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1. Introduction and principal results

The mathematical analysis of fluid equations, particularly the three-dimensional Navier—Stokes
system, remains a fundamental topic in nonlinear partial differential equations due to its complex
interplay between nonlinearity and dissipation. In recent years, modified models incorporating
damping terms have attracted increasing attention, as they provide additional mechanisms that may
influence the regularity and long-time behavior of solutions. In particular, nonlinear damping terms of
the form a|u|*u arise naturally in various physical contexts and are known to enhance the dissipative
effects of the system.

Motivated by these considerations, it is of interest to investigate such models in critical functional
frameworks, where the balance between scaling and regularity plays a crucial role.

From a physical point of view, damping terms of the form «lu|*u arise in various models of
dissipative fluid flows and are known to enhance stability and energy dissipation mechanisms. Such
terms appear in the modeling of porous media flows and in certain turbulence models, where nonlinear
damping plays a significant role in controlling the behavior of solutions. This further justifies the
mathematical analysis of the system considered in the present work.
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In this paper, we consider the following modified Navier—Stokes equations:

O — vAu + u.Vu + ajul’u = -Vp in R* x R3,
(NSED){ divu =0inR* x R?,
u(0, x) = u’(x) in R3,

where v > 0 denotes the viscosity of the fluid, u = (u;, u», u3) is the unknown velocity field, and p is the
associated pressure at the point (¢, x) € R* x R3. The term o|u|*u, where a > 0, represents the damping
effect. To simplify the analysis, we assume throughout that v = 1. The function u° is a given initial
velocity field. If u® is sufficiently regular, the divergence-free condition determines the pressure p.
More precisely, under this regularity assumption, the Duhamel formula holds:

u=eu’ — Ny(w) — aN>(v),

where

! !
N () f AP div (u @ u) dr = f NP (u.Vu) dr,
0

0
!
(t-7)A 2
L e P (Iul u) dr,

and PP denotes the Leray projector.
It is well known that, in [1], the authors introduced and studied the following system:

No(u)

O — Au+uVu+ aluf~'u = —Vpin R* x R3,
(Pg){ divu =0inR* x R?,
u(0, x) = u°(x) in R3.

In particular, they established the global existence of a weak solution for § > 1 with initial
data u® € L*>(R?). Moreover, they proved the global existence of a strong solution for 8 > 7/2, as
well as uniqueness for 7/2 < 8 < 5 when u° € H'(R?). The methods used in [1] are based on Galerkin
approximation. In [2], the authors proved the existence of a global strong solution and established
uniqueness for @ > 1/2 and 8 = 3. Moreover, several authors have investigated more general forms of
evolution equations with damping than the problem (NS ED); see, for instance, [3-5].

Several works have investigated Navier—Stokes equations using Fourier-based approaches and
critical functional frameworks. In particular, the spaces introduced by Lei and Lin [6] play a
fundamental role in the analysis of such problems, and the monograph of Cannone [7] provides a
comprehensive framework for Fourier analysis methods in fluid dynamics.

In the presence of damping terms, various results on regularity and uniqueness have been obtained;
see, for instance, Zhou [8] and Zhang et al. [9]. More recently, the asymptotic behavior and long-time
dynamics of damped Navier—Stokes equations have been studied in [10], highlighting the interplay
between dissipation and nonlinear effects.

In these works, the analysis is mainly based on Friedrichs-type frequency approximations and
standard analytical tools, sometimes combined with additional techniques.

Our objective in this work is to study the critical case 8 = 3 under a fairly regular initial condition:

(%) W eS®R) and w0 e L'RY.
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It is easily seen that if u° satisfies Condition (%), then #° is continuous, and

Jim u’(x) = 0.
More precisely, the system (NS ED) enjoys the following scaling property: If u = u(t, x) is a solution
of (NS ED) on [0, T with initial data u(0, x) = u°(x), then for any A > 0, the rescaled function

uy(t, x) = Au(%t, Ax)
is also a solution of (NS ED) on [0, T/A?], with initial data
(0, x) = 1u’(Ax).

The incompressible Navier-Stokes system with a damping term of the form a|u|*u retains the same
scaling invariance,

u(t, x) - Au(%t, Ax), 1> 0,

and it therefore shares the same critical spaces as the classical incompressible Navier—Stokes
equations (corresponding to a = 0), namely L3(R?), H'2(R?), X~'(R?), C~'(R?), and others.

Moreover, blow-up criteria for fluid equations have been extensively studied in the literature. In
particular, Chae [11] established important conditions related to the regularity of solutions to the
three-dimensional Euler equations, and Li [12] derived critical regularity criteria for MHD-Boussinesq
systems. These results are closely connected to the analysis of singularity formation and provide
additional motivation for the blow-up criterion obtained in the present work.

The aim of this work is to study the problem (NS ED) in a critical Fourier framework, namely within
the homogeneous family of functional spaces defined by

X°RY) ={feS'®RY): feLl (R*) and f 71 (€)ldé < o).
R3

It is clear that X~'(R?) is the critical space for the problem (NS ED) within this family.

Although X~!(R?) is the critical space associated with the scaling of the Navier—Stokes system, the
analysis in this work is carried out in the space X°(R?). This choice is motivated by the need to control
the nonlinear damping term a|u|’u, which requires additional regularity at lower frequencies. Working
in X°(R?) ensures that the nonlinear estimates are well-defined and allows us to apply the fixed-point
argument in a suitable functional framework.

The main difficulty lies in estimating the nonlinear term a|u/|*u in the space X~!(R?), which cannot
be handled easily using standard analytical techniques. Therefore, we require a higher regularity of
the initial data at high frequencies. More precisely, we assume that u° € X°(R?) so that u° satisfies
Condition (*). It is worth recalling that this problem has already been studied by several authors (see,
for example, [1, 13]). They showed that if the initial data belongs only to L*(R?), then there exists a
unique global solution (for 8 > 3) in the space

Cy(R*, LA(R?) N L2 (R, H'(R?)).
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The construction of such solutions is based on the Friedrichs approximation method together with
Cantor’s diagonal extraction technique. Additional tools are then used to pass to the limit. The specific
properties to problem (NS ED) associated with the space L*>(R?) are

f u.Vuu =0 and f lulPuu > 0,
R3 R3

which are not necessarily satisfied in space X°(R?*). Recall that the incompressible Navier-Stokes
equations (corresponding to @ = 0) have been extensively studied in the critical space X~!(R?); see,
for instance, [14—16]. In this setting, local existence and uniqueness are known to hold, whereas the
existence of a global solution remains an open problem.

In the present paper, we address the following issues: local existence, uniqueness, and blow-up
criteria for maximal solutions, with the aim of characterizing their maximal time of existence. We now
state our main results.

Theorem 1.1. Let u’ € X°(R?) be a divergence-free vector field. Then, there exists a time T =T u’) >0
such that problem (NS ED) admits a unique solution

u € Cr(X°(R?) N LL(X*(RY)).

Our second result is the following.

Theorem 1.2. Let u® € X°(R?) be a divergence-free vector field, and let

ueC(I0, T, X°R*) N LE ([0, T), X*(R?))

loc

be the maximal solution of Problem (NS ED) given by Theorem 1.1. Then, for all t € [0, T*), we have

1 (" 1 !
@)l + 5 f lu@lledz < 'l exp (@ + 3) f ()P lz). (L.1)
0 0

If T™ is finite, then
Qa +1)7'72
lu()||xo > ————, Yt € [0,T7). (1.2)
T NT =
Remark 1.3. (a) By using the inequality (1.1), we obtain that if u is bounded in X°(R?) on [0, T*),
and if T* < oo, then
ue L'([0,T%), X*(RY)).

(b) We have
!
f (@)l xollu(2)ll x1 dz
0
0 1 ) 1 3 .
<l exp ((@+ ) | u@IBdz) + 5 | lu@Iedz, Vi € [0.7).
2" Jo 2 Jo

Indeed: By using the fact that ||ul|x1 < ||u||;(/02||u||;(/22 and the elementary inequality

&2 2
b —+ — b>
a <3 2,\7'61, >0,
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we obtain

1 1
3/2 1/2 3
llu(@)llxolle()llx < IIMIIX/O IIMII,(/z < EIIMIIXO + Ellullx2

and

t 1 f 1 !
fIIM(Z)leollu(z)llxldzsEfIIM(Z)IliodHEf llu(2)llx2dz.
0 0 0

By using (1.1), we obtain the desired result.

(c) As a consequence of Remark (b), if u is bounded in X°(R?) on [0, T*), and if T* < oo, then

(1 = Nlu@)llxollu()llx1) € L'([0, T)).

The above results provide a rigorous analytical framework for the study of the Navier—Stokes
system with nonlinear damping in critical Fourier spaces. The local well-posedness result ensures
the existence and uniqueness of solutions under minimal regularity assumptions, which is consistent
with the scaling properties of the system. Moreover, the blow-up criterion established in this work
gives a precise characterization of the behavior of solutions near the maximal time of existence. In
particular, it shows that the divergence of the X°-norm is unavoidable as the solution approaches
a possible singularity. These results contribute to a better understanding of the interplay between

nonlinearity, damping effects, and critical functional frameworks in fluid dynamics.

2. Preliminary results

Lemma 2.1. X°(R?) is an algebra. Precisely, if f,g € X°(R?), then fg € X°(R?), and
1£gllxo < I fllxollgllxo-

Proof. Using (]/”g) = f* g (in the sense of tempered distributions), we have

f Fe@de = f (FrDEE.
R3 R3

By the triangle inequality and the Fubini—Tonelli theorem, we obtain

f f FODLIGE - n)ldnde
R3 R3

( fR 3 |f<n>|dn) ( fR 3 EE@)Idf)-

1fgllxo < [ fllxollgllxo-

Lemma 2.2. Let f € X°(R?) N X2(R?). Then, f € X'(R?), and

IA

fR (PR

IA

Then, fg € X°(R?), and

1/2 1/2
Il < UG IAILS
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Proof. We have
B
fR s = fR (7@ (erifen)” e

From the Cauchy—Schwarz inequality in L?(R?), we obtain

- N
fR RETGIE ( fR 3 If(f)ldf) ( fR & If(f)ldf)

1 1
A1 o111
Then, f € X'(R?), and the desired result is proved.

A

IA

Lemma 2.3. Forall o € R and a > 0, we have

lle™ fllxe < lIfllxe, Vf € XT@RY),

Proof. Recall that the Fourier transform of the heat semigroup satisfies

e fE) = e f).

Therefore,

6 e = f e T lde.
R3

Because 0 < ¢~"" < 1 for all £ € R3, we obtain

llea® fllxr < f3 E1F@dE = || fllxe
R
Lemma 2.4. Let o € R; then,

IPH)llxr < lfllxe, V. € XTR?),

where P denotes the Leray projector.

Proof. In Fourier variables, the Leray projector is given by

PO® = FOF@ with B@)=1-° §|2§’ £+0.
The matrix P(¢) is an orthogonal projection; hence its operator norm satisfies

IP@llop < 1.

Consequently, .
[P(E)| < |f(€)l forae. & € R,
and it follows that

IPCHE)lIxe fR 3 €17 [P(PE)|dé

IA

fR e\
1l
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Lemma 2.5. Let u,v € C;7(X°(R*)) N LIT(Xz(R3)); then,

B(u,v) = f DA (u.Vv) dt € Cr(X°(R)) N LL(XA(RY)).
0

Precisely, we obtain the following estimates:

1/2

1B g, < VT o VLS o I3 2.1)
1/2 1/2

1B liaey < VT Ml vl S V1) o - (2.2)

Proof. Let u,v € Cr(X°(R?)) N LIT(XZ(R3)).

e We start by proving B(u, v) € C7(X°(R?)): From Lemmas 2.2-2.4, we have

!
f ||et.V V|| yodT
0
!
f |l xol Wl xrd T

1/2 1/2
f VIl e Lo VIl d e

1/2
g e V1,5 f vl 2.

l1B(u, v)l| xo

IA

IA

IA

IA

Therefore,
T 1/2 1/2
l1B(u, V)||L°T°(X0) < T “u'|L‘;°(X0)||V”L0To(xo)||V||L1T(X2)-

e Now, prove that B(u, v) € LL(X*(R?)):

T t
f f €2 f e P \F (. Vv (r, &)l drdédt
0 R3 0
T !
f £( f f ™R \F (u.Vv)(x, €)ldrdt)dE.
R3 0 0
As{(t,) €[0,T?: 0<t<t)={(r,t) €[0,T]>: 7 <t<T}, we obtain
T T
f Iflz( f f e AR F (u.Vv)(r, f)ldr)df

e~ (T-DIP
f le( f — 1 (u.9)(x, €)ldr)dé

f ( f IF (u.Vv)(r, E)ldT )dé
R3 0
T
f f (. Vv)(r, £)\dédr
0 R3

AIMS Mathematics Volume 11, Issue 5, 12762-12779.

IA

1B Wl ey

IA

IA

| B(u, V)”L'T(X2)

IA

IA

IA



12769

T
fo |(ee. Vv)(7)]| xodT.

Similarly, using Lemmas 2.2-2.4 and proceeding as in the previous estimate, we obtain

12
Loo(X())”V”L] (Xz

1B, Ml < VT Nl VI
which completes the proof.
Lemma 2.6. Let u,v,w € Cr(X°(R?)) N LL(X*(R?)). Then,

fKMVJWZ‘[ AP ([uvlw) dr € Cr(X°(R?)) N LL(X*(RY)).
0

Precisely, we obtain the following estimates:

A

lH (u, v, W)||L°T°(X0) < T ”u”L"T"(XO)||V||L°T°(X°)”W”L°T°(X°),
”H(l/[, v, W)“LlT(XZ)

IA

T lull oo a0y 1Vl oo o) 1wl o0y

Proof. Let u,v,w € Cr(X°(R?)) N LL(X*(R?)).

(2.3)
(2.4)

e We start by proving H(u,v,w) € Cr(X°(R?)): Using Lemmas 2.3 and 2.4 and twice Lemma 2.1,

we obtain
1@, v, WOllo < fo e B )l ode
< fo e lhads
< fo Il wlodr
Therefore,

lH (u, v, W)U)”U;(XO) < T||M||L°;(X0)||V||L;°(X0)||W||L;°(X0)-

e Second, we prove that H(u, v, w) € Li.(X*(R?)): We have

T f
f f P f P (v w)(r, &)ldrdédr
0 R3 0
T 1
f%ﬂf\[ﬁHWV@ﬂM@ﬁ&M#.
R3 0 0

As{(t,) e[0,T?: 0<t<t)={(r,t) €[0,T]>: 7 <t<T}, we obtain

T T
f 6P f f e R G ([u.vlw)(r, £)ldr)dé

e~ TP
f e f — 1F ([w.vIw)(r, €)ldT)dé

IA

||H(ua v, W)”LIT(XZ)

IA

IA

|H (u, v, W)”L]T(XZ)

IA
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IA

T
f ( fo IF (lwvIw)(r, )ldr)dé
R3

T
f f F (uvw)(r, &)ldéd
0 R3

T
‘fo [|[([uvIw)(T)|| yodT.

IA

IA

Similarly, using twice Lemma 2.1, we obtain
[H (u,v, W)||L;(x2) < T ||u||L°T°(X0)||V||L°T°(X0)||W”L°T°(X0)a
which completes the proof.
3. Proof of Theorem 1.1
3.1. Local existence
Let R be a real number. For T > 0, we define the Banach space
Er = Cr(X°(®") N Lp(X*(RY)

equipped with norm
llullz = lleell ooy + [laell L1 2y

We denote the closed subset Fgr of Er defined by
Frr = {u € Er; lulligoo) < 206llo, Nl ey < R}
Now, consider the operator

Y  Frr — E7
u—s Y(u) = e™u’ — Niu)(@) — aN>(u)(@).

To apply the fixed-point theorem, it suffices to prove that the following estimates hold for 7 and R
sufficiently small:

Y(Frr) C Fr7) 3.1
1
() = yWllr < Ellu —Vllr, Yu,v € Fgr. (3.2)

Proof of (3.1):
e To estimate () in X°(R?), we have

||€IAMO||L;°(X0) < Lo
By the inequalities (2.1)—(2.3), we have

3/2 1/2
NGOl < VT o el 15

AIMS Mathematics Volume 11, Issue 5, 12762-12779.
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< 2V2VTRV |22

LY (X0)
and
IN2(W] o x0) < T IIMIILoo oy < 8T 116
Then, there is a time 7} > 0 such that
2V2VTRZ W15 + 8aT 'l < Iullyo, YO < T < T
By using this choice, we obtain

@l x0) < 20u’llxo, Yu € Frr. (3.3)

T
f f (e DB ldéds
(1= ) e
3

By the dominated convergence theorem, there is a time 7, > 0 such that

e To estimate (u) in LL(X*(R?)), we have

A0
lle"u ||L1T(X2)

R
||e’A”0||L‘T(X2> < 3 YO<T<T,.

By (2.2), we get

3
INi @y ey < \/7||u||,iM(X0)||u||LI(X2)
< 2\/_\/_||u0||2R1/2
Inequality (2.4) holds:
||N2(u)||L;(X2) < T”u”LDO(XO)
< 8Tl

Therefore, there is a time T3 > 0 such that
2VIVTIWOIE,R'? + 8Tl < R, YO < T < T,
Then, if we choose T > 0 satisfying all the above conditions (i.e.,0 < T < min(7>, T3)), we deduce that
@l x2) < R, Yu € Fry. (3.4)

Consequently, (3.3) and (3.4) imply (3.1).
Proof of (3.2): By using the fact that

uvVu—vVv=uVu—-v)+ (u—-v).Vy,

AIMS Mathematics Volume 11, Issue 5, 12762-12779.
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we get

Ni(u) = Ni(v) = B(u,u —v) + B(u — v, v).

By using (2.1), we obtain

IN1() = N1l x0)
By using (2.2), we obtain
IN1(u) = N (V)||L1T(X2)

Now, using the fact that

we get

lul*u

No(u) = Na(v)

By using (2.3), we get

IN2(u) -

No W)l xo)

By using (2.4), we get

IN2 () —

AIMS Mathematics

NZ(V)||L1T(X2)

IA

IA

IA

IA

IA

IA

IA

IA

1B, u = V)l (xo) + 1B(u — v, V)||L°°(X0)

VT [l ol = v

Lw(x())”u vllL] (Xz

+ VT |lu - v||Lm(xo>||v||;(xo)||v||L1 o)

0 01/2pl/2

2VT Wl llu = vz + V2 VTl o7 Rl = il
0p1/2 01/2 1/2

V2Tl (Y2l + RY2) llu = il

1B, u = VI ) + IIB(u -, V)IILIT(xz)

VT [l oyl — v||

+ VT ||u - v||Lm<Xo)||v||LM(Xo)||v||LI o)

0 onl/2pl1/2
2x/_||u ollee = Vil + V2 VTl 2R lu = vily
V2T 115 (V2UIllls + RY2) e = vl

Ll (X?)

— PPy = P = v) + [ = v).(u + V)],

IA

IA

IA

IA

IA

IN A

IA

f TOAP [|u|2(u — v)] + [(u—v).(u+v)]vdr

0

Hu,u,u—v)+ Hu—v,u+v,v).

H (u, u, w6 = V)l xo) + [1H @ — v, u0 + v, V)| xo)

Tl o, + N+ Al el Vlls ooy [t = Vg,

2
T {1l oy + Nl oy M ey =+ IV oy e = Vil

27 [l sy + V1 o [t = Vi

2T (|lul3o + B?) Il = vl

| H (ue, u, u — V)||L1T(X2) +|H@W—v,u+v, V)||L1T(x2)

[”“”Lw(xO) + |ju + V”L""(XO)”V”L“(XO)]HM - V||L;°(X0)

T {1l o, + el o Vs ey + IV oy [l = Ve

(3.5)

(3.6)

(3.7)

Volume 11, Issue 5, 12762-12779.
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2 2
< 27|l oy + My [l = Vil
0112 2
< 2T (11l + B?) Il = vl (3.8)

To conclude, it suffices to choose 7' > 0 satisfying

1
o(1/2 o2 , p12) o L
V2Tl (V2O + R < 2

1
012 2
2T (1l + R?) < 5.
Therefore, (3.5)—(3.8) imply (3.2).
The fixed-point theorem gives the existence and uniqueness of the solution of (NS ED) in C+(X°(R*)N

LlT(XZ(R3)). Therefore, we can deduce the existence and uniqueness of a local solution for critical
Navier—Stokes equations with a damping system.

4. Proof of Theorem 1.2

4.1. Proof of estimate (1.1)

From the first equation of the system (NS ED), we obtain

IIM(t)||x0+f lu()llx2dz
0
S||u°||x0+wf ||M(Z)||?\zodZ+f llu(@)lxol (2l x1 dz. 4.1)
0 0

By using Lemma 2.2 and the elementary inequality
2 b
b<—+—,Va,b>0,
abs o+, Va

we get
1 1
3/2 1/2 3
bl < el g < Sl + 5 el

Using the last inequalities, (4.1) becomes

1 ([ 1.
llu(®)llxo + Ef (@l x2dz < ullxo + (e + E)f lu(2)I[30dz.
0 0
By Gronwall’s lemma, we obtain the estimate (1.1).

4.2. Proof of estimate (1.2): Blow-up criteria
Letu € C([0,T%), X°(R*)) n L! ([0, T*), X*(R*)) be the maximal solution of (NS ED) given by the

loc

last section, and suppose that 7~ is finite.
The proof is divided into three steps:

AIMS Mathematics Volume 11, Issue 5, 12762-12779.
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First step. We prove that lim sup,_, ;. [[u(?)|[xo = o0
Suppose that u is bounded in X°(R?), and set

M, = sup |lu(®)||xo < oo.
t€[0,T*)

We prove that u satisfies the Cauchy property at 7°. For this, consider a sequence (%,),si
in [0, T™) satisfying

lim¢, =T".
By using the Duhamel formula, we can write for m,n € N (supposing that #,, < t,):
u(ty,) = = Ni)(t,) = No(u) (1),
u(t,) = et = Ni(u)(t) — No(u)(t,).
Then,
5
u(ty) = u(ty) = > ),
k=1
where
al, = el — ety = (et — ey,

i f (™% — I (uPu)(2)dz,

aly = f e INP(ulu)(2)dz,

iyl f (™% = " TINP(.Vu)(2)dz,

o f e AP Vu)(2)dz.
1,

n

e Study of a',, in X°(R*). We have

1 _ 2 _ 2 T
e = [ 1 = e e
3
2 2 -
jg |e—(tn—tm)|§| _ 1|‘e_tm|§| ||u0(§)ld§
3

ﬁ3 |€—(l‘n—tm)|§|2 —_ 1|.|u0(§)|d§-
R

Then, by the dominated convergence theorem, we get hm IIa(l) [|xo = 0.

e Study of al,, in X°(R?). We have

sl < fR 3 f e e i) . )z
< [ f e 1] Pz,
< fR 3 f e TLIF (uPu) e, Oldzdé
<

f f e~ || (uPu) (2, €)ldzdE.

AIMS Mathematics Volume 11, Issue 5, 12762-12779.
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By using the fact
(4 2 T
|e e 1| |; (|u|21/l)(z é:)l < | (lulzu)(za é:)l

and the fact |ul>u € L*([0, T*), X’(R*)) c L'([0, T*), X°(R?)), implies hm a2l xo = 0.
e Study of %), in X°(R%). By Lemma 2.3, we have

f f " e I | (ulu)(z, Oldzdg
R3

f ' f F (ulu)z, E)\déd:

f I(ulu)(@)llxodz

Iy

tm
f ()| [30dz
Iy

Mf (tm - tn)7

IA

3
llasllxo

IA

IA

IA

IA

which implies hm ||a(3) [lxo = 0.

e Study of aly, in X O(R3). By using the fact that divu = 0, we can write

In
ah = - f (e % — e INPdiv (u ® u)(2)dz.
0

Then,
t)l
lapmllao < f f ™m0 | | (1 V) (2, &)ldzdé
r3 Jo
n
< ff |€—(fm—tn)|§|2_1|_€—(tn—z)|§\2|?_'(u_vu)(z’g)ldzdé:
R”&
< ff o™~ et — 1LIF u.Vu)(z, £)|dzdé
R3
<

f f e 1| (. Vu0) )|z
R?

By using Remark 1.3(c) and applying the dominated convergence theorem, we
get hm llaillxo = 0.

3 Study of a,(f,)n in X°(R?). By Lemma 2.3, we have

1o < fR 3 f " o V1), )z
< f " f I (. V)2, £)ldd
< f i) @lxodz
< f @l IVl yodz
< f @)l (@)l 2
< f " @Ml .
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Again, by using Remark 1.3(c), we get lim ||a£,?m|| xo = 0.

The five preceding results and the fact that X°(R?) is a Banach space imply that
€ X°RY) : lim |lu(t,) — u*||lyo = 0.

The limit «* is independent of the choice of the sequence (%,),>-
Indeed, let (s,),>; be another sequence in [0, T*) such that lim, . s, = T*. Following the same
approach as before, we show that there exists u** € X°(R?) such that

lim ||u(s,) — u™||xo = 0.
Consider the sequence (7,),>1 in [0, T*) defined by
oy = tn’ "p-1 = Sp.

Clearly, lim,,_,., , = T*. Following the same approach as before, we show that there exists ¢ € X°(R?)
such that

Iim [lu(r,) = ¢llxo = 0.
Using the definition of the sequence (7,),>1 and the previous results, we obtain
u* = lim u(t,) = lim u(ry,) = ¢ in X°(RY),

u™ = lim u(s,) = lim u(ry-1) = ¢ in X°(R?).

n—oo

Therefore, u* = u™*, which shows that the limit is independent of the choice of the sequence (¢,),>1.
Now, consider the following modified critical Navier—Stokes problem:

0v—Av+v.Vv +aly’v = =Vgin R* x R3,
(S){ divy=0inR* xR3,
v(0, x) = u*(x) in R.

By Theorem 1.1, there is a positive time Ty = To(u*) > 0 and a unique solution v € C(X°(R?)) N
L3 (X*(R?)) of the problem (S ). Then, the function w defined on [0, T* + Ty) by

[ u@if tel0,T),
w(t) = { vit—=T*)if t€[T*, T+ T),

is a solution of (NSED), which contradicts the fact that u is a maximal solution of the
problem (NS ED). Therefore, u is not bounded in X°(R?), and lim sup,_, ;. ||u()||xo = oo.

T

Second step. We prove that f ||u(t)||f¥0dt = o0,
0

By (1.1), we get

1 !
@)l < 1l exp (@ + 3) f lu()Bodz), Vi € [0,T7).
0
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T*
The fact that lim sup,_, ;. ||u(?)||xo = oo implies that f ||u(z)||§(0dz = 0.
0

Third step. We prove (1.2).
By (1.1), we get

1 !
lellxs < 1l exp (@ + 5) f lu(@)I20dz), Vi € [0,T7).
0
Passing to square
!
()l < 1110 exp (e + 1) f lu(2)IZodlz)
0

and

!
luOI exp (— 2a + 1) f () Bodz) < 112,
0

we multiply by (2a + 1) to obtain

Qar + D)l exp ( - 2 + 1)f lu()20dz) < Qe + D30, Vi € [0,T7).
0

T*
Integrate this inequality on [0, T*), taking into account f ||u(t)||f\,0dt = oo, to get
0

1 < Qe+ DTt |-
By the uniqueness of solution of (NS ED), we obtain the desired result.
5. Conclusions
In this paper, we studied the modified Navier—Stokes equations with a damping term in Fourier

spaces. We established the local well-posedness of the system for divergence-free initial data in
the space

Cr(X°(RY) N Lp(X*(RY)).

Moreover, we derived a blow-up criterion for maximal solutions and obtained a lower bound on the X' 0.
norm near the possible blow-up time.
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