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Abstract: We study the existence of traveling wave solutions for a spatial susceptible-infected-
recover (SIR) epidemic model with nonlocal dispersal and delayed transmission. The model
incorporates convolution-type dispersal operators and a nonlocal time-delay incidence mechanism,
which together lead to a non-cooperative and non-monotone traveling wave system. To overcome these
difficulties, we construct an invariant cone on a large bounded interval and define a suitable integral
operator associated with the traveling wave equations. Uniform a priori bounds and regularity estimates
are established independently of the truncation parameter. By applying Schauder’s fixed point theorem
and a limiting argument, we obtain the existence of nontrivial traveling wave solutions connecting the
disease-free equilibrium to the endemic equilibrium when the basic reproduction number exceeds one.
Explicit upper and lower solutions are constructed to illustrate the applicability of the approach.
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1. Introduction

Spatial epidemic models provide a fundamental framework for describing the spread of infectious
diseases in heterogeneous environments. Since the pioneering work of Kermack and McKendrick [13],
spatial extensions of SIR models have been widely studied to capture the interaction between
population movement and disease transmission. In this setting, traveling wave solutions represent
epidemic fronts propagating through space with a constant speed and connect disease—free states
to endemic equilibria. Such solutions play a central role in understanding invasion dynamics and
threshold phenomena in epidemiology.

Early studies of traveling waves in epidemic models primarily focused on reaction—diffusion
systems with local dispersal. For SIR and susceptible-infected-susceptible (SIS) type models with
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bilinear incidence, traveling waves have been analyzed using phase plane methods, comparison
principles, and monotone iteration techniques; see, for example, [1, 2, 8]. When the incidence rate
is of standard form, the loss of monotonicity introduces additional difficulties, and the existence of
traveling waves requires more refined analytical tools [15,21].

Local diffusion, however, is not always appropriate for populations whose movement exhibits long—
range dispersal. This has motivated the replacement of the Laplacian by nonlocal dispersal operators
of the form d (J * u — u), where J is a probability kernel. Nonlocal dispersal models arise naturally
in ecology, evolutionary biology, and population dynamics, and they have been studied extensively in
the context of spreading speeds and traveling waves; see [15,21,23]. Compared with local diffusion,
nonlocal operators do not regularize solutions, which significantly complicates compactness arguments
in traveling wave analysis.

In epidemic modeling, nonlocal dispersal has been incorporated into SIR systems to describe spatial
redistribution of susceptible, infected, and removed individuals. A representative model with standard
incidence is the nonlocal dispersal SIR system studied by Li and Yang [15],

BSI
—d _sy- 222
S =di(J =S —§) ST
BS1 (1.1)
ol =dy(J=1—-1 -y, )
' 2(J * )+S+I Y

O.R=dy(J*R—R)+yI,

for which the authors established existence and nonexistence of traveling wave solutions depending
on the wave speed and the basic reproduction number. The analysis in [15] relies on truncation of
the spatial domain, uniform regularity estimates, and Schauder fixed point arguments, reflecting the
absence of cooperative structure and the lack of compactness induced by the nonlocal operator.

Another biologically essential mechanism is time delay. Delays naturally arise from incubation
periods, latency, and delayed infectivity, and they are known to influence both the stability of equilibria
and the propagation speed of epidemic fronts. Traveling waves in delayed epidemic models with
local diffusion have been studied using functional differential equation techniques; see [3,5]. For
nonlocal dispersal systems, the presence of delay leads to functional integro—differential equations,
where standard comparison principles and monotone semiflow theory are generally not available.

More recently, nonlocal delayed transmission has been incorporated directly into the incidence term.
Wu and Zhou [21] considered a nonlocal dispersal SIR model in which the infection pressure depends
on a spatiotemporal convolution of the infected population,

s BSGxD
0 =di(J*S =5) S+G*D+R’

_ e BS(G*D) (12)
0,1 = dy(J I I)+S+(G*I)+R (v + O),

O.R = ds(J + R - R) +yI,

where the kernel G encodes both spatial averaging and transmission delay. Traveling wave solutions
for such models were obtained via a truncation and limiting procedure combined with careful a priori
estimates. Related models with nonlocal delayed transmission have been studied in [15, 19, 20].

From a broader perspective, traveling waves for nonlocal systems with delay in diffusion and
reaction terms have been investigated systematically in recent years. Barker and collaborators analyzed
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traveling waves in delayed reaction—diffusion and nonlocal systems using exponential dichotomy and
fixed point methods [3,4]. Jiang and Yang [12] and Barker and Simms [5] studied traveling wave fronts
for nonlocal systems with delays in both diffusion and reaction terms, establishing existence results
under general kernel assumptions. These works highlight that the interaction between nonlocality and
delay fundamentally changes the analytical structure of the traveling wave problem.

Nonlocal dispersal models describe population movement through spatial relocation events that
may occur over finite distances, rather than through infinitesimal diffusive motion. Let u(x, f) denote the
population density at location x € R and time . Movement is characterized by a dispersal kernel J(x, y),
where J(x,y) represents the contribution of individuals located at y to the population density at x. The
kernel is assumed to be nonnegative and normalized so that

f](x,y)dyzl for each x € R,
R

so that it defines a probability distribution with respect to the variable y.
A general nonlocal dispersal operator acting on u can be written as

Llul(x,1) = f J(x,y)u(y, 1) dy — u(x, 1) f J(y, x)dy.
R R

The first term accounts for the influx of individuals relocating from all spatial positions into x,
while the second term represents the total rate at which individuals at x disperse to other locations.
The operator L[u](x,t) therefore measures the net change in population density at x due to
spatial redistribution.

In many applications, dispersal is influenced by past population states rather than the instantaneous
configuration. This effect can be incorporated by introducing a time delay 7 > 0 into the dispersal
mechanism. The delayed nonlocal dispersal operator then takes the form

L[u](x,t—T):f](x,y)u(y,t—‘r)dy—u(x,t—T)fJ(y,x)dy.
R R

In this formulation, redistribution occurring at time ¢ depends on the population distribution at the
earlier time ¢ — 7, reflecting delays arising from relocation processes or transport dynamics.

Motivated by the above studies, we consider a nonlocal dispersal epidemic model with standard
incidence and nonlocal delayed transmission of the form

oS (x, S(x,t) (G = D) (x,t—

D (S e 1) = St =7) - f(x(t)?((G ) 1))((); ’ _2)),
ol(x,1) BS(x, ) (G * D)(x,t—73)

Framie do(Jy # I(x,t —13) = I(x,t —13)) + S0+ GrDi—1) —(y+0Il(x, 1, (1.3)
aRg;’ ) =dsy(J3 * R(x,t — 14) — R(x,t — 14)) + yI(x,1),

where J is a compactly supported dispersal kernel and G is a nonnegative spatiotemporal kernel
describing delayed transmission defined by

(G*I)(x,t—‘z@):ffooG(x—y,t—T3—s)I(y,s)dyds.
0 J-oo
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Compared with (1.1), the infection force depends on a delayed nonlocal average of the infected
population. Compared with (1.2), the removed class does not appear in the denominator of the
incidence term, reflecting situations in which removal does not directly reduce contact opportunities.
This structure leads to a closed subsystem for (S, /) and introduces new technical difficulties in the
traveling wave analysis.

The traveling wave problem associated with (1.3) inherits several challenges identified in the
literature. The nonlocal dispersal operator does not generate compactness [15, 21], the standard
incidence rate destroys cooperation [15], and the delayed transmission term introduces additional
functional dependence [12,21]. To overcome these difficulties, we employ a truncation and limiting
approach combined with uniform C!! estimates and Schauder fixed point theory, following and
extending ideas developed in [12,15,21].

It is important to note that system (1.3) does not satisfy the mixed quasimonotone condition nor
the exponential mixed quasimonotone condition. As a consequence, several approaches developed
for delayed or nonlocal reaction—diffusion systems cannot be applied directly to the present model;
see, for example, [15,19-21]. Motivated by these works, we aim to prove the existence of nontrivial
traveling wave solutions by constructing an invariant cone on a large bounded domain, defining the
initial functions on this domain, and applying Schauder’s fixed point theorem. The passage to the
whole real line is then achieved through a limiting argument.

However, we find that obtaining uniform a priori bounds for solutions of the nonlocal dispersal
problem (1.3) is more delicate than in related models such as those considered in [15, 19-21]. In
particular, determining the precise asymptotic behavior of the susceptible component S (£) as & — +oo
is significantly more challenging than in local SIR models. The main difficulty lies in the fact that,
due to the nonlocal dispersal operator, it is not known whether § (£) is monotone or nonmonotone, in
contrast to the local diffusion case; see, for instance, [15, 19-21].

Our results show that if the basic reproduction number

R0:é>1,

Y
then there exists a critical wave speed c. > 0 such that, for each ¢ > c,, system (1.3) admits a nontrivial
traveling wave solution with wave speed c.

Our main result establishes the existence of nonnegative traveling wave solutions (S (x + ct),
I(x + ct),R(x + ct)) for (1.3) when the basic reproduction number exceeds one and the wave
speed is sufficiently large. In addition, we identify the asymptotic behavior of the wave profiles at
infinity, including the existence of the limit of the susceptible component as ¢ — +co.

The remainder of the paper is organized as follows. Section 2 introduces the traveling wave
formulation, assumptions on the kernels J and G and other preliminary information. Section 3
provides an explicit construction of upper and lower solutions. It also develops the truncated problem
and establishes uniform a priori estimates, completes the limiting argument, and proves the main
existence theorem.
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2. Preliminaries

Throughout this work, R"” and C" denote the real and complex n—dimensional vector spaces,
respectively. For vectors
w=(uy, uz, u3), v=(,v,m) €R,

we use the standard componentwise ordering: u < vif u; < v; fori = 1,2,3, and u < v if all inequalities
are strict. The Euclidean norm in R? is denoted by | - |.

Let BC(R,R") denote the space of bounded and continuous functions f : R — R”, equipped with
the supremum norm

Ifllsc := sup |f (D).

teR

For k € N, we write BCK(R, R") for the space of functions whose derivatives up to order k exist, are
continuous, and are bounded on R. When boundedness is not required, we simply write C(R,R")
or CKR,RM).

For functions f, g € BC(R,R"), the ordering f < g is understood pointwise, that is, f(r) < g(¢) for
all t € R. For £ € R*, we denote by ¢ the constant function £(f) = ¢.

We also employ standard Lebesgue and Sobolev spaces. For 1 < p < oo, L?(R,R?) consists of all
measurable functions f : R — R? such that

1/p
P 00
L = (lef(X)l dx) L l<p<o,

esssup, g | f(x)], p = o0,
is finite. For 1 < p < oo, the Sobolev space W!*(R, R?) is defined by
WP (R, R?) = { feLP(R,R? : fisabsolutely continuous and f" € L*(R, R3)}.

In particular, W'”(R, R?) is continuously embedded in L¥(R, R?).

To describe the delayed nonlinearities arising in the nonlocal traveling wave system, let 7 > 0 be
the maximal delay and define the phase space

X = C([-7,0],R7).
For @ = (¢, ¢, ¥) € X, we introduce the rescaled history functions
¢°(0) = ¢(ch), ¢°(0) = ¢(ct), Ye(0) = y(ch), ¢ € [-7,0].

Fori = 1,2, 3, define the delayed nonlinearities
Jic(@, o, 90) 1= fi(@, ¢, ).

Here,

_ BHE) (G * p)(E — cTs)
$©O + (G * )€ —ct3)’

flc(¢’ @, l//) =
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BeE&) (G * p)(& — cT3)
$(&) + (G = )& —cT3)’

focld 0, ) = =(y +6) (&) + S3e(@, 0, 8) = yp(0).

With this notation, the delayed nonlocal traveling wave system can be written as
c# 0 =di [ Do -y er) - o= eroldy + o) .1
¢t =ds [ Sett =y = era) = glt - cr)] dy + fuldugi b @2)

cy/'(t)=d; f J3()’)[l//(f —y—cty) —Y(t - CT4)] dy + f3(&s, @1, 1)

(%)

Observe that the first two equations in (2.1) are independent of . More precisely, the
nonlinearities satisfy

flc(‘pla @rs l//t) = flc(gbla ‘Pl)a f20(¢t’ Pr» wl) = f20(¢ta SOI)’

so that the (¢, ¢)—subsystem is closed. Consequently, the traveling wave problem can be reduced to the
following two—equation system:

c¢/(1) = dy f LhO|e -y - crr) = ¢t = er)| dy + fie(dr 0. (2.3)

¢t =ds | Set-y - er = gta - cr)]dy + fulb g (2.4)

Once a solution (¢, ¢) of (2.3) is obtained, the third component ¢ is recovered from the linear
inhomogeneous equation

W= [ nlua-y-ery- v ceoldy+ fulbug.n, 2.5)
where the right—hand side is now known through the prescribed pair (¢, ¢). Letting r; = ct;,i = 1, - - 4,

we can transform our system.
Throughout this paper, we impose the following assumptions on the kernel functions J and G.

J Je CI(R), JOy)=J(=y) =0, N
f I dy = 1,

and J is compactly supported. Moreover, for any v € [0, ¥),

f J()e™ dy < oo,

and .
f J)e ™ dy - +oco asv o9,
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where ¥ may be +oo.

(G) G(y,s) = G(=y,5) 20,

ffG(y,s)dyds:l, fst(y,s)dyds<00,
0 —00 0 —0c0

and G(y, s) is Lipschitz continuous with respect to the spatial variable y. Furthermore, for each ¢ > 0,

f f G(y, )e™ 0% dy ds < oo, A€ [0, ),
0 —00

and o e
f f G(y, )e™ 0 dyds — +00  as 1 — oo.
0 —00

3. Main results

In order to show the existence of traveling waves, we define the following.

Definition 3.1. @ = (5 g_o) ,O = @ f) € BC(R,R?) N W' is called an upper solution (lower solution,
respectively) for the wave equation if

@i [0 [ =y =) =3t~ )] dy = F 0+ ulBg) <0 G.1)
& [ 206t =y =) = 5le = ] dy = B0+ B <0
& [ 1) [80=y =)= 8= 0] dy = 0+ Futg 0 > 0
dy fR L) @t =y =) — ot = )| dy = e/ (1) + foc(¢r 1) 2 0.

We also define the following closed convex subset 'y of C([-X, X], R?) as

¢(=X) = S _(=X), ¢(=X) = [.(-X),
Tx = (), ¢(-)) € CU-X, XL, R | S_(&) < ¢(&) < So,
1.(§) < p&) < 9(§), VYVée[-XX],

L Ap+A1
where X > ‘82 ln(—Mz(Aoersz))

S_>¢, 1 > . Define, for A > 0and ¢ > O,

A(A,¢) = dre* f L) (e™ = 1)dy —cd —y + Be " f f G(y, s)e 'V dyds.  (3.2)
0 —00

Then we have the following result.
Lemma 3.2. Assume that Ry := B/y > 1, r, > 0 to be small enough and that the kernel hypotheses (J)
and (G) hold. There exist constants c, > 0 and A, > 0 such that

0A(A,¢)
=0, AL, c.) =0. 33
04 e 1(d &) (3-3)
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Moreover, there exists A € (0, +co] such that the following alternatives hold.

(1) If ¢ > c., then the equation A(A, c¢) = 0 admits two positive roots A,(c) and A(c) satisfying
0<A(c) <A < (c) <A,

and
A1(4,¢) <0 for A € (A(c), A(c)), A1(A,¢) > 0 for A € (0,2(c)) U (A(c), ;1)

(1) If 0 < ¢ < ¢, then
Ai(A,¢) >0 forall X €(0,).

Proof. Fix ¢ > 0 and recall the definition (3.2). First, setting 4 = 0 and using

fw LY — 1)dy =0, fw fm GOy, s)dyds = 1,
—00 O —00

A(0,c) ==y +B=y(Ry—-1)>0. (3.4)

Next, for any fixed 4 > 0, we have

we obtain

lim Ai(4,¢) = —oo, (3.5)

c—+00

since the term —cA — —oco while all other terms remain bounded by (J) and (G).
We now compute the partial derivative with respect to c. Let

H(A,¢) = f f G(y, $)e™ 0% dy ds.
0 -0

Then H(A,c) > 0, and

0H(A4, R
@0 _ -1 f f sG(y, $)e™ 0 dy ds < 0.
oc 0 —00
Consequently,
OA (A, OH(A,
WMde) 4 gL 5 g, (3.6)
oc c
Next, differentiating A; with respect to A, we obtain
0A(4,0) _, iy _
10—/1 = dye! [—7’2 f D)™ = 1)dy - f yh(ye™ dy] (3.7)
R R

- C

+ B [_”3 f f G(y, s)e ") dy ds — f f (y + c)G(y, )e 'V dyds| .
0 Jr 0 IR

Evaluating at 4 = 0, we obtain

MO g pe f ) f sG(y, ) dyds < 0. (3.8)
oA 0 Jr
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Finally, differentiating once more, we obtain

PA(A,0)

FYe dye™4 f]z(y)(y + 1)) ’eV dy — dzrge_rz/l 3.9

R
+ B fG(y, $)(y + cs + r3)2e 07 dy ds.
0 Jr
Define
(ry) 1= 0*A1(4,¢)
g\r) = L .

Then at r, = 0,
g(0)=d, f L)y*e™ dy + e f fG(y, Sy + cs + 13)2e 0 dy ds > 0.
R 0o Jr

Since g is continuous in r,, there exists & > 0 such that
g(r)>0 for0<r<eg.

Hence, for r, > 0 sufficiently small,

82A (A,
_T%TQ>O forall 1> 0, ¢ > 0. (3.10)

We now combine (3.4)—(3.6), (3.8), and (3.10). For each fixed ¢ > 0 the function A — A;(4,c¢)
is strictly convex, and satisfies A1(0,c) > 0, and %(0, ¢) < 0. Thus it decreases initially and, by
convexity, can cross the axis at most twice.

Moreover, since d.A;(4, c) < 0, increasing c shifts the graph of A;(4, ¢) downward. Consequently,
there exists a unique value ¢, > 0 for which the graph is tangent to the A-axis at some A, > 0, that is,

0A
Ai(Ad,c) =0, 6—/11(/1*, c.) =0.
It follows that for ¢ > c,, the equation A;(1,c¢) = 0 has exactly two positive roots, while for
0 < ¢ < ¢, it has none, yielding the stated alternatives. O

We first establish the existence of explicit upper and lower solutions. To this end, we define the
following continuous functions:

- So(l = Myef%), &< &,
= = 11
&) =So, ¢ { 0 £ (3.11)

S,B;Y/llf, 0, 1 = M,e®2 /llf’ ,
¢<§>={ FARIRA g(§)={( S

B~y &£ Ap+A1 (Ao+A1)/&2 —Aoé
SO v’ é: 20, (Mz(/10+/11+82)) e 'f 2 é:z’

Ap+A1+&2

where

£1,& > 0are small, Sy = é_1im o(&),
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—r—&
f J(y)dy

M, > e—el(f—rl) 0;
l—f J(y)e ? dy
&-r1—&

00 E—ra=&
1= f Jg(y)e_’l‘y dy _ Se—(/10+/11)(§—r2) f Jz(y)e/loy dy
E-n—-&

—00

b

M, > e—sz(f—fz)

1 - f Do (y)e™ e dy
E-n-&
Fix

0 &

P I (L R B A R
Te T \M) T e My(o+ A1 +&))

A A
O0<e < max{/l—l, c*} and set 1y = iy

Denote

Theorem 3.3. Letc > 0, Ry = % > 1,r, 2 r3,i = 1,2,3, and define the functions as in 3.11, then (5, ©)
form a set of upper solutions.

Proof. We first note that all functions are continuous, and bounded on the real line, and continuously
differentiable on the real line outside a finite number of points. In order to establish the inequalities,
we look at the following cases.

For the first inequality, we have ¢(&) = S, ¢(€) > 0, and we get

d f " VB E =y — 1y — i — r) - () - 2O CHDE R
R
1 . y y—ryay 1 1 ¢(§)+(G*£)(§_F3)

_ BSo(Gxp)E—13) <0
C So+(Gr)E—r) T

For the second inequality, for upper solutions, we have the following.
Case 1. £ < 0.

Bo(E) (G * @)(E — 13)
(&) + (G *)E—1r3)

< dzf JM@E =y —r)dy - dp(€ = 1) = g (§) =y e(é) + B(G * )& = 13)

()

= ¢ [a’ze_m1 (f Jo(x, y) (e — l)dy) —cAy —y + e f f G(y, s)e 10 dyds
— 0 —0o0

(%)

d> f JO)@E =y —r2)dy —dop(§ = 12) = cp' (&) = (y + ) 9(§) +

= e“¥A (1, ¢) = 0.
Case2. &£ —r, <0 <é.

Bo(E) (G * @)(E - 13)
(&) + (G )€ —13)

d> f JO) @& =y —r2)dy — dop(é = 12) — g (§)(y + 6) p(é) +

AIMS Mathematics Volume 11, Issue 5, 12795-12824.
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o _ _, _ o PO (G P)E—13)
<d J —-y—nr)dy—d —-r) - - 0 =
<y [ JOVFE-y-r)dy - diFE - ) - FO- 0+ )+ Lo BT

> _ BE) (G = )& —13)
<d J -y — dy—d - -yl + = ,
<dy [ J0)FE-y-rdy - dige - ) -y e

where I, = S 0"“%. Using the fact that the function % is non-decreasing with respect to x, y, we see

L4 BOGDE—ry) _ BSol.
WO+ G+PE—ry)  So+l

_( BSoy B

\Soy+So(B-)

v =0.

We now turn our attention to d, f_ O:o JO) (¢ —y — rn)dy — dyp(é — 1y). To this end, we omit the
constant d,S Oﬂ% :

f BONFE =y — )~ BE — r)] dy

R

- +00
= f LO)|1 - "€ dy + f L)t — e gy

oo &-n

fo Jz(y)[ - emf—m] dy - fo Jz(y)[ [ eﬂl(g-m] dy
N &-n

[ee)

+00 0
+ e/h(f—rz)f Jz(y)(e—/lly _ l)dy + f JZ(y)[eﬂl(f—y—rz) _ e/lu(f—rz)] dy
0 &-n

0 0
— [1 _ e/ll(f—rz)] (f Jz(y) dy — f Jz(y) dy)
—00 E-n

+00 0
+ e/h(f—rz) f Jz(y)(e_m _ 1) dy + f Jz(Y) e/h(«f—rz)(e—/hy _ 1)dy
0 3

-

£ oo
=[1 -] f L (y)dy + "¢ f Je)(e™ = 1) dy
- 0

o0

0
e [ e - dy
&=r

S—1 +00
— [1 _ e/ll(f—rz)] f, L) dy + e/h(f—rz)f LM(e™ = 1) dy.

00 &—n

Continuing, we see

—ry +00
[1 - eten] f 1) dy + € f LY — 1) dy

oo &-n

0 +00
< [1 _ e/ll(é—‘—rz)] f Jz(y) dy + e/lu(f—rz)f Jz(y)(e—/hy _ 1)dy
- 0

0
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+00
< %[1 _ e/ll(s‘—rz)] + e/h(f—rz)f Jz(y)(e_m _ l)a’y
0

1 oo
— gl [E(eﬂl(rz—f) _ 1) + f L) (e — l)dy]
0

1 —+00
<t [E(em 1)+ f L)(e™ - l)dy] :
0
Since, 4; > 0 and by (J), we have

f LO) e — 1)dy <0
0

and . e
0< z(e“z -1 < —f L) (e = 1)dy
0

for small enough r,. Thus,

1 e
el [5(e11r2—1)+ f L) = 1)dy| <0.
0

Case 3. £ > r,.

BHE) (G = P)E = r3)
&) + (G + Q)& —r3)
BPE) (G = )& — r3)
BE) + (G *P)E —r3)
PO G P —ry)

$E) + (G *P)E~13)

d, f JOVBE -y - ra)dy — ds(& — 12) — B (&) — yF(E) +

—d, f JOVBE —y = ) dy — dupé — 1) — B(&) — Y B(E) +

_d, f JO)BE —y = 1) dy - dog(é — 1) — L.

s PAOGRE -y
$E) + (G PE—13)

from a similar argument from Case 2. This proves the theorem. O

Before we establish construction the of lower solutions, we need the following lemma.

Lemma 3.4. Define ?(5), f(f) asin (3.11), there exist M, M, > O such that

& [ 50E-y-rydy-dige - >0, b [ 0)eE-y-m)dy - digle -7 > 0.
(3.12)

Proof. For the first inequality for lower solutions, we compute

& [ Iy -rdy-dige-n)

()
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- d, f JONGE —y =) = 9& = )] dy

-4, f; " M0 - ¢t - ro)dy

+d, fg m . JO)[So(1 = M) = g(& = ry)] dy
= af-so(t - me ) [T iy

+diS oM, e E L ) . JO)(1 —e*Y)dy

—ri—¢&i
— —diS, f JO)dy

§—r1—¢& co
+dSoMe” ¢ [f Jy)dy + f J)(1 - ea‘y)dY]
&-r1=&

—00

—ri—¢1 00
=—-d,S, f, Jy) dy + d\S oM e ¢ ll —~ f J(y)e_glydy].
- 3

oo —r1=§
Thus, if
E—r1—€1
f I dy
M, > e—al(f—rl) —0; ,
l—f J(y)e Y dy
&-r1=¢é1
then

& [ Iy -rdy-dige-r) > 0.

For the second inequality for lower solutions,

& [ 2 g€ -y = rdy - dogte ~ )
—, [ nee-y-m- el

§—ra=&
= d2 f Jz(y)[ge—/lo(f—y—rz) _ (1 _ Mzesz(é‘—rz))e/h(f—rz)] dy

—00

+ d2f Jz(y)[(l _ Mzesz(f—y—rz))e/h(f—y—rz) _ (1 _ MZeSZ(_f—rz))e/h(f—rz)] dy
E-n—&

—rn-& §—r—&
- dzge—/lo(f—rz) f Jg(y)e/loy dy — dze/h(f—rz) f L) dy

(o) —00

—r—&
+ dzMze(/11+82)(f—Fz) ff Jz()’) dy

o0
00

+ dze/h(f—rz) f Jz(y)(e_/lly _ 1)dy + d2M2e(/11+82)(§—r2) f Jz(y)(l _ e—(/11+82)y) dy
E-n—& E-n—&
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—rn—& o0 0
— dzexh(§—r2)[8e—(20+11)(§—r2) f Jz(y)e/loy dy +f Jz(y)e—/hy dy — f J(y)dy

oo E-n—& —00

+ Moe® &) (f Jr(y)dy - f Jo(y)e trey d)’)]-
—00 E-n—&

Then
d, f 1) @& =y — ) dy — doplé — 1)
—rn-& 00
= dze/ll(f—rz)[ge—(/lo+/ll)(§—r2) f' Jz(y)e/loy dy + f ]z(y)e—/hy dy -1
—00 &—n—-&
+ M2882(§—r2) (1 _ f Jz(y)e—(/l|+€z)y dy)].
-5
Hence, if

1- f L (y)e e gy > 0,
E-rn—&

* £-r1=6
1- f Jz(y)e_/hy dy — ge ot )(E-r2) f Jz(y)eﬂo}’ dy
E-n—&

—00

and if M, > e 26"

b

1- f L(y)e e dy
&-rn—&

then d [ 1) g(€ =y = ra)dy - dog§ = ) 2 0
O

Theorem 3.5. Letc > 0, Ry = % > 1,1 > n3,i = 1,2, and define the functions as in 3.11, then (¢, ¢)
form a set of lower solutions.

Proof. As with the proof of Theorem 3.3, we note that the functions are continuously bounded and
derivatives are absolutely continuous except for a finite number of points. Thus, we only need to show
the inequalities hold.

For the first inequality, we look at the following cases.
Case 1. £ < &,.

@ [ o s d o — vy — ey PEO G PE- 1)
N WM& —y—r)dy—digp(§—r) —cd'(§ 2O+ G PE—T)

> d, f JO) P& —y—r)dy —dig(§ —r) —c¢'(§) = B(G = )& —13)

(%)

=d (f JOSo(1 = M€ Ndy — §o(1 - Mles'(f‘”)))

+cSoM, g e — BB =) <
Y

G4y, 0)

AIMS Mathematics Volume 11, Issue 5, 12795-12824.
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0o _ (—r3)é __
= SoM,e¢ [dle_s‘” (—f J(y)e *Vdy + 1) +cer |- BB =)e G(Ay,0)
oo Y
00 _ (Ai=r3)é1 __
> S oM, et [dle_g”‘ (— f J)e v dy + 1) + ey |- PBZYE G, ¢) > 0,
oo Y

since we can take P
B G(41. )

= Soeslfl [dle—aln (1 — LO:O _](y)e—81y dy) + C‘Sl] .

M,

Case 2. £ <& <&+ gives p(€ —r1) = So(1 = M1e” &), ¢(€) = 0, s0

BOE) (G )& — 13)
$E+ G *PE—r1)

dﬂf TGO —y - 1) dy — did(€ — 1) — ' (©) -

~dy [ I8y = rdy - diglé - 1)

[ee)

from Lemma 3.4.
Case 3. &+ 2 & gives ¢(& — 1) = ¢(§) =0, s0

d\fwn> Emyrdy—dipe—ry - ey - PEOCDE D
1 N )’? y—ry)ay 1? r c? ?(§)+(G*¢)(§_r3)_

For the second inequality, we note that we can take

My(A, + &)\®
M, > ealr( 2(/1 _2)) , such that & < & — r, where r = max{ry, r, r3}.
1
First, denote
(do+A1)/&2
& Ag+ A
E= 2 — ’
Ao+ 4+ \My(Ap + A1 + &)

define the function
f&) =¢e+ Mze(/lo+/11+82)f — oot é

We claim that f(£) > 0 for any € > &,. Obviously, f(&;) = 0. Thus, it suffices to verify that f"(£) > 0
for any & > &.

Since
1 Aog+ A
£>6=—h AR :

& \My(Ao+ A + &)

we have
eng ﬂ() + A4 .
Mz(/lo + /11 + 82)

Hence,

My(Ag + Ay + )@ 2% > (L + 2))e 0%,
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Consequently,
F(€) = Ma(dg + Ay + £2)e M0 _ (1 4+ 1)er0% 5 0

for any ¢ > &,. Therefore, f(£) > 0 for any & > &,.
Note that this claim implies

ge ¢ > ME(1 — Mye™) forany & > &.

Case 1. ¢ < &,. We notice

[ roee-y-mar= [ noeE-m-na

(>

—r—& 00
= f L (€ —r2) —y)dy + f L) (€ —r2) —y)dy

00 E-n—&

—ra—&> Ao+ A (Ao+A1)/&2
= f" 1) & ( o+ 4 ) o~ o(Er)-y) dy

0 /l() + /11 + & Mz(/l() + /11 + 82)

+ f L) (1 - MZesz((f—rz)—)’))e/h((f—rz)—y) dy
E-r-&

Ao+A1) /e —ry—
& ( Ao + A )( o+A1)/&2 f 2=& Jz(y) e—/l()(-f—y—rz) dy

- Ao+ 4+ \Ma(Ap + 41 + &) o

* f D) (1 - MZeSZ(f_y_m)eﬁl(s“—y—rz) dy
§—r—&

—ry—&
> f\f ne Jz()’)(l _ Mzesz(f—y—rz))e/ll(é"—y—rz) dy

’ f 520) (1 = Mye €)M gy
==&
- f L) (1 = MaeP &)t €= gy,

This gives

BOE) (G * )& — 13)
$@) + G *)E - 1)

&y [ 1019l =y = r)dy - ol ~ ) = og'©) -yl 4

>y [ 20)eE =y m)dy - dgl€ 1) - o O = y©
>d, f JZ(Y) (1 _ M2682(f—y—r2))e/11(§—y—rz) dy _ dze/h(f—rz) — (e + y)e’ll"c
+ Mz[dze_u“r‘”)’2 +c(d + &)+ 7]6(’“”2)5

— eﬂlf[dze—ﬂlrz (f Jz(y)e_lly dy — 1) —(cA1 +7y)

o0

+ Mze(/ll+82)§[_dze—(11+82)r2 f Jz(y)e—(/11+82)y dy + dze—(/11+82)r2 + C(/ll + 82) +y

—00
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- eﬂlf[AI(ﬂl, ¢) — BG(Ay, c)] — Myttt

A1) + &) + BG(A; + &, c)]

> elie >0,

—BG(Ay,¢) - M2€82§2(A1(/11 + &) + BG(A; + &2, C))

since we can take

M, > }ﬁe“”& G, 9
A](/l] + 82) +ﬁG(/l] + &, C)

Case2. £ —r <& <&

BHE) (G * )& ~ 13)
$E + (G pE—r1)

d> f L) e =y —r)dy — dop(§ —12) — cg'(§) — v (&) +
>y [ 0YeE=y = m)dy - digl€ - 1) - o O - y®
> d f DY) @€ =y = ra)dy = dap(é = 12) + &(cdy — y)e ™ > e(cdg — y)e™*

from Lemma 3.4. Using

c(dy +7y) S c(dy +7)

Ao =
o (5() Cy

> (d2 +7),

we see g(cAy — y)e ¢ > 0.

Case3. & + 1) <&

BPE&) (G * )& —13)
¢ + (G * )& —r3)

=d fooj(y) (€ =y = r)dy — dree €7 — yge % 4 1 86_40§+13?(§)(G*f)(§—r3)
=d, N 2 ¢ y—nr)ay—d; 04 0 Q(§)+(G*g)(§—r3)

_ ol 0 N BHE) (G * )& —13)
= ge ﬂof(cao—(dze A +7))+d28IwJ2(y)e Aoy )dy+?(€)+(G*£)(§_r3) > 0,

& [ B0) g€ -y = rydy - dogle ~ 1)~ og'©) - Y+

due to the fact
cly > (dy + ),

so there is some small 7, > 0 such that

cdy > (dzerﬂo + )/)

Now, for any (¢(:), ¢(+)) € I'x, define the truncated functions

¢(X), &> X, o(X), £ > X,
d&E) =3 ¢&), <X, @E =1 @@, lE<X,
S—('f)’ 'f < _X’ I—(‘f)’ ‘f < =X
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Using the above functions, we create the following delayed system:
Be&) (G * )& —13)
&) + (G =p)¢—13)

BeE&) (G * )& —13)
¢ + (G = p)E—13)

CS'(§)=d1f JO) @& —y—r)dy—diSE-r) - (3.13)

oI'(@) = ds f JO)BE =y = 1) dy = doI(E = 12) — (y + 6) 9(&) +

where
S =88, 1¢&=1(), Vée[-X—r=X], r=max{r,r,r}

By the theory of functional differential equations with bounded delays [10], for each (¢(-), ¢(+)) € I'x,
the truncated system admits a unique solution (S x(&), Ix(¢)) € C'([-X, X], R?). Furthermore, we define
an operator F = (F;, F,) : I'x — C([-X, X],R?) by setting F (¢, ¢) = (S, Ix), where, for each & €
[_X7 X] >

Sx©O =5 ()¢t 41 f

-X

B o) (G * o) — r3) ) d
é(m) + (G = @) —r3) ’

_dyryes 1 _dyye . Bo) (G * @)1 —13)
7 T erx) L 7 (e-p) N _
Ix(§) =1-(-X) e +2 f_ie 1 (dz (J=@)n—r)+ o) + (G ) = r3)) dn.

Lemma 3.6. For any (¢(-), ¢(+)) € I'x, the operator ¥ = (F, F») satisfies

e (dl (7= 1) -

F(p,0,) = (Sx,Ix) € I'y.
Equivalently, for every ¢ € [-X, X],

S_(§) < Sx(&) < S, (AD)
1.(&) < Ix(§) < L($). (A2)
Proof. Fix (¢(-), ¢(-)) € T'y and let ¢, @ be the truncated extensions. For 1 € [-X, X], define

_ BoOD G )y —rs)
o) + (G * @) —r3)’

Since G > 0, ¢ > 0, and @ > 0, we have Q(n) > 0 on [-X, X].

Q) :

We first consider S x. By construction, S y solves on [—X, X] the linear inhomogeneous problem

cS(E) = di(J = )& — ) —diSx(€) - QE),  E€[-X.X],

together with the boundary condition S x(=X) = S _(—=X).
Since ¢(&) < SponR and J > 0 with fR J(y)dy = 1, it follows that

(J# )& —r1) < S, &£e[-X X].

Hence
S5 +diSx(&) = di(J * )& — 1) — Qé) < d,S, £ e [-X, X].
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Let W(&) := Sx(&) — So. Then

WE+dWE <0, ¢e[-X,X], and W(=X)=S5_(-X)— S, <0.
By the strong maximum principle for first-order linear equations, W(&) < 0 on [-X, X], hence

Sx(@) <S8, £€[-X.X].
Using ¢(&) > S_(&) on R and J > 0, we have
(J# )& —r1) = (J*S)E—r), & e[-X X].
Assume S _ is chosen to satisfy the sub-solution inequality on [-X, X]:
cSL(E) <di(J* S )E—r) —diS_(§) — QY), e [-X X],

with S _(—=X) = Sx(-X). Define Z(¢) := S _(£) - Sx(&). Then

cZ'(E)+d\Z(E) < d\((J xS )E=r) = (J*P)(E—1)) <0, & e[-X X],
and Z(-X) = 0. By the strong maximum principle, Z(£) < 0 on [-X, X], hence

§_(&) = S5x(6), ¢ e[-X X].

Therefore, S_(£) < Sx(€) < S, for & € [-X, X], which is (A1).

Next we consider Ix. By construction, Iy solves on [—X, X] the linear inhomogeneous problem

cy() = do(L2* @)NE— 1) — (o +y +OIx(E) +QE),  §e[-XX],

with the boundary condition Ix(—X) = I_(—X).
Since ¢(¢) < I,(¢) on R and J, > 0, we have

(2 #@NE—12) < (2 x L)(E — 1), &el[-XX]

Assume 1, is chosen so that it is a super-solution on [-X, X]:
cli (&) 2 da(J2 # 1) — r2) = (da +y + 0),(€) + QE), & el-X X],
with I,(=X) > Iy(=X) = I_(=X). Set U(&) := Iy(€) — 1,(£). Then
U@+ (d+y+0)UE) <do((2 % @)NE—1r) — (2= L)(E— 1)) <0, & e[-XX],
and U(—X) < 0. By the strong maximum principle, U(£) < 0 on [-X, X], hence
Ix(§) < L.(8), fel-XX]

Similarly, using @(€) > I_(£) on R and J, > 0, we obtain

(2 #@NE—12) 2 (S x I )& — 1), &e[-XX]

AIMS Mathematics Volume 11, Issue 5, 12795-12824.
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Assume /_ is chosen as a sub-solution:
cl’(§) £ do(Jr  I)(E —1r2) = (da + ¥ + 0) () + Q), ¢ e[-X X],
with I_(—X) = Ix(—X). Let V(&) := 1_(¢) — Ix(&). Then
V(@ +(da+y+0)V(E) S do((J2+ I)E = 1) = (2 P)E— 1)) <0, §el-X X],
and V(-X) = 0. By the strong maximum principle, V(¢) < 0 on [-X, X], hence
(&) < Ix(9), &€ [-X X].

Therefore, I_(¢) < Ix(¢) < 1,(¢) for & € [—X, X], which is (A2).

Consequently, (A1) and (A2) hold and (S, Ix) € I'y. |

Next we will establish complete continuity of the operator ¥ .
Lemma 3.7. For any (¢(:), ¢(-)) € I'x, the operator F = (F, F,) is completely continuous in T',.
Proof. By direct computation, we obtain the representations

4 1 dy -
Sx(E) = S_(=X)e €0 4 f &EED (d(J % )~ r) — Q) d,

-X

+y+ 1 K +y+
Ix(€) = [(=X)e™ 77 E0 4 = f e~ EENEN (4o, * B) — 1) + QM) dy.
-X

For any (¢;, ;) € I'y, i = 1,2, denote
S xi(&) == Fildi, @il (£), Ix (&) == Faldi, @il (6),

and let ¢;, §; be the corresponding truncated extensions. Write

Q= BSWG @)=y

¢i(m) + (G * @) —13)°

Since
B —X X 00
(J=d)n—r) = f Jm—r—=yS_(y)dy+ f Jm—ri = y)¢:(y)dy + f J(n —r = y)¢i(X)dy,
—0 -X X
we have
X
(T =) —r1) = (T xd2)— )| < f A0 = =) 10i6) = 6201 dy
+ f J@—=ri =) $1(X) — $2(X)|dy <2 max |¢1(y) — d2(y)l.
X ye[-X,X]
Similarly,

|2 = @)@ = 12) = (1 = 32D — 12)| <2 max_ i) — w2,
ye[-X,X]

AIMS Mathematics Volume 11, Issue 5, 12795-12824.
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Moreover, using G > 0 and fooo f_ o; G(y, s)dyds = 1, we obtain

|G+ @)@ —13) = (G * @) —r3)| < max_ i) — @20,
ye[-X,X]

b
Since the map (a,b) — pa is Lipschitz on bounded subsets of [0, c0) X [0, o), there exists
a
L > 0 (independent of (¢;, ¢;)) such that

Qi (1) — ()| < L( max 1¢10) =~ $20) + max o1 () = wz(y)l), 1€ [=X, X].

Substituting these estimates into the above integral representations yields

(ax 1Sx1(€) = Sxa(@l < € (yer[rglggq $10) = h2()l + max lo1(y) = soz(y)l) ,

max |1x1(§) IO <C (yer[r}ggg( ] lp1(y) — P2V + Jnax lp1(v) — soz(y)l),

fe[-X.X

where C > 0 is independent of (¢;, ¢;). Hence, ¥ is continuous on I'y.

Finally, we show that # is compact. For any (¢, ¢) € I'y, we have Sy, Ix € C "([-X, X]) and, from
the defining functional differential equations (FDEs),

1 ~
1S3 (@I < - (dlll(J # @) = 1r)lloo + dillS xlleo + IIQIIM),

—_Q

(O] < —(dall(J2 % §)(- = M)l + (d2 + ¥ + O)llxlleo + Q) 5

o

so §% and I are uniformly bounded on [-X,X] for (¢,p) € I'x. Thus, F(I'x) is bounded
and equicontinuous in C([-X, X]) X C([-X, X]). By the Arzela—Ascoli theorem, ¥ is compact.
Consequently, ¥ is completely continuous. m|

Based on the above discussion, by using Schauder’s fixed point theorem, we obtain the
following result.

Theorem 3.8. There exists (S x(+), Ix(-)) € I'x such that

(Sx(&), Ix(£) = F (Sx, Ix)(&) forany & € (=X, X).

Next, we establish a priori estimates for solutions of the traveling wave system on R. To this end,
we work in the space

C"'([-X, X]) := {u € C'([-X, X]) : u’ is Lipschitz continuous on [-X, X]},

equipped with the norm

e’ (&) — u'(n)|
el = max lu(é)| + maX |“ O+ sup —————.
s
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g+
M (Ao+A1+€2)

Lemma 3.9. For any X > 81—2 ln( ), there exists Y > 0 such that Y + o < X, and

IS xllcr -y, vy < C(Y), x|l oy, vy < C(Y),
where o is the radius of suppJ; and C(Y) > 0 is a constant independent of X.

Proof. Fix X > 8—12 ln(m). Let o > 0 satisfy supp J C [—0, 0] and set

ry 1= maX{lrlL |r2|9 |r3|}'
Choose Y > O such that Y + o + r. < X. Then, for any £ € [-Y, Y] and y € supp J, one has

é‘:_y_rla f_r27 -f_r3 € (_X’X)9
and hence all delayed and nonlocal terms are evaluated inside the interval (=X, X). Consequently,
on [-Y Y],
¢x = Px, ®x = ¢x-
By construction of the truncated system and invariance of the positively invariant region, there exist
constants S > 0 and I, > 0, independent of X, such that

0<85x(@&) <So, 0 < Ix(§) < I, 0 < ¢x(&) < So, 0<ex(@<l, ¢ekR

Moreover, fR J(y)dy =1and J > 0.
Fora,b > 0,

S

+

S
IA
IS

Therefore, for & € [-Y, Y],

< @G *p)(E —13)
— 9x(©) + (G @x)(E = 13)

< Px(&) < So.
Since ¢x = ¢x on [V, Y],

OSLJ()’)fl’X(f—)’—Vl)dySSo, 0<Sx(E&—-r)<So.
Substituting into the S equation yields

eSO < diSo+diSo +BSo, &e[-rY],

and hence

2d1 +ﬁ
C

1S%(@I < So, §e[-YY]

Consequently,

2
56 - $x(pl < 202

Similarly, since @y = ¢x on [-Y, Y],

Sole=nl,  &nel-YY].

Oﬁf-]()’)‘ﬁx(f—y—”z)dyﬁlo, 0 < Ix(€é — 1) < Iy, 0 < px(é) < Io.
R
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Using again the bound on the nonlinear incidence term, we obtain

|CI;((§)| < dzl() + d210 + ’}/I() +BSQ, f € [—Y, Y],

that is,
(&) < 2‘12; . /g So.  E€[-YY]
Thus,
Ix(&) = Ix(p)] < (de L1+ ‘g Solé—nl,  &nel-Y.Yl.

We now estimate the derivatives. For &, 1 € [-Y, Y], subtracting the S equation at ¢ and n gives

d d
1S5%(&) = Sx(l < ?]fRJ(y) |¢x(§—y—rl)—¢x(n—y—r1)|dy+?lle(f—rl)—Sx(n—m)l

B| ¢x@O(G xpx)& —13)  ¢x(D(G * ox)(n = 13)

clex@ + (G re)E—13)  ox() + (G *ex)1 - 13)|

Using the previously obtained bounds on Sx and Iy, together with standard convolution estimates
for G, it follows that

IS%(&) =Syl < CNE—-nl,  &nel-YY],

where C;(Y) > 0 is independent of X.
An analogous argument applied to the / equation yields

(&) - Iyl < C:NIE—nl,  &nel-YY],

with C,(Y) > 0 independent of X.
Therefore, there exists a constant C(Y) > 0, independent of X, such that

IS xllcr1 -y < C(Y), xllcri -y < C(Y).
This completes the proof. O

We next pass to the limit X — oo in the truncated problem to obtain a solution on R. Let {X,},5;
satisfy
X, > —InM,, X, > o0 asn — oo,
£

For each n, let (Sx,, Ix,) be a solution of the truncated traveling wave system on [-X,,, X, ]. Fix ¥ > 0.
By Lemma 3.9, there exists C(Y) > 0, independent of n, such that

IS x, llci -y < CY), x, ety < CY).

Therefore, {Sx,} and {Ix,} are equicontinuous in C Y([=Y,Y]) and uniformly bounded there. By the
Arzela—Ascoli theorem, there exists a subsequence {X,,} and functions S,/ € C!([-Y, Y] such that,
as k — oo,

Sx, =S, Ix, =1 inC'(-Y,Y].

AIMS Mathematics Volume 11, Issue 5, 12795-12824.
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Applying a diagonal extraction over ¥ = 1,2,3,..., we obtain a subsequence and functions
S,1€C'(R),
such that, for every Y > 0,
Sx, =S, Ix, > I inC'(-Y,Y]) ask — co.

Fix £ € R and choose Y > 0 with & € [-Y, Y]. For k sufficiently large, Lemma 3.9 also guarantees
that all delayed arguments in the equations are evaluated inside (—X,,, X,, ), hence the extension terms
coincide with the interior functions. Using fR J(y)dy = 1, the uniform bounds 0 < Sx, < Sy and
0 < Iy, < Iy, and dominated convergence, we obtain

I}ggf J(y)ciﬁxnk(f—y—rl)dy=f JO) $E —y = ri)dy,

—00

00

fim [ J0)eE-y-rad= [ J0)eE-y-rdy

—00

and, for the convolution term,
1im(G * gy, ) = 13) = (G x@)(E = 1),

where ¢, ¢ denote the corresponding components of the limit pair (S, /) in your notation. Passing to
the limit in the truncated equations yields that (S, /) satisfies, for all £ € R,

_ Bp&) (G * )& —13)
0(&) + (G x )& —13)

Bo(&) (G * 9)(§ —13)
¢ + (G )& —13)

Moreover, the order bounds are preserved in the limit. Indeed, since S_ < § X, < S,
and I < Iy, <1, forall k, we have

S <8SE <S58, 1@O=<IE=<LE&), &R

If, in addition, the truncation is constructed so that

cS'(§) = d, f S PE—y—rydy—diSE—r)

oI @) = ds f JO)@é =y = ra)dy — dol(€ — 1) — y 0(&) +

Sx,(=X,) =S, Ix,(-X,) =0,

and the corresponding right-end values match the prescribed far-field state, then the limiting functions
inherit the desired asymptotic conditions by the definitions of the barriers and the squeeze theorem.
This completes the limiting argument.

Theorem 3.10. Assume that

RO::’§>1.

Y
Then, for every ¢ > c., there exists a nonnegative traveling wave solution

(S(£),1(5)), E=x+ct,
of system (2.1), satisfying the boundary conditions S _(£) < S(&) < S0, 1_(&) < I(¢) < I,.
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Proof. 1t suffices to prove that there exists S, such that
lim S(¢) =S «.
E—+o0

We argue in a similar manner as in the limiting part of the proof of [15, Theorem 2.7] , but with the
delayed terms and the incidence in our system.
First, we claim that
liminf S (&) < So.
£+c0

Otherwise, limz_, o S (£) = S¢. Set

S G D(E - o
Q) =BG DE ) <J*S>(§)::f J0) S - y) dy,

IO+ (G=DE-r) 00

and note that supp J C [—0, o]. Evaluating the first delayed equation at & + r; yields

cS'E+r)=di[(J+5)E-S@O]-QE&+r), EeR (3.14)

Integrating (3.14) from —x to x gives
c[Sx+r)=S(=x+r)]=d f [(J +8)(&) - S(©)]dé - f Q& +ry)dé. (3.15)

By Fubini,

f(J*S)(f)d§=ff J@)S(f—y)dyd§=f J(y)f S(&—y)dé dy

:fmj(y) xyS(s)dsdy,

co —X-y

hence

X 00 xX—y X
[Wwesi@-s©lae= [ so([ soas- [ swas)a

X=y X

- f m](y)( f x_yS(s)ds— f - S (s)ds)dy.
—oo x —-Xx=y

Using [ f(s)ds = (b—a) [ f(a+1t(b—a))dt, we obtain

X— 1 —X 1
f yS(s)ds:(—y)f S(x—ty)dt, f S(s)ds:yf S(—x —ty)dt,
X 0 —X=y 0

and therefore

X 00 1
f [(J % S)E) - S(©)]dé = f J(y)(—y)fo [S(x —1y) = S(=x — ty)] dtdy. (3.16)
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12820

Substituting (3.16) into (3.15) yields

00 1 X
C[S(x+r1)—5(—X+r1)]=d1f J(y)(—y)f [S(X—fy)—S(—x—fy)]dfdy—f QE+r)ds. (3.17)
0 -x

—00

Letting x — +oo, the left-hand side converges to ¢(Sg — Sg) = 0. Since 0 < § < Sy and
suppJ C [-0, 0], the double integral remains bounded, and the last term is monotone in x because
Q > 0. Passing to the limit in (3.17) gives

wa(§+r1)d§: 0.

Hence Q(¢) = 0 for a.e. £. This is impossible for a nontrivial wave: I # 0, G > 0 is not identically
zero, so (G * I)({) > 0 on a set of positive measure, and S (£) > 0 on the corresponding set by the order
bounds; consequently Q(¢) > 0 on a set of positive measure, so its integral cannot vanish. Therefore,

liminf S (£) < Sy.
-+

Next assume, to the contrary, that

limsup S (£) > liminf S (£).

E—+00 3

Then there exist sequences &, — +oco and 77, — +oo such that

S(&n) — oy = limsup S (&), §'(&) =0,

£mtoo
SOm) = 02 1= 1igg+igf5(§), §'(n.) =0,
with oy > 07,. Evaluating (3.14) at & = &, — ry gives
0=cS"(&) = di[(J % $)E — 1) = S (& — r)] - Q&)
Since Q > 0, we have (J = S)(&, — r1) > S(&, — 1), and hence

limsup(J = S)(&, —r1) < 0.

n—oo

On the other hand, by the definition of oy and J > 0, f J =1, one also has
liminf(J = S)(&, —ry) = o,

SO
lim(J = S)(¢&, —r) = 0. (3.18)

Define S ,,(y) := S(&, —r1 +y). Let Q := supp J C [—0, o]. Then by (3.18),
o = lim [ 018,00y
n—oo Q
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Fix § > 0 and set
Q;:=Qn{y: limsupS,() < oy - 6}.

n—oo

Then
o = lim f TS () dy
n—-oo Q

<ov [ mdy+@i-0 [ Jrdr=ci-s [ sy
Q\Qs Qs Qs
hence ‘[;25 J(y)dy = 0. Therefore S,(y) — o a.e. in . Since {S,} is equicontinuous on Q (because S
is Lipschitz on bounded intervals), the convergence holds for every y € Q:
imSE -ri+y=c, yeQ
Because Q has radius o and J is continuous with compact support, there exists ¢’ > 0 such that
[-o,—0c+d U0 -8 ,0] C Q.
Repeating the same argument with the shifted sequences &, + (o — ¢’ /2) yields
Im§@E -rn+y) =0,  yel-o0l

A completely analogous argument applied to 7, shows that

lim S (p, —r1 +y) = o2, y € [-o,0].
Now integrate (3.14) from ,;Oi 0 & -1
S - S = dy f Tlosso-s@lac- [ acrmdz. (3.19)
Asin (3.16), " "
f 0530 -s@lde = [ o [ S0 — 11— 1)~ S0 — 1 — )] drdy.

Since supp J C [—0, o] and we have pointwise convergence on [—o, 0], dominated convergence gives

lim f " [(J*S)C) - S()]de = (05— 0y) f yJ(y)dy.

n—oo
Mn=r1

Because J is even, f_ Z yJ(y)dy = 0, hence the limit equals O.
Moreover, by the construction of the wave profile, I(§) — 0 as & — +oo, and thus (G*I)(E—r3) — 0
and Q(¢) — 0 as & — +oo. Consequently,

lim f QU+ r)dl =0,

=Tl
Letting n — oo in (3.19) yields
0<c(oy—03) =0,

which is a contradiction. Therefore,

limsup S (¢) = liminf S(¢) =: S .
—+00

E—+0 3

By the first part of the proof, S, < Sy. O
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4. Conclusions

In this work, we have established the existence of traveling wave solutions for a nonlocal
dispersal SIR epidemic model with delayed transmission. By exploiting the structure of the traveling
wave equations, we reduced the problem to a closed two-equation subsystem and derived uniform a
priori bounds and regularity estimates for the associated integral operator. These properties enabled us
to construct an invariant cone on a large bounded interval and apply Schauder’s fixed point theorem,
followed by a limiting argument, to obtain traveling wave solutions defined on the entire real line.

Our analysis shows that when the basic reproduction number satisfies Ry > 1, traveling wave
solutions exist for all wave speeds ¢ > ¢, where ¢* > 0 denotes the critical wave speed determined
by the associated characteristic equation of the linearized system at the disease-free equilibrium. The
quantity c* represents the minimal propagation speed at which an epidemic can spread through space
as a coherent wave. In epidemiological terms, it characterizes the threshold rate of spatial transmission
required for the infection to invade new regions. If the effective propagation speed of the infection is
below this threshold, the epidemic front cannot sustain spatial spread in the form of a traveling wave.

The value of the critical speed ¢* is determined implicitly by the parameters appearing in the
characteristic equation, which reflect key biological mechanisms in the model. In particular, parameters
associated with the transmission rate, the dispersal kernel, and the temporal delay in the infection
process all influence the magnitude of ¢*. An increase in the transmission rate or in the effective
dispersal range generally promotes faster spatial propagation of the disease, leading to a larger critical
wave speed. Conversely, mechanisms that reduce effective transmission or limit spatial movement tend
to decrease the propagation speed of the epidemic front. The delay term also plays an important role,
as it captures the time required for infected individuals to become infectious and thus modifies the
growth and spread dynamics of the infection.

From an epidemiological perspective, identifying the critical wave speed provides insight into
how quickly an infectious disease can spread geographically. Understanding how model parameters
affect ¢* may therefore help inform strategies aimed at slowing or preventing spatial invasion. For
example, interventions that reduce the effective transmission rate, such as vaccination or behavioral
changes, or that limit movement and contact between spatial regions, may lower the propagation speed
of the epidemic front. In this sense, the mathematical characterization of ¢* provides a theoretical
framework for understanding how biological and behavioral factors influence the spatial spread of
infectious diseases.

The existence of traveling wave solutions in the critical case ¢ = ¢* is not resolved by the present
approach and remains an open problem. Moreover, we do not address the nonexistence of traveling
wave solutions for subcritical speeds 0 < ¢ < ¢*, which would require different analytical techniques.

Finally, we note that the results obtained here rely on a partial decoupling of the traveling wave
system, allowing the susceptible and infected components to be treated independently of the recovered
class. The existence of traveling wave solutions for the fully coupled traveling wave system, in which
all three components appear explicitly in the incidence term, remains open and represents an important
direction for future research.
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