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1. Introduction

In 2006, Tian and Nie [1] considered the following autonomous enterprise cluster model:

d
fl(f) = x(0{a = by () = OO - 27

dy(t) (1.1)

e - y(r)(az — byy() + bya(x(t) — cl)z),

where x and y denote the output of two enterprises, respectively, a; (i = 1,2) is intrinsic growth rate,
bi; (i,j = 1,2) denotes the competitive coefficients, and ¢; (i = 1,2) denotes the initial production
of the enterprise. There is competition and cooperation between different enterprise clusters, so the
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establishment of a biological population model can be used to construct enterprise cluster models.
Liao, Xu, and Tang [2] studied the competition and cooperation system of two enterprises with delay,

d

z'(tt) = x(t)(al = bix(t = 1) = b(y(t = 7) = C2)2)
d
% - )’(t)(az = byt = 7) + by(x(t = 7) — Cl)z)’

where 7 > 0 is the delay. If b%ldl > blzdg, the above system exists a unique positive equilibrium, where
dy = ay — byc1, and d» = a, — by c,. Furthermore, when 7 = 0, the positive equilibrium of the system
is asymptotically stable. The authors also studied the complex Hopf bifurcation phenomenon at the
positive equilibrium under different delays. In order to investigate the impact of different time delays
on the dynamic behavior of enterprise cluster models, they further studied enterprise cluster models
with two time delays in [3]. Using the continuation theorem of coincidence degree theory and the
Lyapunov functional method, Xu and Shao [4] investigated an enterprise cluster model with impulse
and obtained the existence and global attractivity of the positive periodic solution. The authors of [5]
considered an enterprise cluster model on time scales. Based on the comparison theorem on time scales
and the construction of a suitable Lyapunov functional, the permanence of an asymptotically stable and
almost periodic solution of the system was obtained. Muhammadhaji and Maimaiti [6] dealt with an
enterprise cluster model involving discrete time delays and feedback controls. They proposed new
criteria for the permanence, periodic solution, and global attractiveness of the model.

Enterprise clusters are located in complex external environments and are subject to various
uncontrollable factors, making the study of stochastic enterprise cluster models particularly
important. For studying the impact of stochastic environmental noise on the intrinsic growth rate a;,
we can take two ways: The first way to interfere with g; is by linear Gaussian white noise

dB;(1)

dr ’
where a@; denotes the mean level of the maximal intrinsic growth rate @;, which is a positive constant;
B;(?) is a standard Wiener process; and v; represents the intensity of environmental noise. The second
way to interfere with a; is by a classical mean-reverting Ornstein-Uhlenbeck process [7], where we
have

a;=a; +v;

i=1,2,

da,'(f) = 011((?1,' - Cli(t))dl + a’de,'(l'), (12)

where a; and a, are positive constants which denote the speed of reversion and the intensity of
volatility, respectively. From the discussions in [8] and [9], we have

ai(t) = a; + (a;,0) — ae ™" + % V1 - e—zw?. (1.3)

Combining systems (1.1) and (1.2), we can get the following system:
ax(t) = x(0) s = buux(t) = bra((®) - c* Jdr

dy(r) = )’(f)(az — byy(t) + by(x(t) — cl)z)dr, (1.4)
da,-(t) =a(a; — ai(t))dt + Q’dei(t).
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Furthermore, combining systems (1.3) and (1.4), we can get the following system:

dx(r) = X(t)(c'n F(@(0) = a)e™ — byyx(t) — b(() - c2>2)dr

a
+ V1 — e 22'x(1)d B, (t
o ()dB, (1)

dy(r) = y(l)(é_lz T (@(0) = an)e™" — boyy(t) + by(x(t) - cl)z)dr
+ \/az_ VI = e2aty(1)d By ().

20’1

(1.5)

The mean-reverting Ornstein-Uhlenbeck process was first introduced by Dixit and Pindyck in [10]
for studying investment. Allen [11] studied a stochastic Ornstein-Uhlenbeck process (also known as
the mean-reverting process), which has many advantages over linear functions of white noise. Song
and Zhang [12] established a new epidemic model incorporating the Ornstein-Uhlenbeck process and
obtained stationary distribution and extinction of the system. In [13], assuming that the intrinsic growth
rate and the death rate are governed by the Ornstein-Uhlenbeck process, the authors studied a stochastic
predator-prey model with distributed delay and obtained rich dynamic properties, including stationary
distribution, a probability density function, and extinction. For more recent advances concerning the
Ornstein-Uhlenbeck process and stochastic models, see [14—18] and related references.

To be best our knowledge, few people have studied the enterprise cluster under the influence of
color noise. Therefore, System (1.5) is a new breakthrough in the dynamical behavior of the stochastic
enterprise cluster model. Here, we study the solution characteristics of this model and explore its rich
dynamic behaviors.

In this paper, let (Q2, F, P) be a complete probability space with a filtration {F’};>o which satisfies the
usual conditions, and R? = {x = (x;,x2) € R? : x1, x, > 0}.

We list the main innovations of this paper as follows:

(1) There are no papers for studying a stochastic enterprise cluster model with a mean-reverting
Ornstein-Uhlenbeck process. This study fills the gap in the aforementioned research.

(2) We use Lyapunov functions and the stochastic analysis method for obtaining the existence,
stochastically ultimate boundedness, exponential extinction, and persistence in the mean of the
system.

(3) System (1.5) is a stochastic enterprise cluster model which can more accurately reflect the actual
situation than previous models.

This paper is organized as follows. In Section 2 , we show the existence and uniqueness of global
positive solutions and the stochastically ultimate boundedness of System (1.5). In Section 3, sufficient
conditions for the exponential extinction of the enterprise x are given. In Section 4, we study
persistence in the mean of System (1.5). In Section 5, two numerical simulations are given for
verifying our theoretical results. In Section 6, we conclude the paper and discuss future work.

2. Existence and stochastically ultimate boundedness
In this section, we will give the global positive existence conditions and stochastically ultimate
boundedness for System (1.5).

Theorem 2.1. For each initial value (x(0),y(0)) € R?, System (1.5) has a unique positive solution
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(x(1),¥(t)) on t > 0, and the solution will stay in Ri with probability 1.
Proof. The initial part of the proof is similar to that of [9]. Hence, we omit it here and only provide the
most critical step, that is, to construct the C*—function W, : Ri — Ry

Wox,y) =x" =1 —=piInx + p(y = 1 = Iny),

where p;(i = 0, 1,2) is a positive constant which will be determined later. It is easy to see that Wy (x, y)
is continuous and goes to oo as (x, y) goes to the boundary of Ri. Obviously, Wy (x,y) has a minimum
value Ny. Then, we can define the C*>—function W by

W,y)=x"-1-pInx+ p,(y -1 —Iny) - Ny.

It follows by Ito’s formula to the above function that

dW = LWdt + (pox™™" = pix7) ® Vi- e 20 x(1)dB (1)
‘V2a1

1 (0%}
+po(1- = V1 — e21y(1)d By (1),

where

LW = (pox™" - Plx_l)x(f)(c_ll +(a1(0) —anNe™™" = by x(t) — b (y(1) - 02)2)
2
 (Popo = D 4 pr) (1 - e

Loola g P2 | 2
# pa1l = D0+ (@x(0) =@ = bary(®) + batx() 1) + (L )
1
< @1 pox™ + (a1(0) = a)e™ " pox™ — by pox™*! + piby1x + pibia(y - )’
2 2

+ po(po — D~Za? 4 py—2
A0 4(1’1 14(1’1
@
+ padiay + p2ax(0)y + padiy + pabary — pabay* + payba(x — ¢1)* + pa T
1

2
a
< laipo +ai(0)po + p1by; + P(2)—4af 1x7° = poby1xP* + 0.5 pybyx?
!

+ [@yp2 + a2 (0)py + pabaact + pabyily + [pib1z + 0.5p2byy — paby 1y

2 (1’2

a
- 2 2 - 2
+ p1a; + Pig- + p1biac; + axpr + P
@y ay

We can choose p; (i = 0, 1, 2) satisfying

Po >3, pibia +0.5pyby — paby < 0.

Thus,
LW<C,

where C is a positive constant. The remaining proof is similar to the one of Theorem 2.1 in [9], so we
omit it. This completes the proof.
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The ultimate boundedness of solutions demonstrates the global existence of the system. Therefore,
studying the properties of these solutions can provide a deeper understanding of the system. For
System (1.5), we give the following definition:

Definition 2.1. System (1.5) is said to be stochastically ultimately bounded if for each ¢ € (0, 1) and
initial data (x(0), y(0)) € Ri, there exists a positive constant L(¢) such that the solution z(¥) = (x(), y(¢))
of System (1.5) satisfies the following property:

limsup P(jz(t)| < L) > 1 —g.
—o0

In this section, because the outputs of x and y are limited, we assume that x and y have maximum
value K > 0.
Theorem 2.2. For any given initial data (x(0),y(0)) € R2. Then, System (1.5) is stochastically
ultimately bounded.
Proof. Let

1
Vix,y) = é(xe + ye), xyeR,, 6e 1],

Using Ito’s formula, System (1.5) leads to

(0%) (0%)
dV(x,y) = LV(x,y)dt + x° V1 — e 2dB () + ' V1 — e211d B (1), 2.1
(x,y) (x,y) o 1(1) +y o 2(1) (2.1

where

LV(xy) = xg(al +(@(0) = a)e™ — byyx(t) — b((r) - c2>2)
a,z
+0.25(0 — 1)—=(1 — e 2211 x?
4([1

¥ yg(flz + (@(0) = ane " — by y(t) + by(x(t) - coz)
C¥2

+0.25(0 — 1)—2(1 — e~ 2011)y?
4@1

< @ + a1 (0)x% = by x"? + (@ + ay(0) + byact)y? — bayy'™? +0.5byy*" + 0.5by K2 x*
<L,

where L is a positive constant. Substituting this into (2.1) gives

(072 a
dV(x,y) < Ldt + X’ —— V1 — e221dB,(¢t) + Y/ —— V1 — e 20114 B,(¢). 2.2
(x,y) T (D +y T 2 (1) (2.2)

By (2.2) we have

! !
d[etV(x, y)] < Le'dt + x@\j_af_z V1 — e2011dB,(f) + ’ \e/af_z V1 — e 22114 By(¢).
1

2(1’1 2a

Thus,
€'EV(x,y) < e'V(x(0),y(0)) + Le' — L
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which implies that
lim sup EV(x(¢), y(t)) < L.
t—o00

Let z = (x,y). We also have
2
1P < 2( max{x, y})

and . 110
Iz < Zg(max{x, y}) < 2%(5) V(x,y).
Thus,

of 1\’
lim supElzl(’ < 22(5) L:=L.
—00

By Chebyshev’s inequality, we get

Forany ¢ > 0. let k = g

E
Pzl > k) < % <

b

| ]

which results in
Pzl <k)>1-g.

The proof is completed.
3. Extinction

In this section, we investigate the extinction of x. Denote (f(¢)) = % fot f(s)ds. Using Theorem 2.2,
we can assume that
x Vy < H almost surely, 3.1

where H > 0 is a constant.

Definition 3.1. [19] The population Z(¥) is called

(1) Extinct if lim,_,o, Z(#) = 0 almost surely;

(2) Weakly persistent in the mean if lim,_,., sup } fot Z(s)ds > 0 almost surely;

(3) Persistent in the mean if lim,_, ., inf % fot Z(s)ds > 0 almost surely.

Lemma 3.1. [20] Let ¥ = {Y;};>0 be a real-valued continuous local martingale vanishing at ¢ = 0. It
follows that:

(1) If lim,,o(Y, Yy = oo almost surely, then lim,_,, %
(2) If lim,_, @ < oo almost surely, then lim,_, % = (0 almost surely.

Theorem 3.1. Let (x(7), y(¢)) be the positive solution of System (1.5) with initial value (x(0), y(0)) € Ri.

Ifa; +a,(0) - blzcg + 2b,H < 0, where H is defined by (3.1), then we have

= 0 almost surely, and

lim x(¢) = 0 almost surely.
>0

Proof. Let W,(t) = In x(¢); then, we have

2
AW, (1) = (al + (@0 = @)™ = biat) = () - 2 - 2 (1 - e‘z"”))dt
ay

an
+ V1 — e201dB(1).
V2a’1 :

AIMS Mathematics Volume 11, Issue 5, 13110-13125.
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By (3.2), we have

dlnx(t) < (&1 +a,(0) + 2b12y(f) - b]zcg)dl + e V1 — 6‘2"1’dB1(t).
v2a/1

Integrating both sides of (3.3) from O to 7, we obtain that

Inx(®)  Inx(0)

t t
1 [ 1 [
S@ +a(0) = bnd + - f 2buy(s)ds + - \/0;2_ VI = e 20154 B, (s)
0 0 aq

and t

In x(¢ 1

DO gy 4 a1 (0) = brack + - f 2iay(s)ds + A,(1),

0

where A,(1) = 1‘”;(0) +1 0[ \/[;271 V1 — e 20154 B (). It follows by Lemma 3.1 that

lim A,(¢) = 0.
[—00

In view of (3.4) and (3.5), we have

x(t)

lim sup <a; +a0) - blzcg + 2bp,H < 0 almost surely.

t—00

Using similar analysis to that in [21] and [22], we have lim,_,, x(#) = 0 almost surely.

4. Persistence in the mean

(3.3)

(3.4)

(3.5)

In this section, we consider the conditions for the survival of enterprise clusters x and y. As is well-
known, there are many ways for enterprise clusters to persist, such as stochastic persistence, persistence
in mean, strong stochastic persistence, weak persistence, and so on. For convenience of calculation,
we will investigate persistence in the mean of x and y in System (1.5). The definition of persistence in

the mean can be found in Definition 3.1.

Lemma 4.1. [23] Let u € C[[0,0) X ©,[0,00)]. Forall r > 0 and U € CJ[[0, ) X ®,R] with

lim,_, 0 %’) = 0, if there exist constants kg, k; > O such that

!
Inu(t) > kit — ko f u(s)ds + U(t) almost surely,
0

then

k
lim inf{u(t)) > k_l almost surely.
[—o0 0

Theorem 4.1. For any initial value (x(0), y(0)) € Ri, if

. _ ) @
min{a;(0),a;} — b12(H + ¢p)” — v >0,
!
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then we have

2
@,

1 b
lim inf{x(#)) > o min{a;(0),a;} - b—lz(H + ) — almost surely.
—00

11 11 111

2
Furthermore, if min{a,(0), a,} — 4%21 > 0, then we have

1 a;
lim inf(y(¢)) > — min{a,(0), a,} — 2 almost surely.
=00 by, 211

Proof. Let W, (t) = In x(¢). Applying Ito’s formula to System (1.5), we have

2

AW (1) = (al +(@(0) = ane™ = byyx(t) - bpO() - 2 — (1 - e‘z“”))dt
ay

0%}
+ V1 — e201dB, (1)
v2a1 :
2

= (al + (a1 (0) — ay)e™ ™" = by x(1) — bio(H + ¢2)* - f_z)dt

a
0%)
+ V1 — e21dB(1).
V2C¥1 :

Case 1: When a,(0) < a,, by (4.1), we have

2
dWs(t) > (al(O) — by () = bia(H + ¢5) — ﬁ)dz + Y2 T e 2migB, (1),
40’1 v2a1

Case 2: When a,(0) > a,, by (4.1), we have

CYZ
AW(t) > (al — byyx(t) — bio(H + ¢2) — —Z)dt + Y2 T e 2migp, (o).
4C¥1 v2a1

From the above two situations, we get

2
dAWs(1) > (min{al(O), G} — byix(f) — bia(H + ) — ﬂ)dz + Y2 T "o 2migB,(p).

4'a'l V2Q’1

Integrating both sides of (4.2) from O to 7, we have

Wo@) W, . — _a'2
20 _ Wa0) min{a, (0),@,} — by {x(©)) = bya(H + ¢3)? — —2
; p 461/1
1 M
+— 1 — e 22154 B, ().
L), e 1(8)

This shows that

! !
In x(t) > p1t — by f x(s)ds + f @2 V1 — e2215dB;(s) + In x(0),
0 0o V2a

4.1)

4.2)

4.3)

AIMS Mathematics Volume 11, Issue 5, 13110-13125.
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0.’2
where p; = min{a,(0),a,} — bio(H + ¢2)* — 7o > 0. It follows by Lemma 3.1 that

1 ! (0%)
lim —( VI = e205dB, (s) + In x(0 ) - 0.
t—oo 0 /201 1( ) ( )

Hence, from Lemma 4.1, (4.3), and (4.4), we have

. | _ b1a 2 @
lim inf{x(¢)) > — min{a,(0),a,} — —(H + ¢,)" — almost surely.
t—0c0 bll bll 1121

On the other hand, let W5(¢) = In y(¢). Applying Ito’s formula to System (1.5), we have

2

dWs(1) = (512 +(@(0) = @)e" — bayy(t) + by(x(t) — ¢1)? 4%1 - e-za'@)dt

0%
+ V1 — e201dBy(1)
V2a’1 ?
2

a
> (6—12 +(@(0) = @)e™ " — byy(r) - —)dt

2
4&1
a3
+ V1 — e72011d By (2).
v20/1 ?

Case 1: When a,(0) < ay, by (4.5), we have

a/2 0%
thz( 0)— b t——z)dt 2 1= e 2aidBy ().
3(1) > | a2(0) — by y(2) I, + N e “*'d B, (1)

Case 2: When a,(0) > a,, by (4.5), we have

0’2 104
dWs() > |a, — b t——z)dt 2_ V1 —e221dB,(p).
Wit) (az (D) = g + m«/ 2 d B (1)

From the above two situations, we get

2
] o _ _& az _ p2aqt
dW3(t)2(m1n{a2(O),a2} bay(t) - 2 )dt+ m\/l 221 dB,(1).

Integrating both sides of (4.6) from O to 7, we have

2
Ws@) _ W50 > min{a,(0), a,} — by {¥(2)) — ey
t t 4a1

1 ! (0%}
+ — 1 — e 2e15d B ().
t fo = A(5)

This shows that

‘ 1
Iny(t) = pat — by f y(s)ds + f @2 V1 — e2@15dBy () + Iny(0),
0 0o V2a

4.4)

4.5)

(4.6)

4.7)
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(22
where p, = min{a,(0), a,} — ﬁ > (. It follows by Lemma 3.1 that

1 ! (0%)
lim—( VI — e 25dBy(s) + In 0):0. 48
t—oo | 0 m 2(s) )’( ) ( )

Hence, from Lemma 4.1, (4.7), and (4.8), we have

2

o . _ @
lim inf(y(r)) > b min{a;(0), a,} - T,

almost surely.

Remark 4.1. From Theorem 4.1, it is easy to see that the enterprises x and y will be persistent under
the conditions of Theorem 4.1, which implies that if intrinsic growth rates a; and a, are larger, the
enterprises x and y will survive.

5. Two examples

In this section, we will provide two examples of the stochastic enterprise cluster model (1.5). Our
goal is to verify the correctness of Theorems 3.1 and 4.1 and to show the rich dynamical behavior of
System (1.5).

Example 5.1. Let us demonstrate the extinction of the enterprise cluster x of System (1.5) in Theorem
3.1. Consider the parameters in Table 1, and select a value of H.
State 1: H; = 2. By computation, it has

a, +ay(0) — byycs + 2bpH, = —41.7 < 0.
State 2: H, = 2.3. By computation, it has

a, + ay(0) — byycs + 2b1nH, = —38.13 < 0.
State 3: H; = 2.5. By computation, it has

a, +a,(0) — byycs + 2b1nHy = —15.59 < 0.

Based on the presumptions established in State 1-State 3, all conditions of Theorem 3.1 hold, and
we have lim,_,., x(f) = 0 almost surely, which means the enterprise cluster x will become extinct
almost surely. The matching figure is displayed in Figure 1. This discovery emphasizes that the level
of the initial production c; of the enterprise and the competitive coeflicient b, has a significant impact
on System (1.5), with bigger ¢, and b, intensities producing stronger impacts.

Example 5.2. Let us demonstrate the stochastic persistence in the mean of System (1.5) in
Theorem 4.1. Consider the parameters in Table 2, and select a value of H.
State 1: H; = 3.5. By computation, we have

a? a?
min{a;(0),a,} — bia(H; + ¢2)> — —= ~ 3.38 > 0 and min{a,(0), @} — —= = 5.75 > 0.
4a day

State 2: H, = 4. By computation, we have

2 2

o o
min{a;(0),a,} — bia(Hs + ¢2)> — —= ~ 3.89 > 0 and min{a,(0),a,} - —= = 6.125 > 0.
4a, da,

AIMS Mathematics Volume 11, Issue 5, 13110-13125.
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Table 1. Parameter values of System (1.5).

a ai(0) by b a a0 by by ¢ o a @

statel 0.2 01 20 20 03 02 3.0 3.0 1 5 25 15
state2 0.25 0.12 25 25 033 025 35 35 12 4 3 13
state3 0.26 0.15 3 2 035 024 33 22 097 2 27 12

Table 2. Parameter values of System (1.5).

a a(0) by b a a) by bn g o a @

statel 5 7 0.1 0.1 6 8 30 30 03 02 1 1
state2 6.2 85 02 01 65 75 35 35 02 04 15 15
state3 5.5 6 03 02 535 65 35 32 03 02 12 12

State 3: H3 = 4.5. By computation, we have

a,2 2
min{a;(0),a,} — bia(H; + ¢3)* — ﬁ ~ 0.78 > 0 and min{a,(0),a,} — ﬁ =52>0.
1 1

Based on State 1 and Theorem 4.1, we have

lim inf(x(¢)) > 33.8, liminf{y()) > 1.92 almost surely.
t—0o0 t—co

Based on State 2 and Theorem 4.1, we have

lim inf(x(¢)) > 19.45, liminf(y(z)) > 1.75 almost surely.
—oo t—o0

Based on State 3 and Theorem 4.1, we have

lim inf(x(¢)) > 2.6, liminf(y(¢)) > 1.64 almost surely.
1—00 [—o0

Hence, the enterprise cluster (1.5) has stochastic persistence in the mean, and the corresponding
results are presented in Figures 2 and 3.

AIMS Mathematics Volume 11, Issue 5, 13110-13125.
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35

25

x(t)

1.5

0.5

0 )
0 50 100 150 200 250
t

Figure 1. The extinction of the enterprise cluster x in System (1.5).

x(t)
N

1.5

0.5 1 1 1 1 J
0 50 100 150 200 250
t

Figure 2. The stochastic persistence in the mean of the enterprise cluster x in System (1.5).
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Figure 3. The stochastic persistence in the mean of the enterprise cluster y in System (1.5).

6. Conclusions

The survival and development of enterprise clusters have a direct contribution to the development
of the economy. Therefore, studying the dynamic mechanism of the random enterprise cluster model
can provide a theoretical basis for the decision-making of management departments and thus
formulate scientific policies to promote economic and social development. Using a reasonable
method to introduce white noise into an enterprise cluster model, we construct a new stochastic
enterprise cluster system with a mean-reverting Ornstein-Uhlenbeck process.  Because the
mean-reverting Ornstein-Uhlenbeck process has good properties, including non-negativity, continuity,
practicality, and asymptotic distribution, the considered model has important research value. From a
series of Lyapunov functions, we investigate the existence, stochastically ultimate boundedness,
exponential extinction, and persistence in the mean of the system. The main progress of this work
compared to previous work may be listed as follows:

e The model presented in this article extends the previous work on deterministic enterprise cluster
models (see [2-4]). System (1.5) provides a more detailed understanding of the interactions between
enterprise clusters than prior models and improves the accuracy of determining control model
parameters for enterprise cluster systems.

e In this paper, we first construct and analyze a stochastic enterprise cluster system with a mean-
reverting Ornstein-Uhlenbeck process. We study the dynamic mechanism of enterprise clusters in a
changing environment, especially the influence of system parameters on system dynamic behavior.
In Theorem 2.2, we obtain the stochastically ultimate boundedness of System (1.5). In Theorem 3.1,
sufficient conditions are derived for the extinction of the enterprise cluster x. In Theorem 4.1, we obtain
persistence in the mean of System (1.5).
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e Due to the fact that a time delay can determine certain dynamic mechanisms of enterprise cluster
models, there have been numerous studies on deterministic enterprise cluster models with a time delay
(see [3,6]). However, no one has studied stochastic models that contain both time delays and the
Ornstein-Uhlenbeck process so far. Next, we will conduct research on the aforementioned work.
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