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1. Introduction and preliminaries

Fixed point (FP) theory, a cornerstone of modern mathematical analysis, plays a crucial role in
a wide range of disciplines, including topology, nonlinear analysis, and optimization [1]. Results
concerning FPs have profound implications in the study of dynamical systems, differential equations,
and even economics. Over the years, FP results in metric spaces have led to fundamental advances,
with the classical Banach FP theorem [2] being one of the most significant contributions to the field.
While classical FP results, such as those in metric spaces (MS ) and more specialized spaces like
Banach and Hilbert spaces, provide a solid foundation, they do not always cover more complex or
generalized settings where the distance between points might be more nuanced. This gap has led to
the development of generalized metric spaces, such as S -metric spaces (S -MS ). As an extension of
traditional MS , S -MS have gained significant attention in recent years due to their ability to provide
a more generalized framework for analyzing metric functions. An early investigation into S -MS can
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be found in the work of Sedghi et al. [3], who first outlined the foundational properties of these spaces
and explored their basic structure. Also, a common FP theorem for self-mappings on complete S -MS
is subsequently obtained.

Definition 1.1. [3] Given a nonempty setA, a function S m : A3 → [0,∞) is called an S -metric onA
whenever it fulfills the following hypothesis for every q, h, r, u ∈ A:

(i) S m(q, h, r) = 0 if, and only if, q = h = r.
(ii) S m(q, h, r) ≤ S m(q, q, u) + S m(h, h, u) + S m(r, r, u).

The pair (A, S m) is called an S -MS .

Example 1.1. [3] LetA = R and ||.|| be a norm onA. Then,

S m(q, h, z) = ||q + h − 2z|| + ||h − z||

is an S -MS onA.

Subsequently, numerous researchers have advanced this field by proposing various generalizations
and investigating the properties, existence, and uniqueness of FP. Shahraki et al. [4] investigated
a generalized Suzuki-type function defined on an S -MS to establish the existence of an FP. In
the framework of the S -MS , Saluja et al. [5] developed FP results for integral-type contractive
and proposed an application to a fractional integral problem based on Riemann–Liouville calculus,
accompanied by a numerical illustration. The study of S -MS continues to attract researchers
through various generalizations. In this direction, Taş et Özgür [6] introduced the notion of the
parametric S -MS and gave some basic facts. Also they proved some FP results under various expansive
mappings. Subsequently, the authors refined their earlier approach and, in [7], presented the notion of
a parametric S b-metric space. Following [8], the notion of an S b-metric space, due to Souayah and
Mlaiki, generalizes b-MS by combining features of both S -metrics and b-metrics, in particular, a
relaxed triangular-type inequality controlled by a constant b ≥ 1.

Definition 1.2. [8] Let A , ∅ and let b ≥ 1. A mapping S b : A3 → [0,∞) is said to define an S b-
metric onA if, for every q, h, r, u ∈ A : it fulfills the following properties:

(i) S b(q, h, r) = 0 if, and only if, q = h = r.
(ii) S b(q, h, r) ≤ b[S b(q, q, u) + S b(h, h, u) + S b(r, r, u)].

The pair (A, S b) is called an S b-metric space.

Example 1.2. Let A , ∅ and card(A) ≥ 5. Suppose A = A1 ∪ A2 is a partition of A such that
card(A1) ≥ 4. Let b ≥ 1. Then,

S b(q, h, r) =


0, if q = h = r = 0,
3b, if (q, h, r) ∈ A3

1,

1, if (q, h, r) < A3
1,

S b is an S b-metric onA with coefficient b ≥ 1 for all q, h, r ∈ A.
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Also, Mlaiki in [9] introduced the notion of an extended S b-metric space by substituting the
constant b in the triangle-type inequality of Definition 1.2 by a function θ. Some FP results were
presented. Building on this work and on [7], Mani al. proposed in [10] the framework of the extended
parametric S b-MS . They established an enhanced form of the Banach contraction principle specifically
for extended parametric S b-MS , utilizing an auxiliary function to achieve the result. To demonstrate
the applicability of their approach, they provided concrete examples and applied it to solving Fredholm
integral equations. To set the context, we begin by reviewing some fundamental definitions of some
generalizations of S -MS pertinent for our work. Motivated by the concept of the S b-MS , Mustafa et
al. [11] established the notion of S p-MS as follows:

Definition 1.3. [11] Let A , ∅ and Γ : [0,∞) → [0,∞) be a strictly increasing function and
continuous, where a ≤ Γ(a) for all a > 0 and Γ(0) = 0. A function S p : A3 → [0,∞) is said to
define an S p-metric onA provided that, for all q, h, r, u ∈ A, the following properties hold:

(i) S p(q, h, r) = 0 if, and only if, q = h = r.
(iii) S p(q, h, r) ≤ Γ

(
S p(q, q, u) + S p(h, h, u) + S p(r, r, u)

)
.

The pair (A, S p) is called a S p-MS .

Remark 1. Each S -MS is an S p-MS with Γ(a) = a. Moreover, every S b-MS with b ≥ 1 induces
an S p-MS with Γ(a) = b.a.

Example 1.3. [11] Let (A, S ) be an S -MS with coefficient b ≥ 1. Then,

1. S p(q, h, z) = exp(S (q, h, z)) − 1 is an S p-MS with Γ(a) = exp(a) − 1.
2. S p(q, h, z) = exp(S (q, h, z)) ln(1 + S (q, h, z)) is an S p-MS with Γ(a) = exp(b.a) ln(1 + b.a).

The concept of S -MS was further expanded to include controlled S -metric-like spaces [12] by
applying a control function into the triangle inequality, as showed in the following definition:

Definition 1.4. [12] Let A , ∅ and let α : A2 → [1,∞). A mapping S : A3 → [0,∞) is said to
induce a controlled S -MS structure onA if, for every q, h, z, u ∈ A, the following conditions hold:

• S (q, h, z) = 0⇐⇒ q = h = z;
• S (q, h, z) ≤ α(q, u)S (q, q, u) + α(h, u)S (h, h, u) + α(z, u)S (z, z, u).

Following these developments, numerous researchers have further advanced the field by proposing
various generalizations and rigorously studying the properties, existence, and uniqueness of FP. Some
relevant references in this context include [13]. Recently, Kil et al. [14] extended the concept of a
controlled S -MS to a new metric space called composed S -MS by incorporating composed functions
into the righthand side of the triangle inequality. As a result, some of the findings discussed in the
literature will emerge as special cases of the results derived in the composed S -MS . The precise
definition and formulation of this new concept are provided in the following section. Section 3 focuses
on the principal fixed point results. In Section 4, we provide an illustrative application to polynomial
equations. Concluding remarks and directions for future research are given in Section 5.
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2. Composed S -metric spaces

Definition 2.1. [14] Let A be a nonempty set and consider the non-constant
functions α : [0,∞) → [0,∞) such that α(0) = 0. A function CS : A3 → [0,∞) is said to be
a composed S -metric if it satisfies, for all q, h,w, u ∈ A:

1. CS (q, h,w) = 0⇐⇒ q = h = w for all q, h,w ∈ A,
2. CS (q, h,w) ≤ α

(
CS (q, q, u)

)
+ α

(
CS (h, h, u)

)
+ α

(
CS (w,w, u)

)
.

The pair (A,CS ) is a called a composed S -metric space (CS M).

Remark 2. It should be noted that Definition 2.1 does not impose any additional assumptions on the
composed function α other than α(0) = 0, in contrast with the framework introduced by Kil et al.
in [14].

Remark 3. The use of self-distances of the form CS (x, x, u) on the righthand side of the triangle
inequality is a structural feature inherited from the foundational framework of S -MS introduced by
Sedghi et al. [3], where the triangle inequality takes the analogous form S m(q, h, z) ≤ S m(q, q, u) +

S m(h, h, u) + S m(z, z, u). In this setting, the self-distance CS (x, x, u) serves as a one-sided proximity
measure from x to a reference point u, and the triangle inequality bounds the trivariate distance in
terms of how each individual point relates to that common reference. This is a deliberate and well-
established structural choice in the S -metric literature.

Regarding the absence of a symmetry requirement: this is intentional. The general framework
of this paper does not assume symmetry, i.e., it does not require CS (q, q, h) = CS (h, h, q). As a direct
consequence, one may have CS (q, q, h) , CS (h, h, q), which means convergence and Cauchy conditions
must be stated carefully using the appropriate ordering of arguments, as done in Definition 2.3.
Symmetry is imposed as an explicit additional hypothesis only in Theorems 2 and 3, where it is
genuinely required by the proof technique. Theorem 1, by contrast, holds in the fully asymmetric
setting, as noted in Remark 4.

Definition 2.2. Let (A,CS ) be a CS M. A is said to be symmetric if CS (q, q, h) = CS (h, h, q) for
all q, h ∈ A.

Remark 4. We observe that every CS M is an S -MS when α(q) = q. The converse, however, is not
always valid as demonstrated in Example 2.1.

Example 2.1. LetA = [1,+∞). Define a function CS : A3 −→ [0,∞) by

CS (q, h,w) = (q − w)2 + (h − w)2. (2.1)

Define the composed function α : [1,+∞) −→ [e,∞) by α(q) = eq.
Then, (A,CS ) is a CS M but is not an S -MS in the usual sense.

Proof. We begin by proving that the function CS is not an S -MS in the usual sense, and the triangle
inequality fails to hold. Indeed, for q = 4, h = 5, w = 1, and t = 4 we have CS (q, h,w) = (q−w)2+ (h−
w)2 = 25 > CS (q, q, t) + CS (h, h, t) + CS (w,w, t) = 20.
Verifying the first condition 1 of Definition 2.1 is straightforward. We should prove condition 2.
For all q, h,w, u ∈ [1,∞), we have

CS (q, h,w) = (q − w)2 + (h − w)2 = (q − u + u − w)2 + (h − u + u − w)2.

AIMS Mathematics Volume 11, Issue 5, 12961–12976.



12965

By using the classical inequality (p + p′)2 ≤ 2(p2 + p′2), we obtain

CS (q, h,w) = (q − s + s − w)2 + (h − s + s − w)2 ≤ 2(q − s)2 + 2(s − w)2 + 2(h − s)2

+ 2(w − s)2 (2.2)
≤ 2(q − s)2 + 2(h − s)2

+ 4(w − s)2. (2.3)

Knowing that for all q ≥ 0, q ≤ eq and 4q ≤ e2q, we get from (2.3)

CS (q, h,w) ≤ e2(q−s)2
+ e2(h−s)2

+ e2(w−s)2

= α
(
2(q − s)2) + α

(
2(h − s)2) + α

(
2(w − s)2)

= α
(
CS (q, q, s)

)
+ α

(
CS (h, h, s)

)
+ α

(
CS (w,w, s)

)
.

This validates the triangle inequality. �

Example 2.2. SupposeA = N and let CS : A3 −→ [0,∞) be defined by
CS (d, d, d) = 0, ∀d ∈ N,
CS (d, d, e) = d + e, ∀d, e ∈ N,
CS (c, h, e) = 2(c + h + e), for all distinct d, h, e ∈ N.

Define the composed function α : [0,+∞) −→ [0,∞) by α(t) = 2t + 1.
Then, (A,CS ) is a CS M but is not an S -MS .

Proof. It is clear that the condition referred to the self distance is valid. Let c, d, k, t ∈ N, and we have

α
(
CS (d, d, t)

)
+ α

(
CS (h, h, t)

)
+ α

(
CS (e, e, t)

)
= α(d + t) + α(h + t) + α(e + t)
= 2(d + t) + 1 + 2(h + t) + 1 + 2(e + t) + 1
≥ 2(d + h + e) = CS (d, h, e).

Therefore, (A,CS ) is a CS M. However, it is not an S -MS in the usual sense. Indeed, the triangle
inequality does not hold for every d, h, e, t ∈ N since

CS (d, d, t) + CS (h, h, t) + CS (e, e, t) = d + h + e + 2t

� 2 (d + h + e) = CS (d, h, e) for d = h = e = t = 1.

�

Example 2.3. [14] LetA = R. Define CS : A3 → [0,∞) as

CS (c, d, t) = e|d+t−2c|+|d−t| − 1, f orall c, d, t ∈ A.

Then, (A,CS ) is a CS M with α : [0,∞)→ [0,∞) such that

α(z) =
z3 + 3z2 + 3z

3
, f orall z ≥ 0.
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To clarify the hierarchy and inclusions between the different generalizations of S -MS , we present
the following diagram in Figure 1.

S-metric spaces ⊆ 𝑺𝒃-metric spaces⊆ 𝑺𝒑-metric spaces⊆Controlled S-metric spaces⊆Composed S-metric spaces

𝑺-metric

𝑺𝒃-metric

𝑺𝒑-metric

Controlled S-metric

Composed S-metric

Figure 1. Hierarchical inclusion of S -MS and their generalizations.

Definition 2.3. Let (A,CS ) be a CS M and {qn}n∈N be a sequence inA. Then,

(i) A sequence {qn}n∈N is is said to converge to q ∈ A if, and only if, CS (qn, qn, q) −→ 0 as n −→ ∞.
Equivalently, for every ε > 0 there exists n0 ∈ N such that for all n ≥ n0, CS (qn, qn, q) < ε, we
write lim

n−→∞
qn = q.

(ii) The sequence {qn}n∈N is called a Cauchy sequence if, and only if, CS (qn, qn, qm) −→ 0 as n,m −→
∞. That is, for each ε > 0 there exists n0 ∈ N such that for all n,m ≥ n0, CS (qn, qn, qm) < ε.

(iii) (A,CS ) is considered a complete CS M if every Cauchy sequence within it converges.

In the following section we explore several FP theorems and an application within this
extended framework.

3. FP results

The first principal result presented in this paper is the establishment of a generalized FP theorem
for CS M, which builds upon the Banach contraction principle.

Remark 5. The function α is kept minimally constrained at the definitional level by design:
Only α(0) = 0 is required in Definition 2.1, so as to define the broadest possible class of CS M.
Stronger regularity conditions on α are imposed as explicit hypotheses at the theorem level, only
where they are genuinely needed for the estimates to go through. In particular, the subadditivity
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condition α(ks + t) ≤ kα(s) + α(t) appearing in Theorems 1–3 is needed to control the iterated
applications of α that arise from repeated use of the triangle inequality. Under this condition, one
has αk(t) ≤ ck · t whenever α(t) ≤ ct, so that each iterated application of α contributes at most a
factor of c, keeping all intermediate estimates finite and well-controlled. This separation between
the definitional framework and the theorem-level assumptions is analogous to how completeness is a
property assumed at the theorem level rather than built into the definition of a metric space.

Theorem 1. Let (A,CS ) be a complete CS M with a control function α : [0,∞) −→ [0,∞). Let
F : A → A be a mapping such that:

CS (Fq, Fh, Fw) ≤ rCS (q, h,w) for all q, h,w ∈ A and r ∈ (0, 1). (3.1)

For $0 ∈ A, define a sequence {$n} by $n = Fn$0. Suppose that the following assumptions hold:

1. α(ks + t) ≤ kα(s) + α(t) for all positive numbers s, t, and k.
2. There exists a constant c > 0 such that α(t) ≤ ct for all t ≥ 0, and the joint condition 2cr < 1 holds.

Then, F has a unique FP.

Proof. Consider the sequence {$n} ⊂ A defined in the statement of the theorem. We have

CS ($n, $n, $n+1) = CS (Fn$0, Fn$0, Fn$1) ≤ rnCS ($0, $0, $1) for all n ∈ N. (3.2)

Let n,m ∈ N with n < m. Since α(t) ≤ ct for all t ≥ 0, we have αk(t) ≤ ck · t for all k ≥ 1, so each
iterated application of α is controlled. Repeated application of the triangle inequality yields

CS ($n, $n, $m) ≤
m−n−1∑

j=0

2 j · α j+1
(
CS ($n+ j, $n+ j, $n+ j+1)

)
≤

m−n−1∑
j=0

2 j · c j+1 · rn+ jCS ($0, $0, $1)

= c · rn ·CS ($0, $0, $1)
∞∑
j=0

(2cr) j

=
c · rn

1 − 2cr
·CS ($0, $0, $1),

where the geometric series converges because 2cr < 1 by hypothesis. Since rn → 0 as n → ∞, we
conclude that lim

n,m→∞
CS ($n, $n, $m) = 0, and therefore {$n} is a Cauchy sequence. By condition (2) of

the theorem and knowing that 0 < r < 1 and α(0) = 0, we can affirm that lim
n,m→∞

CS ($n, $n, $m) = 0.

Therefore, {$n} is a Cauchy sequence. As (A,CS ) is a complete CS M, it follows that $n → $ ∈ A

that is,
lim
n→∞

CS ($n, $n, $) = 0. (3.3)

We will establish that $ is an FP of F. From the triangle inequality we deduce

CS ($,$, F$) ≤ 2α(CS ($,$,$n+1)) + α(CS (F$, F$,$n+1))
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= 2α(CS ($,$,$n+1)) + α(CS (F$, F$, F$n))
≤ 2α(CS ($,$,$n+1)) + α(rCS ($,$,$n)). (3.4)

Taking the limit in inequality (3.4), when n −→ ∞, gives us

CS ($,$, F$) ≤ 2α(0) + α(0).

Knowing that α(0) = 0, we deduce that CS ($,$, F$) = 0, namely, F$ = $, therefore $ is a FP
of F.
Let $1, $2 be two FPs of F, and we have

CS ($1, $1, $2) = CS (F$1, F$1, F$2) ≤ rCS ($1, $1, $2).

Since r < 1, CS ($1, $1, $2) = 0, therefore $1 = $2. �

Remark 6. It is worth noting that Theorem 1 is established without assuming the symmetry condition
of the composed S -metric.

Following the preceding results, we extend our analysis to the symmetric case and present the
next FP theorem. We emphasize that the proof of the following theorem does not rely on the triangle
inequality, which is commonly employed in a large number of related works.

Theorem 2. Let (A,CS ) be a complete symmetric CS M with a control function α : [0,∞) −→ [0,∞).
Let T : A → A be a continuous mapping such that:

CS (T q,T h,Tw) ≤ ψ(CS (q, h,w)) for all q, h,w ∈ A, (3.5)

where ψ : [0,∞) −→ [0,∞) is a nondecreasing function such that

lim
n→∞

ψn(t) = 0 for all t > 0. (3.6)

Moreover, suppose that the following conditions are satisfied:

1. α(ks + t) ≤ kα(s) + α(t) for all positive numbers s, t, and k.
2. CS (T iq,T iq,T i+nq) < ε then α

(
CS (T iq,T iq,T i+nq)

)
< ε for all i, n ∈ N and q ∈ A.

3. CS (T iw,T iw,T (k+1)ih) < ε then α
(
CS (T iw,T iw,T (k+1)ih)

)
< ε for all i, k ∈ N and w, h ∈ A.

Then, T has a unique FP.

Proof. Let q ∈ A and ε > 0. By (3.6), let n be a natural number such that ψn(t) ≤
ε

4
.

Let F = T n and qk = Fk(q) for k ∈ N. Then, we have

CS (qk+1, qk+1, qk) = CS (Fk+1q, Fk+1q, Fkq)
= CS (T n(k+1)q,T n(k+1)q,T nkq)
≤ ψnk(CS (T nq,T nq, q)). (3.7)

Since lim
n→∞

ψn(t) = 0 for all t > 0, then lim
n→∞

ψnk(CS (T nq,T nq, q)) = 0. Therefore, we obtain that

lim
k−→∞

CS (qk+1, qk+1, qk) = 0.
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Therefore, let k be such that
CS (qk+1, qk+1, qk) <

ε

4
.

Then, using condition 2 of the theorem, we obtain

α(CS (qk+1, qk+1, qk)) <
ε

4
. (3.8)

Let us define the ball B(qk, ε) as follows:

B(qk, ε) := {h ∈ A|CS (qk, qk, h) ≤ ε}.

Note that qk ∈ B(qk, ε), therefore B(qk, ε) , ∅. Hence, for all w ∈ B(qk, ε), using the properties of ψ,
we get

CS (Fw, Fw, qk+1) = CS (Fw, Fw, Fqk) = CS (Fqk, Fqk, Fw)
≤ CS (T nqk,T

nqk,T
nw)

≤ ψn(CS (qk, qk,w)).

From (3.6), there exists n0 ∈ N and ε > 0 such that for all n ≥ 0, we have

CS (Fw, Fw, qk+1) ≤
ε

2
.

Then, by condition 3 of the theorem we obtain

α(CS (Fw, Fw, qk+1)) ≤
ε

2
. (3.9)

Using the triangle inequality, we get

CS (qk, qk, Fw) ≤ 2α
(
CS (qk, qk, qk+1)

)
+ α(CS (Fw, Fw, qk+1))

= 2α
(
CS (qk+1, qk+1, qk)

)
+ α(CS (Fw, Fw, qk+1)).

Using the inequalities (3.8) and (3.9), we obtain

CS (qk, qk, Fw) ≤ 2
ε

4
+
ε

2
= ε.

Then, F maps B(qk, ε) to itself. Since qk ∈ B(qk, ε), we have Fqk ∈ B(qk, ε). By repeating this process,
we get

Fmqk ∈ B(qk, ε) for all m ∈ N.

That is, for all l ≥ k, ql ∈ B(qk, ε). Hence,

CS (qm, qm, ql) < ε for all m, l > k.

Consequently, {qk} is a Cauchy sequence, and by virtue of the completeness of A, there exists q∗ ∈ A
such that qk −→ q∗ as k −→ ∞. Furthermore, q∗ = lim

k→∞
qk+1 = lim

k→∞
qk = F(q∗). Thus, F has q as an FP.

It remains to establish the uniqueness of the FP for F. Consider q1 and q2 to be two fixed points of F.

CS (q1, q1, q2) = CS (Fq1, Fq1, Fq2)
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= CS (q1, q1, q2)
≤ ψn(q1, q1, q2)
< CS (q1, q1, q2).

Then, CS (q1, q1, q2) = 0 =⇒ q1 = q2 and, hence, F has a unique FP inA.
On the other hand, T nk+r(q) = Fk(T r(q)) −→ q∗ as k −→ ∞. Hence, T mq −→ q∗ as m −→ ∞ for
every q.
That is, u = lim

m→∞
T qm = T (q∗). Thereby, T has a unique FP. �

To derive further FP results in the setting of CS M, we introduce the following class of functions.
Let M f be the set of all continuous functions m f : R5

+ −→ R+ meeting the following conditions for
some r ∈ [0, 1):

(M1) for all k, h,w ∈ R+, if h ≤ m f (k, k, 0,w, h) with w ≤ 2k + h, then h ≤ r.k,
(M2) for all h ∈ R+, if h ≤ m f (h, 0, h, h, 0) then h = 0.

Theorem 3. Let (A,CS ) be a symmetric complete CS M with a control function α : [0,∞) −→ [0,∞).
Let F : A → A be a mapping such that for all k, h ∈ A and m f ∈ M f :

CS (Fk, Fk, Fh) ≤ m f
(
CS (k, k, h),CS (Fk, Fk, k),CS (Fk, Fk, h),CS (Fh, Fh, k),CS (Fh, Fh, h)

)
. (3.10)

For $0 ∈ A, take $n = Fn$0. Let the following conditions be fulfilled:

i) α(ks + t) ≤ kα(s) + α(t) for all positive numbers s, t, and k.
ii) α(CS ($n, $n, $n+1)) ≤ CS ($n, $n, $n+1) for all n ∈ N.

iii) lim
n→∞

m−2∑
k=n+3

2k−n−1αk−n+1
(
rkCS ($0, $0, $1)

)
+ 2m−n−2αm−n−1

(
rmCS ($0, $0, $1)

)
= 0.

Hence, F has a unique FP.

Proof. Let $n be the sequence defined in the theorem. Using (3.10) and the symmetry of the metric,
we get:

CS ($n+1, $n+1, $n+2) = CS (F$n, F$n, F$n)
≤ m f

(
CS ($n, $n, $n+1),CS ($n+1, $n+1, $n),CS ($n+1, $n+1, $n+1),

CS ($n+2, $n+2, $n),CS ($n+2, $n+2, $n+1)
)

= m f

(
CS ($n, $n, $n+1),CS ($n+1, $n+1, $n), 0,CS ($n+2, $n+2, $n),

CS ($n+2, $n+2, $n+1)
)
. (3.11)

On the other hand, an application of the triangle inequality yields

CS ($n, $n, $n+2) ≤ α
(
CS ($n, $n, $n+1)

)
+ α

(
CS ($n, $n, $n+1)

)
+ α

(
CS ($n+2, $n+2, $n+1)

)
= 2α

(
CS ($n, $n, $n+1)

)
+ α

(
CS ($n+2, $n+2, $n+1)

)
. (3.12)

By applying the property of α to the Eq (3.12), we get

CS ($n, $n, $n+2) ≤ 2CS ($n, $n, $n+1) + CS ($n+2, $n+2, $n+1). (3.13)
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Then, using (3.11) and (3.13), we can affirm that the function m f satisfies the condition (M1), that is

CS ($n+1, $n+1, $n+2) ≤ rCS ($n, $n, $n+1)
≤ rnCS ($0, $0, $1), for r ∈ (0, 1). (3.14)

Now, let n,m ∈ N, n < m by using the triangle inequality similarly to the Theorem 1, and we obtain

CS ($n, $n, $m) ≤ α
(
2CS ($n, $n, $n+1)

)
+ α

(
CS ($m, $m, $n+1)

)
≤ α

(
2CS ($n, $n, $n+1)

)
+ α

(
2α(CS ($m, $m, $n+2)) + α(CS ($n+1, $n+1, $n+2))

)
≤ 2α

(
CS ($n, $n, $n+1)

)
+ α2(CS ($n+1, $n+1, $n+2)) + 2α2

(
(CS ($m, $m, $n+2)

)
≤ 2α

(
CS ($n, $n, $n+1)

)
+ α2(CS ($n+1, $n+1, $n+2)) + 2α2

(
2α(CS ($m, $m, $n+3))

+ α(CS ($n+2, $n+2, $n+3))
)

≤ 2α
(
CS ($n, $n, $n+1)

)
+ α2(CS ($n+1, $n+1, $n+2)) + 2α3(CS ($n+2, $n+2, $n+3))

+ 22α3
(
2α(CS ($m, $m, $n+3))

...

≤ 2α
(
CS ($n, $n, $n+1)

)
+ α2(CS ($n+1, $n+1, $n+2)) + 2α3(CS ($n+2, $n+2, $n+3))

+

m−2∑
k=n+3

2k−n−2αk−n+1
(
CS ($k, $k, $k+1)

)
+ 2m−n−3αm−n−1

(
CS ($m, $m, $m−1)

)
.

Using (3.14), we get

CS ($n, $n, $m) ≤ 2α
(
rnCS ($0, $0, $1)

)
+ α2(rn+1CS ($0, $0, $1)) + 2α3(rn+2CS ($0, $0, $1))

+

m−2∑
k=n+3

2k−n−2αk−n+1
(
rkCS ($0, $k, 01)

)
+ 2m−n−3αm−n−1

(
rm−1CS ($0, $0, $1)

)
.

By conditions iii) and α(0) = 0, we can observe that lim
n,m→∞

CS ($n, $n, $m) = 0. Therefore, {$n} is a

Cauchy sequence. By virtue of completeness, there is a $ ∈ A such that $n → $ when n goes to∞.
Let us prove that $ is an FP of F.

CS ($n+1, $n+1, F$) = CS (F$n, F$n, F$)
≤ m f

(
CS ($n, $n, $),CS (F$n, F$n, $n),CS (F$n, F$n, $),

CS (F$, F$,$n),CS (F$, F$,$)
)

≤ m f

(
CS ($n, $n, $),CS ($n+1, $n+1, $n),CS ($n+1, $n+1, $),

CS (F$, F$,$n),CS (F$, F$,$)
)
.

As n −→ ∞, taking the limit gives us

CS ($,$, F$) ≤ m f

(
0, 0, 0,CS (F$, F$,$),CS (F$, F$,$)

)
= m f

(
0, 0, 0,CS ($,$, F$),CS ($,$, F$)

)
.
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Given that m f satisfies the condition (M1), we have CS ($,$, F$) ≤ r.0 which gives
us CS ($,$, F$) = 0. Therefore, $ = F$, that is, $ is an FP of F.
Let $1, $2 be two FPs of F.

CS ($1, $1, $2) = CS (F$1, F$1, F$2) (3.15)
≤ m f

(
CS ($1, $1, $2),CS (F$1, F$1, $1),CS (F$1, F$1, $2),

CS (F$2, F$2, $1),CS (F$2, F$2, $2)
)

= m f

(
CS ($1, $1, $2),CS ($1, $1, $1),CS ($1, $1, $2),

CS ($2, $2, $1),CS ($2, $2, $2)
)

= m f

(
CS ($1, $1, $2), 0,CS ($1, $1, $2),CS ($2, $2, $1), 0

)
= m f

(
CS ($1, $1, $2), 0,CS ($1, $1, $2),CS ($1, $1, $2), 0

)
. (3.16)

Since m f satisfies the condition (M2) and giving (3.16), we obtain that CS ($1, $1, $2) = 0
then $1 = $2. �

Corollary 3.1. By choosing M(t1, t2, t3, t4, t5) = rt1 in Theorem 3, we obtain Theorem 1.

The following corollary is an FP result for Kannan contraction in a CS M.

Corollary 3.2. Let (A,CS ) be a symmetric complete CS M with a control
function α : [0,∞) −→ [0,∞). Let F : A → A be a mapping such that for all k, h ∈ A and

some a ∈ [0,
1
2

),

CS (Fk, Fk, Fh) ≤ a
[
CS (Fk, Fk, k) + CS (Fh, Fh, h)

]
. (3.17)

Hence, F has a unique FP.

Proof. The key idea is using the result of Theorem 3 by selecting the appropriate function m f . We

choose m f (k, h,w, s, t) = a.(h + t) for some 0 < a ≤
1
2

and all k, h,w, s, t ∈ R+. Indeed, by choosing
for m f (k, h,w, s, t) = a.(h + t) in the contraction (3.10), we obtain

CS (Fk, Fk, Fh) ≤ a
[
CS (Fk, Fk, k) + CS (Fh, Fh, h)

]
.

It is easy to see that m f is continuous. Let us verify that m f satisfies the conditions (M1) and (M2).
For all k, h,w ∈ R+ we have m f (k, k, 0,w, h) = a.(k + h). So if h ≤ m f (k, k, 0,w, h) with w ≤ 2k + h,
then h ≤ a(k + h), which implies that h ≤

a
1 − a

k where
a

1 − a
< 1.

Therefore, m f satisfies the condition (M1).
Next, if h ≤ m f (h, 0, h, h, 0) = a.(0 + 0) = 0, then h = 0 and (M2) holds.
Finally, the chosen function m f (k, h,w, s, t) = a.(h + t) ∈ M f , and by applying Theorem 3 it follows
that F possesses a unique FP. �

Corollary 3.3. Let (A,CS ) be a symmetric complete CS M with a control function α : [0,∞) −→
[0,∞). Let F : A → A be a mapping such that for all k, h ∈ A and some h ∈ [0, 1),

CS (Fk, Fk, Fh) ≤ a max
[
CS (Fk, Fk, k) + CS (Fh, Fh, h)

]
. (3.18)

Hence, F has a unique FP.
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Proof. The claim is a direct consequence of Theorem 3 with m f (k, h,w, s, t) = h max{h, t} for
some h ∈ [0, 1) and all k, h,w, s, t ∈ R+. Indeed, m f is continuous.
Let us check the condition (M1). We have m f (k, k, 0,w, h) = h max{k, h}. So, if h ≤ m f (k, k, 0,w, h)
with w ≤ k + 2h, then h ≤ he or h ≤ hh.
Thus, h ≤ hk and F fulfills the condition (M1).

Next, if h ≤ m f (h, 0, h, h, 0) = h max{0, 0} = 0, then h = 0 and the condition (M2) holds.
Finally, m f (k, h,w, s, t) = h max{h, t} ∈ M f and by Theorem 3, F has a unique FP. �

4. Application

Our application consists in solving the following equation by applying the first FP theorem
introduced in this paper.

−(m6 − 1)vm+1 + vm − m6v − 2 = 0, m ∈ N, m ≥ 3.

The equation is reformulated as an equivalent FP problem, and by verifying that the corresponding
operator satisfies all the assumptions of the Theorem 1, we deduce the existence and uniqueness of
the solution.

Theorem 4. Let m ∈ N, for m ≥ 3, and the following equation

− (m6 − 1)vm+1 + vm − m6v − 2 = 0 (4.1)

has a unique solution in the interval [0, 1].

Proof. LetA = [0, 1], and for any p, s, q ∈ A, define the function CS : A3 −→ [0,∞) by

CS (p, s, q) = |p − s| + |s − q|.

The composed function α : [0,∞) −→ [0,∞) is given by α(p) = 2
√

p.
First of all, let us showed that (A,CS ) is a complete CS M. We will show that the triangle
inequality holds.
Let p, s, q, c ∈ [0, 1], and we have

CS (p, s, q) = |p − s| + |s − q| = |p − c + c − s| + |s − c + c − q|

≤ |p − c| + 2|s − c| + |q − c|.

Knowing that p ≤
√

p for all 0 ≤ p ≤ 1 and CS (p, p, c) = 2|p − c|, we get

CS (p, s, q) ≤
√
|p − c| + 2

√
|s − c| +

√
|q − c|

≤ 2
√

2|p − c| + 2
√

2|s − c| + 2
√

2|q − c|

= α(2|p − c|) + α(2|s − c|) + α(2|q − c|)
= α(CS (p, p, c)) + α(CS (s, s, c)) + α(CS (q, q, c)).

Then, ([0, 1],CS ) is a complete CS M.
Define F : A −→ A such that for all p ∈ A,

F p =
pm − 2

(m6 − 1)pm + m6 . (4.2)
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Given that m ≥ 3, we will set m = 3 to simplify the computation. However, using this approach, it can
be demonstrated that the results are valid for any m ≥ 3. Therefore, Eq (4.2) takes the form

F p =
p3 − 2

728p3 + 729
. (4.3)

We will now show that F meets the contraction (3.5) used in Theorem 1. Indeed,

CS (F p, Fs, Fq) = |F p − Fs| + |Fs − Fq|

=
∣∣∣∣ p3 − 2
728p3 + 729

−
s3 − 2

728s3 + 729

∣∣∣∣ +
∣∣∣∣ s3 − 2
728s3 + 729

−
q3 − 2

728q3 + 729

∣∣∣∣
=

∣∣∣∣ 2185(p3 − s3)
(728p3 + 729)(728s3 + 729)

∣∣∣∣ +
∣∣∣∣ 2185(s3 − q3)
(728s3 + 729)(728q3 + 729)

∣∣∣∣
≤

∣∣∣∣2185(p − s)(p2 + ps + s2)
10 × 729

∣∣∣∣ +
∣∣∣∣2185(s − q)(s2 + sq + q2)

10 × 729

∣∣∣∣
≤

∣∣∣∣2185 × 3(p − s)
10 × 729

∣∣∣∣ +
∣∣∣∣2185 × 3(s − q)

10 × 729

∣∣∣∣
≤ 0.9

(
|p − s| + |s − q|

)
CS (F p, Fs, Fq) ≤ 0.9

(
CS (p, s, q)

)
. (4.4)

Thus, F satisfies (3.5) with r = 0.9.
Alternatively, the composed function α(p) = 2

√
p satisfies the condition

α(kp + s) ≤ kα(p) + α(s) for all p ∈ [0, 1]. (4.5)

Now, we are left with the second condition of the Theorem 1.

lim
n→∞

m−2∑
k=n+3

2k−n−1αk−n+1
(
rkCS (p0, p0, p1)

)
+ 2m−n−2αm−n−1

(
rmCS (p0, p0, p1)

)
=

lim
n→∞

m−2∑
k=n+3

2k−n−1
( √

rkCS (p0, p0, p1)
)k−n+1

+ 2m−n−2
( √

rmCS (p0, p0, p1)
)m−n−1

=

lim
n→∞

m−2∑
k=n+3

2k−n−1
( √

0.9k2|p0 − p1|)
)k−n+1

+ 2m−n−2
( √

0.9m2|p0 − p1|)
)m−n−1

= 0. (4.6)

The Eq (4.6) proves that the second hypothesis of Theorem 1 is satisfied.
Finally, thanks to the results (4.4)–(4.6), all the hypotheses of Theorem 1 are satisfied. Therefore, F
has a unique FP inA, which is a unique real solution of Eq (4.1). �

5. Conclusions and perspectives

In this paper, we have established the existence and uniqueness of FP in the CS M under appropriate
conditions. Our results encompass and generalize some existing results in the literature, offering new
insights and tools for research in metric and topological spaces. Through illustrative examples, we have
shown the practical relevance and applicability of CS M in solving n-th degree polynomial equations.
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The concept of CS M opens up several avenues for future research. First, it would be valuable
to explore additional FP theorems within this framework. Another promising direction, in line with
recent developments, is to apply the proposed approach to establish the existence of solutions to integral
equations, thereby obtaining solutions to the Helmholtz problem, as in [15]. Furthermore, future work
could investigate the relationship between CS M and other generalized metric spaces, such as fuzzy or
probabilistic MS , to develop a broader unified theory of metrics and their applications.
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7. N. Taş, N. Y. Özgür, Some fixed-point results on parametric Nb-metric spaces, Commun. Korean
Math. S., 33 (2018), 943–960.

8. N. Souayah, N. Mlaiki, A fixed point theorem in S b-metric sapces, J. Math. Comput. Sci., 16
(2016), 131–139. https://doi.org/10.22436/jmcs.016.02.01

AIMS Mathematics Volume 11, Issue 5, 12961–12976.

https://dx.doi.org/http://dx.doi.org/10.1155/2014/293463
https://dx.doi.org/https://doi.org/10.2478/ausm-2020-0024
https://dx.doi.org/https://doi.org/10.2478/ausm-2020-0024
https://dx.doi.org/https://doi.org/10.1155/2024/5108481
https://dx.doi.org/https://doi.org/10.1155/2016/4746732
https://dx.doi.org/https://doi.org/10.22436/jmcs.016.02.01


12976

9. N. Mlaiki, The extended S b-metric spaces, J. Math. Anal., 9 (2018), 124–135.

10. N. Mani, S. Beniwal, R. Shukla, M. Pingale, Fixed point theory in extended parametric S b-metric
spaces and its applications, Symmetry, 15 (2023), 2136. https://doi.org/10.3390/sym15122136

11. Z. Mustafa, R. J. Shahkoohi, V. Parvaneh, Z. Kadelburg, M. M. M. Jaradat, Ordered S p-metric
spaces and some fixed point theorems for contractive mappings with application to periodic
boundary value problems, Fixed Point Theory A., 2019 (2019), 16. https://doi.org/10.1186/s13663-
019-0666-3

12. N. E. Yazici, O. Ege, N. Mlaiki, A. Mukheimer, Controlled S-metric-type spaces and applications
to fractional integrals, Symmetry, 15 (2023), 1100. https://doi.org/10.3390/sym15051100
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