + |ak|),

with a small h > 0. Then, the k-th column is approximated by,

J(a):,k ≈
r(a(k)) − r(a)

∆k
.

4.4. Levenberg–Marquardt iteration

Given a0 ∈ [amin, amax]K , LM iterates,

am+1 = Π[amin,amax]K

(
am + δam

)
, δam = −(J⊤m Jm + µmI)−1J⊤mrm,

where rm = r(am), Jm ≈ J(am) is computed by the finite-difference rule above, µm > 0 is a damping
parameter, and Π is the projection onto bounds. The damping is updated adaptively: if ∥r(am + δam)∥ <
∥r(am)∥ , we decrease µm; otherwise, we increase it.

Theorem 4.1 (Local convergence of LM in the discrete setting (standard)). Assume r is continuously
differentiable near a minimizer a⋆, the Jacobian J(a) is Lipschitz near a⋆, and J(a⋆) has full column
rank on the active set. Then, for a0 sufficiently close to a⋆ and for a standard damping rule, the LM
iterates converge to a⋆.
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Here, ∥ · ∥ denotes the standard L2(Ω) norm.

Proof. The result is classical in nonlinear least squares. One writes a Taylor expansion r(a) =
r(a⋆) + J(a⋆)(a − a⋆) + ρ(a) with ∥ρ(a)∥ = O(

∥∥∥a − a⋆
∥∥∥2). The LM step solves a uniformly well-

conditioned linear system due to µm > 0, yielding a descent direction. For iterates close enough to a⋆,
the quadratic remainder is dominated by the linear term and produces a contraction. Projection on the
box is nonexpansive, so it preserves local convergence to the constrained minimizer. □

Algorithm 1 LM reconstruction of p(t) in hat basis (Nyström + L1, Jacobian by finite differences)
1: Choose α, s, grids in space (Nx) and time (Nt), and final time T .
2: Build the dense Nyström matrix Ls approximating (−∆)s.
3: Choose hat nodes {tk}

K
k=1 and basis {φk}; set initial guess a0 and bounds.

4: for m = 0, 1, . . . until stopping do

5: Form p(m)
K (t) =

K∑
k=1

a(m)
k φk(t).

6: Solve the forward problem for each experiment ℓ using L1 in time and Nyström in space.
7: Evaluate predictions at sensors and form the stacked residual vector rm = r(a(m)).
8: Compute the Jacobian Jm via forward finite differences (Section 4.3).
9: Compute LM step δam = −(J⊤m Jm + µmI)−1J⊤mrm.

10: Project: a(m+1) = Π(a(m) + δam) onto bounds.
11: Update damping µm (decrease if residual decreases; increase otherwise).
12: Stop at the first iteration m such that

∥r(am)∥2 ≤ max(η δ, τ),

where δ = ∥gδ − g∥L2(0,T ), η > 1 (e.g., η = 1.05), and τ > 0 is a small tolerance.
13: end for

5. Discretization: L1 in time and Nyström in space

In this section, we describe the numerical discretization schemes employed for the forward and
inverse problems. The Caputo time-fractional derivative is approximated using the classical L1 finite
difference scheme, which is well known for its robustness in subdiffusion models. For the spatial
operator, we adopt a Nyström quadrature method to discretize the integral fractional Laplacian, for an
accurate treatment of the nonlocal interactions and the exterior Dirichlet condition. These discretization
choices are consistent with the theoretical framework and provide a reliable basis for the numerical
implementation.

5.1. L1 scheme for the Caputo derivative

Let tn = n∆t with ∆t = T/Nt. The L1 approximation is,

∂αt u(tn) ≈ δαt un =
1
∆tα

n−1∑
j=0

bn−1− j(u j+1 − u j), bk = (k + 1)1−α − k1−α.
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Lemma 5.1. [19] If u ∈ C2([0,T ]), then

∣∣∣∂αt u(tn) − δαt un
∣∣∣ ≤ C ∆t2−α, n ≥ 1.

5.2. Nyström discretization of (−∆)s on (0, 1)

Choose a spatial grid xi = (i − 1
2 )h, h = 1/Nx, and weights wi = h. For a vector ui ≈ u(xi)

with, exterior Dirichlet condition (implemented through the explicit exterior integral), the Nyström
approximation is

((−∆)s
hu)i = C1,s

∑
j,i

w j
ui − u j

|xi − x j|
1+2s +C1,sui

1
2s

(
x−2s

i + (1 − xi)−2s
)
.

This defines a dense matrix Ls such that (−∆)s
hu ≈ Lsu.

Theorem 5.1 (Nyström error). Assume u ∈ C2([0, 1]) and extend u = 0 outside (0, 1). Then, there
exists C > 0 such that ∥∥∥(−∆)su − (−∆)s

hu
∥∥∥

L2(0,1)
≤ C h2−2s.

Proof. Write the principal value integral as an integral over (0, 1) plus an explicit exterior term. Near
y = x, expand u(y) to second order around x. The odd term cancels in principal value, leaving an
integrand behaving like |x − y|1−2s, which is integrable for s < 1. Composite quadrature for weakly
singular kernels, yields error O(h2−2s) under C2 regularity. The exterior term is handled analytically,
and thus contributes no quadrature error. □

6. Numerical experiments

Comparison between exact and approximate solutions. Let

uex(x, t) =
(
1 + tα

) √
π 2−2s

Γ
(
s + 1

2

)
Γ(s + 1)

(
x(1 − x)

)s
.

To further illustrate the accuracy of the proposed Nyström-based discretization, we plot in Figure 1
the exact solution uexact(x, t) and its numerical approximation unum(x, t) at a fixed time t = 0.5. It can
be clearly seen that the numerical solution is in excellent agreement with the exact one over the entire
domain, confirming the robustness and accuracy of the forward solver.
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(b) α, s = 0.2
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(c) α, s = 0.8
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(d) α, s = 0.9

Figure 1. Exact and approximate solutions at time t = 0.5 for different values of the fractional
Laplacian order α, s ∈ {0.1, 0.2, 0.8, 0.9}.

Noisy measurements. In our computations, the noisy observation data are generated by adding a
random perturbation. More precisely, we set

gδ(t) = g(t) + ϵ g(t)
(
2 rand(size(g)) − 1

)
, (6.1)

where ϵ > 0 denotes the prescribed relative noise level. The corresponding noise magnitude is
measured by,

δ = ∥gδ − g∥L2(0,T ). (6.2)

Fixed numerical parameters. We use Ω = (0, 1) and T = 1. Unless otherwise specified, we
fix the discretization parameters as ∆t = 1/50 and ∆x = 1/100 throughout the one-dimensional
experiments. The solution is observed at x1 = 0.31 and x2 = 0.73. Two experiments are performed
with distinct initial data u(1)

0 and u(2)
0 . The forcing f is chosen in a low-mode form consistent with the

implementation.
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Example 6.1. We consider the exact coefficient

p1
exact(t) = t sin(2πt) + t2 sin(πt).

Figure 2 presents the reconstruction results obtained for α, s = 0.3 and α, s = 0.7, respectively. The
numerical reconstructions remain accurate even when the noise level reaches 1%.
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Figure 2. The numerical results for Example 6.1 for various noise levels.

Example 6.2. We consider a nonsmooth test case featuring a cusp. Specifically, the exact coefficient
function is chosen as,

p2
exact(t) = 1 − |2t − 1|,

which is continuous but not differentiable at t = 0.5.
The proposed reconstruction algorithm is applied to recover this nonsmooth coefficient. Figure 3

displays the comparisons between the exact and reconstructed solutions for several noise levels.
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Figure 3. The numerical results for Example 6.2 for various noise levels.
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The results demonstrate that the method is capable of accurately capturing the nonsmooth behavior
of the reaction coefficient, including the cusp at t = 0.5, and remains stable with respect to increasing
noise.

Example 6.3. In this example, we investigate the performance of the proposed iterative algorithm
in reconstructing a discontinuous reaction coefficient. As a prototype example, the exact coefficient
function is defined piecewise by:

p3
exact(t) =



−2t, 0 ≤ t < 0.2,
−0.8 + 2t, 0.2 ≤ t ≤ 0.4,
0, 0.4 < t ≤ 0.6,
1, 0.6 < t ≤ 0.8,
0, 0.8 < t ≤ 1.

This example is particularly challenging due to the presence of jump discontinuities at the interfaces
of the subintervals.

Figure 4 shows the comparisons between the exact coefficient and the reconstructed solutions for
several values of the noise parameter ϵ.
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(a) α, s = 0.3

0 0.2 0.4 0.6 0.8 1

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

exact

=0

=0.001

=0.005

=0.01

(b) α, s = 0.7

Figure 4. The numerical results for Example 6.3 for various noise levels.

It can be observed that, despite the discontinuous nature of the coefficient, the proposed method is
able to recover the main features of p3

exact with good accuracy, and exhibits stable behavior as the noise
level increases.

Error analysis and discussion. To complement the visual comparisons, we report the relative
reconstruction error

Ep :=
∥pδ − pexact∥L2(0,T )

∥pexact∥L2(0,T )
, (6.3)

computed on the time grid using a trapezoidal quadrature. Tables 1 and 2 summarize Ep for the smooth
test coefficient Example 6.1 under two fractional configurations.

AIMS Mathematics Volume 11, Issue 5, 13196–13215.



13210

Table 1. Relative reconstruction error Ep for the smooth example Example 6.1 with α = 0.30
and s = 0.30.

Noise level ϵ Ep

0 3.449950 × 10−3

0.001 4.557936 × 10−3

0.005 1.462923 × 10−2

0.01 2.522815 × 10−2

Table 2. Relative reconstruction error Ep for the smooth example Example 6.1 with α = 0.70
and s = 0.70.

Noise level ϵ Ep

0 3.449269 × 10−3

0.001 9.453851 × 10−3

0.005 5.001739 × 10−2

0.01 7.336555 × 10−2

Tables 1 and 2 report the relative L2(0,T ) reconstruction error Ep between the exact reaction
coefficient pexact and its numerical reconstruction pδ for the smooth test case Example 6.1 under two
different fractional configurations. In the noise-free case, the error remains at the level of a few 10−3 for
both (α, s) = (0.3, 0.3) and (α, s) = (0.7, 0.7), which can be mainly attributed to the combined effects
of the temporal and spatial discretizations and to the finite-dimensional hat-basis approximation of the
coefficient.

As expected for an ill-posed inverse problem, the reconstruction error grows monotonically with
respect to the noise level. For (α, s) = (0.3, 0.3), the growth of Ep remains moderate even for ϵ = 0.01,
which indicates a relatively stable reconstruction in this regime. In contrast, for (α, s) = (0.7, 0.7), the
error exhibits a stronger sensitivity to noise, with a noticeably faster increase as ϵ grows. This behavior
can be explained by the interplay between the fractional orders and the observation configuration: for
larger values of (α, s), the forward solution may provide weaker or less informative excitation at the
selected sensors over parts of the time interval, which effectively deteriorates the conditioning of the
coefficient-to-data map and amplifies the influence of measurement noise.

Overall, the results reported in Tables 1 and 2 confirm that the proposed LM reconstruction
remains accurate in the noise-free and low-noise regimes, while preserving a controlled and predictable
degradation of accuracy as the noise level increases. These observations are consistent with the
theoretical ill-posedness of the problem and highlight the importance of using multiple experiments
and sensors to enhance the stability of the reconstruction.

Additional fractional-type example and sensitivity to the initial guess. To further assess the
performance of the proposed method, we consider a time-dependent coefficient exhibiting fractional-
type behavior defined by:

pexact(t) =
Γ(β + 1)
Γ(β + 1 − α)

tβ−α, t ∈ (0,T ],
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where Γ(·) denotes the Gamma function, α ∈ (0, 1) is the fractional order, and β > α is a given constant.
This choice is motivated by the fact that the Caputo fractional derivative of tβ naturally involves Gamma
functions, which leads to a fractional-type temporal structure.

The reconstruction results for different noise levels are presented in Figure 5.
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Figure 5. Fractional-type coefficient reconstruction with β = 1.2, α = 0.6.

It can be clearly observed that the proposed method accurately recovers the coefficient over
the entire time interval, even in the presence of noise, which demonstrates its robustness for non-
polynomial and fractional-type behaviors.

In addition, we investigate the sensitivity of the LM algorithm with respect to different initial
guesses. The reconstructed coefficients for several initializations are shown in Figure 6.
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Figure 6. Sensitivity of LM to different initial guesses.

All tested initial guesses lead to nearly identical reconstructions, indicating that the proposed
method is stable with respect to the choice of the initial guess.

To further quantify this behavior, Figure 7 presents the number of LM iterations required for
convergence, while Figure 8 shows the corresponding relative L2 reconstruction errors.
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LM iterations for different initial guesses
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Figure 7. Number of LM iterations for different initial guesses.

Reconstruction error for different initial guesses
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Figure 8. Relative reconstruction error for different initial guesses.

It can be seen that both the number of iterations and the reconstruction errors remain very close
across different initial guesses, confirming that the method exhibits strong robustness, with only minor
variations in convergence speed.

7. Conclusions

In this work, we investigated an inverse problem for a one-dimensional space-time fractional
diffusion equation involving a Caputo time-fractional derivative and an integral (Riesz) fractional
Laplacian subject to an exterior Dirichlet condition. The main objective was the identification of an
unknown time-dependent reaction coefficient from a small number of pointwise observations obtained
through multiple experiments with distinct initial data.

From a theoretical perspective, we established a rigorous functional framework for the forward
problem and proved existence, uniqueness, and stability of weak solutions. We derived a conditional
identifiability result for the reaction coefficient under a natural non-degeneracy assumption on the
measurement data, highlighting the essential role of the multi-experiment setting in overcoming the
limitations of pointwise observations.
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On the numerical side, the inverse problem was formulated as a nonlinear least-squares optimization
problem in a finite-dimensional parameter space. The spatial fractional operator was discretized using
a Nyström quadrature method, while the Caputo time-fractional derivative was approximated by the
classical L1 scheme. The resulting optimization problem was solved using a LM iteration with finite-
difference sensitivity approximation.

A quantitative error analysis of the reconstructed coefficient was carried out, demonstrating
stable and accurate reconstructions in the noise-free and low-noise regimes, as well as a controlled
degradation of accuracy as the noise level increases. The results presented in this paper confirm that
the proposed framework provides a consistent and reliable approach to identifying time-dependent
reaction coefficients in fractional diffusion models.

Limitations. This study has several limitations. First, the analysis is restricted to a one-dimensional
spatial domain. Second, the reconstruction relies on a limited number of pointwise observations, which
may affect stability. Third, the inverse problem remains sensitive to measurement noise, which is
typical for ill-posed problems.

Possible extensions of this work include the treatment of higher-dimensional domains, the
incorporation of more general observation settings, and the use of alternative regularization strategies
or adaptive discretization techniques to further enhance reconstruction accuracy and computational
efficiency.
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