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1. Introduction and principal results

The mathematical analysis of fluid equations, particularly the three-dimensional Navier–Stokes
system, remains a fundamental topic in nonlinear partial differential equations due to its complex
interplay between nonlinearity and dissipation. In recent years, modified models incorporating
damping terms have attracted increasing attention, as they provide additional mechanisms that may
influence the regularity and long-time behavior of solutions. In particular, nonlinear damping terms of
the form α|u|2u arise naturally in various physical contexts and are known to enhance the dissipative
effects of the system.

Motivated by these considerations, it is of interest to investigate such models in critical functional
frameworks, where the balance between scaling and regularity plays a crucial role.

From a physical point of view, damping terms of the form α|u|2u arise in various models of
dissipative fluid flows and are known to enhance stability and energy dissipation mechanisms. Such
terms appear in the modeling of porous media flows and in certain turbulence models, where nonlinear
damping plays a significant role in controlling the behavior of solutions. This further justifies the
mathematical analysis of the system considered in the present work.
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In this paper, we consider the following modified Navier–Stokes equations:

(NS ED)


∂tu − ν∆u + u.∇u + α|u|2u = −∇p in R+ × R3,

div u = 0 in R+ × R3,

u(0, x) = u0(x) in R3,

where ν > 0 denotes the viscosity of the fluid, u = (u1, u2, u3) is the unknown velocity field, and p is the
associated pressure at the point (t, x) ∈ R+ ×R3. The term α|u|2u, where α > 0, represents the damping
effect. To simplify the analysis, we assume throughout that ν = 1. The function u0 is a given initial
velocity field. If u0 is sufficiently regular, the divergence-free condition determines the pressure p.
More precisely, under this regularity assumption, the Duhamel formula holds:

u = et∆u0 − N1(u) − αN2(u),

where

N1(u) =

∫ t

0
e(t−τ)∆P div (u ⊗ u) dτ =

∫ t

0
e(t−τ)∆P (u.∇u) dτ,

N2(u) =

∫ t

0
e(t−τ)∆P

(
|u|2u

)
dτ,

and P denotes the Leray projector.
It is well known that, in [1], the authors introduced and studied the following system:

(Pβ)


∂tu − ∆u + u.∇u + α|u|β−1u = −∇p in R+ × R3,

div u = 0 in R+ × R3,

u(0, x) = u0(x) in R3.

In particular, they established the global existence of a weak solution for β ≥ 1 with initial
data u0 ∈ L2(R3). Moreover, they proved the global existence of a strong solution for β ≥ 7/2, as
well as uniqueness for 7/2 ≤ β ≤ 5 when u0 ∈ H1(R3). The methods used in [1] are based on Galerkin
approximation. In [2], the authors proved the existence of a global strong solution and established
uniqueness for α ≥ 1/2 and β = 3. Moreover, several authors have investigated more general forms of
evolution equations with damping than the problem (NS ED); see, for instance, [3–5].

Several works have investigated Navier–Stokes equations using Fourier-based approaches and
critical functional frameworks. In particular, the spaces introduced by Lei and Lin [6] play a
fundamental role in the analysis of such problems, and the monograph of Cannone [7] provides a
comprehensive framework for Fourier analysis methods in fluid dynamics.

In the presence of damping terms, various results on regularity and uniqueness have been obtained;
see, for instance, Zhou [8] and Zhang et al. [9]. More recently, the asymptotic behavior and long-time
dynamics of damped Navier–Stokes equations have been studied in [10], highlighting the interplay
between dissipation and nonlinear effects.

In these works, the analysis is mainly based on Friedrichs-type frequency approximations and
standard analytical tools, sometimes combined with additional techniques.

Our objective in this work is to study the critical case β = 3 under a fairly regular initial condition:

(∗) u0 ∈ S′(R3) and û0 ∈ L1(R3).

AIMS Mathematics Volume 11, Issue 5, 12762–12779.
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It is easily seen that if u0 satisfies Condition (∗), then u0 is continuous, and

lim
|x|→∞

u0(x) = 0.

More precisely, the system (NS ED) enjoys the following scaling property: If u = u(t, x) is a solution
of (NS ED) on [0,T ] with initial data u(0, x) = u0(x), then for any λ > 0, the rescaled function

uλ(t, x) = λ u(λ2t, λx)

is also a solution of (NS ED) on [0,T/λ2], with initial data

uλ(0, x) = λ u0(λx).

The incompressible Navier–Stokes system with a damping term of the form α|u|2u retains the same
scaling invariance,

u(t, x) 7→ λ u(λ2t, λx), λ > 0,

and it therefore shares the same critical spaces as the classical incompressible Navier–Stokes
equations (corresponding to α = 0), namely L3(R3), Ḣ1/2(R3), X−1(R3), Ċ−1(R3), and others.

Moreover, blow-up criteria for fluid equations have been extensively studied in the literature. In
particular, Chae [11] established important conditions related to the regularity of solutions to the
three-dimensional Euler equations, and Li [12] derived critical regularity criteria for MHD-Boussinesq
systems. These results are closely connected to the analysis of singularity formation and provide
additional motivation for the blow-up criterion obtained in the present work.

The aim of this work is to study the problem (NS ED) in a critical Fourier framework, namely within
the homogeneous family of functional spaces defined by

Xσ(R3) = { f ∈ S ′(R3) : f̂ ∈ L1
loc(R

3) and
∫
R3
|ξ|σ| f̂ (ξ)|dξ < ∞}.

It is clear that X−1(R3) is the critical space for the problem (NS ED) within this family.
Although X−1(R3) is the critical space associated with the scaling of the Navier–Stokes system, the

analysis in this work is carried out in the space X0(R3). This choice is motivated by the need to control
the nonlinear damping term α|u|2u, which requires additional regularity at lower frequencies. Working
in X0(R3) ensures that the nonlinear estimates are well-defined and allows us to apply the fixed-point
argument in a suitable functional framework.

The main difficulty lies in estimating the nonlinear term α|u|2u in the space X−1(R3), which cannot
be handled easily using standard analytical techniques. Therefore, we require a higher regularity of
the initial data at high frequencies. More precisely, we assume that u0 ∈ X0(R3) so that u0 satisfies
Condition (∗). It is worth recalling that this problem has already been studied by several authors (see,
for example, [1, 13]). They showed that if the initial data belongs only to L2(R3), then there exists a
unique global solution (for β > 3) in the space

Cb(R+, L2(R3)) ∩ L2(R+, Ḣ1(R3)).
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The construction of such solutions is based on the Friedrichs approximation method together with
Cantor’s diagonal extraction technique. Additional tools are then used to pass to the limit. The specific
properties to problem (NS ED) associated with the space L2(R3) are∫

R3
u.∇uu = 0 and

∫
R3
|u|2uu ≥ 0,

which are not necessarily satisfied in space X0(R3). Recall that the incompressible Navier-Stokes
equations (corresponding to α = 0) have been extensively studied in the critical space X−1(R3); see,
for instance, [14–16]. In this setting, local existence and uniqueness are known to hold, whereas the
existence of a global solution remains an open problem.

In the present paper, we address the following issues: local existence, uniqueness, and blow-up
criteria for maximal solutions, with the aim of characterizing their maximal time of existence. We now
state our main results.

Theorem 1.1. Let u0 ∈ X0(R3) be a divergence-free vector field. Then, there exists a time T = T (u0) > 0
such that problem (NS ED) admits a unique solution

u ∈ CT (X0(R3)) ∩ L1
T (X2(R3)).

Our second result is the following.

Theorem 1.2. Let u0 ∈ X0(R3) be a divergence-free vector field, and let

u ∈ C([0,T ∗),X0(R3)) ∩ L1
loc([0,T

∗),X2(R3))

be the maximal solution of Problem (NS ED) given by Theorem 1.1. Then, for all t ∈ [0,T ∗), we have

‖u(t)‖X0 +
1
2

∫ t

0
‖u(z)‖X2dz ≤ ‖u0‖X0 exp

(
(α +

1
2

)
∫ t

0
‖u(z)‖2

X0dz
)
. (1.1)

If T ∗ is finite, then

‖u(t)‖X0 ≥
(2α + 1)−1/2

√
T ∗ − t

, ∀t ∈ [0,T ∗). (1.2)

Remark 1.3. (a) By using the inequality (1.1), we obtain that if u is bounded in X0(R3) on [0,T ∗),
and if T ∗ < ∞, then

u ∈ L1([0,T ∗),X2(R3)).

(b) We have ∫ t

0
‖u(z)‖X0‖u(z)‖X1dz

≤ ‖u0‖X0 exp
(
(α +

1
2

)
∫ t

0
‖u(z)‖2

X0dz
)

+
1
2

∫ t

0
‖u(z)‖3

X0dz, ∀t ∈ [0,T ∗).

Indeed: By using the fact that ‖u‖X1 ≤ ‖u‖1/2
X0 ‖u‖

1/2
X2 and the elementary inequality

ab ≤
a2

2
+

b2

2
, ∀a, b ≥ 0,
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we obtain

‖u(z)‖X0‖u(z)‖X1 ≤ ‖u‖3/2
X0 ‖u‖

1/2
X2 ≤

1
2
‖u‖3

X0 +
1
2
‖u‖X2

and ∫ t

0
‖u(z)‖X0‖u(z)‖X1dz ≤

1
2

∫ t

0
‖u(z)‖3

X0dz +
1
2

∫ t

0
‖u(z)‖X2dz.

By using (1.1), we obtain the desired result.
(c) As a consequence of Remark (b), if u is bounded in X0(R3) on [0,T ∗), and if T ∗ < ∞, then

(t 7→ ‖u(t)‖X0‖u(t)‖X1) ∈ L1([0,T ∗)).

The above results provide a rigorous analytical framework for the study of the Navier–Stokes
system with nonlinear damping in critical Fourier spaces. The local well-posedness result ensures
the existence and uniqueness of solutions under minimal regularity assumptions, which is consistent
with the scaling properties of the system. Moreover, the blow-up criterion established in this work
gives a precise characterization of the behavior of solutions near the maximal time of existence. In
particular, it shows that the divergence of the X0-norm is unavoidable as the solution approaches
a possible singularity. These results contribute to a better understanding of the interplay between
nonlinearity, damping effects, and critical functional frameworks in fluid dynamics.

2. Preliminary results

Lemma 2.1. X0(R3) is an algebra. Precisely, if f , g ∈ X0(R3), then f g ∈ X0(R3), and

‖ f g‖X0 ≤ ‖ f ‖X0‖g‖X0 .

Proof. Using ( f̂ g) = f̂ ∗ ĝ (in the sense of tempered distributions), we have∫
R3
| f̂ g(ξ)|dξ =

∫
R3
|( f̂ ∗ ĝ)(ξ)|dξ.

By the triangle inequality and the Fubini–Tonelli theorem, we obtain∫
R3
|( f̂ ∗ ĝ)(ξ)|dξ ≤

∫
R3

∫
R3
| f̂ (η)|.|̂g(ξ − η)|dηdξ

≤

(∫
R3
| f̂ (η)|dη

) (∫
R3
|̂g(ξ)|dξ

)
.

Then, f g ∈ X0(R3), and
‖ f g‖X0 ≤ ‖ f ‖X0‖g‖X0 .

Lemma 2.2. Let f ∈ X0(R3) ∩ X2(R3). Then, f ∈ X1(R3), and

‖ f ‖X1 ≤ ‖ f ‖1/2
X0 ‖ f ‖

1/2
X2 .
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Proof. We have ∫
R3
|ξ|| f̂ (ξ)|dξ =

∫
R3

(
| f̂ (ξ)|

) 1
2
(
|ξ|2| f̂ (ξ)|

) 1
2 dξ.

From the Cauchy–Schwarz inequality in L2(R3), we obtain∫
R3
|ξ|| f̂ (ξ)|dξ ≤

(∫
R3
| f̂ (ξ)|dξ

) 1
2
(∫
R3
|ξ|2| f̂ (ξ)|dξ

) 1
2

≤ ‖ f ‖
1
2
X0‖ f ‖

1
2
X2 .

Then, f ∈ X1(R3), and the desired result is proved.

Lemma 2.3. For all σ ∈ R and a > 0, we have

‖ea∆ f ‖Xσ ≤ ‖ f ‖Xσ , ∀ f ∈ Xσ(R3).

Proof. Recall that the Fourier transform of the heat semigroup satisfies

̂ea∆ f (ξ) = e−a|ξ|2 f̂ (ξ).

Therefore,

‖êa∆ f ‖Xσ =

∫
R3
|ξ|σe−a|ξ|2 | f̂ (ξ)|dξ.

Because 0 < e−a|ξ|2 ≤ 1 for all ξ ∈ R3, we obtain

‖êa∆ f ‖Xσ ≤
∫
R3
|ξ|σ| f̂ (ξ)|dξ = ‖ f ‖Xσ .

Lemma 2.4. Let σ ∈ R; then,

‖P( f )‖Xσ ≤ ‖ f ‖Xσ , ∀ f ∈ Xσ(R3),

where P denotes the Leray projector.

Proof. In Fourier variables, the Leray projector is given by

̂P( f )(ξ) = P(ξ) f̂ (ξ) with P(ξ) = I −
ξ ⊗ ξ

|ξ|2
, ξ , 0.

The matrix P(ξ) is an orthogonal projection; hence its operator norm satisfies

‖P(ξ)‖op ≤ 1.

Consequently,
| ̂P( f )(ξ)| ≤ | f̂ (ξ)| for a.e. ξ ∈ R3,

and it follows that

‖ ̂P( f )(ξ)‖Xσ =

∫
R3
|ξ|σ| ̂P( f )(ξ)|dξ

≤

∫
R3
|ξ|σ| f̂ (ξ)|dξ

= ‖ f ‖Xσ .
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Lemma 2.5. Let u, v ∈ CT (X0(R3)) ∩ L1
T (X2(R3)); then,

B(u, v) =

∫ t

0
e(t−τ)∆P (u.∇v) dτ ∈ CT (X0(R3)) ∩ L1

T (X2(R3)).

Precisely, we obtain the following estimates:

‖B(u, v)‖L∞T (X0) ≤
√

T ‖u‖L∞T (X0)‖v‖
1/2
L∞T (X0)‖v‖

1/2
L1

T (X2)
, (2.1)

‖B(u, v)‖L1
T (X2) ≤

√
T ‖u‖L∞T (X0)‖v‖

1/2
L∞T (X0)‖v‖

1/2
L1

T (X2)
. (2.2)

Proof. Let u, v ∈ CT (X0(R3)) ∩ L1
T (X2(R3)).

• We start by proving B(u, v) ∈ CT (X0(R3)): From Lemmas 2.2–2.4, we have

‖B(u, v)‖X0 ≤

∫ t

0
‖u.∇v‖X0dτ

≤

∫ t

0
‖u‖X0‖v‖X1dτ

≤

∫ t

0
‖v‖1/2
X0 ‖u‖X0‖v‖1/2

X2 dτ

≤ ‖u‖L∞T (X0)‖v‖
1/2
L∞T (X0)

∫ t

0
‖v‖1/2
X2 dτ.

Therefore,

‖B(u, v)‖L∞T (X0) ≤
√

T ‖u‖L∞T (X0)‖v‖
1/2
L∞T (X0)‖v‖

1/2
L1

T (X2)
.

• Now, prove that B(u, v) ∈ L1
T (X2(R3)):

‖B(u, v)‖L1
T (X2) ≤

∫ T

0

∫
R3
|ξ|2

∫ t

0
e−(t−τ)|ξ|2 |F (u.∇v)(τ, ξ)|dτdξdt

≤

∫
R3
|ξ|2

( ∫ T

0

∫ t

0
e−(t−τ)|ξ|2 |F (u.∇v)(τ, ξ)|dτdt

)
dξ.

As {(τ, t) ∈ [0,T ]2 : 0 ≤ τ ≤ t} = {(τ, t) ∈ [0,T ]2 : τ ≤ t ≤ T }, we obtain

‖B(u, v)‖L1
T (X2) ≤

∫
R3
|ξ|2

( ∫ T

0
[
∫ T

τ

e−(t−τ)|ξ|2dt]|F (u.∇v)(τ, ξ)|dτ
)
dξ

≤

∫
R3
|ξ|2

( ∫ T

0
[
1 − e−(T−τ)|ξ|2

|ξ|2
]|F (u.∇v)(τ, ξ)|dτ

)
dξ

≤

∫
R3

( ∫ T

0
|F (u.∇v)(τ, ξ)|dτ

)
dξ

≤

∫ T

0

∫
R3
|F (u.∇v)(τ, ξ)|dξdτ
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≤

∫ T

0
‖(u.∇v)(τ)‖X0dτ.

Similarly, using Lemmas 2.2–2.4 and proceeding as in the previous estimate, we obtain

‖B(u, v)‖L1
T (X2) ≤

√
T ‖u‖L∞T (X0)‖v‖

1/2
L∞T (X0)‖v‖

1/2
L1

T (X2)
,

which completes the proof.

Lemma 2.6. Let u, v,w ∈ CT (X0(R3)) ∩ L1
T (X2(R3)). Then,

H(u, v,w) =

∫ t

0
e(t−τ)∆P ([u.v]w) dτ ∈ CT (X0(R3)) ∩ L1

T (X2(R3)).

Precisely, we obtain the following estimates:

‖H(u, v,w)‖L∞T (X0) ≤ T ‖u‖L∞T (X0)‖v‖L∞T (X0)‖w‖L∞T (X0), (2.3)
‖H(u, v,w)‖L1

T (X2) ≤ T ‖u‖L∞T (X0)‖v‖L∞T (X0)‖w‖L∞T (X0). (2.4)

Proof. Let u, v,w ∈ CT (X0(R3)) ∩ L1
T (X2(R3)).

• We start by proving H(u, v,w) ∈ CT (X0(R3)): Using Lemmas 2.3 and 2.4 and twice Lemma 2.1,
we obtain

‖H(u, v,w)(t)‖X0 ≤

∫ t

0
‖e(t−τ)∆P([u.v]w)(τ)‖X0dτ

≤

∫ t

0
‖([u.v]w)(τ)‖X0dτ

≤

∫ t

0
‖u(τ)‖X0‖v(τ)‖X0‖w(τ)‖X0dτ.

Therefore,

‖H(u, v,w)(t)‖L∞T (X0) ≤ T ‖u‖L∞T (X0)‖v‖L∞T (X0)‖w‖L∞T (X0).

• Second, we prove that H(u, v,w) ∈ L1
T (X2(R3)): We have

‖H(u, v,w)‖L1
T (X2) ≤

∫ T

0

∫
R3
|ξ|2

∫ t

0
e−(t−τ)|ξ|2 |F ([u.v]w)(τ, ξ)|dτdξdt

≤

∫
R3
|ξ|2

( ∫ T

0

∫ t

0
e−(t−τ)|ξ|2 |F ([u.v]w)(τ, ξ)|dτdt

)
dξ.

As {(τ, t) ∈ [0,T ]2 : 0 ≤ τ ≤ t} = {(τ, t) ∈ [0,T ]2 : τ ≤ t ≤ T }, we obtain

‖H(u, v,w)‖L1
T (X2) ≤

∫
R3
|ξ|2

( ∫ T

0
[
∫ T

τ

e−(t−τ)|ξ|2dt]|F ([u.v]w)(τ, ξ)|dτ
)
dξ

≤

∫
R3
|ξ|2

( ∫ T

0
[
1 − e−(T−τ)|ξ|2

|ξ|2
]|F ([u.v]w)(τ, ξ)|dτ

)
dξ
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≤

∫
R3

( ∫ T

0
|F ([u.v]w)(τ, ξ)|dτ

)
dξ

≤

∫ T

0

∫
R3
|F ([u.v]w)(τ, ξ)|dξdτ

≤

∫ T

0
‖([u.v]w)(τ)‖X0dτ.

Similarly, using twice Lemma 2.1, we obtain

‖H(u, v,w)‖L1
T (X2) ≤ T ‖u‖L∞T (X0)‖v‖L∞T (X0)‖w‖L∞T (X0),

which completes the proof.

3. Proof of Theorem 1.1

3.1. Local existence

Let R be a real number. For T > 0, we define the Banach space

ET = CT
(
X0(R3)

)
∩ L1

T
(
X2(R3)

)
equipped with norm

‖u‖T = ‖u‖L∞T (X0) + ‖u‖L1
T (X2).

We denote the closed subset FR,T of ET defined by

FR,T =
{
u ∈ ET ; ‖u‖L∞T (X0) ≤ 2‖u0‖X0 , ‖u‖L1

T (X2) ≤ R
}
.

Now, consider the operator

ψ : FR,T −→ ET

u 7−→ ψ(u) = et∆u0 − N1(u)(t) − αN2(u)(t).

To apply the fixed-point theorem, it suffices to prove that the following estimates hold for T and R
sufficiently small:

ψ(FR,T ) ⊂ FR,T , (3.1)

‖ψ(u) − ψ(v)‖T ≤
1
2
‖u − v‖T , ∀u, v ∈ FR,T . (3.2)

Proof of (3.1):
• To estimate ψ(u) in X0(R3), we have

‖et∆u0‖L∞T (X0) ≤ ‖u0‖X0 .

By the inequalities (2.1)–(2.3), we have

‖N1(u)‖L∞T (X0) ≤
√

T ‖u‖3/2
L∞T (X0)‖u‖

1/2
L1

T (X2)
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≤ 2
√

2
√

TR1/2 ‖u0‖
3/2
L∞T (X0)

and

‖N2(u)‖L∞T (X0) ≤ T ‖u‖3L∞T (X0) ≤ 8T ‖u0‖3
X0 .

Then, there is a time T1 > 0 such that

2
√

2
√

TR1/2 ‖u0‖
3/2
X0 + 8αT ‖u0‖3

X0 ≤ ‖u0‖X0 , ∀ 0 < T ≤ T1.

By using this choice, we obtain

‖ψ(u)‖L∞T (X0) ≤ 2‖u0‖X0 , ∀u ∈ FR,T . (3.3)

• To estimate ψ(u) in L1
T (X2(R3)), we have

‖et∆u0‖L1
T (X2) =

∫ T

0

∫
ξ

|ξ|2e−t|ξ|2 |û0(ξ)|dξdt

=

∫
ξ

(
1 − e−T |ξ|2

)
|û0(ξ)|dξ.

By the dominated convergence theorem, there is a time T2 > 0 such that

‖et∆u0‖L1
T (X2) <

R
3
, ∀0 < T ≤ T2.

By (2.2), we get

‖N1(u)‖L1
T (X2) ≤

√
T‖u‖

3
2
L∞T (X0)‖u‖

1
2

L1
T (X2)

≤ 2
√

2
√

T‖u0‖
3
2
X0R

1/2.

Inequality (2.4) holds:

‖N2(u)‖L1
T (X2) ≤ T‖u‖3L∞T (X0)

≤ 8T‖u0‖3
X0 .

Therefore, there is a time T3 > 0 such that

2
√

2
√

T‖u0‖
3
2
X0R

1/2 + 8T‖u0‖3
X0 ≤ R, ∀0 < T ≤ T3.

Then, if we choose T > 0 satisfying all the above conditions (i.e., 0 < T < min(T2,T3)), we deduce that

‖ψ(u)‖L1
T (X2) ≤ R, ∀u ∈ FR,T . (3.4)

Consequently, (3.3) and (3.4) imply (3.1).
Proof of (3.2): By using the fact that

u.∇u − v.∇v = u.∇(u − v) + (u − v).∇v,
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we get
N1(u) − N1(v) = B(u, u − v) + B(u − v, v).

By using (2.1), we obtain

‖N1(u) − N1(v)‖L∞T (X0) ≤ ‖B(u, u − v)‖L∞T (X0) + ‖B(u − v, v)‖L∞T (X0)

≤
√

T ‖u‖L∞T (X0)‖u − v‖
1
2
L∞T (X0)‖u − v‖

1
2

L1
T (X2)

+
√

T ‖u − v‖L∞T (X0)‖v‖
1
2
L∞T (X0)‖v‖

1
2

L1
T (X2)

≤ 2
√

T ‖u0‖X0‖u − v‖T +
√

2
√

T‖u0‖
1/2
X0 R1/2‖u − v‖T

≤
√

2T‖u0‖
1/2
X0

(√
2‖u0‖

1/2
X0 + R1/2

)
‖u − v‖T . (3.5)

By using (2.2), we obtain

‖N1(u) − N1(v)‖L1
T (X2) ≤ ‖B(u, u − v)‖L1

T (X2) + ‖B(u − v, v)‖L1
T (X2)

≤
√

T ‖u‖L∞T (X0)‖u − v‖
1
2
L∞T (X0)‖u − v‖

1
2

L1
T (X2)

+
√

T ‖u − v‖L∞T (X0)‖v‖
1
2
L∞T (X0)‖v‖

1
2

L1
T (X2)

≤ 2
√

T ‖u0‖X0‖u − v‖T +
√

2
√

T‖u0‖
1/2
X0 R1/2‖u − v‖T

≤
√

2T‖u0‖
1/2
X0

(√
2‖u0‖

1/2
X0 + R1/2

)
‖u − v‖T . (3.6)

Now, using the fact that
|u|2u − |v|2v = |u|2(u − v) + [(u − v).(u + v)]v,

we get

N2(u) − N2(v) =

∫ t

0
e(t−τ)∆P

[
|u|2(u − v)

]
+ [(u − v).(u + v)] vdτ

= H(u, u, u − v) + H(u − v, u + v, v).

By using (2.3), we get

‖N2(u) − N2(v)‖L∞T (X0) ≤ ‖H(u, u, u − v)‖L∞T (X0) + ‖H(u − v, u + v, v)‖L∞T (X0)

≤ T
[
‖u‖2L∞T (X0) + ‖u + v‖L∞T (X0)‖v‖L∞T (X0)

]
‖u − v‖L∞T (X0)

≤ T
[
‖u‖2L∞T (X0) + ‖u‖L∞T (X0)‖v‖L∞T (X0) + ‖v‖2L∞T (X0)

]
‖u − v‖L∞T (X0)

≤ 2T
[
‖u‖2L∞T (X0) + ‖v‖2L∞T (X0)

]
‖u − v‖L∞T (X0)

≤ 2T
(
‖u0‖2

X0 + R2
)
‖u − v‖T . (3.7)

By using (2.4), we get

‖N2(u) − N2(v)‖L1
T (X2) ≤ ‖H(u, u, u − v)‖L1

T (X2) + ‖H(u − v, u + v, v)‖L1
T (X2)

≤ T
[
‖u‖2L∞T (X0) + ‖u + v‖L∞T (X0)‖v‖L∞T (X0)

]
‖u − v‖L∞T (X0)

≤ T
[
‖u‖2L∞T (X0) + ‖u‖L∞T (X0)‖v‖L∞T (X0) + ‖v‖2L∞T (X0)

]
‖u − v‖L∞T (L2)
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≤ 2T
[
‖u‖2L∞T (X0) + ‖v‖2L∞T (X0)

]
‖u − v‖L∞T (X0)

≤ 2T
(
‖u0‖2

X0 + R2
)
‖u − v‖T . (3.8)

To conclude, it suffices to choose T > 0 satisfying

√
2T‖u0‖

1/2
X0

(√
2‖u0‖

1/2
X0 + R1/2

)
≤

1
4
,

2T
(
‖u0‖2

X0 + R2
)
≤

1
4
.

Therefore, (3.5)–(3.8) imply (3.2).
The fixed-point theorem gives the existence and uniqueness of the solution of (NS ED) in CT (X0(R3))∩
L1

T (X2(R3)). Therefore, we can deduce the existence and uniqueness of a local solution for critical
Navier–Stokes equations with a damping system.

4. Proof of Theorem 1.2

4.1. Proof of estimate (1.1)

From the first equation of the system (NS ED), we obtain

‖u(t)‖X0 +

∫ t

0
‖u(z)‖X2dz

≤ ‖u0‖X0 + α

∫ t

0
‖u(z)‖3

X0dz +

∫ t

0
‖u(z)‖X0‖u(z)‖X1dz. (4.1)

By using Lemma 2.2 and the elementary inequality

ab ≤
a2

2
+

b2

2
, ∀a, b ≥ 0,

we get

‖u‖X0‖u‖X1 ≤ ‖u‖3/2
X0 ‖u‖

1/2
X2 ≤

1
2
‖u‖3

X0 +
1
2
‖u‖X2 .

Using the last inequalities, (4.1) becomes

‖u(t)‖X0 +
1
2

∫ t

0
‖u(z)‖X2dz ≤ ‖u0‖X0 + (α +

1
2

)
∫ t

0
‖u(z)‖3

X0dz.

By Grönwall’s lemma, we obtain the estimate (1.1).

4.2. Proof of estimate (1.2): Blow-up criteria

Let u ∈ C([0,T ∗),X0(R3)) ∩ L1
loc([0,T

∗),X2(R3)) be the maximal solution of (NS ED) given by the
last section, and suppose that T ∗ is finite.
The proof is divided into three steps:
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First step. We prove that lim supt→T ∗ ‖u(t)‖X0 = ∞.
Suppose that u is bounded in X0(R3), and set

M∗ = sup
t∈[0,T ∗)

‖u(t)‖X0 < ∞.

We prove that u satisfies the Cauchy property at T ∗. For this, consider a sequence (tn)n≥1

in [0,T ∗) satisfying
lim
n→∞

tn = T ∗.

By using the Duhamel formula, we can write for m, n ∈ N (supposing that tm < tn):

u(tn) = etn∆ − N1(u)(tn) − N2(u)(tn),
u(tm) = etm∆ − N1(u)(tm) − N2(u)(tm).

Then,

u(tn) − u(tm) =

5∑
k=1

a(k)
n,m,

where
a(1)

n,m = etn∆u0 − etm∆u0 = (etn∆ − etm∆)u0,

a(2)
n,m =

∫ tn

0
(e(tm−z)∆ − e(tn−z)∆)P(|u|2u)(z)dz,

a(3)
n,m =

∫ tm

tn
e(tm−z)∆P(|u|2u)(z)dz,

a(4)
n,m =

∫ tn

0
(e(tm−z)∆ − e(tn−z)∆)P(u.∇u)(z)dz,

a(5)
n,m =

∫ tm

tn
e(tm−z)∆P(u.∇u)(z)dz.

• Study of a(1)
n,m in X0(R3). We have

‖a(1)
n,m‖X0 =

∫
R3
|e−tn |ξ|2 − e−tm |ξ|2 |.|û0(ξ)|dξ

=

∫
R3
|e−(tn−tm)|ξ|2 − 1|.e−tm |ξ|2 |.|û0(ξ)|dξ

=

∫
R3
|e−(tn−tm)|ξ|2 − 1|.|û0(ξ)|dξ.

Then, by the dominated convergence theorem, we get lim
m,n→∞

‖a(1)
n,m‖X0 = 0.

• Study of a(2)
n,m in X0(R3). We have

‖a(2)
n,m‖X0 ≤

∫
R3

∫ tn

0
|e−(tm−z)|ξ|2 − e−(tn−z)|ξ|2 |.|F (|u|2u)(z, ξ)|dzdξ

≤

∫
R3

∫ tn

0
|e−(tm−tn)|ξ|2 − 1|.e−(tn−z)|ξ|2 .|F (|u|2u)(z, ξ)|dzdξ

≤

∫
R3

∫ tn

0
|e−(tm−tn)|ξ|2 − 1|.|F (|u|2u)(z, ξ)|dzdξ

≤

∫
R3

∫ T ∗

0
|e−(tm−tn)|ξ|2 − 1|.|F (|u|2u)(z, ξ)|dzdξ.
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By using the fact
|e−(tm−tn)|ξ|2 − 1|.|F (|u|2u)(z, ξ)| ≤ |F (|u|2u)(z, ξ)|

and the fact |u|2u ∈ L∞([0,T ∗),X0(R3)) ⊂ L1([0,T ∗),X0(R3)), implies lim
m,n→∞

‖a(2)
n,m‖X0 = 0.

• Study of a(3)
n,m in X0(R3). By Lemma 2.3, we have

‖a(3)
n,m‖X0 ≤

∫
R3

∫ tm

tn
e−(tm−z)|ξ|2 .|F (|u|2u)(z, ξ)|dzdξ

≤

∫ tm

tn

∫
R3
|F (|u|2u)(z, ξ)|dξdz

≤

∫ tm

tn
‖(|u|2u)(z)‖X0dz

≤

∫ tm

tn
‖u(z)‖3

X0dz

≤ M3
∗ (tm − tn),

which implies lim
m,n→∞

‖a(3)
n,m‖X0 = 0.

• Study of a(4)
n,m in X0(R3). By using the fact that div u = 0, we can write

a(4)
n,m = −

∫ tn

0
(e(tm−z)∆ − e(tn−z)∆)Pdiv (u ⊗ u)(z)dz.

Then,

‖a(4)
n,m‖X0 ≤

∫
R3

∫ tn

0
|e−(tm−z)|ξ|2 − e−(tn−z)|ξ|2 |.|F (u.∇u)(z, ξ)|dzdξ

≤

∫
R3

∫ tn

0
|e−(tm−tn)|ξ|2 − 1|.e−(tn−z)|ξ|2 |F (u.∇u)(z, ξ)|dzdξ

≤

∫
R3

∫ tn

0
|e−(tm−tn)|ξ|2 − 1|.|F (u.∇u)(z, ξ)|dzdξ

≤

∫
R3

∫ T ∗

0
|e−(tm−tn)|ξ|2 − 1|.|F (u.∇u)(z, ξ)|dzdξ.

By using Remark 1.3(c) and applying the dominated convergence theorem, we
get lim

m,n→∞
‖a(4)

n,m‖X0 = 0.

• Study of a(5)
n,m in X0(R3). By Lemma 2.3, we have

‖a(5)
n,m‖X0 ≤

∫
R3

∫ tm

tn
e−(tm−z)|ξ|2 .|F (u.∇u)(z, ξ)|dzdξ

≤

∫ tm

tn

∫
R3
|F (u.∇u)(z, ξ)|dξdz

≤

∫ tm

tn
‖(u.∇u)(z)‖X0 dz

≤

∫ tm

tn
‖u(z)‖X0‖∇u(z)‖X0 dz

≤

∫ tm

tn
‖u(z)‖X0‖u(z)‖X1 dz

≤

∫ T ∗

tn
‖u(z)‖X0‖u(z)‖X1 dz.
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Again, by using Remark 1.3(c), we get lim
m,n→∞

‖a(5)
n,m‖X0 = 0.

The five preceding results and the fact that X0(R3) is a Banach space imply that

∃u∗ ∈ X0(R3) : lim
n→∞
‖u(tn) − u∗‖X0 = 0.

The limit u∗ is independent of the choice of the sequence (tn)n≥1.
Indeed, let (sn)n≥1 be another sequence in [0,T ∗) such that limn→∞ sn = T ∗. Following the same
approach as before, we show that there exists u∗∗ ∈ X0(R3) such that

lim
n→∞
‖u(sn) − u∗∗‖X0 = 0.

Consider the sequence (rn)n≥1 in [0,T ∗) defined by

r2n = tn, r2n−1 = sn.

Clearly, limn→∞ rn = T ∗. Following the same approach as before, we show that there exists ϕ ∈ X0(R3)
such that

lim
n→∞
‖u(rn) − ϕ‖X0 = 0.

Using the definition of the sequence (rn)n≥1 and the previous results, we obtain

u∗ = lim
n→∞

u(tn) = lim
n→∞

u(r2n) = ϕ in X0(R3),

u∗∗ = lim
n→∞

u(sn) = lim
n→∞

u(r2n−1) = ϕ in X0(R3).

Therefore, u∗ = u∗∗, which shows that the limit is independent of the choice of the sequence (tn)n≥1.
Now, consider the following modified critical Navier–Stokes problem:

(S )


∂tv − ∆v + v.∇v + α|v|2v = −∇q in R+ × R3,

div v = 0 in R+ × R3,

v(0, x) = u∗(x) in R3.

By Theorem 1.1, there is a positive time T0 = T0(u∗) > 0 and a unique solution v ∈ CT (X0(R3)) ∩
L1

T (X2(R3)) of the problem (S ). Then, the function w defined on [0,T ∗ + T0) by

w(t) =

{
u(t) i f t ∈ [0,T ∗),
v(t − T ∗) i f t ∈ [T ∗,T ∗ + T0),

is a solution of (NS ED), which contradicts the fact that u is a maximal solution of the
problem (NS ED). Therefore, u is not bounded in X0(R3), and lim supt→T ∗ ‖u(t)‖X0 = ∞.

Second step. We prove that
∫ T ∗

0
‖u(t)‖2

X0dt = ∞.

By (1.1), we get

‖u(t)‖X0 ≤ ‖u0‖X0 exp
(
(α +

1
2

)
∫ t

0
‖u(z)‖2

X0dz
)
, ∀t ∈ [0,T ∗).
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The fact that lim supt→T ∗ ‖u(t)‖X0 = ∞ implies that
∫ T ∗

0
‖u(z)‖2

X0dz = ∞.

Third step. We prove (1.2).
By (1.1), we get

‖u(t)‖X0 ≤ ‖u0‖X0 exp
(
(α +

1
2

)
∫ t

0
‖u(z)‖2

X0dz
)
, ∀t ∈ [0,T ∗).

Passing to square

‖u(t)‖2
X0 ≤ ‖u0‖2

X0 exp
(
(2α + 1)

∫ t

0
‖u(z)‖2

X0dz
)

and

‖u(t)‖2
X0 exp

(
− (2α + 1)

∫ t

0
‖u(z)‖2

X0dz
)
≤ ‖u0‖2

X0 ,

we multiply by (2α + 1) to obtain

(2α + 1)‖u(t)‖2
X0 exp

(
− (2α + 1)

∫ t

0
‖u(z)‖2

X0dz
)
≤ (2α + 1)‖u0‖2

X0 , ∀t ∈ [0,T ∗).

Integrate this inequality on [0,T ∗), taking into account
∫ T ∗

0
‖u(t)‖2

X0dt = ∞, to get

1 ≤ (2α + 1)T ∗‖u0‖2
X0 .

By the uniqueness of solution of (NS ED), we obtain the desired result.

5. Conclusions

In this paper, we studied the modified Navier–Stokes equations with a damping term in Fourier
spaces. We established the local well-posedness of the system for divergence-free initial data in
the space

CT (X0(R3)) ∩ L1
T (X2(R3)).

Moreover, we derived a blow-up criterion for maximal solutions and obtained a lower bound on theX0-
norm near the possible blow-up time.
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