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Abstract: To address the consensus control challenge in model-unknown linear parabolic distributed
parameter multi-agent systems, this paper proposes a novel data-driven iterative learning control
(DDILC) method. A forward difference scheme is adopted to discretize the spatiotemporal dynamics,
thereby establishing a data-driven input-output model that eliminates reliance on precise mathematical
formulations. Neural network approximates the unknown linear operators, and an error-driven
iterative learning law updates the network weights online to compensate for unmodeled dynamics
and uncertainties. Rigorous Lyapunov-based analysis verifies the boundedness of the weight errors
and the exponential convergence of the consensus tracking errors. Numerical simulations with one
virtual leader and four followers confirm that all agents achieve precise consensus tracking within 20
iterations, with errors converging to within 0.01. This method overcomes the limitations of traditional
model-based control, offering an efficient solution for consensus control in engineering applications
such as UAV swarms and intelligent industrial collaboration.
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1. Introduction

The concept of multi-agent systems comes from the observation of activities such as bird flocks,
fish schools, and ant colonies migrating, avoiding enemies, and foraging [1–3]. Inspired by nature,
multi-agent systems composed of multiple agents have received extensive attention and application in
fields such as swarms [4], intelligent transportation [5], industrial collaboration [6], and
environmental monitoring [7]. In such application contexts, individual agents need to collaborate to
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complete complex tasks, requiring them to move a common goal, which has given rise to research on
multi-agent cooperative control [8, 9]. Among them, consensus control is one of the core
directions [2].

Reference [10] investigated multi-agent systems affected by model uncertainties and proposed a
robust control-based consensus protocol design method, where controller parameters were solved using
a cone complementarity linearization algorithm. In [11], a model-free Q-learning algorithm used fuzzy
logic systems to learn the optimal switching policy for discrete-time switched nonlinear systems while
considering switching costs. Reference [12] proposed a data-driven method for constructing a new
protocol by introducing a one-step super expected signal to solve the tracking consistency problem of
a class of unknown nonlinear multi-agent systems. In [13], an effective distributed control algorithm
with general state set constraints was proposed to address the state consensus problem of multi-agent
systems.

At present, research on consensus control of multi-agent systems mainly focuses on systems
described by ordinary differential equations, considering their convergence in the time
domain [14–17]. Specifically, reference [18] proposed a phased algorithm that combines symbiotic
organisms search with an improved multi-agent consensus algorithm to optimize energy dispatch in
islanded multi-microgrids, achieving high renewable energy utilization. Reference [19] proposed a
distributed model predictive control algorithm for linear quadratic optimal consensus of discrete-time
multi-agent systems, establishing a consensus condition that depends only on local parameters.
In [20], a dynamic event-triggered adaptive control strategy was developed for output consensus of
nonlinear multi-agent systems, employing recursive sliding-modes and nonlinear gain functions to
improve control performance. However, multi-agent systems have temporal and spatial evolution
characteristics during their movement, requiring simultaneous consideration of agent states in both
domains. In view of this issue, several scholars have conducted relevant explorations. In [21], a
consensus-based iterative learning control protocol was proposed for a class of multi-agent systems
with distributed parameter models, leveraging a network topology framework and nearest neighbor
knowledge. Reference [22] investigated the consensus control problem for multi-agent systems with
time-delayed distributed parameter models. By leveraging neighboring agent interactions and
explicitly addressing time delays, a distributed P-type iterative learning control protocol was
proposed. Reference [23] investigated iterative learning consensus control schemes for a class of
multi-agent systems characterized by time-delayed distributed parameter models [24].

However, existing research predominantly designs control algorithms based on precise model
assumptions. Reference [25, 26] provided a comprehensive overview of dynamic-linearization-based
data-driven control methods, highlighting their ability to handle unknown nonlinear systems without
requiring precise mathematical models. Reference [27] investigated iterative learning consensus
control for distributed parameter multi-agent systems with time delays, demonstrating the
effectiveness of model-based approaches under specific structural assumptions. In reality, multi-agent
systems are inherently complex systems due to their structural and operational characteristics, and
they often face challenges in practical applications such as unknown model parameters, complex
dynamics, and agent heterogeneity [28]. Traditional model-based control methods struggle with
precise modeling and face challenges in high-cost, low-reliability global information acquisition
within distributed environments [29, 30]. In contrast, data-driven iterative learning control methods,
renowned for their ability to control systems without requiring precise mathematical models,
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effectively address the challenges of complex multi-agent environments—specifically overcoming
difficult modeling, information constraints, and intricate dynamics [31]. Therefore, this paper
proposes a data-driven control method for distributed parameter multi-agent systems with unknown
parametric models [32–34]. A data-driven model capturing the input-output relationship of the system
is established, and a mapping from desired output to desired input is constructed based on neural
network. An optimal iterative learning algorithm for weight updating is derived to adjust the system
input and address the challenge of unknown parameters. The efficacy of the proposed strategy is
substantiated through simulations, confirming that each agent attains precise trajectory following over
a finite time window.

The remainder of this paper is organized as follows. Section 2 presents the problem formulation
and preliminaries, including the discrete distributed parameter system model and the control
objective. Section 3 details the design of the scheme, incorporating RBF neural networks and the
weight update law, followed by theoretical analysis of the boundedness of weight estimation errors
and the convergence of tracking errors. Section 4 provides numerical simulations to validate the
effectiveness of the proposed method. Section 5 discusses the results and practical implications.
Finally, Section 6 concludes the paper and outlines future research directions.

The main contributions and innovations of this article are:

(1) The proposed approach considers the scenario where individuals are distributed parameter
systems in multi-agent systems, and based on this, considers the convergence control of
multi-agent systems. This extends the application of consensus control from ordinary differential
equation models to distributed parameter models, enabling simultaneous consideration of
temporal and spatial evolution characteristics.

(2) Considering the problem of unknown model parameters, applying data-driven control methods to
multi-agent distributed parameter systems has a broader application background. Compared with
existing methods [21–23], the proposed approach does not require precise mathematical models
of the system, making it more applicable to real-world scenarios where accurate modeling is
difficult or impossible.

(3) In designing the algorithm, a time-varying neural network is introduced to update the input of
the weight adjustment system for the hidden layer and output layer, and an iterative learning
algorithm is designed for the weights, which enhances the system’s adaptability to dynamic
uncertainties while ensuring control accuracy. The data-driven nature allows for online
adaptation to changing system dynamics, and the iterative learning framework ensures
convergence even with unknown parameters and disturbances. This aspect also represents a key
challenge addressed in this research.

Notations: In this paper, required mathematical notations and knowledge are as follows.
(1) Mathematical notations. RX denotes the X-dimensional Euclidean space, and RX×X denotes the

set of all X × X real matrices. Here, R represents the set of real numbers. The main symbols are
defined as follows:

(2) Communication topology. Let the weighted directed graph among agents be denoted as G =
(V̄ , Ē, Ā), where the node set is V̄ = {1, 2, 3, . . . ,N} and N indicates that the multi-agent system
consists of N agents. The edge set is Ē ⊆ V̄ × V̄ , and the matrix Ā is the adjacency matrix of G.
Nodes j and i correspond to the j-th and i-th agents, respectively. If there exists an edge from
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node j to node i, i.e., the ordered pair ( j, i) ∈ Ē, then agent i can receive information from agent
j; in this case, node j is considered a parent node of node i, and node i is a child node of node
j. The set of neighboring agents of agent i is defined as Ni = { j ∈ V̄ | ( j, i) ∈ Ē}. The weighted
adjacency matrix of G is Ā = (a j,i) ∈ RN×N , where a j,i = 1 if ( j, i) ∈ Ē, and a j,i = 0 otherwise. The
diagonal entries satisfy ai,i = 0 for all i.

(3) Neural network notation. An RBF neural network is adopted for approximation, with X neurons
in the hidden layer. ϕ(χ) = [ϕ1(χ), . . . , ϕX(χ)]T ∈ RX is the hidden layer output vector, where

ϕp(χ) = exp
(
−
∥χ−cp∥

2

2σ2
p

)
is the Gaussian activation output of the p-th neuron. Wk ∈ RX×X denotes

the output layer weight matrix at the k-th iteration. Wd denotes the ideal weight matrix that
satisfies the optimal approximation condition.

(4) Error and performance index. The relative formation tracking error is defined as
ek

i j(t) = yd
i j(t) − yk

i j(t). The weight increment is denoted by ∆Wk = Wk − Wk−1. During the
optimization process, the trace operation tr(·) is employed to convert the matrix weight into a
scalar energy, i.e., β2

∑
m,n(∆Wkmn)2 =

β

2∥∆Wk∥2F , where ∥ · ∥F denotes the Frobenius norm.

2. Preliminaries and problem statement

Consider a discrete linear distributed parameter multi-agent system that is composed of N agents of
the same class based on spatiotemporal discretization and repeatedly runs within a time interval. The
dynamic equation of the i-th agent is{

∆2wi(x, t) = a∆2
1wi(x − 1, t) + bwi(x, t) + cui(x, t),

yi(x, t) = dwi(x, t) + ui(x, t).
(2.1)

Them, x and t are the discrete variables of space and time, respectively. wi(t) ∈ RX and yi(t) ∈ RT are
spatial and temporal variables, respectively. a, b, c and d are system parameters that are unknown but
bounded.

Assumption: All agents belong to the same class, i.e., they share identical system structure
parameters.

To discretize the continuous distributed parameter system, we adopt the forward difference scheme.
The difference scheme is defined as{

∆2wi(x, t) = wi(x, t + 1) − wi(x, t),
∆2

1wi(x, t) = wi(x + 1, t) − 2wi(x, t) + wi(x − 1, t).
(2.2)

The most widely used numerical method for solving definite solution problems for partial
differential equations is the finite difference method. Its basic idea is a discrete numerical analysis
approximation approach for differential equations and definite solution conditions with continuous
variables [22, 32]. In this paper, the forward Euler scheme is adopted to discretize System (2.1). This
scheme is conditionally stable, and the stability condition is expressed in terms of the step-size ratio as

a∆t
(∆x)2 ≤

1
2
,

where a is a parameter of the differential equation, ∆t is the time step, and ∆x is the spatial step.
Under this condition, the discretization is numerically stable. Substituting the difference scheme into
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the system, we can obtain

wi(x, t + 1) = awi(x + 1, t) + (1 − 2a + b)wi(x, t) + awi(x − 1, t) + cui(x, t).

When x = 1,

wi(1, t + 1) = awi(2, t) + (1 − 2a + b)wi(1, t) + awi(0, t) + cui(1, t)

When x = 2,

wi(2, t + 1) = awi(3, t) + (1 − 2a + b)wi(2, t) + awi(1, t) + cui(2, t)

When x = 3,

wi(3, t + 1) = awi(4, t) + (1 − 2a + b)wi(3, t) + awi(2, t) + cui(3, t)

. . .
When x = X − 1,

wi(X − 1, t + 1) = awi(X, t) + (1 − 2a + b)wi(X − 1, t) + awi(X − 2, t) + cui(X − 1, t)

When x = X,

wi(X, t + 1) = awi(X + 1, t) + (1 − 2a + b)wi(X, t) + awi(X − 1, t) + cui(X, t).



wi(1, t + 1)
wi(2, t + 1)

...

wi(X − 1, t + 1)
wi(X, t + 1)


=


1 − 2a + b a 0 0 0

a 1 − 2a + b a 0 0
0 a 1 − 2a + b a 0
0 0 a 1 − 2a + b a
0 0 0 a 1 − 2a + b


·



wi(1, t)
wi(2, t)
...

wi(X − 1, t)
wi(X, t)



+



awi(0, t)
0
...

0
awi(X + 1, t)


+ c



ui(1, t)
ui(2, t)
...

ui(X − 1, t)
ui(X, t)


.

The initial and boundary values are 0, i.e., wi(0, t) = wi(X + 1, t) = 0. Physically, this Dirichlet
boundary condition fixes the agent’s state to zero at the spatial boundaries. This is a common constraint
that confines the system to a bounded spatial domain. For example, in UAV formation control, it
ensures that agents maintain a stationary state when approaching the mission boundary. Consequently,
the system matrix takes the following tridiagonal form, and the system can be written in vector form
as {

xi(t + 1) = Axi(t) + cui(t),
yi(t) = dxi(t) + ui(t),

(2.3)
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where

xi(t + 1) = [wi(1, t + 1),wi(2, t + 1), . . . ,wi(X, t + 1)]T ∈ RX,

yi(t + 1) = [yi(1, t + 1), yi(2, t + 1), . . . , yi(X, t + 1)]T ∈ RX,

ui(t + 1) = [ui(1, t + 1), ui(2, t + 1), . . . , ui(X, t + 1)]T ∈ RX,

and

A =



1 − 2a + b a
a 1 − 2a + b a

. . .
. . .

. . .

a 1 − 2a + b a
a 1 − 2a + b


∈ RX×X.

The system equation in the k-th iteration process can be expressed asxk
i (t + 1) = Axk

i (t) + cuk
i (t),

yk
i (t) = dxk

i (t) + uk
i (t).

(2.4)

Here, xk
i (t) ∈ R

X denotes the X-dimensional state vector of the i-th agent at the k-th iteration;
uk

i (t) ∈ R
X represents the X-dimensional control input of the i-th agent at the k-th iteration; yk

i (t) ∈ R
X

is the system output, A ∈ RX×X is the state transition matrix and c, d ∈ R are system constants.
By induction, the output of the i-th agent after the k-th iteration is derived as

yk
i (t) = dAt

ix
0
i + dici

t−1∑
τ=0

At−1−τ
i uk

i (τ) + uk
i (t). (2.5)

It can be abbreviated as
yk

i (t) = dAt
ix

0
i +Guk

i (t), (2.6)

where G is an unknown but bounded linear operator.
The output of the j-th agent after the k-th iteration can be expressed as

yk
j(t) = dAt

jx
0
j +Guk

j(t). (2.7)

In the multi-agent system topology, assume that the i-th agent is a child and the j-th agent is a
parent, meaning information flows from j to i. If the unknown system parameters are identical for all
agents and all agents share the same initial state, then it follows that

yk
i (t) − yk

j(t) = Guk
i (t) −Guk

j(t). (2.8)

By defining
yi j(t) = yi(t) − y j(t), ui j(t) = ui(t) − u j(t),

the above equation can be written as
yk

i j(t) = Guk
i j(t). (2.9)

The desired relative formation error is defined as yd
i j(t). The control objective is to regulate the

system inputs so that the parent and child agents follow the desired formation trajectory within a finite
time. The formation error ek

i j(t) is then defined as the difference between the desired yd
i j(t) and the

actual relative formation: lim
k→∞

ek
i j(t) = 0.
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3. Data-driven iterative learning control design

An RBF neural network is introduced to learn the unknown parameter matrix G, thereby
establishing a mapping from the desired output yd

i j(t) to the desired input. The number of hidden layer
neurons is defined as X. After training from the input layer to the hidden layer, the output of the
hidden layer ϕ(χ) can be written as ϕ(χ) = [ϕ1(χ), ϕ2(χ), · · · , ϕX(χ)]T ∈ RX. The variation of ϕ(χ)
depends on the input layer. Here, the unknown parameter matrix G and the system input uk

i j(t) are
treated as an integrated entity ϕ(χ), which serves as the basis function vector. This integrated entity
can be obtained through neural network training.

yk
i j(t) = Guk

i j(t) = (Wk
i j(t))

Tϕ(χ). (3.1)

Define the ideal weight as Wd
i j, satisfying yd

i j(t) = (Wd
i j(t))

Tϕ(χ). The error equation can then be
written as

ek
i j(t) = yd

i j(t) − yk
i j(t) = (W̃k

i j(t))
Tϕ(χ), (3.2)

where W̃k
i j(t) = Wd

i j(t) −Wk
i j(t) represents the weight estimation error.

The iterative error of adjustable weights can be expressed as ∆Wk
i j(t) = Wk

i j(t) −Wk−1
i j (t).

Define the performance index function for the weights as

J(Wk
i j(t)) =

λ

2
(ek

i j(t))
T (ek

i j(t)) +
β

2
tr(∆Wk

i j(t))
T (∆Wk

i j(t)), (3.3)

where λ, β > 0. Since Wk
i j is a matrix, the trace operation tr(·) is utilized to scalarize it, resulting in a

scalar quantity equivalent to β2
∑
m,n

(∆Wk,mn)2.

By taking the partial derivative of the performance index Wk
i j with respect to the weights and

simplifying, we obtain the error-driven iterative learning update law for the weights, which serves as
the controller of the system

Wk
i j(t) = Wk−1

i j (t) +
λϕ(χ)(ek−1

i j (t))T

β + ∥ϕ(χ)∥2
. (3.4)

3.1. Boundedness of neural network weight estimates

Using the ideal weight value Wd
i j both sides of (3.4), we have

W̃k
i j(t) = W̃k−1

i j (t) −
λϕ(χ)(ek−1

i j (t))T

β + ∥ϕ(χ)∥2
. (3.5)

Then

W̃k
i j(t) − W̃k−1

i j (t) = W̃k−1
i j (t) −

λϕ(χ)(ek−1
i j (t))T

β + ∥ϕ(χ)∥2
. (3.6)

Define the energy function

Vk =
1
2
∥W̃k

i j∥
2
F , (3.7)

where ∥ · ∥F is the Frobenius norm.
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Then we have

Vk =
1
2
∥W̃k−1

i j − ∆Wk
i j∥

2
F =

1
2
∥W̃k−1

i j ∥
2
F +

1
2
∥∆Wk

i j∥
2
F − tr((W̃k−1

i j )T∆Wk
i j). (3.8)

Define ∆Vk = Vk − Vk−1, and we have

∆Vk =
1
2

(∥W̃k
i j∥

2
F − ∥W̃

k−1
i j ∥

2
F). (3.9)

Substituting (3.8) into (3.9),

∆Vk =
1
2
∥∆Wk

i j∥
2
F − tr((W̃k−1

i j )T∆Wk
i j). (3.10)

According to (3.4), we have

∆Wk
i j =
λϕ(χ)(ek−1

i j )T

β + ∥ϕ(χ)∥2
. (3.11)

Remark 1. The numerical error caused by the forward difference scheme is uniformly bounded.
According to the Lyapunov stability analysis and Frobenius norm derivation, such bounded errors
affect only the final steady-state error magnitude but do not influence the exponential convergence
property of the consensus tracking error along the iteration axis. Thus, the tracking error still
converges exponentially to a small neighborhood of zero, whose radius is determined by the upper
bound of the discretization error.

Substituting (3.2) and (3.11) into (3.10)

tr((W̃k−1
i j )T∆Wk

i j) =
λ

β + ∥ϕ(χ)∥2
tr((W̃k−1

i j )Tϕ(χ)(ek−1
i j )T ) =

λ

β + ∥ϕ(χ)∥2
∥ek−1

i j ∥
2. (3.12)

Since ∥∆Wk
i j∥

2
F =

λ2∥ϕ(χ)∥2∥ek−1
i j ∥

2

(β+∥ϕ(χ)∥2)2 , substituting into (3.10) and simplifying, we have

∆Vk =
λ2∥ϕ(χ)∥2

2(β + ∥ϕ(χ)∥2)2 ∥e
k−1
i j ∥

2 −
λ

β + ∥ϕ(χ)∥2
∥ek−1

i j ∥
2. (3.13)

From Eq (3.2), the norm of the error at the (k − 1)-th iteration can be expressed as

∥ek−1
i j ∥

2 = [(W̃k−1
i j )Tϕ(χ)]T (W̃k−1

i j )Tϕ(χ) ≤ ∥ϕ(χ)∥2 · λmax(W̃k−1
i j (W̃k−1

i j )T ), (3.14)

where λmax is the maximum eigenvalue of the matrix. According to the properties of eigenvalues, we
have

λmax(W̃k−1
i j (W̃k−1

i j )T ) ≤ ∥W̃k−1
i j ∥

2
F . (3.15)

Therefore,
∥ek−1

i j ∥
2 ≤ ∥ϕ(χ)∥2 · ∥W̃k−1

i j ∥
2
F . (3.16)

By substituting (3.16) into (3.15)) and simplifying it, we can obtain

∆Vk ≤
λ2 ∥ϕ(χ)∥4

∥∥∥W̃k−1
i j

∥∥∥2

F

2(β + ∥ϕ(χ)∥2)2
−
λ ∥ϕ(χ)∥2

∥∥∥W̃k−1
i j

∥∥∥2

F

β + ∥ϕ(χ)∥2
≤ ∥W̃k−1

i j ∥
2
F ·

[
λ2∥ϕ(χ)∥4

2(β + ∥ϕ(χ)∥2)2 −
λ∥ϕ(χ)∥2

β + ∥ϕ(χ)∥2

]
. (3.17)
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Define

C =
λ2∥ϕ(χ)∥4

2(β + ∥ϕ(χ)∥2)2 −
λ∥ϕ(χ)∥2

β + ∥ϕ(χ)∥2
=
λ∥ϕ(χ)∥2

β + ∥ϕ(χ)∥2
[
λ∥ϕ(χ)∥2

2(β + ∥ϕ(χ)∥2)
− 1]. (3.18)

Then (3.17) can be expressed as
∆Vk ≤ C · ∥W̃k−1

i j ∥
2
F . (3.19)

According to the parameter definition, it can be inferred that when λ < 2
(
1 + β

∥ϕ(χ)∥2

)
, we have C < 0,

which means the energy function decreases and the neural network weight estimation is bounded.

3.2. Convergence of error

The error at the k-th iteration is

ek
i j(t) = yd(t) − (Wk

i j(t))
Tϕ(χ). (3.20)

The error at the (k − 1)-th iteration is

ek−1
i j (t) = yd(t) − (Wk−1

i j (t))Tϕ(χ). (3.21)

Subtracting (3.21) from (3.20),

ek
i j(t) = ek−1

i j (t) + (Wk−1
i j (t))Tϕ(χ) − (Wk

i j(t))
Tϕ(χ). (3.22)

Extracting the total error ∆Wk
i j,

ek
i j(t) = ek−1

i j (t) − (Wk
i j(t) −Wk−1

i j (t))Tϕ(χ). (3.23)

According to the learning law (3.4), the above equation can be rewritten as

ek
i j(t) = ek−1

i j (t) −
λek−1

i j (t)ϕT (χ)

β + ∥ϕ(χ)∥2
ϕ(χ) =

(
1 −

λ∥ϕ(χ)∥2

β + ∥ϕ(χ)∥2

)
ek−1

i j (t). (3.24)

Taking the norm of both sides of Eq (3.24)

∥ek
i j(t)∥ =

∣∣∣∣∣∣1 − λ∥ϕ(χ)∥2β + ∥ϕ(χ)∥2

∣∣∣∣∣∣ ∥ek−1
i j (t)∥. (3.25)

Given λ, β > 0, ∥ϕ(χ)∥2 > 0 and λ∥ϕ(χ)∥2

β+∥ϕ(χ)∥2 < λ, if λ < 2
(
1 + β

∥ϕ(χ)∥2

)
holds, then ek

i j(t) will exponentially
converge to the zero vector along the iteration axis, i.e., lim

k→∞
ek

i j(t) = 0.
From the above design and analysis of the controller, the main theorem of this paper are obtained.

Theorem 1. For the discrete linear distributed parameter multi-agent system described in (2.1),
assume that it satisfies the given assumption. Let the RBF neural network basis function vector be
ϕ(χ) ∈ RX with ∥ϕ(χ)∥2 > 0, and let the learning gains satisfy λ > 0, β > 0. If λ < 2

(
1 + β

∥ϕ(χ)∥2

)
, then,

for any initial weight matrix W0
i j(t) and any initial state, the consensus tracking error ek

i j(t) defined
in (3.2) converges to zero as iteration times k tend to infinity, i.e.

lim
k→∞

ek
i j(t) = 0. (3.26)
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4. Numerical simulation

To verify the effectiveness of the proposed algorithm, this paper considers a discrete-time linear
distributed parameter multi-agent system with disturbances, consisting of one virtual leader and four
followers. The communication topology of the multi-agent system is illustrated in Figure 1, where “0”
denotes the parent agent and “1” the child agent. A chain-type directed topology 0→ 1→ 2→ 3→ 4
is adopted, where only follower 1 directly receives information from the leader, and the remaining
followers only interact with their immediate predecessor agents.

Figure 1. Topology structure of multi-agent system.

Following the common simulation methodology in related literature [21–23], a small-scale topology
composed of a few agents from a large-scale multi-agent system is selected for verification. This
approach is both reasonable and generalizable, because a complex multi-agent system with N agents
can be decomposed into interconnected subsystems of arbitrary scale. Furthermore, the performance
observed on small-scale subsystems can effectively reflect the algorithm’s performance when applied
to the full large-scale system.

The dynamic model of the i-th intelligent agent is{
∆2wi(x, t) = 0.12∆2

1wi(x − 1, t) + 0.25wi(x, t) + 0.4ui(x, t),
yi(x, t) = 0.7wi(x, t) + ui(x, t).

(4.1)

Them, wi(x, t) is the system state of the i-th agent determined by position x and time t. ui(x, t) is the
system input, and yi(x, t) is the system output, which is also influenced by position x and time t. Let
a=0.12, b=0.25, c=0.4, and d=0.7.

For the spatiotemporal evolution characteristics of distributed parameter systems, the forward
difference scheme is adopted to discretize the continuous partial differential equation. According to
the stability criterion ∆x, /∆t2 ≤ 1/2, the parameters are designed such that the spatial domain
x ∈ [0, 1] is equally divided into 10 segments, with X = 11 spatial nodes and step size ∆t = 0.1, and
the time domain of total length 200 is equally divided into 200 steps, with time step τ = 1, yielding a
step ratio ∆x/∆t2 = 0.5 that satisfies the critical stability condition. The spatiotemporal nodes are
partitioned into a regular discrete grid of size 11 × 200.

4.1. Simulation results under conventional trajectory

The output trajectory of the virtual leader is

y0(x, t) = 2 · sin(πx) · e−(x−0.5)2
· cos

(
2π

t − 1
T

)
− 1.
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Based on this trajectory, the four followers design differentiated relative formation trajectories that
cover typical offset patterns. yd1(x, t) = y0(x, t) + 0.15, yd2(x, t) = y0(x, t) + 0.1 · sin(πx), yd3(x, t) =
y0(x, t) + 0.1 · cos

(
2π t−1

T

)
, and yd4(x, t) = y0(x, t) + 0.1 · sin(πx) · cos

(
2π t−1

T

)
.

Figure 2 shows three-dimensional surface plots of the desired relative formation trajectories for the
four followers. The horizontal axis represents the spatial position x, the vertical axis represents the
time step t, and the vertical axis represents the trajectory output value y. The figure presents four
typical formation requirements: constant offset, spatially correlated offset, time-correlated offset, and
spatiotemporal coupled offset, which cover the common spatiotemporal evolution formation patterns
in distributed parameter systems.
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Figure 2. Actual outputs of four followers.

An RBF neural network approximates the unknown linear operator of the system and is combined
with an error-driven iterative learning control algorithm. The key parameters include the number of
iterations K = 50, the learning gain λ = 0.6, and the regularization parameter β = 0.05. This parameter
set satisfies the convergence constraint λ < 2

(
1 + β

∥φ(χ)∥2

)
. The RBF neural network contains 25 hidden

layer nodes and a kernel width σ = 1.8(T−1)
p−1 .

Figure 3 shows the actual output trajectories of the followers after 50 iterations, with the axes
consistent with those in Figure 2. Figure 4 shows the consensus tracking errors between the four
agents and their respective followers. These errors represent the deviation between the actual output
and the desired relative formation trajectories, i.e., ydi(x, t) − yi(x, t), i = 1, 2, 3, 4. All errors converge
to within 0.01.
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Figure 3. Actual outputs of four followers.
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Figure 4. Convergence tracking error of four followers.

Figure 5 shows that as the number of iterations increases, the Frobenius norm of the errors for all

AIMS Mathematics Volume 11, Issue 5, 12687–12704.



12699

four agents gradually converges. Around the 20th iteration, the error norms of all four agents converge
to zero.
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Figure 5. Convergence of tracking errors between four intelligent agents and their respective
leaders.

4.2. Simulation results under a fast time-varying trajectory

To evaluate the robustness of the proposed method under challenging operating conditions, we
consider a rapidly varying virtual leader trajectory defined as

y0(x, t) = 2 sin(πx) · exp
(
−(x − 0.5)2

)
· cos

(
20π(t − 1)

T

)
− 1,

where x ∈ [0, 1] is discretized into 50 spatial points and t ∈ [1,T ] with T = 100 time steps. This
trajectory incorporates a spatial Gaussian window exp(−(x − 0.5)2), a spatial sinusoidal distribution
sin(πx), and a high-frequency temporal oscillation cos(20π(t−1)/T ), resulting in a rapidly time-varying
and spatiotemporally coupled reference.

The four following agents are required to track the same formation pattern described in Section 4. A
comparison of the convergence performance between the proposed DDILC method and the traditional
P-type method conducted under this rapidly varying reference trajectory.

Figure 6 illustrates the convergence process of tracking errors for the four agents under the
traditional ILC and the proposed DDILC algorithm. The vertical axis adopts a logarithmic scale to
clearly show the decreasing trend of the errors. Different colors distinguish the four agents, while
solid and dashed lines correspond to the traditional ILC and DDILC algorithms, respectively. The
results demonstrate that the DDILC algorithm not only converges much faster than the traditional
ILC, but also reduces the final steady-state error by one to two orders of magnitude, fully validating
the effectiveness of the proposed algorithm in fast time-varying trajectory tracking tasks.

Figure 7 presents the spatiotemporal distribution surfaces of tracking errors for the four agents at
the final iteration, intuitively illustrating the difference in error distribution between the traditional ILC
and the proposed DDILC algorithm. The horizontal axis represents the time step, the vertical axis
represents the spatial position, and the vertical axis represents the absolute tracking error. Surfaces
with different transparencies correspond to the two algorithms. It can be observed that the traditional
ILC algorithm exhibits significant tracking errors across the entire spatiotemporal domain, whereas the
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error surface of the proposed DDILC algorithm nearly coincides with the zero plane, confirming that
the DDILC algorithm achieves high-precision tracking in both the temporal and spatial dimensions.
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Figure 6. Comparison of iterative convergence curves of tracking errors for four agents.

Figure 7. Comparison of spatiotemporal distribution surfaces of tracking errors in the final
iteration for four agents.

5. Discussion

The proposed method demonstrates significant advantages over traditional model-based approaches.
By leveraging neural networks to approximate unknown linear operators of the system effectively
addresses the consensus control challenge in linear parabolic distributed parameter multi-agent systems
with unknown parameters. This eliminates reliance on precise mathematical modeling an inherent
limitation of traditional control strategies. Rigorous theoretical analysis proves the boundedness of the
neural network weight estimation errors and the exponential convergence of the consensus tracking
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errors along the iteration axis. Numerical simulations in Section 4 further validate these theoretical
conclusions.

Simulation results from both the conventional smooth reference trajectory (Section 4.1) and the
rapidly varying non-smooth trajectory (Section 4.2) confirm that the proposed algorithm achieves
high-precision consensus tracking within approximately 20 iterations, with all tracking errors
converging to within 0.01. In particular, the comparative simulation results in Section 4.2 clearly
show that the DDILC algorithm outperforms the traditional P-type ILC algorithm in both convergence
speed and steady-state accuracy under the fast time-varying trajectory scenario. This fully reflects the
good robustness and adaptability of the proposed method in handling complex spatiotemporal
coupling reference trajectory tasks.

Notably, the method features linear computational complexity with respect to the number of
agents. Each agent independently updates its neural network weights using only local input-output
data and neighbor information, without requiring global precise system information. This inherent
parallelism not only adapts to the information interaction characteristics of distributed multi-agent
systems but also makes the algorithm easy to extend to large-scale agent cluster scenarios. Therefore,
the DDILC method has important practical application value in real-world engineering fields such as
UAV swarm formation, robotic team collaboration, and intelligent industrial synergy, where accurate
system modeling is often difficult or even impossible to achieve.

6. Conclusions

This study presents a novel consensus control framework based on data-driven iterative learning
for distributed parameter multi-agent systems with parametric uncertainties. The approach constructs
a data-oriented model that captures the input-output mapping of the system, employing neural
networks to approximate unmodeled dynamics. A weight update mechanism governed by iterative
learning principles is formulated. Theoretical guarantees regarding the boundedness of neural
network parameters and the asymptotic convergence of tracking errors are rigorously established
through Lyapunov analysis and norm-based arguments. Numerical simulation shows that the virtual
leader and four following intelligent agents achieve precise consensus tracking within a finite number
of iterations, and the tracking error converges exponentially along the iteration axis, verifying the
effectiveness of the proposed algorithm. This method overcomes the reliance on precise models in
traditional control approaches and offers a new strategy for addressing control challenges in
multi-agent systems characterized by difficult model establishment, limited information, and complex
dynamics.

Future research directions include extending the method to nonlinear distributed parameter multi-
agent systems, investigating the effects of communication delays and packet losses, and applying the
method to practical engineering applications such as multi-robot systems and smart grid control. The
proposed method exhibits linear computational complexity with respect to the number of agents, as the
update law (3.4) is applied independently to each agent based on its local data. This property makes
the algorithm well suited for large-scale agent clusters. In future work, we will explore the nonlinear
extension problem and verify its performance in multi-leader and large-scale scenarios through more
extensive simulations.
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