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Abstract: Sonar detection is a cornerstone capability in anti-submarine warfare, where the remote
and accurate deployment of sensing devices must be completed within the shortest possible time.
To this end, this paper proposes a missile-based concept for delivering a deployable sonar device
and develops a three-dimensional adaptive guidance law with fixed-time convergence. To reduce the
impact kinetic energy at water entry and to deploy the deployable sonar device with a prescribed
attitude, constraints on the impact velocity and impact angle are explicitly imposed. To avoid the range
unreachability induced by deceleration-based guidance laws and to prevent excessive flight time, a two-
phase guidance strategy with smooth switching is devised along the line-of-sight direction. To further
enhance the stability of the guidance process, an adaptive term is incorporated into the double-power
reaching law to alleviate the acceleration saturation that may occur during the initial guidance stage.
Simulation results demonstrate that, under the proposed guidance law, the missile can accurately reach
the target with the desired impact velocity and impact angle, while alleviating early-stage acceleration
saturation and effectively reducing the load on the onboard actuators. Consequently, this study provides
a feasible solution for delivering the deployable sonar device with favorable maneuverability and
flexible deployment capability, and it shows certain potential in adapting to different meteorological
conditions, reducing reliance on real-time human intervention, and improving missions execution
efficiency.
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1. Introduction

In modern navies, with the growing development and expansion of underwater military forces
such as submarines, anti-submarine warfare has become increasingly important [1]. Owing to the
limited detection range of shipborne sonar and the progressive degradation of detection accuracy with
increasing distance, shipborne sonar alone can hardly satisfy the mission requirements for long-range
detection of underwater targets. Current research efforts have focused on deploying sonar detection
devices into the target sea area using anti-submarine helicopters or unmanned aerial vehicles, so as to
localize and track potential military objects [2–5]. However, anti-submarine helicopters and unmanned
aerial vehicles are vulnerable to threats from surface-to-air missiles during mission execution and
are also susceptible to meteorological constraints. In addition, the relatively long preparation time
required for anti-submarine helicopters and unmanned aerial vehicles makes it difficult to respond to
time-critical anti-submarine warfare missions. Therefore, this paper proposes a missile-based concept
for delivering a deployable sonar device. Compared with conventional anti-submarine helicopter and
unmanned aerial vehicle platforms, this approach offers higher maneuverability and a faster response,
and it exhibits potential mission adaptability under different meteorological conditions. In addition,
it is expected to reduce reliance on real-time human involvement during mission execution, thereby
mitigating efficiency loss due to manual operation.

Several key issues must be addressed when designing a guidance law for the considered missile
delivering a deployable sonar device. First, the deployable sonar device should be arranged in an
appropriate array configuration to enable accurate localization of underwater targets [6, 7]. Therefore,
the missile must reach the prescribed deployment point with high precision. Second, the high
acceleration loads encountered during flight may impose substantial stress on the onboard actuators.
To mitigate this issue, the guidance law should avoid possible acceleration saturation throughout the
flight. Moreover, excessive impact loads at water entry may damage the deployable sonar device.
Numerous studies have shown that the impact angle and impact velocity at water entry significantly
affect the impact load experienced by the body. Specifically, a smaller entry angle relative to the water
surface and a lower velocity result in a reduced impact load during impact [8–11]. Accordingly, the
proposed guidance law must explicitly enforce both the impact angle constraint and the impact velocity
constraint.

Recent studies on intermittent control and event-triggered control for complex dynamical systems
have enriched the theoretical background of constrained control design [12,13]. Meanwhile, constraint-
aware sliding-mode-based schemes have also been actively developed to address input magnitude
and rate saturations as well as compound uncertainties in practical systems [14, 15]. In addition,
recent studies on data-driven sliding mode control have further demonstrated the strong disturbance-
rejection capability of sliding-mode-based designs for uncertain nonlinear systems, thereby broadening
the theoretical background of robust constrained control [16, 17]. Robustness-oriented guidance
research has also explored joint guidance-and-control design under model uncertainty and real-time
fault-tolerant guidance under degraded conditions, which provides useful background for robustness
enhancement, although its problem setting differs from the terminal velocity/impact-angle constrained
delivery scenario considered here [18, 19]. Against this broader background, sliding mode control
has been extensively used in the design of guidance laws with terminal angle constraints due to its
strong robustness [20–22]. Wang et al. [23] developed a time-varying sliding surface that effectively
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reduced the impact angle error and miss distance without violating the field-of-view constraint. Gao et
al. [24] combined proportional–integral–derivative control with sliding mode control and performed
parameter tuning using intelligent optimization algorithms, thereby improving the accuracy and
disturbance rejection capability of the guidance and control system. Zheng et al. [25] proposed a
periodic time-delay sliding surface to guarantee the prescribed-time convergence of both the LOS
tracking error and the LOS angular rate. Wang et al. [26] presented a sliding mode guidance law
achieving finite-time convergence, where terminal angle constraints, second-order autopilot dynamics,
and input saturation constraints were explicitly incorporated. Although these studies are limited
to two-dimensional planar engagements, they provide important insights for the design of three-
dimensional guidance laws with terminal angle constraints. Dong et al. [27] considered the impact
angle constraint, derived the relationship between the impact angles and the terminal LOS angles in
three-dimensional space, and proposed a nonsingular terminal sliding mode cooperative guidance law
under impact angle constraints. Hu et al. [28] integrated reinforcement learning with nonsingular
terminal sliding mode theory to further reduce the miss distance and impact angle error. In addition,
some studies have designed guidance laws by combining terminal angle constraints with various
operational requirements. Yang et al. [29] proposed a nonsingular three-dimensional impact angle
guidance strategy under physical constraints based on nonlinear coupled engagement kinematics. This
method does not require decoupling the system into two subsystems, while simultaneously satisfying
the impact angle constraints and the field-of-view limit. Hou et al. [30] developed a nonlinear three-
dimensional all-aspect guidance law, which can still enable the missile to intercept the target with the
desired impact angles even in the presence of large initial pointing errors. Gao et al. [31] designed a
novel nonlinear proportional–integral–derivative sliding surface, based on which the resulting guidance
law can engage maneuvering targets with the prescribed attack time and attack angles. In existing
studies on guidance law design, most efforts focus on angle constraints and remaining flight-time
constraints [32–34], whereas relatively few works explicitly address guidance laws with impact
velocity constraints.

In practical operations, imposing an impact velocity constraint can enable a missile to fulfill
its tactical requirements more effectively, and related studies have given this increasing attention
in recent years. Li et al. [35] proposed a three-dimensional cooperative guidance algorithm with
fixed-time convergence, which regulates the impact velocity of multiple missiles while ensuring that
they attack the target with the desired angles, and exhibits strong disturbance rejection capability.
The three-dimensional fault-tolerant cooperative guidance law proposed by Gao et al. [36] also
imposes constraints on both the impact velocity and impact angles, thereby further enhancing the
strike capability and stability of missile swarms. In addition, several studies, although not explicitly
aimed at impact velocity constraint enforcement, incorporate acceleration regulation along the LOS
direction [37–40]. Among the existing studies involving impact velocity constraints, most are intended
to increase the terminal impact velocity to enhance lethality, and few have addressed guidance law
design for reducing the missile–target relative velocity. More importantly, when simultaneously
enforcing impact velocity and impact angle constraints, these methods may lead to acceleration
saturation, which does not meet the design requirements of the guidance law for a missile delivering a
deployable sonar device.

Therefore, this paper proposes a three-dimensional adaptive guidance law subject to both impact
velocity and impact angle constraints for a missile delivering a deployable sonar device. In designing
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the sliding mode guidance law, the sliding surface adopted in [41–43] is utilized, and an adaptive gain
is further introduced into the double-power reaching law [27] to enhance the stability of the guidance
process. For the guidance law along the LOS direction, a two-phase control framework is adopted: The
first phase avoids deceleration, whereas the second phase enforces the constraint on the missile–target
relative velocity. During phase switching, the smoothly varying function designed in this paper is
introduced to achieve a bumpless transfer, thereby avoiding abrupt changes in the guidance command.
The resulting guidance law enables the missile to rapidly and accurately reach the target with the
desired impact velocity and impact angle in a stable manner, while reducing the burden on the onboard
actuators.

The main contributions of this paper are summarized as follows.

1. This paper, for the first time, proposes a missile-based concept for delivering a deployable
sonar device, which demonstrates certain advantages in maneuverability and flexible deployment
and has potential application value in adapting to different meteorological conditions, reducing
reliance on real-time human intervention, and improving mission responsiveness.

2. A two-phase guidance strategy is developed for the guidance law along the LOS direction.
This strategy avoids any range unreachability caused by deceleration-based guidance laws and
significantly shortens the missile flight time, thereby ensuring mission efficiency for sonar
detection. Meanwhile, a smoothly varying function is designed to achieve a bumpless transfer
when switching the LOS guidance law, thus avoiding abrupt jumps in the acceleration command.

3. An adaptive term is incorporated into the double-power reaching law to regulate the control
demand in the initial phase with large errors. The novelty lies not merely in using a double-
power reaching law itself, but in constructing a smooth adaptive gain related to time, error
magnitude, and relative distance, to alleviate the early-stage control peak under the considered
mission requirements.

4. The proposed guidance law achieves fixed-time convergence, i.e., the settling time is determined
solely by the system’s parameters and is independent of the initial conditions. This property
ensures that the guidance system can converge stably and rapidly under complex and time-varying
battlefield environments. Verification results show that the proposed guidance law enables the
missile to rapidly and accurately reach the target with the desired impact velocity and impact
angle in a stable manner, while reducing the burden on the onboard actuators.

The remainder of this paper is organized as follows. Section 2 formulates the problem and presents the
engagement kinematics and guidance law model. Section 3 details the proposed guidance law design.
Section 4 provides four groups of simulation results. Section 5 concludes the paper and outlines future
research directions.

2. Problem formulation, engagement kinematics, and guidance law model

2.1. Problem formulation

Anti-submarine warfare may involve various time-critical contingencies, and the missile delivering
a deployable sonar device is required to accomplish accurate deployment within the shortest possible
time to enable the localization and tracking of underwater targets. In addition, large acceleration loads
may arise throughout the flight, imposing considerable stress on the onboard actuators. To address
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this issue, acceleration saturation in the guidance subsystems should be avoided. Meanwhile, the
impact velocity and impact angle at water entry must be constrained to reduce the impact load, thereby
alleviating the burden on the onboard actuators.

Accordingly, the guidance law developed in this paper is required to enable the missile to rapidly
and accurately reach the target with the desired impact velocity and impact angle in a stable manner,
while avoiding possible acceleration saturation during the flight.

2.2. Relevant lemmas

Lemma 1. [44, 45] Consider the following nonlinear system:

ẋ = f (x, t) , f (0, t) = 0 (2.1)

where f : D → Rn is a locally Lipschitz mapping, and suppose that V (x) is a smooth positive-definite
function on U ⊂ Rn. If ∀β1 > 0, β2 ∈ (0, 1) satisfy

V̇ (x) + β1Vβ2 (x) ≤ 0, (2.2)

then the settling time T (x) satisfies

T (x) ≤
V1−β2 (x)
β1 (1 − β2)

. (2.3)

2.3. Engagement kinematics

The geometric schematic of launching the missile delivering a deployable sonar device is shown in
Figure 1. M denotes the centroid of the missile’s body; T denotes the target point; OXLYLZL denotes the
LOS reference coordinate system; OXIYIZI denotes the inertial reference frame; OXMYMZM denotes the
trajectory coordinate system of the missile delivering a deployable sonar device, r denotes the relative
distance between the missile and the target, VM denotes the missile velocity vector; θL, φL denote the
LOS elevation angle and the LOS azimuth angle, respectively; and ϑM, ψM denote the missile pitch
angle and yaw angle, respectively.

The kinematic equations of the missile delivering a deployable sonar device are given in Eq (2.4)



ẊM = VM cosϑM cosψM

ẎM = VM sinϑM

ŻM = −VM cosϑM sinψM

ϑ̇M =
aMy

VM

ψ̇M = −
aMz

VM cosϑM

V̇M = aMx

. (2.4)
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Figure 1. Relative motion geometry between the missile delivering a deployable sonar device
and the target.

In Eq (2.4), (XM,Y M,ZM) denotes the missile’s position in the LOS inertial reference frame;
aMx, aMy, aMz denote the missile’s accelerations in the mutually orthogonal planes, respectively. The
corresponding relative kinematic equations in the LOS reference frame are given as follows:

r̈ − rθ̇ 2
L − rφ̇ 2

L cos2 θL = −aMr (2.5)

rθ̈L + 2ṙθ̇L + rφ̇ 2
L sin θL cos θL = −aMθ (2.6)

− rφ̈L cos θL − 2ṙφ̇L cos θL + 2rθ̇Lφ̇L sin θL = −aMφ. (2.7)

In the equations above, aMr, aMθ, aMφ denote the acceleration components of the missile in the LOS
reference frame, respectively.

2.4. Guidance law model

To reduce the impact load experienced by the missile delivering a deployable sonar device at
water entry and to prevent damage to the deployable sonar device, the water-entry velocity of the
missile should be reduced. Meanwhile, to ensure that the deployable sonar device can be deployed
successfully, the water-entry angle of the missile must be constrained. Therefore, the guidance law for
the missile delivering a deployable sonar device is designed in three directions, i.e., the LOS direction,
the LOS normal direction, and the LOS lateral direction. Define x1 = r, x2 = ṙ, x3 = θL − θLd, x4 =
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θ̇L, x5 = φL − φLd, and x6 = φ̇L. Here, θLd, φLd denote the desired water-entry angles of the missile.
Combining Eqs (2.5)–(2.7), the state-space representation of the system is given by

ẋ1 = x2,

ẋ2 = x1x2
4 + x1x2

6 cos2 θL − aMr,

ẋ3 = x4,

ẋ4 = −
2x2x4

x1
− x2

6 sin θL cos θL −
aMθ

x1
,

ẋ5 = x6,

ẋ6 = −
2x2x6

x1
+ 2x4x6 tan θL +

aMφ

x1 cos θL
.

(2.8)

In accordance with the design requirements of the missile delivering a deployable sonar device,
x1, x3, x4, x5, x6 are required to converge to 0, while x2 is required to converge to the desired terminal
velocity, so that the missile can reach the target with the prescribed impact velocity and impact angles.
The specific control objective is given in Eq (2.9)

lim
t→T f

x1 = 0, lim
t→T f

x2 = Vd,

lim
t→T f

x3 = 0, lim
t→T f

x4 = 0,

lim
t→T f

x5 = 0, lim
t→T f

x6 = 0,

(2.9)

where Vd denotes the desired water-entry velocity of the missile, and T f denotes the actual flight time
of the missile.

3. Sliding mode guidance law design for the missile delivering a deployable sonar device

This chapter designs the guidance law for the missile delivering a deployable sonar device in
two parts. A deceleration guidance law is developed along the LOS direction, while impact angle
constrained guidance laws are designed in the LOS normal and LOS lateral directions.

3.1. Design of the LOS direction deceleration sliding mode guidance law

To achieve deceleration guidance of the missile along the LOS direction, the sliding surface is
designed as follows:

s1 = x2 − Vd. (3.1)

Taking the time derivative of both sides of Eq (3.1) yields

ṡ1 = r̈. (3.2)

In this paper, the double-power reaching law [27] is adopted as the baseline, as given in Eq (3.3)

ṡ = −l1|s|p1 sgn(s) − l2|s|p2 sgn(s). (3.3)
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In Eq (3.3), l1, l2, p1, p2 are all positive parameters. At the initial stage of guidance, the large
initial error leads to a large magnitude of the sliding variable s1 in Eq (3.1). Consequently, the
term −l1|s|p1 sgn(s) in the reaching law also increases, thereby enabling rapid error reduction and
convergence to the sliding surface. As a result, a large acceleration command may be generated in
the early guidance stage, which can cause acceleration saturation and abrupt jumps in the acceleration
command. To further reduce the load on the onboard actuators and enhance the stability of the
guidance process, an adaptive term is introduced into the double-power reaching law. This adaptive
term alleviates any early-stage acceleration saturation induced by large initial errors, reduces the load
on the onboard actuators, and improves the stability of the guidance process.

To construct the adaptive term, s̄k and r̄k are first introduced as the historical averages of the sliding
variable and the missile–target relative distance, respectively

s̄k = s̄k−1 + α (|sk| − s̄k−1) (3.4)

r̄k = r̄k−1 + α (|rk| − r̄k−1) , (3.5)

where k denotes the discrete time index and α = 0.05. This formulation converts instantaneous
quantities into variables with a relative-scale interpretation, thereby establishing an adaptive reference
scale for the system operating condition.

To characterize the variation trend of the current state relative to the “normal operating level”, ds

and dr are introduced as the deviation measures of the sliding variable and the missile–target relative
distance, respectively

ds =
|sk| − s̄k

s̄k + εs
(3.6)

dr =
|rk| − r̄k

r̄k + εr
. (3.7)

In the above equations, when ds > 0, the error is amplified and the system may deviate from
the sliding surface; when ds < 0, the error decreases and the system tends to be stable. The same
interpretation applies to dr. This normalized form ensures consistent algorithmic behavior for systems
with different physical dimensions and magnitudes, thereby improving generality and robustness.

To enable adaptive weight adjustment, wad
s and wad

r are introduced in Eqs (3.8) and (3.9),
respectively. A tanh function is used to smoothly map the deviation measures so that the weights vary
continuously with the deviation level, without abrupt changes. Specifically, the adjustment strength
is automatically increased when the deviation is large, whereas the excitation level is automatically
reduced when the system operates steadily, thereby avoiding excessive control

wad
s = ws (1 + 0.5 tanh(ds)) (3.8)

wad
r = wr (1 + 0.3 tanh(dr)) . (3.9)

In the equations above, ws = 2 and wr = 0.1. This design avoids the chattering issue typically
induced by conventional switching-type or piecewise adaptive laws, and renders the gain variation
continuous and differentiable.
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To prevent excessive acceleration spikes in the early guidance stage, three excitation terms, et, es,
and er, are constructed for the adaptive gain based on time progression, sliding-mode driving, and
distance suppression, respectively

et = wt (t − tref) (3.10)

where wt = 1 and tref = 10. The time excitation term is introduced to provide a global convergence-
driving effect. At the initial stage of control, the gain remains small to avoid excessive initial transients;
as time evolves, the control effort is gradually strengthened. Therefore, this excitation term ensures that
the gain can still increase progressively even when the error signal is small but convergence has not
been achieved over an extended period.

es = wad
s

|sk|

|sk| + s̄k + εs
, 0 ≤ es < wad

s (3.11)

where εs = 10−6. The sliding-mode driving term is introduced to reflect the direct demand of the
current error for the control gain. When |sk| � s̄k, es ≈ 0, thereby avoiding excessive control under
small errors; when |sk| � s̄k, es → wad

s , thus rapidly strengthening the control action. Moreover,
the fractional structure guarantees that this term is bounded and monotonic, preventing the gain from
increasing without a bound.

er = wad
r

r̄k

|rk| + r̄k + εr
, 0 < er ≤ wad

r (3.12)

where εr = 10−6. The distance suppression term serves as an adaptive suppression and regularization
mechanism. When rk is small, the suppression effect is strong, preventing overly aggressive control;
when rk is large, the suppression effect is automatically weakened, thereby releasing control freedom.
This mechanism implies that gain regulation is driven not only by the error but is also constrained by
the overall system scale or distance, which improves stability and safety.

By jointly considering the three excitation terms, the total excitation e is given by

e = et + es − er. (3.13)

The total excitation is mapped to (0,1) through a hyperbolic tangent function to obtain the adaptive
gain g (t, s, r)

g (t, s, r) =
1
2

(1 + tanh(e)) . (3.14)

Therefore, by combining the adaptive gain in Eq (3.14) with the reaching law in Eq (3.3), a novel
adaptive double-power reaching law is constructed, as given in Eq (3.15)

ṡ1 =
[
−l1|s1|

p1 sgn(s1) − l2|s1|
p2 sgn(s1)

]
g(t, s1, x1) (3.15)

p1 =
n1 + 1

2
+

n1 − 1
2

sgn (|s1| − 1) (3.16)

p2 =
n2 + 1

2
+

1 − n2

2
sgn (|s1| − 1) , (3.17)

where l1 > 0, l2 > 0, n1 > 1, 1
2 < n2 < 1.
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From Eqs (2.5) and (3.2), one obtains

aMr = −ṡ1 + r x2
4 + r x2

6 cos2 (θL) . (3.18)

To avoid the range unreachability caused by a deceleration-based guidance law and to prevent an
excessively long flight time, aMr is not subjected to deceleration control during the initial guidance
stage so that the missile delivering a deployable sonar device can approach the target at high speed.
After a certain time instant tk, in order to achieve deceleration, aMr is then regulated. Therefore, a
two-phase deceleration guidance design is adopted along the LOS direction. However, the two-phase
deceleration scheme may require a relatively large acceleration command in the latter phase, which can
induce an acceleration jump at tk and impose considerable stress on the onboard actuators. Accordingly,
a smoothly varying function fs(t) is further designed to switch the LOS guidance law in a bumpless
manner. Specifically, the LOS deceleration sliding mode guidance law is given by

aMr =

0, t < tk,

fs(t)
{
−ṡ1 + rx2

4 + rx2
6 cos2(θL)

}
, t ≥ tk,

(3.19)

where
fs(t) = 1 − e−ks(t−tk), ks > 0, tk > 0. (3.20)

Theorem 1. For the LOS subsystem Eq (2.5), by selecting Eq (3.1) as the sliding surface and Eq (3.15)
as the reaching law, the sliding variable of this subsystem converges to 0 within a fixed time, and x2

achieves fixed-time convergence as well.

Proof. From Eq (3.10), since t ≥ 0, it follows that et ≥ −wttre f . From Eq (3.11), because both the
numerator and the denominator in the expression of es are non-negative, one has es ≥ 0. In addition,
from Eq (3.9) together with tanh (dr) ∈ (−1, 1), it follows that 0 < wa

r d < 1.3wr. Then, from Eq (3.12),
one obtains 0 < er < wa

r d < 1.3wr. Therefore, we have

e = et + es − er ≥ −wttre f − 1.3wr = emin.

Thus, from Eq (3.14), it follows that

g (t, s1, x1) = 1/2 (1 + tanh (e)) ≥ 1/2 (1 + tanh (emin)) = gmin > 0.

Therefore, gmin is a uniform positive constant lower bound that is independent of the time and states.
The derived lower bound is conservative, and it is introduced only for the theoretical proof of fixed-time
convergence; in simulations, the observed practical convergence is much faster.

Choose the Lyapunov function as follows

V =
1
2

s2
1. (3.21)

Then
V̇ = s1 ṡ1 = −g(t, s1,R)

(
l1|s1|

p1+1 + l2|s1|
p2+1

)
≤ 0.

Moreover, when s1 , 0 and g (t, s1,R) ≥ gmin > 0, one has V̇ < 0. Hence, s1 (t) exhibits a monotonic
“energy decrease” and can only stop at s1 = 0, implying s1 → 0. Therefore, |s1| is differentiable for
s1 , 0.
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When |s1| > 1, sgn (|s1| − 1) = 1, and thus p1 = n1 > 1 and p2 = 1. In this case, by combining with
Eq (3.15), the time derivative of the absolute value of s1 satisfies

˙|s1| = sgn(s1)ṡ1 = −g(t, s1, x1) (l1|s1|
n1 + l2|s1|) ≤ −gmin (l1|s1|

n1 + l2|s1|) ≤ −gminl1|s1|
n1 .

Let z (t) = |s1 (t)|. Then ż ≤ −gminl1zn1 < 0. Since z (t) is monotonically decreasing, dz < 0, and the
variables can be separated to yield

dt =
dz
ż
≤

dz
−gminl1zn1

.

Integrating both sides yields an upper bound on the time required for z (0) to reach z (t) = |s1 (t)| = 1:

T11 =

∫ T11

0
dt ≤

∫ 1

z(0)
−

dz
gminl1zn1

=
1 − z (0)1−n1

gminl1 (n1 − 1)
.

Since |s1| > 1, one has z (0) = |s1 (0)| > 1. Moreover, because 1−n1 < 0, it follows that z (0)1−n1 < 1,
and hence

T11 ≤
1

gminl1 (n1 − 1)
.

When |s1| ≤ 1, sgn (|s1| − 1) = −1, and thus p1 = 1 and p2 = n2 ∈ (0, 1). In this case, in combination
with Eq (3.15), the time derivative of the absolute value of s1 satisfies

˙|s1| = sgn(s1)ṡ1 = −g(t, s1, x1) (l1|s1| + l2|s1|
n2) ≤ −gmin (l1|s1| + l2|s1|

n2) ≤ −gminl2|s1|
n2 .

Similarly, integrating ˙|s1| ≤ −gminl2 |s1|
n2 yields an upper bound on the time required for |s1 (t)| to

decrease from 1 to 0

T12 ≤
1

gminl2 (1 − n2)
.

Therefore, the convergence time of the sliding variable for this subsystem admits an upper bound
T1 (fixed time) that is independent of the initial conditions:

T11 + T12 ≤
1

gminl1 (n1 − 1)
+

1
gminl2 (1 − n2)

= T1. (3.22)

In combination with Eq (3.1), it follows that

lim
t→T1

x2(t) = lim
t→T1

(
vd + s1

)
= vd. (3.23)

Therefore, x2 achieves state convergence within T1. This completes the proof of Theorem 1. �

3.2. Design of the LOS normal and lateral impact angle constrained sliding mode guidance law

To realize impact angle-constrained guidance in the LOS normal direction, the sliding surface [41–
43] is selected as follows:

s2 = x3 + k1|x3|
q1 sgn(x3) + k2|x4|

q2 sgn(x4), (3.24)
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where k1 > 0, k2 > 0, q1 > 1, q2 > 1, q1 > q2. The corresponding reaching law also incorporates the
adaptive gain designed in this paper, as follows:

ṡ2 =
[
−l1|s2|

p3 sgn(s2) − l2|s2|
p4 sgn(s2)

]
g(t, s2, x1), (3.25)

where

p3 =
n1 + 1

2
+

n1 − 1
2

sgn (|s2| − 1) (3.26)

p4 =
n2 + 1

2
+

1 − n2

2
sgn (|s2| − 1) . (3.27)

Taking the time derivative of both sides of Eq (3.24) yields

ṡ2 = ẋ3 + k1q1 |x3|
q1−1 ẋ3 + k2q2 |x4|

q2−1 ẋ4.

From Eq (2.8), one has

ẋ3 = x4, ẋ4 = −
2x2x4

x1
− x2

6sinθLcosθL −
aMθ

x1
.

Substituting into the expression above yields

ṡ2 = x4 + k1q1 |x3|
q1−1 x4 + k2q2 |x4|

q2−1
(
−

2x2x4

x1
− x2

6 sin θL cos θL −
aMθ

x1

)
.

Rearranging yields

aMθ =
−x1 ṡ2 + x1x4 + k1q1x1|x3|

q1−1 · x4

k2q2|x4|
q2−1 − 2x2x4 − x1x2

6 sin θL cos θL. (3.28)

Eq (3.28) is an explicit closed-form expression obtained by algebraic manipulation under the
condition x4 , 0. When x4 → 0, the denominator term |x4|

q2−1 will approach zero, which makes this
explicit inversion ill-posed in the vicinity of the singular point. It should be emphasized that the present
work focuses on the theoretical design of the command-level three-dimensional guidance law and its
convergence analysis. Practical implementation issues near x4 = 0 can be handled using standard
techniques such as regularization or piecewise implementation; this part will be further investigated in
future work.

Theorem 2. For the LOS normal subsystem Eq (2.6), by selecting Eq (3.24) as the sliding surface and
Eq (3.25) as the reaching law, the sliding variable of this subsystem converges to 0 within a fixed time,
and x3,x4 converge to 0 within a fixed time as well.

Proof. Since the reaching law of this subsystem has exactly the same structure as that in Theorem 1,
it similarly follows that the convergence time of the sliding variable admits an upper bound T2 (fixed
time) that is independent of the initial conditions.

T2 =
1

gminl1 (n1 − 1)
+

1
gminl2 (1 − n2)

. (3.29)
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After the sliding surface is reached, s2 = 0, yielding

k2|x4|
q2 sgn(x4) = −

(
x3 + k1|x3|

q1 sgn(x3)
)
. (3.30)

By using the inverse of the mapping y = |x|q2 sgn(x), i.e., x = |y|q2 sgn(y), and combining it with
Eq (3.30) and the system equation ẋ3 = x4, it follows that

ẋ3 = −k1/q2
2

∣∣∣x3 + k1|x3|
q1 sgn(x3)

∣∣∣1/q2 sgn
(
x3 + k1|x3|

q1 sgn(x3)
)
. (3.31)

Note that x3 + k1 |x3|
q1 sgn (x3) = x3(1 + k1 |x3|

q1). Since k1 > 0, it follows that 1 + k1 |x3|
q1 > 0, and

thus sgn (x3 + k1 |x3|
q1 sgn (x3)) = sgn (x3). Therefore, from Eq (3.31), one obtains

ẋ3 = −k−1/q2
2 |x3 + k1| x3|

q1 sgn(x3)|
1/q2 sgn (x3) . (3.32)

Choose the Lyapunov function as follows:

W =
1
2

x2
3. (3.33)

From Eqs (3.32) and (3.33), it follows that

Ẇ = x3 ẋ3 ≤ −k−1/q2
2 |x3|

∣∣∣x3 + k1|x3|
q1 sgn(x3)

∣∣∣1/q2
≤ 0. (3.34)

Therefore, W is monotonically decreasing. Let ε = 1
2k−2/(q1−1)

1 > 0. When W > ε, k1 |x3|
q1 > |x3|;

when W ≤ ε, k1 |x3|
q1 ≤ |x3|.

When W > ε, |x3 + k1| x3|
q1 sgn(x3)|1/q2 ≥ k1 |x3|

q1 . In combination with Eq (3.34), Ẇ satisfies

Ẇ ≤ −k1k−1/q2
2 |x3|

1+q1/q2 = −c2Wδ (3.35)

c2 = k1k−1/q2
2 > 0

δ =
1 + q1/q2

2
> 1.

From Eq (3.35), one obtains
W−δẆ ≤ −c2.

Taking the time derivative of W1−δ yields

d
dt

(
W1−δ

)
= (1 − δ)W−δẆ ≥ (1 − δ)(−c2) = (δ − 1)c2 > 0. (3.36)

Integrating both sides of Eq (3.36) yields

W (t)1−δ
≥ W (0)1−δ + (δ − 1) c2t.

Let W (tε) = ε, yielding

tε ≤
ε1−δ −W (0)1−δ

(δ − 1) c2
.
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Since 1 − δ < 0, when W (0)→ ∞, one has W (0)1−δ
→ 0. Hence, tε admits an upper bound

tε ≤
ε1−δ

(δ − 1) c2
= T31. (3.37)

When W ≤ ε, |x3 + k1| x3|
q1 sgn(x3)|1/q2 ≥ |x3|. In combination with Eq (3.34), Ẇ satisfies

Ẇ ≤ −k−1/q2
2 |x3|

1+1/q2 = −c1Wγ

where
c1 = k−1/q2

2 > 0

γ =
1 + 1/q2

2
∈ (0.5, 1) .

According to Lemma 1, x3 converges to 0 within T32

T32 =
ε1−γ

c1 (1 − γ)
. (3.38)

Therefore, for any initial value W (0) ≥ 0, the total convergence time T3 satisfies

T3 = T31 + T32 =
ε1−δ

(δ − 1) c2
+

ε1−γ

c1 (1 − γ)
. (3.39)

The right-hand side of Eq (3.39) does not contain W (0). Therefore, there is a constant T3

independent of the initial conditions such that W (t) = 0 for t ≥ T3, i.e., x3(t) = 0.
Furthermore, taking the absolute value on both sides of Eq (3.30) yields

k2 |x4|
q2 = |x3| (1 + k1 |x3|

q1−1),

i.e.,
|x4| = k−1/q2

2 |x3|
1/q2

(
1 + k1 |x3|

q1−1
)1/q2

.

It follows that, as x3 → 0, one must have x4 → 0. Therefore, (x3, x4) converges to (0,0) within a
fixed time. This completes the proof of Theorem 2. �

To realize impact angle-constrained guidance in the LOS lateral direction, the sliding surface is
selected as follows:

s3 = x5 + k1|x5|
q1 sgn(x5) + k2|x6|

q2 sgn(x6). (3.40)

The corresponding reaching law is given as follows:

ṡ3 =
[
−l1|s3|

p5 sgn(s3) − l2|s3|
p6 sgn(s3)

]
g(t, s3, x1), (3.41)

where
p5 =

n1 + 1
2

+
n1 − 1

2
sgn (|s3| − 1) (3.42)

p6 =
n2 + 1

2
+

1 − n2

2
sgn (|s3| − 1) . (3.43)

Taking the time derivative of both sides of Eq (3.40) and, in combination with Eq (2.8), yields the
LOS lateral guidance law

aMφ =
x1 cos θL

(
ṡ3 − x6 − k1q1|x5|

q1−1 · x6

)
k2q2|x6|

q2−1 + 2x2x6 cos θL − 2x1x4x6 sin θL. (3.44)
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Theorem 3. For the LOS lateral subsystem Eq (2.7), by selecting Eq (3.40) as the sliding surface and
Eq (3.41) as the reaching law, the sliding variable of this subsystem converges to 0 within a fixed time,
and x5,x6 converge to 0 within a fixed time as well.

From Eqs (2.7) and (2.8), it follows that

ẋ5 = x6, ẋ6 = −
2x2x6

x1
+ 2x4x6 tan θL +

aMφ

x1 cos θL
.

Note that this subsystem contains cos θL and tan θL terms; therefore, its regularity needs to be further
clarified. Since the water-entry angle constraint considered in this paper and the initial engagement
geometry correspond to a bounded LOS elevation angle range, and the desired LOS elevation angle
does not correspond to a vertical limit case, θL always evolves within a regular feasible interval away
from singularities.

Assume that there is a constant εθ > 0 during the guidance process such that

|θL (t)| ≤
π

2
− εθ.

One then has

cos θL (t) ≥ cos
(
π

2
− εθ

)
> 0, | tan θL(t)| ≤ tan

(
π

2
− εθ

)
< ∞.

Therefore, the lateral subsystem is well-defined over the entire guidance interval. Furthermore,
by substituting Eq (3.44) into the equation above, the two coupling terms −2x2 x6

x1
and 2x4x6tanθL are

exactly compensated, and the closed-loop dynamics with respect to (x5, x6) can be reduced to the same
standard form as (x3, x4) in Theorem 2. Therefore, following an analysis procedure similar to that of
Theorem 2, one can conclude that the sliding variable s3 converges to 0 within a fixed time, and the
states x5, x6 converge to 0 within a fixed time as well.

4. Simulation tests

To rapidly and safely deliver the deployable sonar device to the target sea area, the proposed
adaptive two-phase guidance law for the missile delivering a deployable sonar device divides the
overall guidance process into two phases. In the first phase, the missile rapidly approaches the target,
whereas in the second phase, the missile–target relative velocity is constrained along the LOS direction.
As a result, the missile can reach the target stably within a shorter time, with a smaller water-entry angle
and a lower impact velocity. To demonstrate the superiority of the proposed approach, this chapter
conducts simulation tests for full-phase deceleration guidance, two-phase deceleration guidance, and
adaptive two-phase deceleration guidance, as well as comparisons with other guidance laws.

In the subsequent simulations, the initial position of the missile delivering a deployable sonar device
is set to (0,0,0) m, and the position of the stationary target is set to (11350,0,4199.2) m. The initial
state of the missile is set as VM = 800 m/s, ϑM = 15◦, and ψM = 0◦. The desired impact velocity is set
as Vd = 300 m/s. The acceleration upper limit is set to 30×g. The parameter settings of the proposed
guidance law are listed in Table 1.
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Table 1. Guidance law parameter settings.

Parameter Value Parameter Value Parameter Value
l1 0.5 ks 0.1 q1 5/3
l2 0.5 tk 10 q2 11/9
n1 9/7 k1 2.1
n2 7/9 k2 6.1

4.1. Full-phase guidance for the missile delivering a deployable sonar device

This section considers a baseline simulation in which the adaptive gain g (t, s, r) designed in this
paper is not used and the two-phase deceleration scheme is not applied, serving as a reference for
the subsequent simulation cases. For the three subsystems along the LOS direction, the LOS normal
direction, and the LOS lateral direction, the sliding surfaces are given by Eq (3.1), Eq (3.24), and
Eq (3.40), respectively, and the reaching laws in all three subsystems adopt the double-power reaching
law in Eq (3.3). The corresponding guidance laws are given by Eq (3.18), Eq (3.28), and Eq (3.44),
respectively. Figure 2 presents the simulation results of this guidance law under different desired water-
entry angles. The four curves correspond to θLd = −25◦, −20◦, −15◦, and −10◦, respectively, while the
corresponding values of φLd are all −30◦.

As shown in Figure 2(a),(b), under four different desired impact angle constraints, the missile
delivering a deployable sonar device can reach the target in all cases, and the flight time is nearly
identical. As shown in Figure 2(c), to achieve the desired impact angles, the missile needs to climb
to a certain altitude first. Consequently, VM increases slightly during the initial stage of guidance,
and then decreases rapidly, converging and remaining stable at around 10 s. The missile–target
relative velocity converges and remains stable in an even shorter time. However, converging too early
to the desired missile–target relative velocity (i.e., decelerating too early) increases the total flight
time, thereby delaying the execution of the sonar detection mission. From Figure 2(d)–(g), the LOS
elevation angle and LOS azimuth angle of each case converge to their respective desired values at
around 10 s and remain stable, while the LOS angular rates converge to 0. Figures 2(h)–(j) show the
acceleration histories along the LOS direction, the LOS normal direction, and the LOS lateral direction.
Acceleration saturation occurs at the very beginning in all three directions; after a few seconds, the
accelerations in all three directions vary sharply and change sign, and then converge to 0. Although
no abrupt jumps in the acceleration command are observed, the early-stage acceleration saturation and
sharp variations still impose considerable stress on the onboard actuators. Table 2 summarizes the
simulation results of full-phase deceleration guidance. Under different desired impact angles, the miss
distance is within 1 m in all cases, and the missile–target relative velocity error, the LOS elevation
angle error, and the LOS azimuth angle error are all nearly zero, while the flight time is approximately
39.26 s in all cases.

Overall, although the guidance law in this section can accurately reach the target while satisfying
both the impact velocity and impact angle constraints, it is necessary to further optimize the guidance
law to avoid an excessively long flight time and to alleviate the load on the onboard actuators.
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Figure 2. Full-phase guidance for the missile delivering a deployable sonar device.
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Figure 2. Full-phase guidance for the missile delivering a deployable sonar device.

Table 2. Simulation results of full-phase guidance.

Parameter Value Parameter Value Parameter Value
θLd(◦) Miss distance (m) ṙ error (m/s) θL error (◦) φL error (◦) Flight time (s)
-25 0.80534 1E-15 3.0615E-11 -1.6228E-11 39.26
-20 0.74345 -5.6843E-14 4.1525E-11 1.5268E-13 39.26
-15 0.98888 -5.6843E-14 2.773E-11 -3.5682E-11 39.259
-10 0.9246 1E-15 -2.7132E-11 -5.8043E-11 39.259

4.2. Two-phase guidance for the missile delivering a deployable sonar device

To highlight the advantage of two-phase deceleration, the simulation in this section also does
not consider the adaptive gain g (t, s, r) designed in this paper. However, the guidance law along
the LOS direction is implemented in two phases: Before 10 s, aMr is set to 0; starting from 10 s,
the missile–target relative velocity is constrained, and aMr is further modified by using the smoothly
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varying function designed in this paper. For the three subsystems along the LOS direction, the LOS
normal direction, and the LOS lateral direction, the sliding surfaces are given by Eq (3.1), Eq (3.24),
and Eq (3.40), respectively, and the reaching laws in all three subsystems adopt the double-power
reaching law in Eq (3.3). The corresponding guidance laws are given by Eq (3.19), Eq (3.28), and
Eq (3.44), respectively. Figure 3 presents the simulation results under different desired water-entry
angles. The four curves correspond to θLd = −25◦, −20◦, −15◦, and −10◦, respectively, while the
corresponding φLd are all −30◦.

As shown in Figure 3(a)–(g), the guidance law in this section can also drive the impact velocity
and impact angles of each missile to converge to the desired values and remain stable, and the target
is accurately hit in all cases. Compared with the simulation results in Section 4.1, however, both the
convergence time of the missile–target relative velocity and the total flight time change. As shown
in Figure 3(c), VM and the missile–target relative velocity exhibit a staircase-like profile: They first
converge and stabilize at a constant value at around 5 s, and then gradually converge to the desired
velocity from 10 s onward. This staircase-like behavior allows the missile to maintain a relatively high
missile–target relative velocity during the initial guidance stage, thereby approaching the target rapidly
and reducing the total flight time. As shown in Figure 3(h), after introducing the smoothly varying
function in Eq (3.20), the variations of aMr for all four cases remain smooth when the missile–target
relative velocity constraint is activated at 10 s, and no abrupt jumps in the acceleration command are
observed, which is consistent with engineering requirements. If aMr is not modified by the smoothly
varying function, as given in Eq (4.1), the corresponding simulation results are shown in Figure 4(a). In
this case, aMr exhibits a jump at 10 s and acceleration saturation occurs, imposing considerable stress
on the onboard actuators. Therefore, the smoothly varying function designed for aMr in this paper is
necessary.

aMr =

0, t < tk,

−ṡ1 + rx2
4 + rx2

6 cos2(θL) , t ≥ tk.
(4.1)

As shown in Figure 3(i),(j), acceleration saturation still occurs in the LOS normal and LOS lateral
channels during the initial guidance stage. Table 3 summarizes the simulation results of the guidance
law in this section. Compared with Table 2, the total flight times are 32.918 s, 30.398 s, 28.216 s,
and 26.413 s, respectively, representing reductions of at least 6.342 s and up to 12.828 s. Therefore,
the two-phase deceleration guidance achieves a significant reduction in flight time compared with the
full-phase deceleration guidance, thereby ensuring the mission efficiency of sonar detection. However,
to further enhance the stability of the guidance process, it is necessary to optimize the guidance law by
incorporating the adaptive gain designed in this paper.

Table 3. Simulation results of two-phase guidance (without adaptive term).

Parameter Value Parameter Value Parameter Value
θLd(◦) Miss distance (m) ṙ error (m/s) θL error (◦) φL error (◦) Flight time (s)
-25 0.702 5.6843E-14 1.7071E-11 4.5212E-11 32.918
-20 0.72085 5.6843E-14 3.5479E-11 1.96E-11 30.398
-15 0.93715 1E-15 2.2266E-14 -1.1993E-10 28.216
-10 0.90245 -4.1892E-4 -2.7132E-11 -5.8043E-11 26.413

AIMS Mathematics Volume 11, Issue 5, 12500–12533.



12519

(a) Delivery trajectory

0 5 10 15 20 25 30 35
0

2000

4000

6000

8000

10000

12000

14000

(b) Missile–target distance and remaining flight time

0 5 10 15 20 25 30 35

400

600

800

1000

0 5 10 15 20 25 30 35
-800

-600

-400

-200

(c) Missile velocity and missile–target relative velocity

0 5 10 15 20 25 30 35
-30

-25

-20

-15

-10

-5

0

(d) LOS elevation angle

0 5 10 15 20 25 30 35
-30

-28

-26

-24

-22

-20

(e) LOS azimuth angle

0 5 10 15 20 25 30 35
-0.1

-0.08

-0.06

-0.04

-0.02

0

0.02

(f) LOS elevation angular rate

Figure 3. Two-phase guidance for the missile delivering a deployable sonar device.
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Figure 3. Two-phase guidance for the missile delivering a deployable sonar device.
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Figure 4. Effect of using a smoothly varying function on the LOS acceleration.
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4.3. Adaptive two-phase guidance for the missile delivering a deployable sonar device

To verify the advantage of the adaptive gain designed for the reaching law in this paper, the
simulation in this section adopts the proposed three-dimensional adaptive guidance law for the missile
delivering a deployable sonar device. For the three subsystems along the LOS direction, the LOS
normal direction, and the LOS lateral direction, the sliding surfaces are given by Eq (3.1), Eq (3.24),
and Eq (3.40), respectively; the reaching laws are given by Eq (3.15), Eq (3.25), and Eq (3.41),
respectively; and the corresponding guidance laws are given by Eq (3.19), Eq (3.28), and Eq (3.44),
respectively. Figure 5 presents the simulation results under different desired water-entry angles. The
four curves correspond to θLd = −25◦, −20◦, −15◦, and −10◦, respectively, while the corresponding
values of φLd are all −30◦.

As shown in Figure 5(a)–(g), the guidance law developed in this paper can drive the impact velocity
and impact angles of each missile to converge to the desired values and remain stable, and the target is
accurately hit in all cases. As shown in Figure 5(a),(b), the missile delivering a deployable sonar device
can accurately reach the target under different desired impact angles. The overall trajectory is smooth
and stable: In the early guidance stage, the missile flies toward the target along a shorter path, and in the
later stage, it adjusts the impact angles, thereby reducing the total flight time to within 25 s in all cases.
As shown in Figure 5(c), VM increases slightly at around 10 s to allow the missile to climb to a certain
altitude and adjust the impact angles. After 10 s, VM and the missile–target relative velocity gradually
converge to the desired velocity, and the entire process is smooth without chattering. Maintaining a
relatively high velocity in the early guidance stage facilitates rapid target approach and helps reduce
the total flight time. As shown in Figure 5(d)–(g), the LOS elevation angle and line-of-sight azimuth
angle in each case converge to their respective desired values and remain stable, while the LOS angular
rates converge to 0. As shown in Figure 5(h)–(j), the acceleration histories along the LOS direction, the
LOS normal direction, and the LOS lateral direction are smooth for most of the time. The small jumps
of aMθ and aMφ at 10 s are expected and acceptable. More importantly, compared with Figure 2(i),(j),
and Figure 3(i),(j), no acceleration saturation is observed for aMθ and aMφ in the simulations of this
section, which substantially reduces the load on the onboard actuators and better satisfies engineering
requirements. Table 4 summarizes the simulation results of the proposed guidance law, where the miss
distances are all within 1 m, indicating accurate target interception. Compared with Tables 2 and 3, the
missile–target relative velocity error, the LOS elevation angle error, and the LOS azimuth angle error
in this case are several orders of magnitude larger; nevertheless, they remain at the order of E-02 or
lower, meeting the requirements of the impact velocity constraint and impact angle constraint, and thus
achieving the guidance objective. More importantly, the total flight time is further reduced to 23.732
s, 23.402 s, 23.165 s, and 23.022 s, respectively. Compared with Table 1, the flight time is reduced by
approximately 16 s, i.e., a reduction of about 40%, which significantly improves the mission efficiency
of delivering the deployable sonar device.

Overall, by comparing Figures 2, 3, and 5, the proposed guidance law substantially shortens the
deployment time of the deployable sonar device relative to the guidance laws used in Sections 4.1
and 4.2, thereby noticeably improving mission efficiency. Meanwhile, no acceleration saturation or
chattering is observed along the LOS, LOS normal, and LOS lateral directions, which greatly alleviates
the burden on the onboard actuators.
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Figure 5. Adaptive two-phase guidance for the missile delivering a deployable sonar device.
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Figure 5. Adaptive two-phase guidance for the missile delivering a deployable sonar device.

Table 4. Simulation results of adaptive two-phase guidance.

Parameter Value Parameter Value Parameter Value
θLd(◦) Miss distance (m) ṙ error (m/s) θL error (◦) φL error (◦) Flight time (s)
-25 0.9557 -3.5301E-02 1.7685E-03 5.4063E-05 23.732
-20 0.75391 -5.6521E-02 1.4291E-03 1.0412E-04 23.402
-15 0.94602 7.7025E-02 7.7478E-04 1.3928E-04 23.165
-10 0.84947 -9.2314E-02 1.7177E-04 1.2339E-04 23.022

4.4. Comparison with other guidance laws

To demonstrate the advantages of the proposed three-dimensional adaptive guidance law for the
missile delivering a deployable sonar device after improving the double-power reaching law, this
section compares the proposed guidance law with other guidance laws under identical test conditions.
It should be noted that the primary purpose of our simulations is not to establish a unified benchmark
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against all existing guidance laws, but rather, under the specific mission background of delivering
a deployable sonar device by missile, to validate the concrete roles of the two-phase deceleration
mechanism and the adaptive gain design. Since the existing three-dimensional guidance laws with
terminal angle and/or terminal velocity constraints differ markedly from this work in terms of their
modeling foundations, mission requirements, constraint formulations, and parameter settings, a direct
side-by-side comparison would be difficult to ensure fairness and task relevance. Meanwhile, the
main advantage of the proposed method is not to merely pursue extreme terminal accuracy, but to
further shorten the flight time, reduce early-stage acceleration peaks, and alleviate the early control
burden on the onboard actuators, while the terminal velocity and angle errors already meet the mission
requirements.

References [46, 47] present nonsingular sliding mode guidance laws with angle constraints, as
shown in Figure 6. For L2 and L3, the reaching laws are adopted from these two references,
respectively, with the reaching law parameters kept consistent with the original papers, while the sliding
surfaces are the same as those used in this paper. Meanwhile, for L2 and L3, the expression of aMr

is modified to follow the same two-phase design as in this paper, and the smoothly varying function
in Eq (3.20) is also applied. L1 denotes the proposed three-dimensional adaptive guidance law for
the missile delivering a deployable sonar device, which is identical to that in Section 4.3. L4 is the
same guidance law as that used in Section 4.1, which adopts the double-power reaching law; L4 is
included here to more directly illustrate the advantage of the proposed guidance law under the same
test conditions. In this simulation, θLd for L1–L4 is set to −20◦, and φLd is set to −30◦ for all cases.

It should be noted that the controller design and Lyapunov-based convergence analysis in
Section 3 are established in a continuous-time framework, whereas the simulations in this section are
implemented digitally with a fixed guidance cycle ∆t = 0.001 s. At each update instant, the sampled
state is used to compute the sliding variables, then the adaptive historical averages and gain are updated
according to Eqs (3.4)–(3.14), and finally the corresponding guidance commands are generated from
Eqs (3.19), (3.28), and (3.44). In addition, all compared laws in this section are tested under the
same engagement scenario, initial conditions, target setting, terminal constraints, acceleration limits,
numerical step size, and evaluation metrics. The purpose of this comparison is to examine the influence
of different reaching law or adaptive gain designs under the same mission background.

As shown in Figure 6(a), the trajectories of L2–L4 are similar: They climb early to adjust the LOS
angles during the initial guidance stage. In contrast, the proposed L1 first flies toward the target along a
shorter path in the early guidance stage and adjusts the impact angles when it is close to intercepting the
target, which helps shorten the total flight time. Consequently, the flight path of L1 is clearly shorter
than those of L2–L4. As shown in Figure 6(b), the proposed guidance law achieves accurate target
interception in a shorter time. As shown in Figure 6(c), compared with L2–L4, L1 maintains a higher
missile–target relative velocity during the early guidance stage, which facilitates rapid interception. As
shown in Figure 6(d)–(g), compared with L2–L4, the LOS elevation angle, LOS azimuth angle, and
LOS angular rates under L1 converge more slowly; however, this does not affect the satisfaction of the
desired impact angles at interception. As shown in Figure 6(h), acceleration saturation occurs for L2
and L3 at 10s, whereas the curves of L1 and L4 remain smooth and stable. As shown in Figure 6(i),(j),
L2–L4 exhibit acceleration saturation in the initial guidance stage, and their acceleration profiles vary
with relatively large amplitudes, imposing considerable stress on the onboard actuators. In contrast,
L1 keeps the acceleration magnitude within a reasonable range, without acceleration saturation or
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chattering, and thus better meets the engineering requirements. As summarized in Table 5, the miss
distances of L1–L4 are all within 1 m. Although the missile–target relative velocity error, the LOS
elevation angle error, and the LOS azimuth angle error of L1 are not as small as those of L2–L4, they
remain at the order of E-02 or lower, which is sufficient to achieve the guidance objective. Moreover,
the total flight time of L1 (23.402 s) is significantly shorter than those of L2–L4 (32.277 s, 32.984
s, and 30.398 s). If the initial missile–target distance is increased, the difference in flight time will
become even more pronounced.

Therefore, compared with the guidance laws corresponding to L2–L4, the proposed guidance law
can reach the target accurately with the desired impact velocity and impact angles in a shorter time,
while reducing the load on the onboard actuators and enhancing the stability of the guidance process.
By improving the double-power reaching law via the adaptive gain designed in this paper, the guidance
performance of the missile delivering a deployable sonar device is significantly enhanced.
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Figure 6. Guidance for the missile delivering a deployable sonar device based on different
reaching laws.
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Figure 6. Guidance for the missile delivering a deployable sonar device based on different
reaching laws.
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Table 5. Simulation results of guidance based on different reaching laws.

Parameter Value Parameter Value Parameter Value
θLd(◦) Miss distance (m) ṙ error (m/s) θL error (◦) φL error (◦) Flight time (s)
-25 0.75391 -5.6521E-02 1.4291E-03 1.0412E-04 23.402
-20 0.9079 -6.1959E-11 -3.9563E-11 -5.8895E-11 32.277
-15 0.75817 3.227E-04 -2.6687E-12 -4.0059E-11 32.984
-10 0.72085 5.6843E-14 3.5479E-11 1.96E-11 30.398

4.5. Monte Carlo simulation test

To evaluate the adaptability and robustness of the proposed adaptive two-phase guidance law for the
missile delivering a deployable sonar device, this section conducts Monte Carlo simulation tests using
the sliding surfaces, reaching laws, and control laws in Section 4.3, under the baseline engagement
condition with θLd = −20◦ and φLd = −30◦. During the simulations, random disturbances are
introduced into the engagement scenario, including initial target position deviations of ±1000 m in
the longitudinal and lateral directions, variations of ±20 m/s in the initial missile speed, perturbations
of ±5◦ in the initial missile pitch and yaw angles, and perturbations of ±5◦ in the desired terminal
LOS angles. In addition, to account for sensor measurement errors, zero-mean Gaussian measurement
noise is added to the seeker outputs, where the standard deviations of the range, missile–target relative
velocity, LOS angles, and LOS angular rates are set to 2 m, 1 m/s, 0.005 rad, and 0.005 rad/s,
respectively. The simulation is terminated when r < 1 m and ṙ > 0 m/s. Under these conditions,
500 Monte Carlo runs are performed, and the results are shown in Figure 7.
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Figure 7. Monte Carlo simulation test results.
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In the test results, the mean miss distance is 0.8522 m, the mean terminal relative velocity error
is −0.4059 m/s, the mean terminal LOS elevation angle error is 0.0087◦, and the mean terminal LOS
azimuth angle error is 0.0213◦. As shown in Figure 7(b),(c), the distributions of the terminal LOS
angle errors are relatively uniform with small fluctuations, and the maximum error is less than 1◦,
indicating that the designed impact angle constraint can be satisfied stably under random disturbances.
As shown in Figure 7(d), although the terminal relative velocity error approaches −8 m/s in a few
samples, the overall distribution remains mainly concentrated near zero, demonstrating that the impact
velocity constraint also exhibits satisfactory enforcement performance. Overall, the Monte Carlo
results indicate that, under the combined effects of initial-state perturbations, terminal LOS angle
perturbations, and measurement noise, the proposed guidance law can drive the missile delivering
a deployable sonar device to accurately reach the target with the desired impact angles and impact
velocity, thereby validating the robustness of the proposed method in the presence of combined multi-
source disturbances.

5. Conclusions

This paper innovatively proposes the concept of a missile delivering a deployable sonar device to
cope with increasingly complex sea conditions. The missile can rapidly deliver the deployable sonar
device to the target sea area, thereby enabling timely monitoring of the target’s activities. For the
missile delivering a deployable sonar device, a three-dimensional adaptive guidance law with fixed-
time convergence is developed. To reduce the impact kinetic energy at water entry and to deploy
the sensing device with a prescribed attitude, constraints on the water-entry velocity and water-entry
angle are imposed. To avoid range unreachability induced by deceleration-based guidance laws and
to prevent excessive flight time, a two-phase guidance strategy with smooth switching is designed
along the LOS direction. To further enhance the stability of the guidance process, an adaptive term
is incorporated into the double-power reaching law to alleviate early-stage acceleration saturation.
To verify the superior performance of the proposed adaptive two-phase guidance law for the missile
delivering a deployable sonar device, five groups of simulation tests are conducted.

By comparing the first three simulation cases, it is verified that two-phase guidance reduces the
total flight time relative to full-phase guidance; it is also verified that the smoothly varying function
designed in this paper can avoid abrupt jumps in the acceleration command during phase switching,
thereby ensuring a bumpless transfer; moreover, it is confirmed that, after improving the double-power
reaching law using the adaptive gain designed in this paper, the early-stage acceleration saturation can
be alleviated and the flight time can be further reduced. The fourth simulation case further illustrates the
advantages of the reaching law designed in this paper in a more direct manner. In addition, the Monte
Carlo simulation tests further demonstrate that the proposed guidance law exhibits good adaptability
and stability under random disturbances. Therefore, the proposed guidance law can accomplish the
delivery mission of the deployable sonar device in a more efficient and stable way.

Under increasingly complex sea conditions, compared with anti-submarine helicopter and
unmanned aerial vehicle platforms, the delivery approach investigated in this paper shows certain
advantages in maneuverability and flexible deployment, and it has potential application value in
adapting to different meteorological conditions, reducing reliance on real-time human intervention, and
improving mission responsiveness, providing a feasible perspective for rapid delivery of a deployable
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sonar device to a target sea area.
Future work: Although the proposed adaptive two-phase guidance law can reduce the overload at

water entry, the missile’s structure must be carefully designed to ensure safe and reliable deployment
of the deployable sonar device. Future research can focus on the hardware and structural design
of the missile delivering a deployable sonar device. In addition, the present work mainly focuses
on the structural design and convergence properties of the guidance law, and the current validation
is still based on an idealized relative-kinematics model. Important higher-fidelity engineering
factors, such as autopilot dynamics, seeker dynamics, aerodynamic uncertainties, and realistic
actuator bandwidth/rate/saturation effects, are not explicitly incorporated at this stage. Therefore, the
conclusions of this paper should be interpreted as showing the feasibility of simultaneously enforcing
impact velocity and impact angle constraints, as well as the potential to reduce early-stage control
peaks, at the current kinematic modeling level, rather than as definitive conclusions for a complete
engineering system.
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