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Abstract: The correspondence between points on the unit dual sphere and lines in the Euclidean space
R? was first expressed via E. Study maps, which has served as a foundation for numerous studies in the
theory of ruled surfaces and kinematics. The significance of this theorem lies in the correspondence it
establishes between the curves on the unit dual sphere and the ruled surfaces in the Euclidean space R?.
However, it has led to a strong focus on the unit dual sphere, leading to the neglect of the broader D? and
leaving the theory of curves, surface theory, and kinematics in the dual space D? largely unexplored.
To fill this gap, the present study introduced “generalized E. Study maps”, which proved that for every
dual curve in the dual space D, there existed a corresponding ruled surface in the Euclidean space
R3. Furthermore, the study constructed the theory of curves in the dual space D? via the theory of
real curves. The results were expected to guide future research on the dual curve theory, dual surface
theory, and kinematics in the dual space D?, and pave the way for exploring the striking correspondence
between the dual space D* and the Euclidean space R? from an expanded viewpoint.
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1. Introduction

The correspondence between points on the unit dual sphere and lines in the Euclidean space was
first established through E. Study maps, which have formed the basis for extensive research in the
theory of ruled surfaces and kinematics for over a century. This theorem continues to hold
fundamental importance due to its establishment of a one-to-one correspondence between the curves
on the unit dual sphere and the ruled surfaces of the Euclidean space. In the literature, extensive
studies have been conducted on E. Study Maps [1, 2]. Its generalizations have also attracted
considerable scholarly attention [3,4]. These studies primarily focus on applications in the geometry
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of ruled surfaces. The determination of ruled and developable surfaces based on the E. Study map is
introduced in [5]. The geodesic curvature and the second fundamental form of the ruled surfaces are
thoroughly examined in [6], providing important differential geometric characterizations. A
developable surface normal to a surface along a curve on the surface is constructed in [7]. The spatial
quaternionic expression of ruled surfaces is analyzed in [8], highlighting their structural behavior.
Several geometric properties of closed ruled surfaces are further investigated in [9]. Each natural lift
curve of the main curve corresponding to a ruled surface obtained by exploiting the E. Study map is
studied in [10]. Dual numbers constitute another essential concept [11-14]. In addition, Jacobi
theorem and integral invariants of closed ruled surfaces are examined in [15, 16], respectively.
Furthermore, some studies adopt a Lorentzian approach [17, 18]. Surface pairs also hold significant
importance within this framework [19-21]. Bonnet and orthogonal ruled surfaces are investigated
in [22,23].

Moreover, the generalization of Holditch theorem for ruled surfaces has attracted further attention,
particularly in the field of kinematics [24]. Among these studies, one of the central focuses is the
theory of curves [25-27]. Direction involves the theory of curves in dual space, which facilitates the
analysis and enables such investigations [28-30]. In addition, dual spherical curves also play a crucial
role in this framework [31-33]. An explicit characterization of dual spherical curve and evolutes of
dual spherical curves for ruled surfaces are discussed in [34, 35], respectively. However, a substantial
portion of the existing literature is predominantly confined to the unit dual sphere [32,35,36]. From a
mathematical perspective, this framework investigates the relationship between dual curve:

E(s) = e(s) + ge’(s), IE(HI = 1, lle(s)l| =1, (e(5),e(s)) =0

on the unit dual sphere and ruled surfaces such that e(s) is the ruling vector and e(s) X e*(s) is the
base curve, where the first norm is the Euclidean norm in the dual space D?, the second norm is the
Euclidean norm in the real space R?, the dot product is the Euclidean inner product, and the vector
product is the Euclidean vector product.

At the same time, this theorem prompted fixation on the unit dual sphere, leading to the neglect
of the broader dual space D? and leaving the theory of curves, surface theory, and kinematics in D?
largely unexplored. To fill this gap, the present study introduces “generalized E. Study maps” as a
theorem that proves that for every dual curve in the dual space, there exists a corresponding ruled
surface in the Euclidean space. To establish this proof, to eliminate the said fixation, and to introduce
to the literature the concepts related to the neglected areas, the following steps are undertaken: First,
the concepts of the dual point, the dual line, and the dual plane are defined in D and it is proved that
certain geometric structures in the Euclidean space correspond to these. It is well known that points,
lines, planes, and curves are the fundamental elements of geometry, providing the basic framework
for constructing and understanding spatial structures. Their interrelationships form the foundation for
exploring more complex geometric concepts and theorems. Second, the theory of curves in D? is
constructed and the Frenet elements and formulas of the dual curve x(s) = a(s) + ea*(s) are obtained
by using the Frenet elements and formulas of the real curves @ and «*. Third, helix curve, involute-
evolute offsets, Bertrand offsets, and Darboux frame, which are significant concepts of the theory of
curves, are introduced to the theory of dual curves. Moreover, the fundamental properties of the ruled
surfaces that correspond to the dual curve « are provided in a simplified form to serve as a reference
for future work. Thus, the approach developed in the present study is expected to pave the way for
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future studies on the dual curve theory, dual surface theory, and kinematics in D?. Most particularly,
the correspondence between the ruled surfaces in the Euclidean space and dual curves can also be
analyzed and studies on dual sphere motions can be extended to the investigations into the kinematics
in D?. Accordingly, generalized E. Study maps allows for a broader examination of the relationship
between the dual space and the Euclidean space, moving beyond the constraints of unit dual sphere.

2. Preliminaries

The set of dual numbers* is denoted by D and given by
D={A=a+ea :a,a" €R,&e=0,...,8" =0, # 0},

wheree-0=0-£ =0, £-1 = 1-& = €. Here, g1is called dual unit. Forany A = a+e&a*, B = b+¢&b* € D,
equality, addition, scalar multiplication, and multiplication over dual numbers can be given as follows:

at+tead* =b+eb*a=b, a=b",
(a+e&a”)+ (b+eb’)=(a+b)+ela +b"),
c(a+ea’)=ca+é&(ca’), ceR,
(a +e&a”)(b+ &b") = ab + glab™ + a’b).

The set D forms a commutative ring with unity. Moreover, for a differentiable function f, we have

d
fare) = fwrerf@, L= r, @1

where x + £x* € D. Therefore,

sin(x + &x") = sin(x) + &x” cos(x),

cos(x + &x™) = cos(x) — ex” sin(x),

Vx + ext ul
X+ext = Vx+e——
2+x

|x + ex”| = |x| + £ sgn(x) x™.

, x>0,

Moreover, the dual space D? is defined by
D’ ={A = (A1,A2,A3) | A1,Ar,A; €D} = {a+ea" |a,a" €R’, & =0}

Every element of D is called dual vector and A;, A,, A3 are called coordinates of A. Besides, D? is
a module over D. Forall A = (A|,A,,A3) = a+¢ca*,B = (B,B,,B3) = b+ ¢&b* € D’,A;, B, € D,
i=1,2,3,a,a* € R?. The following fundamental concepts hold ([2, 12—14]):

e Scalar or inner product:

3
(A,B)= > AB; =(a,b)+((a,b") + (a", b)).
i=1

*Dual numbers and their applications have been extensively covered in the literature, [1,2,11-14]. These numbers play a significant
role in fields such as kinematics, automatic differentiation, etc.
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e Cross-product:

€1 € €3
AXB=|A A, Az :(axb)+s(a><b*+a*><b),
B, B, B;

where {ey, e5, 3} is standard basis of D?.
e Norm: By Eq (2.1),
(a,a”)

IAll = lla + ea’|| = llall + &
llall

(2.2)
e Unit dual vector: By Eq (2.2),
lAl=1 & (a,a)=1, (a,a’)=0.

e Unit dual sphere:
§?={A eD*|||A]l = 1}.

(The real sphere is a subset of the unit dual sphere.)

Theorem 1. (Classical E. Study maps) The points of the unit dual sphere in D* are mapped one-to-one
to the directional lines of R>. Also, there exists a one-to-one correspondence between the set of all
dual curves on the unit dual sphere and the set of ruled surfaces in R3 [1,2].

All dual curves A(s) = a(s)+ea*(s) € S*, se | CR & ruled surfaces #(s,v) = (a(s)xa’(s))+va(s).

Proof. For all points (or vectors) A = a + ga* € S?, we can write (a,a) = 1, {(a,a*) = 0. Then, we
obtain homogeneous Pliicker coordinates (a, a*) in R?, where a* is a vector moment about the origin of
the coordinate system and a is the direction vector of the line (see Figure 1). The converse also holds.

Figure 1. Pliicker coordinates.

Also, for the dual spherical curve A(s) = a(s) + ga*(s) € S?, s € I C R, we obtain the line
family (Pliicker coordinates) (a(s), a*(s)) and it is defined as a ruled surface ¢ in R®>. By equations
lOX] = |la*|l, X = a x a*, we get the ruled surface ¢(s,v) = (a(s) X a*(s)) + va(s). O
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Remark 1. For a dual spherical curve A(s) = a(s) + ea*(s) € S* parameterized by arc length §,

ds
d_z =(d'(s),a”’(s)) = 0 & the ruled surface ¢ is developable.

e Dual angle: For the points (or lines in R*) A, B € S, we can write
(A, B) = cos(®) = cos(¢ + &¢”),

where ¢ is the angle between two lines A and B, and ¢” is the directed distance between A and
B. The dual number ® = ¢ + g¢* is called the dual angle between A and B.

Comment 1. Thanks to the E. Study maps, every point on the unit dual sphere corresponds to a directed
line in R?, and therefore the relative positions of lines in R can be constructed using the dual angle.
Also, both dual spherical curve theory and ruled surface theory in R® can be reconstructed.

3. Generalized E. Study maps for dual point in D?

While the classical E. Study maps establishes a bijection between dual spherical curves and ruled
surfaces in R3, it remains restricted to the unit dual sphere.

In this section, we introduce a generalized study mapping defined for arbitrary regular dual curves
and prove that every unit speed curve in D? uniquely generates a ruled surface in the Euclidean space.

The results provide a unified geometric framework linking dual curve theory, ruled surface
geometry, and kinematics beyond the classical spherical restriction, opening new directions for dual
geometry and computational line geometry.

Theorem 2. (Generalized E. Study maps) There exists a one-to-one correspondence between the set of
dual directions, defined as equivalence classes of nonzero dual vector under positive scaling in D* - {0}
and the set of the directed lines in R3. Moreover, there exists a one-to-one correspondence between
equivalence classes of regular dual curves in D, considered with respect to reparameterization and
common positive scaling and the set of ruled surfaces in R>.

Proof. Let the dual direction X = x + ex* € D — {0} be given. The normalization of this direction is
E = ﬁ and it follows directly from definition of unit dual sphere that E € S%. Then, there exists one-
to-one correspondence between the set of dual directions, defined as equivalence classes of nonzero
dual vectors under positive scaling, and the points on the dual unit sphere.

According to the classical E. Study maps, the point E = e + ge* with (e,e) = 1, (e,e") = 0,
corresponds to a line whose direction is e and which passes through the point e X e* in R>.

Therefore, the line in R? corresponding each dual direction X = x + ex* has direction

X

— 3.1
(4]
and the vector moment of this vector with respect to the origin O is
X" ({x,x%)
— = (3.2)
el [P
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el 11l el
({0,0) = 1,(0,0") = 0, 6" is the vector moment of 6 with respect to the origin O) correspond the dual
unit vector E = § + &6* in S%. Thus, a corresponding dual direction can be found for the line (6, 6*).
Similarly, let us conduct the proof for a dual curve considered with respect to reparameterization
and common positive scaling.
In D* — {0}, let regular dual curve a(s) = a(s) + ea*(s), (|| (s)|| = 1) parameterized by arc length
s be given. Here,

.. x x (xxY) . . .
i.e., it x |-Pliicker line coordinates. Conversely, all (6, 5*)-Pliicker lines in R?

o (s) = c;—(: = a'(s) + ea*’(s)

and by using Eq (2.2), we get

(@ (), @' (5))
R A S 1+ e0,
o] te

I (Il = ll’ () + &
and it follows that (see [30])
ll’ (Il =1, (@ (s),a”(s)) = 0. (3.3)

Hence, the real curve « is parameterized by arc-length s and the pair (@, @) forms involute-evolute
offsets’ in R?. In particular, we can write (see [26]):

a’(s) = a(s) + (c — ) (s), ceR.

For each point on the dual curve, by Egs (3.1) and (3.2), the corresponding line in R? has direction

a(s)
(s) ||G’(S)||, Ch

and the vector moment . i
5(s) = & (5)  La(s),a’(s) a(s).
lla(s)ll lla(s)IP
Then, the ruled surfaces ¢(s,v) = y(s) + vd(s) correspond to the dual curves x(s) = a(s) + ea*(s)
parameterized by arc-length s. Here,

_a(s) X a'(s)

s) = 3.5
A TE )
is the directrix curve, and )
a(s
o(s) =
= ol

is the ruling direction. Also, we obtain for the vector moment ¢6*(s) of the ruling direction d(s) with
respect to the origin
lle" ()l .

5 (s)ll =
oM = ™

()

where 6 is the angle between a and o*.

"For the real involute-evolute offsets, see [26].
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Conversely, let the ruled surface be ¢(s,v) = y(s) + vd(s), ||0(s)|| = 1. Then, the Pliicker line (9, 6*)
corresponds to the ruled surface ¢, where the vector moment ¢* of ¢ with respect to the origin O is
0" = y X 6. Thus, the dual spherical curve d(s) + £5*(s) corresponds to (6, 0")-line, or regular dual
curves considered with respect to reparameterization and common positive scaling corresponds to the
ruled surface ¢. |

Note 1. The proof for a regular unit speed curve in D? is also valid for a regular non-unit speed curve,
since every regular dual curve can be transformed into a unit speed curve.

3.1. Ruled surface theory

The geodesic Frenet trihedron*

{a(s) (a(s), @ (5)) lla(s)ll ) a(s)xa'(s)}

el el e x5 T e x> lats) x @ ()]

of the ruled surface
a(s) X a*(s) a(s)

lePF ol
corresponding to the dual curve x(s) = a(s) + ea*(s) is simply obtained. Thus, analogously to the
study of [20], the other geometric proportion of the ruled surface ¢(s, v) can be investigated.

In this section, however, we restrict our attention to the striction curve, the distribution parameter,
and the developability of ¢.

¢(s,v) =

Theorem 3. Let the ruled surface ¢(s,v) = y(s) + vo(s) in R? corresponding to the dual curve
a(s) = a(s) + ea’(s) parameterized by arc-length s in D* be given. The striction curve C(s) and the
pitch of the ruled surface ¢, respectively, are:

_als) xa’(s) ( la(s)II* det(a(s), @' (s), @' (s)) = {a(s), a*(s)) det(a(s), @ (s), @'(s))

C(s) =
)= P le(IP llats) X &’ (5)IP )“(s)

and ’ ’ 2 2
(a(s),a’(s)) (als), a" () + 2a(s), @’ ()" — lla(s)l|

" le(s) x @/ (s)IP la(s)IP lle(s) X &/ (3)]12

) (a(s), @’ (s)). (3.6)
Proof. For the striction curve C(s), we can write (see [20]):

(9,0 (s)

€O =78 = 5.5

8(s). (3.7

From Egs (3.4) and (3.5), we obtain

_a/(s) X a'(s) + als) X a*'(s) B 2{a(s), a'(s)) . a(s) X a*(s)

vs) = Ok eGP eGP
) ()@ (9)

5'(s) = _ ,

© = el Tewr W

*For the definition of the geodesic Frenet trihedron in R* and its geometric properties, see [20].

AIMS Mathematics Volume 11, Issue 5, 13071-13089.



13078

and )
lla(s) x o' (o)l
16" (I = —————-
lla(s)I1*
Then, we get Eq (3.7), or by Eq (3.3), we write:

c— S
llae()II?

C(s) =

(a(s) x &' (s)) + ((c — s)det(a(s), a’(s), a/”(s))) a(s).

lla(s) x a’(s)II?
Furthermore, the pitch of the ruled surface ¢ is:

_ (), 6(s) X 8°(5)) _ (C"(5),0(s) X 6"(s))
16" ()II? 16" ()II?

Finally, we have Eq (3.6). O
By using Eq (3.6), the following corollary can be stated immediately.

Corollary 1. The ruled surface ¢(s,v) = y(s) + vio(s) corresponding to the dual curve
a(s) = a(s) + ea’(s) parameterized by arc-length s, (ie, |&(s) = 1 or
I’ (s)l| = 1, (@’ (5),a”'(s)) = 0) is developable (P = 0) if {a(s),a*(s)) = 0. Also P = 0, if and only if,

2a(s), ' (5))* = lla(s)I
lla($)II? {a('s), @’ (s))
Proof. If we substitute (a(s), a*(s)) = 0 into Eq (3.6), it is clear that P = 0. Conversely for P = 0 in

Eq (3.6), the numerator of Eq (3.6) must be 0. Solving this equation reveals that (3.8) is required for
this necessary and sufficient condition. O

(a(s),a’(9) =

(a(s), a”(s)), {a(s),a’(s)) # 0. (3.8)

Comment 2. By generalized E. Study maps, it is possible to move away from the traditional approach
focused on the unit dual sphere and investigate the geometry of the dual space D* and its connection
with R3,

4. Generalized E. Study maps for the dual line and dual plane in D?

In this section, the concepts of the dual line and the dual plane are defined in D? and that certain
geometric structures in the Euclidean space correspond to them is proved.

Let us continue with the dual line in D?. The vector equation of the line d, with direction vector
U = u + su*, and passing through the point A = a + ga* in D?, is given by:

OX =0A + AU,
where X = x + ex™ is a point on the line and A = 1 + e1* € D. From this vector equation, we obtain

X =a+ Au, “4.1)
x'=a + (A" + A'u). 4.2)

Theorem 4. (Generalized E. Study maps for the dual line) Each dual line d in D? is mapped one-to-one
to a directional real line d, and a plane P, parallel to d, in R>.
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Proof. Let d be dual line with vector equation OX = OA + AU, where X = x + ex*, A = a + €a’,
U = u+eu* € D*. Then, for a dual line d in D, there corresponds, in R?, a line d, with vector equation
X = a + Au and plane P, parallel to d, given by the vector equation x* = a* + (Au* + *u). O

Theorem 5. Let us consider dual lines
0OX =0A + AU, OY=0B+QV, A,QeD.

Then, the corresponding lines and planes in R? are denoted by d., P, and d,, Py, respectively, and we
have

(1) If U || V, then the associated lines satisfy d, || d, and P, || P,.
(2) If the lines U and V intersect in D?, then the corresponding lines d, and d,, also intersect in R®.
(3) If U L'V, then the associated lines satisfy d, L d,.

Proof. From Theorem 4, for the dual line OX = OA + AU that corresponds the real line d, with
X = a + Au and real plane P, with x* = a* + (Au* + A*u); for the line OY = OB + QV that corresponds
the real line d, with y = b + wv and real plane P, with y* = b* + (wv" + w'v), where A = A + &A*,
Q=w+ew €D.

(1) If U || V, then we can write u = v and u* = v*. Then, d, || d,, and also by sp{u,u"} = sp{v,v*} and
a* # b*, we obtain P, || Py.

(2) The proof follows similarly.

3) It U, V) = (u,v) + e(u,v") + (u*,v)) = 0, then for (u,v) = 0 we obtain d, L d,.

This completes the proof. O

Theorem 6. For every dual line X = A+ AU in D, one can associate the pair (U, U*), which provides
a representation of the line in Db, where the vector moment U* = X x U = A x U of U with respect
to its initial point. Also, the pair (U,U") provides the following properties by analogy, the Pliicker
coordinates of a line in R?:

(1) U* is independent of the choice of the representative point on the dual line.
(2) U is orthogonal to U, i.e., U* L U.
(3) \U*|| = [|OZ]|, where Z denotes the foot of the perpendicular from the origin onto the dual line.

Proof. The proof can be done simply, similar to the properties provided by Pliicker coordinates in
R3 [2]. O

Theorem 7. (Generalized E. Study maps for the dual plane) For every dual plane
OX =0A+AU+QV, (A =2+el",Q = w+ ew* € D) which is passing through a point A and
determined by two nonparallel dual vectors U and V corresponding to the line congruence (two
parameter family of directed lines) in the Euclidean space R? such that

X=a+ u+ wv (4.3)

and
X'=a +u +A'u+ o+ w. 4.4)
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Proof. Let U,V e D3> and A = 1 + &1*, Q = w + sw* € D. For equation of dual plane determined by
two nonparallel dual vectors U and V, we can write OX = OA + AU + QV which is passing through
a point A. By equations OX = x + ex*,0A = a+¢ca*,U =u + eu*,V = v + gv*, we obtain Eqs (4.3)
and (4.4). Equation (4.3) represents the equation of a real plane in R?, and Eq (4.4) represents the
equation of a line congruence in R>. O

Comment 3. In Section 3, it was proven that every point in the dual space D* corresponds to a line
in R3. In this section, it is shown that every line in D* corresponds to a (line-planes) pair in R® and
also that every dual plane in D* corresponds to a line congruence in R3. Furthermore, thanks to dual
Pliicker coordinates, it has been shown that the set of all lines in dual space D? is a 4-dimensional
subspace of a 6-dimensional space on D.

5. Theory of curves in D?

In this section, the theory of curves in D? is constructed and the Frenet elements and formulas of
the dual curve &(s) = a(s) + ea*(s) are obtained by using the Frenet elements and formulas of the real
curves @ and «*. Moreover, helix curve, involute-evolute offsets, Bertrand offsets, and Darboux frame,
which are significant concepts of the theory of curves, are introduced to the theory of dual curves.

Let oc: I € R — D3 be a differentiable mapping where (/) C D? is a dual curve. This curve can
be represented in terms of the regular real curves @ and o* as

a(s) = a(s) + ea’(s).

Assume that s denotes the arc-length parameter of the dual curve &(s) = a(s)+ea*(s), i.e., |[&'(s)]| = 1
or ||&(s)|| = 1, (@’(s),a”(s)) = 0. Then, s is arc-length of @ and « is the evolute of the curve a*
(i.e., a*(s) = a(s) + (c — $)a’(s), c € R). Let {T,, N,, B,} denote the Frenet frame of the real curve «.
Then, we have

a’(s) = (c—- 95T, (5.1)

or
T=&(s)=a(s)+ea”(s) =T, +elc—s)T,. (5.2)

Let the Frenet elements of the dual curve « be {T, N, B, k, 7}, and «,, T, denote the curvature and torsion
of the real curve a. Then, we obtain

«’(s) = k,N, + 8(—(C — s)KiTa +(— ko + (¢ = $K,)Ny + (¢ — s)KaTaBa).

Thus,
k=&’ ($)|| = ke + &( — ko + (¢ — 5)K,,). (5.3)
Furthermore, defining
- Y ok, (5.4)
llo” (o)l

we obtain
T=T,+¢&l—-9T,,

N =N, + &(c - s)N,, (5.5)
B =B, +¢&(c—s)B,.
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The torsion 7 is given by
<a/ X a//’ “/II>

llI1?

Then, we have
T=To+&(— Ty +(c— 9)T,). (5.6)

Then, using Eq (5.5) and the Frenet formulas of the real curve a as

T! = KkyN,,
N! = —k,T, + T4 By, 5.7)
B/, = =Ty N,,

we get
T =«k,N, + 8( —(c- S)KiTa + (=Ko + (¢ — KN, + (¢ — S)Ka,TaBa),
N' = (= koTo + TaBa) + &((Ka = (¢ = )Ty = (¢ = (K + TINa = (7, = (c = )T)Ba).  (5.8)
B = —-1,N, + s((c — )KaToTy — (=T + (¢ — $)T, )N, — (¢ — S)TiBa).

By analogy with the Frenet formulas of real curves, we get the following theorem:

Theorem 8. For the dual curve &(s) = a(s) + ea*(s) parameterized by arc-length s, we obtain dual
Frenet formulas as:

T’ = kN,
N’ = —«T + 7B, (5.9)
B’ = —7N.

Proof. By using Eqs (5.3) and (5.5)—(5.8), we can easily provide the proof. O

Example 1. Let «(s) = a(s) + ea’(s), where

a(s) = | —= cos(s), — sin(s), —s)

V2 V2 V2
and a*(s) = (— cos(s), sin(s), — sin(s) cos(s)) (see a and a* in Figure 2, plotted in Python).

—_—a(s)

— a’(s)

Figure 2. The curve « (red) and the curve a* (blue) for the dual curve given in Example 1.

AIMS Mathematics Volume 11, Issue 5, 13071-13089.



13082

Via the classical curve theory, the Frenet elements of the real curve a are obtained as:

) 1 1
' (I =1, ko= ) Tg = )

V2 V2

To(s) =a'(s) = (—% sin(s), % cos(s), %) ,

N,(s) = (—cos(s), — sin(s), 0),

B,(s) = (% sin(s), —% cos(s), %)

If we consider Egs (2.2), (5.3), (5.5), and (5.6) for the dual curve x(s) = a(s) + ea*(s), we have the
Frenet elements as:

1 1 1 1
= ——-¢ y T =—m—& ’
V2 V2 V2 V2

T(s) = L (—sin(s) — &(c — s) cos(s), cos(s) — e(c — s) sin(s), 1),
V2

'l =1, «

N(s) = (—cos(s) + &(c — s) sin(s), — sin(s) — &(c — 5) cos(s),0),

B(s) = L (sin(s) + &(c — 5) cos(s), — cos(s) + &(c — s) sin(s), 1) .
V2

One can see that Egs (5.3), (5.5), and (5.6) are satisfied. Hence, the theoretical findings derived for
the theory of dual curves are confirmed by this example.

Also, as in Theorem 2, the equation of the ruled surface ¢(s,v) = y(s) + vo(s) corresponding to the
dual curve x(s) = a(s) + ea”(s) is obtained as:

(—sin’(s) cos(s) — ssin(s), s cos(s) + sin(s)cos’(s), sin(2s)) + v (cos(s), sin(s), 5) .

¢(s,v) =

1+ 52 1+ 52

Figure 3 shows the graph of the ruled surface plotted using Matlab.

Figure 3. The graph of the ruled surface corresponding to the dual curve given in Example 1.
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Remark 2. For the constructed ruled surface associated with the given dual curve, the distribution
parameter does not vanish, implying that the surface is non-developable. Furthermore, the Gaussian
curvature is nonpositive, and the striction curve differs from the base curve, confirming the general
nature of the ruled surface generated by the generalized E. Study maps.
5.1. Dual helix curve
Let a dual curve in D? be given by the expression:
a(s) = a(s) + ea’(s),

where s denotes the arc-length parameter of . Let the Frenet elements of the dual curve « be
{T, N, B, «,7}. If the unit tangent vector T of & makes a constant dual angle with a fixed dual vector
U = u + su*, then « is called a dual helix in D?.

Equivalently, the condition can be expressed as

(T,U) = cos(D), ® = ¢ + gp" = constant,
where ® denotes the dual angle between 7 and U.

Theorem 9. A necessary and sufficient condition for the dual curve & to be a helix is that 7 is constant.

Proof. Let o be a helix. Then, (T, U) = cos(®) = constant. Then,
(T',U)=0 or (N,U)=0
are obtained. Hence, from Eq (5.5), we have
(Ng,u) =0, (Ny,u*)=0, (Ty,u)=cos(p), (Ty,u")=—¢"sin(p).
Moreover, let U = cos(®) T + sin(®) B. Then, we obtain
U=u+eu = (cos(p) T, +sin(p) B,) + e¢™( — sin(¢) T, + cos(¢) By,).

Using equation
U =cos(®) T’ + sin(®P) B’

and Eq (5.9), we have
kcos(®) — Tsin(®) =0 or £ = cot(®) = constant. (5.10)
This completes the proof. O
Note 2. By the help of Eq (5.10), we obtain
Ko COS(¢) — T4 sin(p) = 0, and (Ta — Ko) Sin(p) — (T4 + Ky) cos(p) = 0.
Thus, if « is a helix, then the real curve « is also a helix.

Note 3. The vector pair {U,U*} can be obtained by rotating the vector pair {T,, N,} through the angle

®.
Let a*(s) = a(s) + &(c — 5)T,. Since &' (s) = (¢ — $)T,, = (¢ — $)kaN,, it follows that

(@, U") = (c = kol Ny, u") = 0 = cos(5).

Consequently, T,- and U* are fixed vectors forming a constant angle of /2. Hence, a* is also a helix.

AIMS Mathematics Volume 11, Issue 5, 13071-13089.



13084

5.2. Dual involute-evolute offsets

In the dual space D?, let

o(s) = a(s) + ga’(s), ()l = 1,

B(®) = B(1) + &B°(D), IB" ™Il =1,

be two dual curves. Then, s is the arc-length parameter of both the dual curve « and the real curve «,
and the pair (o, @) forms real involute—evolute offsets. Similarly, 7 is the arc-length parameter of both
the dual curve 3 and the real curve S, and the pair (8, 5*) forms real involute—evolute offsets.

Let the Frenet elements of the dual curve « be {T, Ny, B«, ka» T«} and those of the dual curve 3 be
{Tg,Ng,Bg, kg, 7). If (T, Tg) = 0, then the pair (&, ) is called dual involute—evolute offsets. In this
case, we have

(5.11)

(T, Tp) =0, B(s) = a(s) + A(s)T(s), A=2A+¢ed" eD.
Together with Eq (5.5), this yields
(T, Ty =0, (d — DTy, Ng) + (¢ — $)ko{No, Tg) = 0.
Moreover, since A’(s) = —1, it follows that ¢, d € R. With A(s) = ¢; — s and A*(s) = ¢,, we obtain
A(s)=C—-s5€D.
Theorem 10. Let the pair («, 3) be the dual involute-evolute offsets with Eq (5.11). Then, we have
d(x(s), B(s)) =|C —sl|, C €D.
Remark 3. By Theorem 10, the real curves a and B form involute-evolute offsets in R, and
d(a(s), B(s)) = lc1 — 5.

Hence, all properties valid for involute—evolute offsets in the Euclidean space remain valid in dual
case.

Theorem 11. Let («,3) be dual involute-evolute offsets with the dual Frenet elements
{T«, Na» B, kK, T} and {Tg, N, Bg, kg, Tg}, respectively. Then, the following relations hold:

c dt
(C - $)kg = ds’
Tﬁ = N(x,
SCICERE
Kakg(C —5)
Tol o + KoBy
Bﬁ = TB X N|3 =

kokp(C — )
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5.3. Dual bertrand offset
In the dual space D?, let

o(s) = a(s) + ga’(s), e ()ll = 1,

5.12
B(2) = B() + B (0), 18"l =1, 12

be given curves. From this, s is the arc-length parameter of both the curve « and the real curve «, and
a together with @* form real involute-evolute offsets. Similarly, ¢ is the arc-length parameter of both
the curve 3 and the real curve B, and 8 together with 5* form real involute-evolute offsets.

If {N«, Ng} are linearly dependent, then the pair (e, ) is called a dual Bertrand offset. Let

B(s) = a(s) + A($)Nx(s), A=21+el*eD,
so that (T'g, Ng) = 0, which implies (T3, N) = 0. Moreover,

d
d_[j = (1 = Ako)To + AN'Ny + AT By,

and, hence,
AN(s)=0

is obtained. For A’(s) + €1*'(s) = 0, we have
A(s) = A*(s) = constant,

thus, A is found to be constant. Hence, |A| = constant is obtained.

Theorem 12. Let the pair («, 3) be the dual Bertrand offsets with Eq (5.12). Then, we have
d(«(s), B(s)) = constant.

Remark 4. From the equality (Tg, Ny) = 0, it follows that (Tg, N,) = 0. Since N and Ng are linearly
dependent, {N,, Ng} are also linearly dependent, and thus a and f form a real Bertrand offset, for
which the concepts of differential geometry are valid:

d(a(s),B(s)) = A = constant.

Since a and * form real involute-evolute offsets and a and B form a real Bertrand offset, it follows
that & and B also satisfy the properties of involute-evolute offsets.

5.4. Dual Darboux frame

In the dual space D, the projection of the dual curve a(s) = a(s) + £a*(s) onto the unit dual sphere
S? is the dual curve E(s) = e(s) + ge*(s), where s is arc-length parameter (see Eq (3.3)). In this case,

we write:
a(s)

E = ,
) = e
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so that

a(s) a’(s)  (a(s), @’(s)
FO= e " \latll ™ el “(S)) |
The unit tangent vector of the dual curve E is given by Tz = E’. Since (E,E) = 1, it follows that
(E,Tg) = 0. If we define G = E X Tg, then {Tg, G, E} forms the so-called dual Darboux frame of the
dual curve E, with E serving as the dual spherical normal. The curve E admits the following invariants:

1. Dual geodesic curvature: k, = (E”, EX E') = (T}, G);
ii. Dual normal curvature: «, = (E”, E) = (T}, E);
iii. Dual geodesic torsion: 7, = (E’, G) = —(E, G').

Accordingly, the dual Darboux frame satisfies the relations

T, = —k,G + k,E,
G’ = —«,Tg — 7,E,
E' = —k, T + TgG.

Moreover, the dual Darboux frame {7, G, E} and the dual Frenet frame {7, Ng, Bg} are related by

Tg 1 0 0 Te
G|=|0 cos(®) sin(D)||Ng].
E 0 —sin(®) cos(®))\Bg

Hence, we obtain the following:

. ’
K, = Kk cos(D), K, = —k sin(D), Ty =—-7—-@.
6. Discussion and conclusions

In this study, the concepts of the dual point, the dual line, and the dual plane are defined in D?
and the fact that certain geometric structures in the Euclidean space correspond to them is proved.
Besides, the theory of curves in D? is constructed, and the Frenet elements and formulas of the dual
curve (s) = a(s) + ea”(s) are obtained by using the Frenet elements and formulas of the real curves
a and o*. Additionally, helix curve, involute-evolute offsets, Bertrand offsets, and Darboux frame, the
significant concepts of the theory of curves, are introduced to the theory of dual curves. Moreover,
generalized E. Study maps is introduced. This map states that for every dual curve in the dual space
D? of the form a(s) = a(s) + ea*(s), there exists a corresponding ruled surface.

The findings of this study are expected to contribute to future studies on the dual curve theory,
dual surface theory, and kinematics in D*. Notably, the correspondence between the ruled surfaces
in the Euclidean space and dual curves can also be analyzed and studies on dual sphere motions can
be extended to the investigations into the kinematics in D®. Thus, thanks to the generalized E. Study
Maps, the striking correspondence between the dual space and the Euclidean space can be explored
from an expanded viewpoint, without confining our attention to the unit dual sphere.
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