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1. Introduction

In the applied sciences, the convexity theory has become a basis of motivation. This theory ensures
an efficient study area. The notion of convexity relates to the characteristic of a function or a set, into
the line segment linking any two points on the function or within the set, abiding completely upon the
function or within the set. Due to their useful properties, they are very crucial in various areas, such as
economics, geometry, engineering, mathematical optimization, and analysis. This peerless manner of
convex functions leads to numerous important inequalities; this theory has also played a significant role
in extending and generalizing inequality theory. Inequalities are useful in specifying the manner of a
function on an interval. The investigation of these two concepts and their significant contributions has
been extensively discussed in the literature. In [1], Ajmar et al. presented a new approach to estimating
the fractional derivative of modified (4, m)-convex functions. In [2], Bayraktar and Valdes acquired
some new integral inequalities of the Hermite-Hadamard type for (h, m)-convex modified functions.
In [3], Breaz et al. acquired various Hermite-Hadamard and Fejér-type inequalities for modified
h-convex functions. They proved several inequalities for the products of two modified A-convex
functions. In [4], Nosheen et al. gave applications of modified (m, p, h)-convex functions as extensions
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of the Hermite-Hadamard, Jensen, and Fejér inequalities. In [5], Sarikaya et al. presented a new
fractional integral approach that generalizes the Riemann-Liouville fractional integral. In [6], Yan et al.
improved fractional integral inequalities for generalized strongly modified h-convex functions. Also,
in [7], Yu et al. generated Hermite-Hadamard type inequalities for generalized geometrically strong
modified h-convex functions. In [8], Wang et al. presented some properties of the Caputo-Fabrizio
fractional integral operator for the modified i-convex function. In [9], Zhao et al. acquired Schur,
Hermite-Hadamard, and Fejér type inequalities for generalized strong modified h-convex functions.
In [10], Lakhdari and Saleh introduced the notion of multiplicative convexity using multiplicative
Riemann-Liouville fractional integrals and established fractional Hermite-Hadamard inequalities for
GG-convex functions. In [11], Li et al. introduced new versions of Hermite-Hadamard, midpoint, and
trapezoid type inequalities that include fractional integral operators with exponential kernels.

In recent years, the below Hermite-Hadamard inequality, one of the most substantial classic
inequalities, has attracted considerable attention. The Hermite-Hadamard inequality is a fundamental
conclusion in convex analysis that ensures bounds for the integral of a convex function over a certain
interval.

Letinterval ] C R and A,u € I with A < u. If w : I — R is a convex function, then

Ay 1 w() + w()
a)( > )S,u—/l‘flw(K)dKS#' (1.1)

This inequality is known as the Hermite-Hadamard inequality for convex functions.

2. Preliminaries

Definition 2.1. [/2] Let w,h : J C R — R be a nonnegative function. A function w : I C R — R is
named a modified h-convex function if

w(Tk+ (1 =1 < h(Dwk) + (1 = h(1)w(), 2.1
forall x,y € Jand T € [0, 1].

Definition 2.2. /1] A modified (h, m)-convex function w : I — R is a nonnegative function that satisfies
the following inequality:

w Tk +m(l —1)n) < h(D)wlk) + m(1 — h(1))w(), 2.2)
and holds for all k,c € I, T € [0, 1], and m € [0, 1], where h : J C R — R is a nonnegative function.

Definition 2.3. [13] Assume h : J C R — R to be a nonnegative and nonzero function. A function
w: I — R, where I is p-convex set in R, is named a modified-(p, h)-convex function, w is nonnegative,
and

w ([TK” +(1- T)Lp]/l’) < h(t)w(k) + (1 = h(1))w(v), (2.3)
forallk,cel, T €(0,1), and p > 0.

Definition 2.4. [14] A function w : [0,b] — R, with b > 0, is a strongly modified-(h, m)-convex
Sfunction with modulus c if

w (tk + m(1 — 7)) < h(t)wk) + m(1 = h(T))w() — met(1 — 7)(k — 1)%, 2.4
holds for all k,t € [0,b], ¢ >0, T € [0, 1], and m € [0, 1].
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Definition 2.5. [15] Assume h : J C R — R to be a nonnegative and nonzero function and c be
a real positive number. A function w : I — R, where I is a p-convex set in R, is named a strongly
modified-(p, h)-convex function with modulus c if

1

w ([TKp F (- T)Lp]l’) < D) + (1 — K)o — cr(l = ) — k)2, 2.5)

forallk,cel, T €(0,1), and p > 0.

Definition 2.6. [16] Let [A,u] C [0, 0], where A < u, w € Li[A,u], and k,r > 0. The right and
left-sided general (k, r)-Riemann-Liouville fractional integrals of order > 0 are defined as

1 K
ﬂ*Rﬁ(k,r)‘“(K) = —kﬁf (k — T)ﬁ_lw(f)dr, A<k<pu, (2.6)
kL., A
o (so(k, r))
1 2 s
#’Ri(k,r)w(") = —k,B f (t — K7 w(T)dT, ALk <y, 2.7)
kL., «
) (sa(k, r))

where U(k, r) is the (k, r)-Gamma function.

Remark 2.1. (i) By taking k = r in (2.6) and (2.7), we obtain k-Riemann-Liouville fractional integrals.
(ii) By taking k = r = 1 in (2.6) and (2.7), we obtain classic Riemann-Liouville fractional integrals.

3. Strongly modified (a, h — m) — p-convex function

In this section, we will define the strongly modified (@, h — m) — p-convex function and prove some
of its properties.

Definition 3.1. Let J C R be an interval including (0, 1) and let h : J — R be a nonnegative function.
Let I C (0,00) be an interval and p € R\ {0}. A function w : I — R is called the strongly modified
(a, h — m) — p-convex function, if

w ([TKp +m(1 - T)LP]%) <hE@) o) +m (1 = h(t) w@) — mer(1 = T)(@? — )2 (3.1)

holds [t«P + m(1 — T)Lp]% € I fort €10,1], and (o, m) € [0, 1]%.

Remark 3.1. (i) By setting @ = 1 and p = 1 in Definition 3.1, we obtain definition of strongly modified
(SM) (h, m)-convex function (see [14]).

(ii) By taking « = m = 1 in Definition 3.1, we obtain definition of SM (p, h)-convex function
(see [15]).

(iii) By taking « = m = 1 and ¢ = 0 in Definition 3.1, we obtain definition of modified (p, h)-convex
function (see [13], Definition 1.9).

(iv) By taking « = m = 1, p = 1, and ¢ = 0 in Definition 3.1, we obtain definition of modified
h-convex function (see [17]).

Proposition 3.1. w and & are SM-(a, h — m) — p-convex functions, then their sum w + & is also a
SM-(a, h — m) — p-convex function.
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Proof. Fork,cel,p>1,c>0,7€(0,1), we get
(w+ &) ([TK” + m(1 —T)Lp]ll’) = w([TK” + m(1 —T)Lp]%) +§([TK” + m(1 —T)LP]%).
Since w and ¢ are SM-(a, h — m) — p-convex,

(w+ &) ([TKP +m(1 — T)Lp]%) < h(t)w(k) + m(1 — h(t*)w() — met(1 — 1)(lP — K")?
+ h(x")EK) + m(1 = h(T*)EW) — met(1 = )P = k)
= h(T)(w + &)(K) + m(1 = h(T))(w + €)(1) — met(1 = 7)1 — kP)>.

Proposition 3.2. Let w be a SM-(a, h — m) — p-convex function, then for scalar n > 0, nw is also a
SM-(a, h — m) — p-convex function.

Proof. Fork,cel,p>1,¢>0,71€(0,1), we procure

nw ([TK‘D +m(1 — T)Lp]ll’) <n (h(r“)w(K) +m(1 — h(t*)w() — mer(1 = 7)(P — KP)Z)

= h(t)nw(k) + m(1 — h(t*))nw@) — mnet(1 — )" — kP)>.

Proposition 3.3. Let hy, h, be a nonnegative function on J and hy(t) < hi(t). Under the assumption
mw(t) < w(k), if w is SM-(a, h, — m) — p-convex function, then, w is also a SM-(a, hy — m) — p-convex
function.

Proof.

w ([TKp +m(l — T)L”]Il7) < (T (K) + m(1 = hy(T))w() — mer(l — )P — kP)?

< @) w(K) + m(1 = h(t))w() — met(1 = 1)@ — kP)%.

Proposition 3.4. Let w; : [0,b] — R be a SM-(a, h — m) — p-convex function for i € N and Z?:] n=1;

then also its linear combination, A(u) = Zflzl nw;(u), is a strongly modified-(a,h — m) — p-convex

function.

Proof. By taking k,t € [0, b], with b > 0, and [t«” + m(1 - T)Lp]ll’ =u,
1 d d d
A ([T + m(1 = )17) < h(E) Y. mwik) + m(1 = h(@) Y mien@) = > mmet(l = 1) = k)
i=1 i=1 i=1
< h(T)AK) + m(1 = hi(T*)AQ) = mer(1 = )P — kP)%.
4. The (k, r)-Riemann-Liouville fractional Hermite-Hadamard type inequalities

In this section, we primarily represent the below (k, r)-Riemann-Liouville fractional Hermite-
Hadamard’s inequality.
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1
[ /l”+m,u”]1’] mc
w —
1

Theorem 4.1. Let h : J € R — R be nonnegative, nonzero, and integrable function and w : [A,u] C
R — R be a strongly modified (a, h — m) — p-convex function with A < u, then
+ —F;
2 4
1 mPu 1 s
h|— I f K" wwdk + m* |1 = h|— I f k" w(k)dk
29 | mur — AP J, 20)) muP — AP J 4
n?

IA

4.1)

2(1

1 2
+m (1 —h (i)) f (m(l - h("))w (12) + h(t)w(p) — mer(1 - 7) (ﬂ” - A—Z) )dﬂ
2¢)] Jo m m

where . = (0 = 20+ (& ) .
Proof. Fork,t € [A,ul, p>1,c >0, 7 €[0, 1], we procure

w ([TKp +m(1 — T)Lp]%) <h(@) wk) +m 1 = h(r) wl) — mer(1 — 1) — &P)>. 4.2)

1
<h (i) f (h)ew(A) + m(1 = h@*)w () — met(1 = T)(? - 7)) dr
0

If we put 7 = 1 in (4.2), we get

|

By choosing «” = 7A” + m(1 — t)u” and ¢ = (1 — T)%ﬂ + 7u? in (4.3), we obtain

w( AL m"p]p] < h(i)w([m" +m(1 = o)) +m(1 - h(i))w[[(l —
2 a @ m

2
By integrating in (4.4) with respect to 7 from O to 1, we get

[ AP + m/vtp];) mc
a) —

> + —F;
1 1 5
Sh(i)f w([r/lp+m(1—T)up]fl’)d‘r+m(l—h(i))f w([(1—7)£+‘r,up ]dT.
2@ 0 2@ 0 m

4
Put k¥ = 727 + m(1 — 7)u? in the first integral of (4.5) and ¥ = (1 — T)%’) + 7 in the second integral
of (4.5) to get

|
1 (4.6)

1 pP " -1 2 1 14 A
<h|l—=|—— K owdk+m |1 —h|—= || ———— kP w(k)dk.
2¢ | mup — AP J, 29) ) muP — AP J 4

mP

kP + mt?

] <h (i) w(K) + m(l —h (i)) W) - %(w — kP (4.3)

2(1 2(1
1
] (4.4)

2

m

4.5)

1
AP +muP [P mc
T U+ =F,
2 ] ] 4
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By comparing the righthand side of (4.5) and (4.6),

1

1 p e -1 2 1 14 R
hl|—]|——— K owwdk+m |1 —h| = || ———— Kp w(k)dk
29 | mup — AP J, 29 || mup — Ap

m

1 1
= h(i)f w([‘r/lp +m(l - T),up]ll’)dr + m(l - h(i))f w[[(l - T)£ + TP
2@ 0 2@ 0 m

Since w is a strongly modified (@, h — m) — p-convex function, we get

1
1 e 1 H

h|— L‘f K" owdk + m*[1 —h|— Lf k" w(k)dk
2¢ | mup — AP J, 2) ) mup — AP ) 4

mP

1
<h (;“)f (h(ra)a)(/l) +m(1 — h(t*)w(u) — mer(1 — 7)(U? — /lp)Z) dr

1 2
m(l —h(i))f ((1 h(z® ))w( A )+h(T Yo() — mer(1 —7) (m’ - iZ) )d‘[‘.
2(1 0 m

From (4.6) and (4.7), we obtain (4.1).

E\'—‘

] dr.

4.7)

Remark 4.1. (i) By taking « = m = 1 in (4.1), we obtain Theorem 2 of [15].

(ii) By taking @ = 1 and p = 1 in (4.1), we obtain Theorem 2 of [14].

(iii) By taking « = p = 1, h(t) = 7, and m = 1 in (4.1), we procure Theorem 6 of [18].

(iv) By takinga =m =1, p = 1, and c = 0 in (4.1), we obtain Theorem 3 of [12].

(v) By taking « = m = p = 1, h(t) = 7, and ¢ = 0 in (4.1), we obtain classical the Hermite-
Hadamard type inequality for convex functions.

Theorem 4.2. Assume that w : [A,u] € R — R is a strongly modified (a, h — m) — p-convex function,
then the following inequality holds:

a)(
B kp

Pkgmlan \Gan 1 1

< ok (‘p(ﬁk’ )) [(1 —h (—)) MRﬁ(k pwmp) + ety (_

(mur — Ap)#n 2¢ Y 2¢

B (1 (] 2 A 1 (4.8)
< ) [(1 h(ZG))a)(/l) m(l h(2 ))U)(/,t) m h(2 )w(m2)+mh(2a)w(u)]
1
Xfo T%_lh(Ta)dT+m (l—h(%))w(y)+mh(%) (%)]

mcPe(k, r) 1 2\
T G+ ok )@ + 29 1) |(1 ( ))(“ -2y "”’“(z‘)( p‘%) l

where Fy = [ 7577 (xur = 0) + (1 = 7) (4 = mur)) .

/1”+m,u”§ N mcf F,
2 4o(k, r)
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Proof. Since w is a strongly modified (@, h — m) — p-convex function, then

w ([mﬂ” +(1- T)Kp]%) < (1 = h(t*))w(k) + mh(t®)w() — met(1 — )" — &P)>. 4.9)

1
By choosing 7 = 3 we have

|
)=

Assume that k” = 747 + m(1 — T)p” and ¢ = (1 — 1)~

M]p) < (1 - h(%))w([rﬂp +m(l — T),u”]%) + mh (%)w[[(l —T)% + T’

2
_ e (T(,JP — )+ (1 —T)(£ —m,u”)) .
4 m

1
kP + miP

p]s(l—h(; ))w(:<)+mh(21 )w(L)——(L”—K”) (4.10)

+ 7 in (4.10) to get

) (4.11)

Multiplying (4.11) with ! , and then integrating with respect to 7 from O to 1, we procure

ok, 1) AP + mu? ’ mc
ﬁ w 3 + T B
1 ! B 1
< (1 - h(—))f rilto cu([r/l” £ m(1 —T)/lp]I’)dT 4.12)
2¢ 1] Jo
1 )

+ mh (i)f Tso(fv')_la)[[(l — ‘r)g + T’ ]dT.

2@ 0 m

Put k¥ = 72”7 + m(1 — )i in the first integral of (4.12) and «” = (1 — T)% + Tu? in the second
integral of (4.12) to have

so(k ) (
w

(1=

+ m?h

AP + mu® ’ mc
2 4 7F

1 mP u
(27)) f (mp? — )7 ™ () (4.13)
(mu? — /U’)wc )
( 1

2@)( )t f  (mic = ANYFT e ().
m'uP — AP w(k')

Since

1

" o = 7 w0 = K [P 1R 0
] mu K g K W(K)AK = (k,r) (k ) A+ ‘p(k’r)a)K,

f (mi? — /lp)w(kr) U Lw(k)dk = kl"(,”)( (IZB )) _Ri(k’r)a)(K).

m 1’
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Therefore, (4.13) becomes

(4.14)
B kB
pk—rr DN\ Gt
< D ¢ )(W;k’ )) X [(1 - h(i)) /1+R'B(k po(mp) + mwkn”h( ! )/J—R'B(kr)w (i)]
(m/l]? _/U’)m 20 [ 2(1 Pk, m
Also, w is a strongly modified (@, h — m) — p-convex function, then
([T/lp +m(l —1)uP]? ) < M) w(A) + m(1 = k()W) — mer(1 = )’ — A7), (4.15)

and

1 2
w[[(l —7)% +Tu? J <m(1l - h(r" ))a)( A )+ h(t")w(u) — met(1 — 1) (,u — g) . (4.16)

Multiplying (4.15) with (1—h()) and multiplying (4.16) with mh (%), then adding (4.15)
and (4.16), we get

(1 - h(z—la))w([ﬂl” +m(1l - T),up]ll’) + mh (zia)w[[(l - T)% + Tu?
< (1 —h (%)) |A(T)w() + m(1 = Az Dw(p) = mer(1 = T’ — A7)’
2
; h( ! )[m (1 = h(z® ))w( A )+ mh()w() — m2er(1 - 1) (ul’ _ ﬂ—i) }
24 m
= h(e") [(1 —h(%))w(ﬂ)—m(l - ( ))w(y) (21 )w( A )+mh( )w(y)]
1 1 A
m (1 —h (?)) () + mih (27) w (%)]
() (e ol 2]
—1=h|l=]|mect(l1 =)W’ — AP)" —h|=—=|mct(l —1) |’ — —| .
20 2 m?
Multiplying (4.17) with T%_l, and then integrating with respect to 7 from O to 1, we have
1 1 >
(1 - h(i))f T%_lw([ﬂp +m(l - T),up]’l’)dr + mh (i)f Tﬁn_lw[[(l - T)£ +Tu? ]d‘r
2« 0 2@ 0 m

1 1 1 ;
T D DA MR [
m (1—h(21 ))w(u)erh(zla) (%)”:T@—lm
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1
—m(l —h(zia))c(,ﬂ —/l”)zf (1 - tyrdn\dr (4.18)
0

1 P\? (!
- mzh( ) ( - /l—) f (1 - T)T%_ld‘l'.
2@ m? 0

Put 7 = 747 + m(1 — 7)u? in the first integral of (4.18) and «” = (1 — T)%p + 7 in the second
integral of (4.18), and we obtain

7

B
et XY b 1 L) ws 4
plkr) (W‘ )) [(1 h( )) wRE w(mp) + m#es* 1 (—) - a)( )]
p olk,r) a H=""p(k,r) m
(muP — AP)#kn e 2

o] 6 R o R S R R OB
X(fo Tﬁn—‘h(ra)dr)+m (1 —h(zl—a))w(,u)+mh(%)w(%)] (4.19)

mcPo(k, r) 1 ) { Ji:
(B + gk, 1)B + 2k, 1)) [(1 - h(;)) (U =A%) - mh(?)( P ﬁ) l _

From (4.14) and (4.19), we obtain (4.8).

Remark 4.2. (i) By taking « = m = 1 and ¢(k,r) = I in (4.8), we obtain Theorem 3 of [15].
(ii) By taking a« = 1, p = 1, and ¢(k,r) = I in (4.8), we obtain Theorem 3 of [14].
(iii) By taking « = p = 1, h(t) = 7, and ¢(k,r) = I in (4.8), we obtain Theorem 2.1 of [19].

5. Application

Example 5.1. By taking p =2, 7 = %, c=im=1,a=1,hr)=7,and wk) = k* in Definition 3.1,

we get

1
2’

VY g
= 6,25 < 14, 40,

(K2 + L2)2 - 3Lt (kP -2)?
2

The presence of Hermite-Hadamard inequalities produced in Definition 3.1 is demonstrated in
Figure 1.

Example 5.2. Assume that p = 2,7 = ;, ¢ = 2, m=1,a =1, h(t) = 7%, then, the w(x) = K’ is a
convex function but is not a strongly mod1ﬁed (a, h — m) — p-convex function.

3
K+32\ K 152 3 -2)?
L - . 5.1
( 4 ) 16" 6 32 S

The presence of the above inequality is demonstrated in Figure 2.
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0

60

200000 |-

400000/

I
S R—

Figure 2. The graphical presentations of inequality (5.1).

Example 5.3. By taking p =2, 7=1,¢ =
we get

m=1,a =3, h(r) =7 and w(kx) = k* in Theorem 4.1,

a2+b22< b —a® <a4+b4 b? - a?)?
2 T3br-a®) " 2 8
=6,25<7<17,37.

The presence of Hermite-Hadamard inequalities produced in Theorem 4.1 is demonstrated in
Figure 3.

Example 5.4. By taking p =2,7=3,c =
in Theorem 4.2, we get

%,m =1,B8=1,a= %,h(‘r) =72, wk) =«*, and ok, r) = 1

@+ b\ (b — a®)? bo — a® a* + b*
+ < <
2 32 3(b% - a?) 2
= 6,53 <7<8,50.
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The presence of Hermite-Hadamard inequalities produced in Theorem 4.2 is demonstrated in
Figure 4.

80
60

40

4x107
3x107
2x107
1x107

0 WL

W M

60 M Rs

80

Figure 3. The graphical presentations of inequality (4.1).

80

60

20

4x107
3x107
2x107 | l
1x107k i
0 \/ W L
Ry W M:
40 \*\N\ES\*\ —_

80
Figure 4. The graphical presentations of inequality (4.8).

6. Conclusions

In this paper, we introduced the concept of the strongly modified (@, h — m) — p-convex function,
a generalization of the strongly modified (h, m)-convex function [14] and strongly modified (p, h)-
convex function [15] notions, and examined some of its properties. We also obtained Hermite-
Hadamard type inequalities, including (k, r)-Riemann-Liouville fractional integrals, for this new
concept. Some inequalities shown in [12-15, 19, 20] can be obtained from the Hermite-Hadamard
inequalities presented in this paper. Some examples are also given to visualize the existence of this new
class of convex functions and the inequalities obtained from this definition. Different inequalities, such
as Fejer and Schur type, involving different fractional integrals, can be examined for this proposed class
of convex functions. We believe that this newly defined the convex function class will be beneficial to
inequality theory.
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