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1. Introduction and preliminaries

Fixed point theory for nonexpansive mappings in Hilbert spaces has attracted considerable attention
due to its fundamental role in nonlinear analysis and its wide range of applications. These include
finding zeros of accretive operators, split feasibility and multiple-set split feasibility problems, and
variational inequality problems (see, for instance, [1-3]), as well as minimax inequality problems
and optimization problems (see, for instance, [4,5]). Moreover, related results have been extended
to CAT(0) spaces (see, for example, [6]).

Among the foundational results in this area, the Browder-Gohde-Kirk Theorem [7] plays a central
role by guaranteeing the existence of fixed points for nonexpansive mappings defined on closed,
convex, and bounded subsets of Hilbert spaces. This theorem provides the theoretical basis for the
development of iterative algorithms and convergence theory.
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To approximate such fixed points, constructive methods have been extensively studied (see, for
instance, [4,8-10]). One of the most effective methods for approximating fixed points while ensuring
the strong convergence of the generated sequence is the Halpern iterative algorithm. The method was
originally introduced by Halpern [11] in 1967 for the special case where M is the closed unit ball of a
real Hilbert space H and an anchor w = 0 (see also [12, 13]).

Definition 1. Let M be a nonempty convex subset of a Hilbert space H and let f : M — M. Given a
fixed element w € M, called the anchor, the Halpern iteration is the sequence {u,} in M defined by an
initial point uy € M and

Up1 = a,w+ (1 — ) fuy, VneW, (1.1)

where {a,} C (0, 1) is a sequence of real numbers, called the control sequence.

Halpern [11] established a strong convergence result for the Halpern iteration in Hilbert spaces.
In particular, for a nonexpansive mapping f defined on a nonempty, bounded, closed, and convex
subset M of a Hilbert space /H, and for a control sequence {«,} given by @, = % with 6 € (0, 1),
the Halpern iteration (1.1), starting from an initial point uy € M and an anchor w € M, converges
strongly to a = PrixsW, Where Priy(y is the metric projection of w onto Fix(f). Halpern noticed that
the conditions

lim @, =0, (C1)
Z , = 00, (C2)
n=1

are necessary for the convergence of the sequence {u,} defined by (1.1) to an element of Fix(f).

In 1977, Lions [14] improved Halpern’s result by establishing strong convergence under an
additional condition on the control sequence. Specifically, for a nonexpansive mapping f on a
nonempty, bounded, closed, and convex subset M of a real Hilbert space H, the Halpern iteration (1.1),
starting from an initial point uy € M and an anchor w € M, converges strongly to a = PrixpW,
provided that the control sequence {a,} C (0, 1) satisfies (C1), (C2), and

lim oot
n—oo a'%

=0. (C3)

The conditions imposed on the control sequence {@,} by Halpern’s and Lions’ results exclude the
choice «, = % To address this restriction, in 1992, Wittmann [15] established a strong convergence
result by replacing Condition (C3) with the more general assumption

Dl = il < oo, (C4)
n=1

In particular, for a nonexpansive mapping f : M — M defined on a nonempty, closed, and convex
subset M of a Hilbert space H with Fix(f) # 0, the Halpern iteration (1.1), starting from uy = w € M
and generated by a control sequence {a,} C [0, 1] satisfying (C1), (C2), and (C4), converges strongly
toa = PFix(f)W-
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In 2002, Xu [16] improved Lions’ result by relaxing Condition (C3) to

lim 22— %L _ g, (C3)

n—oo an

thereby allowing the choice «, = %

In 2007, Suzuki [17] introduced an explicit form of a Halpern-type iteration and showed that
conditions (C1) and (C2) are necessary and sufficient for strong convergence. For a nonexpansive
mapping f on a nonempty, bounded, closed, and convex subset M of a Hilbert space H, given w € M,
A € (0, 1), and an initial point u, € M, the iteration

Upr1 = W + (1 — ) (1 = Du, + Afuy,), new, (1.2)

converges strongly to a = Priypyw if and only if the sequence {a,} satisfies (C1) and (C2).
Takahashi et al. [18] proposed the following iterative algorithm and established the strong
convergence of the generated sequence for nonexpansive mappings.

Theorem 1. Let M be a nonempty convex subset of a Hilbert space H. Let f : M — M be a
nonexpansive mapping with a nonempty set of attractive points, i.e., A(f) # 0. Fix w € M and define
a sequence {u,} in M by uy € M and

Unsr = AW + (1 — @) Buty + (1 = Bu) fun), ¥n € W, (1.3)

where {a,} and {3,} are sequences in (0, 1) satisfying conditions (C1), (C2), and
linm_)glfﬂn(l -5, > 0. (C5)
Then {u,} converges strongly to the metric projection of w onto A(f). Moreover, if Ms closed, then {u,}

converges strongly to the metric projection of w onto Fix(f).

Before proceeding, we recall some notation used throughout the paper. We denote N :={1,2,3,...}
as the set of natural numbers, W := {0, 1,2,...} as the set of non-negative integers, and R as the set
of real numbers. Unless otherwise specified, M denotes a nonempty subset of a real Hilbert space H
equipped with the norm || - || and the inner product (:,-). The identity mapping on M is denoted
by I. Strong convergence of {u,} to a is written as u, — a, while weak convergence to a is denoted
by u, — a.

Definition 2. [2] Let f,g: M — M. Ifu = fu = gu, then u € M s a common fixed point of f and g.
The set of common fixed points of f and g is denoted by Fix(f, g).

In [19], we introduced the class of b-enriched g-nonexpansive mappings of the second kind. For
simplicity, throughout this paper, we refer to them as b-enriched g-nonexpansive mappings.

Definition 3. Let f,g : M — M. A mapping f is called a b-enriched g-nonexpansive mapping
if b € [0, 00) exists such that

||b(gu — gv) + fu— fv|| < (b+ 1)||lgu — gvll, Yu,v e M. (1.4)

Remark 1. (i) If b =0, then f is called a g-nonexpansive mapping (see [2]).
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(ii) If g = 1, f is called a b-enriched nonexpansive mapping (see [20,21]).
(iii) If g = I and b = O, f is called a nonexpansive mapping (see [2]).
In [19], we also introduced the following averaged g-mapping.

Definition 4. Let M be a convex subset of H and f,g : M — M. Then for any A € (0,1], the
averaged g-mapping (or averaged mapping with respect to g) is defined as

foau =1 —Dgu+ Afu, Yu e M.

Note that Fix(f; 1, ) = Fix(f, g).

Remark 2. If g = I, then
fiu =1 = Du+ Afu, ueM,

and Fix(f,) = Fix(f) whenever 0 < 1 < 1.

Remark 3. Suppose that f is b-enriched g-nonexpansive. Then for every by > b, f is also b-enriched
g-nonexpansive. Indeed, we have

1D1(gu — gv) + fu — fvll < (by = b)ligu — gvil + lIb(gu — gv) + fu — fvll
< (by = b)ligu — gvll + (b + Dllgu — gv|
= (by + Dllgu — gvl|.

Consequently, if0 < A< 1/(b+ 1), thenb, =1/A1—-1 > b and
lfeaut = feavll < llgu — gvll, u,v € M.
Thus f, 4 is g-nonexpansive (see [19]).
Takahashi and Takeuchi [23] introduced the concept of attractive points in Hilbert spaces.
Definition 5. Let f : M — H. The set
A(f)={zeH  Nfu—zl <llu-zll,Yue M)
is called the set of attractive points of f.
Definition 6. /2] Let f : M — M. Then
(i) The set M is called convex if ku + (1 — k)v € M for all u,v € M and all k € [0, 1].
(ii) The mapping f is called affine if M is convex and
ftku+ (1 —kyw) =kfu+ 1 —-k)fv,

forall u,v e Mand all k € [0, 1].

Definition 7. [22] Let M be a nonempty subset of a Hilbert space H and u € H. The metric projection
of u onto M is defined by
Pyu={zeM:|u-z7|= inAli(Hu -}
ve
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Theorem 2. [24] Let M be a closed and convex subset of H. Then for each u € H, a unique nearest
point Py € M exists such that |lu — P pyu|| = inf,cpq [|lu — V.

Remark 4. [24] Let M be a closed and convex subset of H. Then the metric projection Py : H — M
is nonexpansive.

Lemma 1. [24] Let M be a closed and convex subset of H. Then for every u € H and w € M, we
have w = Py if and only if 0 < (u — w,w —v),Yv € M.

Lemma 2. [18] Let f : M — H. Then the following hold:
(i) A(f) is closed and convex.
(ii) If f is a nonexpansive mapping, u, — z, and u, — fu, — 0, then z € A(f).
Lemma 3. [23] Let M be a closed and convex subset of H and z € A(f). Then Pz € Fix(f).
Lemmad. [12,25] Foru,v € H and u € R, the following hold:
(i) llu +vIP < ull® + 2 v, u + v).
(ii) N+ (1= VI = gl + (1 = @) VP = (1 = o) [l = v
(iii) Il + VI = llall® + [WIP + 2 G, v

Lemma 5. [25] Let {p,} be a sequence of nonnegative real numbers such that
P+l < (1 _an)pn+an7n +ﬂn’ VI’lEN,

where {a,} is a sequence in [0,1] with Y7 @, = oo, {y,} is a sequence of real numbers with
limsup,_ ., v» < 0, and {B,} is a sequence of non-negative real numbers with y,," 3, < co. Then
lim, o 0, = 0.

We next recall a useful lemma that will play a key role in the proof of our main result.

Lemma 6. [26] Let {I',} be a sequence of real numbers that has a subsequence {I',,} satisfying I',, <
I, +1, Yk € N. Then an increasing sequence of integers {t(n)},s,, exists such that

lim 7(n) = oo, (1.5)
FT(I’[) < 1—“r(n)+la

Fn < r‘r(n)+l» Vn > no.
2. The main results

We define the following set of g-attractive points of f.
Definition 8. Let f,g : M — H. The set

AS(f) ={zeH - |Ifu—zll < llgu - zll, Yu € M},

is called the set of g-attractive points of f.
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Lemma 7. Let f,g : M — H, and denote by AS(f,,) the set of g-attractive points of f,,,
where A € (0, 1]. We then have

(i) AS(f) is closed and convex.
(ii) A%(f,.) is closed and convex for every A € (0, 1].

Proof. (i) Convexity. Let z;,z0 € A%(f). Then for each u € M, we have ||fu — z|| < llgu — zl|
and || fu — z|| < |lgu — z2||. Let u € [0, 1] and define z = (1 — u)z; + uzo. Using Lemma 4 Part (ii),

we get
Ifu =2l = fu— (A =z + pz2)IP
=11 = p)(fu - z0) + p(fu— )
= (1 = wllfu -zl + pllfu — 2l* = u(1 = wWI(fu - z1) = (fu - 22)I
= (1 = wllfu -zl + pll fu = 2P = u(1 = iz — 2ol (2.1)
Similarly
ligu — 2 = (1 — wligu — z1I° + pligu — 2l = u(1 = wliza — zil. (2.2)

From (2.1), since z;, 2o € A%(f), it follows that

Ifu 2P < (A = wlgu =21l + pligu = 2l - p(1 = wlz2 = 21l (2.3)

From (2.2) and (2.3), we have ||fu — z||* < ||gu — z||> which implies || fu — z|| < ||gu — z||. Since this
holds for all u € M, we have z € A%(f). Therefore, A%(f) is convex.

Closedness. Let {z,} C A%(f) and assume that z, — z in H. Then for each u € M, we have
lfu =zl < llgu — zall, Yn.
By continuity of the norm, letting n — oo gives
lfu—zll < llgu - zll.

Since this holds for all u € M, we have z € A8(f). Therefore, A3(f) is closed.

(i1) Apply Part (i) to the mapping f, ..
O

Lemma 8. Let f,g : M — H. Assume that f is a g-nonexpansive mapping and {u,} ¢ M. If gu,, — z
and gu, — fu, — 0, then z € AS(f).

Proof. Letv € M be arbitrary. Since f is a g-nonexpansive mapping, we have

I fu, — fVIP < llgu, — gviI. (2.4)

It follows that

(11t = guall + llgity = fYP + 2(fty = glty, gity — fv)) < llgun, — gvi.
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Since gu,, — z, the sequence {gu,} is bounded. Moreover, since gu, — fu,, — 0 and the sequence {gu, —
fv}is bounded, it follows that { fu, — gu,, gu, — fv) — 0. Hence

lim sup ||gu, — fvII* < limsup ||lgu, — gvII*.

n—090 n—00

Since gu, — z, we have
(Qup — gv, gv — fvy = (2 —gv, gv— fv).
Moreover,
lIgun — VI = llgun — gvIi* + llgv = fII* + 2(gu, — gv, gv = fv).

Combining this identity with the preceding lim sup inequality gives

llgv — fVII* + 2(z — gv, gv — fv) < 0.

Since
llz = fYIP = Iz = gv) + (gv = I = llz = gvIl* + 2(z — gv, gv = fv) + llgv — v,
we obtain
Iz = fVIP = llz = gvI* = 2(z = gv, gv = fv) + llgv = NI
Thus
llz = VI = llz = gvI* < 0.
Hence
llz = fll < flz = gvll.
Since this holds for all v € M, we conclude that z € AS(f). O

Lemma 9. Let M be a convex subset of H, let f,g : M — H, and let A(g) denote the set of attractive

. . . . . 1
points of g. Assume that f is a b-enriched g-nonexpansive mapping. Then for every 0 < A < 5,

we have
(i) Fix(f, g) € M N A8(f, ). Furthermore, if A*(f, 1) C Fix(f, g), then Fix(f,g) = M N A8(f, ).

(i) Fix(f,8) NA(g) = A*(fe) N A(®) N M.

Proof. (i) The inclusion is trivial if Fix(f, g) = 0. Assume that Fix(f, g) # 0 and let z € Fix(f, g).
Since f is a b-enriched g-nonexpansive mapping, then f,, is g-nonexpansive. Thus, for any
u € M, we have

I featt = feazll < llgu — gzll.

Since z € Fix(f, g) = Fix(f; .1, 8), it follows that

|/ fatt = zll = Il foaut = foazll < llgu — gzll = llgu — zll.

Thus, z € M N AS(f, ,). Hence, Fix(f,g) € M N A3(f, ).
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(i1) If Fix(f, g) N A(g) = 0, then we are done. Assume that Fix(f, g) N A(g) # 0 and let z € Fix(f, g)N
A(g). Thenz € M, z = fz = gz, and ||gu — z|| < |lu — z||, Yu € M. Since f, , is g-nonexpansive,
we have

fgatt = 2ll = | foau — foazll < llgu — gzll = llgu — 2l < [lu — zl|, Yue M.
This implies z € A%(f, 1) N A(g) N M. Hence, we have
Fix(f,8) N A(g) € A*(fe) NA(R) N M.

For reverse inclusion, if A%(f, 1) NA(g) " M = 0, then we are done. Assume that A%(f, ;) NA(g) N
M # 0 and let z € A%(f, 1) N A(g) N M. Since z € A(g) N M, we get

llgz —zll < llz =zl =0,

and so z € Fix(g). Moreover, since z € A%(f,1) N M, then ||f,z2 — 2l < llgz =2l = 0 and
so z € Fix(f). Thus, z € Fix(f, g) N A(g). Hence, we have

A%(fo.) N A(g) N M C Fix(f, g) NA(g).

O
Lemma 10. Let M be a convex subset of H and f, g : M — H. We then have
AS(f) € A%(fy0)s 0<A<1.
Proof. Letz € A8(f). If 0 < A < 1, then, for every u € M, we have
| foau =2l = I(1 = )(gu — 2) + A(fu— 2|’
< (1= Dllgu — 2P + Allfu— 2z
< (1= Dllgu — 2P + Allgu — z|I*
= |lgu — 2I*.
Thus z € A%(f,2). If A =1, then f,; = f, so the assertion is immediate. m]

Example 1. Consider H = R? equipped with the Euclidean norm ||(u;, up)|| = |ui|? + luzl?, (uy, un) €
H and consider M = [%,2] X [%, 2]. For each (uy,u) € M, define f,g : M — H by

1
flu,u) = (u_l’o)’ guy, up) = (uy,0).

Notice that f is an enriched g-nonexpansive mapping on M. To verify this, consider Condition (1.4).
This implies

1 1 1
1b(gCuur, 1) — g1, v2)) + flttrsuz) — fvi,va)l| = H(b(ul L V—],0>H = )b - )

Ui
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for all (uy,u,), (vi,v,) € M. Since, for any b > %, ‘b - ﬁ' < b+ 1 holds, we conclude that
lb(g(uy, u2) — g(vi,v2)) + f(ur,uz) — fvi, v)Il < (b + D) uy — vy
=+ Dllglur, uz) — gvi, v)Il,

Sfor all (uy,uy), (vi,v2) € M. Therefore, f is a %-enriched g-nonexpansive mapping on M. Hence, we
get 1 =04,
Notice that

1
A8 (feoa) "M ={(1,20) 1 20 € [5, 21}

whereas
Fix(f,g) = 0.
Consequently
MDA (fe04) € Fix(f, 8).

Hence, the reverse inclusion in Lemma 9 Part (i) does not hold in general.
We now compute AS(f). Let z = (a,c) € R?. Then z € AS(f) if and only if

Ifu—zll < llgu -zl ue M.

Since f and g depend only on u,, this is equivalent to

1 2 1
(——a) + < (u —a)’+ ¢, ule[—,Z],
Ui

which implies
Equivalently

If1/2 <uy < 1, then

and so

Taking u, = 1/2, we obtain

On the other hand, if 1 < u; <2, then

AIMS Mathematics Volume 11, Issue 5, 13023-13041.
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and so

Letting u; | 1, we obtain
a<l.

Thus, a > 5/4 and a < 1, which is impossible. Therefore
A%(f) = 0.
Thus, A%(f,04) £ A%(f). Hence, the reverse inclusion in Lemma 10 does not hold in general.

Lemma 11. Let M be a closed and convex subset of H, and let f,g : M — M. Assume that f
is b-enriched g-nonexpansive, and g is affine and continuous. Then Fix(f, g) is closed and convex.

Proof. Put F = f,,, where 0 < A < 1/(b + 1). By Remark 3, F is g-nonexpansive. Moreover, we have,

Fix(F, g) = Fix(f, g).

We first prove convexity. If Fix(F,g) = 0, there is nothing to prove. Let z;,z, € Fix(F, g), and
let u € [0, 1]. Put
z=0—-wz + uz.
Since M is convex, z € M. Since g is affine and gz; = z1, gz» = 22, we have

gz=0—-wegz +pugz = — Wz +uz =z

Thus, z € Fix(g).
It remains to prove Fz = z. Since F is g-nonexpansive, we have

IFz—zill = IFz = Fzll < llgz = gzill = llz — zill,

and similarly
IFz = 2ll < llz = z2l|.

If z; = 2o, then z = z; and there is nothing to prove. Assume z; # 7, and write D = ||z; — 22||. Then
iz — zill = uD, lz - z2ll = (1 = )D.

Therefore
D =|lz; — 2ol < llz1 = Fzll + [|[Fz = 22|l £ uD + (1 =)D = D.

Hence, equality holds throughout. Equality in the triangle inequality in a Hilbert space implies that F'z
lies on the line segment joining z; and z,. Moreover, the two distance equalities force

l1Fz =zl = uD, IFz =2l = —wD.
The unique point of [z;, zo] with these two distances is
(I -z +pz =z

AIMS Mathematics Volume 11, Issue 5, 13023-13041.
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Hence, Fz = z and so z € Fix(F, g). Thus, Fix(f, g) is convex.
We now prove closedness. Let {x,} C Fix(F, g) and assume x,, — x in H. Since M is closed, x € M.
Since g is continuous, we have

gx = lim gx,, = lim x,, = x.
n—oo n—oo

Thus, x € Fix(g). Moreover, by g-nonexpansiveness of F, we have
IFx, — Fx|l < llgx, — gxIl = 0.

Since Fx, = x, — x, it follows that Fx = x. Therefore, x € Fix(F, g) = Fix(f, g). Hence, Fix(f, g)
is closed. O

We define the following g-averaged Halpern-type iterative algorithm.

Definition 9. Let M be a convex subset of ‘H and let f,g : M — M satisfy f(M) C g(M).
Assume that g(M) is convex (or, in particular, g is affine). Let w € gM), up ¢ M, 0 < 1 < 1,
and {a,},{B,} € (0, 1).

A sequence {u,} C Mis called a g-averaged Halpern-type iteration generated by f, g, w, A, {a,}, {B,}
if, for each n > 0, after u,, has been chosen, one chooses u,,, € M such that

gne1 = W + (1 = @) (Brgun + (1 = Bl = Dgun + Afunl),  VneW. (2.5)

Remark 5. The choice of u,., is possible because the right-hand side belongs to g(M). If g is not one-
to-one, this u,,| need not be unique. This does not affect the convergence theorem, because the theorem
is stated for any sequence generated by (2.5), and its conclusion concerns the image sequence {gu,,}.

Remark 6. If g = [ and 1 = 1, then the iteration (2.5) reduces to the Takahashi, Wong, Yao
iteration (1.3).

In the following theorem, we extend Theorem 1 by establishing the strong convergence of the g-
averaged Halpern-type iteration to a g-attractive point of the mapping f, , in real Hilbert spaces.

Theorem 3. Let M be a convex subset of H and f,g : M — M such that f(M) C g(M). Assume

that g(M) is convex (or, in particular, g is affine), 0 < A < ﬁ, and f is a b-enriched g-nonexpansive
mapping with A8(f, ) # 0. Fixw € g(M) and let {u,} in M be any sequence generated by Definition 9,
where {a,} and {3,} are sequences in (0, 1) such that (C1), (C2), and (C5) hold. Then {gu,} converges

strongly 10 a = Pag(y, yw. In particular, the conclusion holds whenever A%(f) # 0.

Proof. Since 0 < A < 1/(b + 1), Remark 3 implies that f, ; is g-nonexpansive.
We first note that the recursive construction is possible. Suppose that u#, € M has been chosen.
Since w € g(M), gu, € g(M), fu, € f(M) C g(M), and g(M) is convex, the point

a,w + (1 - a’n)(ﬁngun + (1 _:8}1)[(1 - /l)gun + /lfun]),

belongs to g(M). Hence, there is a u,;; € M satisfying (2.5).
Let u € A%(f,,1). Such a point exists by assumption. Define

n = ﬁngun + (1 _ﬂn)fg,/lun-

AIMS Mathematics Volume 11, Issue 5, 13023-13041.



13034

Then

20 = l® = 11Bu(gttn — u) + (1 = B)(featt = w)II°
< Bullgutn — ull® + (1 = B)llguy — ull® = Bu(1 = Bu)llgitn — foaunll®
= llgun — ull® = Bu(1 = Bllgun = foattal?
< llgu — ulP®. (2.6)

Put k = ||guo — ull + ||w — ul|, so that ||guy — ul| < k. Assume that ||gu,, — u|| < k for some m € W.
Using (2.6), we get

gttm+1 — ull = llamw + (1 — @m)zm — ull
< @pllw = ull + (1 — @)l|zm — ull
< @ullw —ull + (1 — a,)llgun — ull
<apk+ -k =k

By induction, ||gu, — u|| < k for all n € W. Hence, {gu,} is bounded, and so { f, yu,} is also bounded.
By Lemma 7 Part (ii), we get that A%(f, ;) is closed and convex. Thus, a € A%(f,,) exists such
that a = Paes, yw. Using (2.6), we obtain

lgutner = all* = lla(w = @) + (1 = @)z, — @)l
< aulw = alP + (1 = a)llz, — all?
< llw = all? + 11B.(gun — @) + (1 = B)(feattn — @I
< aylw = all + llgu, — all” = Bu(1 = Bl feattn — guall*.

Therefore

Ba(1 = Bl feattn = guall> < aallw = al® + ligu, — all® = llgutnr — all®. (2.7)
From

8Uns1 = 8Un = yW + (1 — ) (Bugty + (1 = Bo) foattn) — &ty
it follows that
llguni1 — gunll < @ullw = guall + (1 = @)1 = Bu)ll foattn — gunll. (2.8)
Case A. Define I',, = ||gu, — a|l*, for all n € W. Assume that there exists ny € W such that
[ <10, n > ng.

Then {I',},>,, 1s nonincreasing, hence convergent. Thus, lim,_(I',x; — ;) = 0. It follows from
lim, . @, = 0,liminf,_,. B,(1 —B,) > 0 and (2.7) that

lim flgu, = fattll = 0. (29
As lim, ., @, = 0 and (2.9), we obtain, from (2.8), lim,_,c, ||gut,+1 — guall = O.
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Since {gu,} is bounded and H is reflexive, we may choose a subsequence, still denoted by {gu,, },
such that
gunm -V

and

lim sup{w — a, gu, — a) = lim{w — a, gu,, — a). (2.10)

n—oo

Since f, , is g-nonexpansive and gu, — f, .u, — 0, Lemma 8 gives v € A%(f, ).
Then, using (2.10) and Lemma 1, we obtain

lim sup(w — a, gu, —ay = {w—a,v—ay <0. 2.11)

n—oo

From the g-averaged Halpern-type iteration (2.5), (2.6), and Lemma 4 Part (i), we obtain

ligttns1 — all* = (1 = @)z, — @) + a,(w — @)|I*
S(l - an)llzn - a”Z + 2an <W —a,gUp+1 — Cl)
<(1 - a,)llgu, — all* + 2a, {w — a, g, — a). (2.12)

Therefore

lgtns1 — all* < (1 — a)llgu, — all* + 2, (w — a, gup,y — guy) + 20, (W — a, gu, — a)

< (1 = ayliguy, — all® + 2aullw = allllg — guyll + 2, (W - a, gu, — ay. (2.13)
Since (2.11), Y77, @, = oo, and lim,,,« ||gu,+1 — git,|l = 0 hold, Lemma 5 implies that
gu, — a.
Case B. Assume that for every ny € W, there exists m > ng such that
I, <T,41.

Define
T(n) =max{m <n:T,, <}

By Lemma 6, 7(n) — oo and
I_“r(n) < 1—“r(n)+1a I_‘n < 1—‘T(n)+1

for all n > ny.
Replacing n with 7(n) in (2.7) yields

2 2 2 2
ﬁ‘r(n)(l —ﬂr(n))Hfg,Mr(n) - gu‘r(n)” < a“,T(I’l)”W —all” + ||8Mr(n) —all” - ||gu7'(n)+l —al|
2
< rpllw —all”. (2.14)

Since lim,, . @, = 0 and liminf,_, 8,(1 —,) > 0 are satisfied, we have lim,,_,« || fo 1Uz(n) = ltzmll = 0.
Replacing n with 7(n) in (2.13), we find, for all n > n,, that

2
|lgttetmer = a|” < (1 = Cc)llgiteny — all’ + 202y (W = @, Gzt — 8lbeuy) + 20zny (W — @, Gy — @) .
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Since 'y < I'zny+1, wWe have
eIty = all’ < 20ty (W = @, Gltrye1 = Gz} + 2(ay (W = s ltrny — @) -
Since @) > 0, we obtain
Utz — all’ < 24w — @, Gutrguyr1 — Gite(y) + 2{W — @, Gy — a) . (2.15)
Replacing n with 7(n) in (2.8), we have
gtznyr1 — Uzl £ Ar(yllw — Uizl + (1 — @)1 = Be)l fealheny — Ut (2.16)
Since lim,,, @, = 0, (2.16), and lim,, . || fo altz(n) — &Uz(m)ll = O, we have
Tim [Igitsy+1 = gtegnll = 0. 2.17)
Since {gu.,} is a bounded sequence, a subsequence {gux(,,,} of {gu.} exists such that

lim sup (w — a, gutr(y — a) = lim (W — a, gu,,) — ay.
m—-oo

n—oo

Repeating the argument of Case A for {gu,,}, we have

lim sup (w — a, gtz — a) < 0. (2.18)

n—oo

Using (2.15), (2.17), and (2.18), we have lim,_,, ||gt+(,) — all = 0. From (2.17), we have
31_{{)10 lgutr(my+1 —all = 0.
By Lemma 6, we have I', < I';(,)11, Yn > ng. Therefore, we conclude that

lim gu, = a.

n—oo

O

Remark 7. The assumption A%(f, 1) # 0 is the natural nonemptiness assumption for Theorem 3. By
Lemma 10, it is automatically satisfied whenever AS(f) # 0.

Corollary 1. Let the assumptions of Theorem 3 hold. Assume in addition that A%(f,,) € AS(f).
Then {gu,} converges strongly to a = P s pyw.

The following example illustrates Theorem 3 under the natural assumption A%(f,,) # 0. It
also shows why this assumption is better than requiring A%(f) # 0, because in the example
below, A%(f) = 0. Numerical results, including tables and graphs, have been obtained using Wolfram
Mathematica (Wolfram Alpha Notebook Edition).
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Example 2. Let H = R? be endowed with the Euclidean norm ||(uy, uo)|| = |u|? + lual?, (uy, uz) € H.
For each (uy,uy) € H, define self-mappings f and g on H by

1
_,O ) ] ) 7-(7 * 09
Pty uy) = (u1 ), i (i, up) € H, uy
0,0), ifu =0,

and
gur, up) = (uy,0).

Consider the convex set M = [%,2] X {0}. Then f(M) = g(M) = M. Hence, both f and g are
self-mappings on M. Moreover, g(M) is convex.
We observe that f is not g-nonexpansive on M. Take, for instance, u = (%,O) and v = (1,0), we

have ||fu — vl > |lgu — gv|l. However, f is b-enriched g-nonexpansive on M, where b > 2 and

2
hence, 1 < 0.4.
Notice that

AS(f) =0,  A(fe) =1{(,22) 1 22 € R},

for 1 =0.4,0.2,0.1. The metric projection of w = (w1, w;) € H onto this closed affine line is

Pas(r, (Wi, w2) = (1, w).

For the numerical calculation, we use a reindexing of (2.5) starting at n = 1. Namely, we take

0.4 1
= 1'5$09 = 2503 n= <> n= An-
up = ( ) w=(2,0) T =" Bn=35

This is only an index shift of the recurrence in Definition 9. The generated sequence {gu,} converges
strongly to

(1,0) = Pagr, »(2,0).

Since gu, = (u,1,0), the numerical results are presented in terms of the first coordinates {(gu,)1}.

Table 1 shows the results computed up to N = 10,000 steps to illustrate the convergence behavior.
Using the stopping criterion |(gu,), — 1| < 1073, the stopping indices are n = 527, 1055, and 2109
for A = 0.4, 0.2, and 0.1, respectively. The results indicate that the sequence {(gu,),} converges to 1,
with faster convergence for larger values of A.

Table 1. Comparison of the g-averaged Halpern-type iteration for the first coordinate (gu,,);
for 4 =0.4,0.2,0.1.

n 1 2 5 10 50 100 1000 10000
A=0.1 1.5 153667 146603 1.31028 1.04605 1.0219 1.00211 1.00021
A=02 1.5 147333 129609 1.13745 1.02175 1.01069 1.00105 1.00011
A=04 1.5 134667 1.12491 1.05574 1.01063 1.00529 1.00053 1.00005
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Figure 1. Comparison of the g-averaged Halpern-type iteration for the first coordinate (gu,,);
for 1 =0.4,0.2,0.1.

Figure 1 clearly show that larger values of A accelerate the convergence of the sequence {(gu,)}
to 1.

Theorem 4. Let M be a closed and convex subset of H and f : M — M. Assume that f is a b-
enriched nonexpansive mapping with A(f,) # 0 for some

0<Aa<

T bh+1
Fixw € Mand let {u,} be a sequence in M defined by uy € M and the averaged Halpern-type iteration
Upe1 = ayw + (1 = an)(ﬂnun +( _,Bn)[(l - Duy, + /lfun])’ new, (219)

where {a,} and {8,} are sequences in (0, 1) such that (Cl), (C2), and (C5) hold. Then {u,} converges
strongly to a = Prixpyw.

Proof. Apply Theorem 3 with g = I, it follows that the sequence {u,} converges strongly to a = Pysyw.
Since M is closed and {u,} ¢ M with u, — a, we deduce that a € M. Moreover, since a € A(f)) N M,
we have

Ifaa —all < lla —all = 0.
Thus, a € Fix(f;). Because 0 < A4 < 1, we have
Fix(f)) = Fix(f).
Moreover, if p € Fix(f), then p € A(f)), since
lfaue = pll < llue — pll, ueM.

Therefore,
Fix(f) € A(fD).

Since a = Pysyw and a € Fix(f), we get
dist(w, A(f3)) = llw — al| > dist(w, Fix(f)).
The reverse inequality follows from Fix(f) € A(f;). Hence, we have
|lw — al| = dist(w, Fix(f)).
Since Fix(f) is closed and convex, the metric projection is single-valued. Therefore
a = Prixpyw.

O
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3. Conclusions

We introduced the set of g-attractive points of a mapping f and proved its basic structural properties,
including closedness, convexity, and its relation to the set of common fixed points of the mappings f
and g. We then studied a g-averaged Halpern-type iteration for b-enriched g-nonexpansive mappings
in real Hilbert spaces. For 0 < 4 < 1/(b + 1), Theorem 3 proves the strong convergence of {gu,} to
the metric projection of the anchor w onto A%(f, ), under the natural assumption A%(f, ) # 0. This
assumption is weaker than A8(f) # 0, as shown by the numerical example. In the special case g = I, the
method gives an averaged Halpern-type convergence theorem for b-enriched nonexpansive mappings.
The computations suggest that larger admissible values of 4 may improve the convergence speed. A
natural further problem is to determine whether Condition (C5) can be replaced by a weaker asymptotic
condition on {8,}, for example, by using [27, Lemma 2.3].
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