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1. Introduction

Special functions and polynomials are fundamental to numerous scientific disciplines. For example,
the authors in [1] examined the applications of special functions in mathematical physics. Numerous
applications of special functions in numerical analysis are documented in [2]. Some applications in
engineering are discussed in [3]. Other studies encompass applications across various areas. For
instance: probability theory [4, 5], combinatorial structures [6], approximation theory [7], umbral
interpolation [8, 9], matrix calculus and related interpolation [10, 11], and fractional calculus [12].
In addition, these polynomials naturally generate a wide variety of useful identities and serve as a
foundation for the construction of new families of polynomials, for example, Bell-based Bernoulli
polynomials [13], a new family of Bernoulli-type polynomials [14], Gould-Hopper-Eulerian-type
polynomials [15], and a new family of Fubini-type polynomials [16].

In recent years, many researchers have also developed generalized versions of well-known
special polynomials such as Hermite, Bernoulli, and Bell polynomials, for example, Cesarano et
al. [17] studied Apostol-type Hermite degenerated polynomials, Ramı́rez and Cesarano [18] applied
the monomiality principle to introduce and study a new class of Apostol Hermite Bernoulli-type
polynomials, Duran et al. [13] defined and examined the Bell-based Bernoulli polynomials with some
applications, Duran and Acikgoz [19] established Bell-based Genocchi polynomials and obtained
some related properties, Kim et al. [20] discussed and established some results on Bell and poly-
Bell numbers and polynomials, Al-Jawfi et al. [21] defined and studied a generalized family of Bell
polynomials with some geometric applications, Ramı́rez et al. [22] introduced and discussed the Bell-
based Apostol-Bernoulli-type polynomials and their characteristics, Mohra et al. [23] presented some
advancements in q-Hermite-Appell polynomials, Quintana et al. [24] introduced a degenerate version
of hypergeometric Bernoulli polynomials, Ramı́rez et al. [25] investigated a new U-Bernoulli, U-Euler,
and U-Genocchi polynomials and their matrices, and Urieles et al. [26] discussed the F-Frobenius-
Euler polynomials and their matrix approach. Recent advancements in approximation theory and
special functions indicate wider analytical and computational relationships for generalized polynomial
systems; refer to the boundary interpolation framework in [27] and the q-statistical approximation
context in [28].

Let R, C, and Z represent sets of real numbers, complex numbers, and integer numbers, respectively.
Additionally, N = {1, 2, 3, ...} and N0 = N ∪ {0}.

Special polynomials in two variables serve as a potent mathematical instrument for analyzing
solutions to partial differential equations in physics. This discovery is a fundamental component
of mathematical physics, where special functions originated primarily as tools to address particular
physical problems. Recall the Hermite–Kampé de Fériet polynomials Hρ(α, υ) [29] which are
defined as:

eαt+υt2 =

∞∑
ρ=0

Hρ(α, υ)
tρ

ρ!
(1.1)

and represented by

Hρ(α, υ) = ρ!
[ ρ2 ]∑
κ=0

αρ−2κ υκ

(ρ − 2κ)!κ!
.

Bell polynomials represent a distinguished class of special polynomials in two variables. These
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polynomials, named for the mathematician Eric Temple Bell, provide a robust mathematical framework
for analyzing number theory, combinatorics, and mathematical physics. Originating from the theory
of exponential generating functions, they offer a systematic method to represent and manipulate
certain polynomial sequences. Their capacity to encode complex combinatorial data renders them
indispensable across a spectrum of disciplines, including number theory, mathematical physics,
probability theory, and computer science. The bivariate Bell polynomials (BelP) Belρ(α, υ) [13, 19]
are defined by

eαt+υ(et−1) =

∞∑
ρ=0

Belρ(α, υ)
tρ

ρ!
. (1.2)

Taking α = 0 in generating function (1.2), we get

eυ(et−1) =

∞∑
ρ=0

Belρ(υ)
tρ

ρ!
, (1.3)

where Belρ(υ) denotes the classical Bell polynomials [30]. Note that the BelP Belρ(υ) satisfy the
following relation [31]:

Belρ(υ) =

ρ∑
κ=0

S2(ρ, κ) υκ,

where S2(ρ, κ) denotes the second kind Stirling numbers [20], which are given by

(et − 1)κ

κ!
=

∞∑
ρ=κ

S2(ρ, κ)
tρ

ρ!
, κ ≥ 0. (1.4)

Recently, Al-Jawfi et al. [21] introduced Hermite–Kampé de Fériet-based Bell polynomials
HBelρ(α, υ, γ) which are defined as follows:

eαt+υt2+γ(et−1) =

∞∑
ρ=0

HBelρ(α, υ, γ)
tρ

ρ!
(1.5)

and represented by the series

HBelρ(α, υ, γ) =

ρ∑
κ=0

(
ρ

κ

)
Hρ−κ(α, υ) Belκ(γ).

Let σ ∈ N; the generalized Bernoulli-type polynomials R(σ)
ρ (α) of order σ are given by means of

the following generating function [14]:( t2

2et − 2

)σ
eαt =

∞∑
ρ=0

R(σ)
ρ (α)

tρ

ρ!
, |t| < 2π, 1σ := 1. (1.6)

Setting σ = 1 in (1.6), we get ( t2

2et − 2

)
eαt =

∞∑
ρ=0

Rρ(α)
tρ

ρ!
, (1.7)
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where Rρ(α) are classical Bernoulli-type polynomials.
Setting α = 0 in (1.6), we get ( t2

2et − 2

)
=

∞∑
ρ=0

Rρ

tρ

ρ!
,

where Rρ are classical Bernoulli-type numbers.
The generalized Apostol–Bernoulli-type polynomials (GABTP) R(σ)

ρ (α; λ) of order σ are given by
means of the following generating function (see [22]):( t2

2λet − 2

)σ
eαt =

∞∑
ρ=0

R(σ)
ρ (α; λ)

tρ

ρ!
, |t| < | log λ|, 1σ := 1. (1.8)

Setting α = 0 in (1.8), we get ( t2

2λet − 2

)σ
=

∞∑
ρ=0

R(σ)
ρ (λ)

tρ

ρ!
, (1.9)

where R(σ)
ρ (λ) denote generalized Apostol–Bernoulli-type numbers of order σ.

The r-parametric Hermite-based Milne–Thomson type polynomials (rPHMTTP)
h(ρ,w, z;~u, r, a, b) [32] (see also [33, 34]) are defined as follows:

M1(t,w, z, ~u, r, a, b) = (b + f (t, a))z G(t,w, ~u, r) =

∞∑
ρ=0

h(ρ,w, z;~u, r, a, b)
tρ

ρ!
, (1.10)

where a, b ∈ R, z ∈ N0, r ∈ N, r-tuples ~u = (u1, u2, . . . , ur), and w = α+ iυ. The function f (t, a) denotes
an analytic function or meromorphic function, and G(t,w, ~u, r) denotes the generating functions for
r-parametric Hermite type polynomials K(ρ; w, ~u, r), defined as follows:

G(t,w, ~u, r) = exp
(
wt +

r∑
j=1

u jt j
)

=

∞∑
ρ=0

K(ρ; w, ~u, r)
tρ

ρ!
.

Setting w = α,~u = ~0, b = 0, z −→ σ, a −→ λ, and f (t, λ) = t2
2λet−2 in (1.10), the rPHMTTP

h(n,w, z;~u, r, a, b) reduce to the GABTP R(σ)
ρ (α; λ).

The generalized tangent polynomials Tρ,ε(α) [35] are defined by

2
eεt + 1

eαt =

∞∑
ρ=0

Tρ,ε(α)
tρ

ρ!
, ε ∈ R+. (1.11)

Setting ε = 2 in (1.11) yields the generating function of classical tangent polynomials Tρ(α) [36]:

2
e2t + 1

eαt =

∞∑
ρ=0

Tρ(α)
tρ

ρ!
. (1.12)

Setting ε = 1 in (1.11) yields the generating function of Euler polynomials Eρ(α) [37]:

2
et + 1

eαt =

∞∑
ρ=0

Eρ(α)
tρ

ρ!
. (1.13)
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The determinant representation and matrix approach are essential tools for the analysis of special
polynomials. The matrix and determinant methodology in umbral calculus originated from two
nearly concurrent studies [38, 39], employing entirely distinct methodologies. One of these evolved
autonomously and was codified in the literature [11]. This study extends the determinantal definition
of Bernoulli polynomials, initially proposed by Costabile et al. [40] and further developed for Sheffer
and Appell polynomials [38, 41], to a class of hybrid polynomials.

Motivated by the importance of Hermite–Kampé de Fériet polynomials, Bell polynomials, and
generalized Apostol–Bernoulli-type polynomials, this study introduces an original hybrid unified
family incorporating these special polynomials. Our unified family integrates features from three
significant special polynomials, Hermite–Kampé de Fériet polynomials, Bell polynomials, and
generalized Apostol–Bernoulli-type polynomials. This unified family strengthens the applicability
of classical special polynomials by incorporating their advantages and providing increased versatility.
This makes them more adaptable and strong in handling complicated, contemporary problems across
multiple fields.

In comparison to other polynomial sequences, our introduced family can be regarded as a
generalization of other existing polynomial sequences, such as Hermite–Kampé de Fériet polynomials,
Bell polynomials, and generalized Apostol–Bernoulli-type polynomials, Bernoulli-type polynomials,
Hermite–Kampé de Fériet–Bell polynomials, Hermite–Kampé de Fériet–Apostol–Bernoulli-type
polynomials, Hermite–Kampé de Fériet–Bernoulli-type polynomials, Bell–Apostol–Bernoulli-type
polynomials, and Bell–Bernoulli-type polynomials. Further, the fraction extension (fractional-type
Apostol–Hermite–Kampé de Fériet–Bell–Bernoulli-type polynomials) is also a generalization of many
fractional special polynomials.

The structure of this paper is as follows: This study establishes a new generalized class of
special polynomials, the Apostol–Hermite–Kampé de Fériet–Bell–Bernoulli-type polynomials (see
Definition 1); Section 2 introduces the series representations and significant properties of this new
class; in Section 3, we investigate some related summation formulas and determinant representation;
Section 4 establishes certain differential and integral representations; Section 5 presents the fractional
extension for these polynomials; and finally, the study concludes with computational analyses and
graphical illustrations.

2. The Apostol–Hermite–Kampé de Fériet–Bell–Bernoulli-type polynomials

In this section, we introduce a new class of special polynomials known as Apostol–Hermite–Kampé
de Fériet–Bell–Bernoulli-type polynomials (AHKFBelBP) and investigate their associated properties
and identities.

Definition 1. The Apostol–Hermite–Kampé de Fériet–Bell–Bernoulli-type polynomials ψ(σ)
ρ (α, υ, γ; λ)

of order σ are defined as

( t2

2λet − 2

)σ
eαt+υt2+γ(et−1) =

∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ; λ)

tρ

ρ!
,

(
|t| < | log λ|, λ , 1; |t| < 2π, λ = 1

)
. (2.1)

Setting α = υ = 0 and γ = 1 in generating function (2.1), we get Apostol–Hermite–Kampé de
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Fériet–Bell–Bernoulli-type numbers ψ(σ)
ρ (λ) of order σ, which are given by

∞∑
ρ=0

ψ(σ)
ρ (0, 0, 1; λ)

tρ

ρ!
=

( t2

2λet − 2

)σ
e(et−1) =

∞∑
ρ=0

ψ(σ)
ρ (λ)

tρ

ρ!
.

Remark 1. Setting λ = 1 in (2.1), we get the Hermite–Kampé de Fériet–Bell–Bernoulli-type
polynomials ψ(σ)

ρ (α, υ, γ) of order σ, which are given by

∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ; 1)

tρ

ρ!
=

( t2

2et − 2

)σ
eαt+υt2+γ(et−1) =

∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ)

tρ

ρ!
.

Remark 2. Setting υ = 0 in (2.1), we get the Apostol–Bell–Bernoulli-type polynomials BelR
(σ)
ρ (α, γ; λ)

of order σ, which are given by [22]

∞∑
ρ=0

ψ(σ)
ρ (α, 0, γ; λ)

tρ

ρ!
=

( t2

2λet − 2

)σ
eαt+γ(et−1) =

∞∑
ρ=0

BelR(σ)
ρ (α, γ; λ)

tρ

ρ!
. (2.2)

Remark 3. Setting α = υ = 0 in (2.1), we get the classical Apostol–Bell–Bernoulli-type polynomials
BelR

(σ)
ρ (γ; λ) of order σ, which are given by

∞∑
ρ=0

ψ(σ)
ρ (0, 0, γ; λ)

tρ

ρ!
=

( t2

2λet − 2

)σ
eγ(et−1) =

∞∑
ρ=0

BelR(σ)
ρ (γ; λ)

tρ

ρ!
. (2.3)

Remark 4. Setting γ = 0 in (2.1), we get the Apostol–Hermite–Kampé de Fériet–Bernoulli-type
polynomials (AHKDFBTP) HRρ(α, υ; λ) of order σ, which are given by

∞∑
ρ=0

ψ(σ)
ρ (α, υ, 0; λ)

tρ

ρ!
=

( t2

2λet − 2

)σ
eαt+υt2 =

∞∑
ρ=0

HR(σ)
ρ (α, υ; λ)

tρ

ρ!
. (2.4)

Setting w = α,~u = (u1, u2) = (0, u2) = (0, υ), b = 0, z −→ σ, a −→ λ and f (t, λ) = t2
2λet−2 in (1.10),

the rPHMTTP h(n,w, z;~u, r, a, b) reduce to the AHKDFBTP HR(σ)
ρ (α, υ; λ).

Remark 5. Setting γ = 0 and σ = 1 in (2.1), we get the Apostol–Hermite–Kampé de Fériet–Bernoulli-
type polynomials HRρ(α, υ; λ), which are given by [18]

∞∑
ρ=0

ψ(1)
ρ (α, υ, 0; λ)

tρ

ρ!
=

( t2

2λet − 2

)
eαt+υt2 =

∞∑
ρ=0

HRρ(α, υ; λ)
tρ

ρ!
.

Remark 6. Setting υ = 0 and γ = 0 in (2.1), we get the generalized Apostol–Bernoulli-type
polynomials R(σ)

ρ (α; λ) of order σ, which are given by (see [22])

∞∑
ρ=0

ψ(σ)
ρ (α, 0, 0; λ)

tρ

ρ!
=

( t2

2λet − 2

)σ
eαt =

∞∑
ρ=0

R(σ)
ρ (α; λ)

tρ

ρ!
. (2.5)
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Remark 7. Setting υ = γ = 0 and λ = 1 in (2.1), we get the generalized Bernoulli-type
polynomials R(σ)

ρ (α) of order σ, which are given by [14]
∞∑
ρ=0

ψ(σ)
ρ (α, 0, 0; 1)

tρ

ρ!
=

( t2

2et − 2

)σ
eαt =

∞∑
ρ=0

R(σ)
ρ (α)

tρ

ρ!
.

Theorem 1. The following series representation for the AHKFBelBP ψ(σ)
ρ (α, υ, γ; λ) of order σ

holds true:

ψ(σ)
ρ (α, υ, γ; λ) =

ρ∑
κ=0

(
ρ

κ

)
HBelρ−κ(α, υ, γ) R(σ)

κ (λ). (2.6)

Proof. Using (1.5) and (1.9) in (2.1), we have
∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ; λ)

tρ

ρ!
=

( ∞∑
ρ=0

HBelρ(α, υ, γ)
tρ

ρ!

)( ∞∑
ρ=0

R(σ)
ρ (λ)

tρ

ρ!

)
,

which, on using the Cauchy product rule and series rearrangement, gives
∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ; λ)

tρ

ρ!
=

∞∑
ρ=0

ρ∑
κ=0

(
ρ

κ

)
HBelρ−κ(α, υ, γ) R(σ)

κ (λ)
tρ

ρ!
. (2.7)

From (2.7), we get the asserted result (2.6). �

Theorem 2. The following series representations for the AHKFBelBP ψ(σ)
ρ (α, υ, γ; λ) of order σ

hold true:

ψ(σ)
ρ (α, υ, γ; λ) =

ρ∑
κ=0

(
ρ

κ

)
BelR

(σ)
ρ−κ(γ; λ) Hκ(α, υ), (2.8)

ψ(σ)
ρ (α, υ, γ; λ) = ρ!

[ ρ2 ]∑
κ=0

BelR
(σ)
ρ−2κ(α, γ; λ) υκ

(ρ − 2κ)! κ!
. (2.9)

Proof. Using (1.1) and (2.3) in (2.1), then applying the Cauchy product rule, we have
∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ; λ)

tρ

ρ!
=

( ∞∑
ρ=0

BelR(σ)
ρ (γ; λ)

tρ

ρ!

)( ∞∑
ρ=0

Hρ(α, υ)
tρ

ρ!

)
=

∞∑
ρ=0

ρ∑
κ=0

(
ρ

κ

)
BelR

(σ)
ρ−κ(γ; λ) Hκ(α, υ)

tρ

ρ!
. (2.10)

From (2.10), we get the asserted result (2.8). Next, in view of (2.1) and (2.2), we have
∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ; λ)

tρ

ρ!
=

( ∞∑
ρ=0

BelR(σ)
ρ (α, γ; λ)

tρ

ρ!

)( ∞∑
ρ=0

υρ
t2ρ

ρ!

)

=

∞∑
ρ=0

[ ρ2 ]∑
κ=0

ρ! BelR
(σ)
ρ−2κ(α, γ; λ) υκ

(ρ − 2κ)! κ!
tρ

ρ!
. (2.11)

From (2.11), we get the asserted result (2.9). �
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Theorem 3. The following series representation for the AHKFBelBP ψ(σ)
ρ (α, υ, γ; λ) of order σ

holds true:

ψ(σ)
ρ (α, υ, γ; λ) =

ρ∑
η=0

η∑
κ=0

(
ρ

η

)
γκ HR(σ)

ρ−η(α, υ; λ) S2(η, κ). (2.12)

Proof. Using (1.4) and (2.4) in (2.1), we have

∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ; λ)

tρ

ρ!
=

( t2

2λet − 2

)σ
eαt+υt2+γ(et−1)

=

( ∞∑
ρ=0

HR(σ)
ρ (α, υ; λ)

tρ

ρ!

)( ∞∑
η=0

η∑
κ=0

γκ S2(η, κ)
tη

η!

)
,

which, on using the Cauchy product rule and series rearrangement, gives

∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ; λ)

tρ

ρ!
=

∞∑
ρ=0

ρ∑
η=0

η∑
κ=0

(
ρ

η

)
γκ HR(σ)

ρ−η(α, υ; λ) S2(η, κ)
tρ

ρ!
. (2.13)

From (2.13), we get the asserted result (2.12). �

3. Summation formulas and determinant representation

This section introduces useful identities for the Apostol–Hermite–Kampé de Fériet–Bell–Bernoulli-
type polynomials ψ(σ)

ρ (α, υ, γ; λ) of order σ, focusing on the implicit summation formulas and
determinant representation established by the following theorems.

Theorem 4. For ρ ∈ N0 and σ, δ ∈ N, we have

ψ(σ+δ)
ρ (α + w, υ, γ; λ) =

ρ∑
κ=0

(
ρ

κ

)
ψ(σ)
ρ−κ(α, υ, γ; λ) R(δ)

κ (w; λ). (3.1)

Proof. Utilizing (2.1), we have

∞∑
ρ=0

ψ(σ+δ)
ρ (α + w, υ, γ; λ)

tρ

ρ!
=

( t2

2λet − 2

)(σ+δ)

e(α+w)t+υt2+γ(et−1)

=

( ∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ; λ)

tρ

ρ!

)( ∞∑
ρ=0

R(δ)
ρ (w; λ)

tρ

ρ!

)
=

∞∑
ρ=0

ρ∑
κ=0

(
ρ

κ

)
ψ(σ)
ρ−κ(α, υ, γ; λ) R(δ)

κ (w; λ)
tρ

ρ!
. (3.2)

From (3.2), we arrive at the asserted result (3.1). �

Remark 8. Setting γ = 0 in (3.1), we have

HR(σ+δ)
ρ (α + w, υ; λ) =

ρ∑
κ=0

(
ρ

κ

)
HR(σ)

ρ−κ(α, υ; λ) R(δ)
κ (w; λ).
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Theorem 5. For ρ ∈ N0 and σ ∈ N, we have

ψ(σ)
ρ (α + x, υ, γ + z; λ) =

ρ∑
κ=0

(
ρ

κ

)
BelR

(σ)
ρ−κ(α, γ; λ) HBelκ(x, υ, z). (3.3)

Proof. Utilizing (2.1), we have

∞∑
ρ=0

ψ(σ)
ρ (α + x, υ, γ + z; λ)

tρ

ρ!
=

( t2

2λet − 2

)σ
e(α+x)t+υt2+(γ+z)(et−1)

=

( ∞∑
ρ=0

BelR(σ)
ρ (α, γ; λ)

tρ

ρ!

)( ∞∑
ρ=0

HBelρ(x, υ, z)
tρ

ρ!

)
=

∞∑
ρ=0

ρ∑
κ=0

(
ρ

κ

)
BelR

(σ)
ρ−κ(α, γ; λ) HBelκ(x, υ, z)

tρ

ρ!
. (3.4)

From (3.4), we arrive at the asserted result (3.3). �

Remark 9. Setting γ = 0 in (3.3), we have

ψ(σ)
ρ (α + x, υ, γ; λ) =

ρ∑
κ=0

(
ρ

κ

)
R(σ)
ρ (α; λ) HBelκ(x, υ, γ).

Theorem 6. For ρ ∈ N0, ε ∈ R+, and σ ∈ N, we have

ψ(σ)
ρ (α + w, υ, γ; λ) =

1
2

ρ∑
κ=0

(
ρ

κ

)
Tρ−κ,ε(w)

(
ψ(σ)
κ (α + ε, υ, γ; λ) + ψ(σ)

κ (α, υ, γ; λ)
)
. (3.5)

Proof. Utilizing (2.1), we have

(eε t + 1)
∞∑
ρ=0

ψ(σ)
ρ (α + w, υ, γ; λ)

tρ

ρ!
= ewt

∞∑
ρ=0

ψ(σ)
ρ (α + ε, υ, γ; λ)

tρ

ρ!
+ ewt

∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ; λ)

tρ

ρ!
. (3.6)

From (1.11) and (3.6), we have

∞∑
ρ=0

ψ(σ)
ρ (α + w, υ, γ; λ)

tρ

ρ!
=

ewt

eε t + 1

( ∞∑
ρ=0

ψ(σ)
ρ (α + ε, υ, γ; λ)

tρ

ρ!
+

∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ; λ)

tρ

ρ!

)
=

1
2

( ∞∑
ρ=0

Tρ,ε(w)
tρ

ρ!

)( ∞∑
ρ=0

ψ(σ)
ρ (α + ε, υ, γ; λ) + ψ(σ)

ρ (α, υ, γ; λ)
tρ

ρ!

)
=

1
2

∞∑
ρ=0

ρ∑
κ=0

(
ρ

κ

)
Tρ−κ,ε(w)

(
ψ(σ)
κ (α + ε, υ, γ; λ) + ψ(σ)

κ (α, υ, γ; λ)
) tρ

ρ!
. (3.7)

From (3.7), we arrive at the asserted result (3.5). �
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Remark 10. Setting ε = 2 in (3.5), we get

ψ(σ)
ρ (α + w, υ, γ; λ) =

1
2

ρ∑
κ=0

(
ρ

κ

)
Tρ−κ(w)

(
ψ(σ)
κ (α + ε, υ, γ; λ) + ψ(σ)

κ (α, υ, γ; λ)
)
.

Remark 11. Setting ε = 1 in (3.5), we get

ψ(σ)
ρ (α + w, υ, γ; λ) =

1
2

ρ∑
κ=0

(
ρ

κ

)
Eρ−κ(w)

(
ψ(σ)
κ (α + ε, υ, γ; λ) + ψ(σ)

κ (α, υ, γ; λ)
)
.

Theorem 7. For ρ ∈ N0, we have

ψ(1)
ρ (α + 1, υ, γ; λ) =

1
2λ

{
(ρ2 − ρ)HBelρ−2(α, υ, γ) + 2 ψ(1)

ρ (α, υ, γ; λ)
}
. (3.8)

Proof. Utilizing (1.5) and (2.1) for σ = 1, we have
∞∑
ρ=0

HBelρ(α, υ, γ)
tρ

ρ!
=

2λet − 2
t2

∞∑
ρ=0

ψ(1)
ρ (α, υ, γ; λ)

tρ

ρ!

=
2
t2

λ ∞∑
ρ=0

ψ(1)
ρ (α + 1, υ, γ; λ)

tρ

ρ!
−

∞∑
ρ=0

ψ(1)
ρ (α, υ, γ; λ)

tρ

ρ!

 . (3.9)

From (3.9), we have
∞∑
ρ=0

(ρ2 − ρ)HBelρ−2(α, υ, γ)
tρ

ρ!
= 2

∞∑
ρ=0

{
λψ(1)

ρ (α + 1, υ, γ; λ)
tρ

ρ!
− ψ(1)

ρ (α, υ, γ; λ)
}

tρ

ρ!
. (3.10)

From (3.10), we arrive at the asserted result (3.8). �

Remark 12. Setting γ = 0 in (3.8), we have

HR(1)
ρ (α + 1, υ; λ) =

1
2λ

{
(ρ2 − ρ)Hρ−2(α, υ) + 2 HR(1)

ρ (α, υ; λ)
}
.

Next, in view of the principles defined in [38], we present the determinant definition of the
AHKFBelBP ψ(σ)

ρ (α, υ, γ; λ) of order σ. The determinant form captures the recurrence structure of
the AHKFBelBP ψ(σ)

ρ (α, υ, γ; λ) in a unified manner and provides a compact algebraic characterization
of the AHKFBelBP ψ(σ)

ρ (α, υ, γ; λ).

Definition 2. The AHKFBelBP ψ(σ)
ρ (α, υ, γ; λ) of order σ and degree ρ are defined by

ψ(σ)
ρ (α, υ, γ; λ) =

(−1)ρ

(µ0)ρ+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 HBel1(α, υ, γ) HBel2(α, υ, γ) . . . HBelρ−1(α, υ, γ) HBelρ(α, υ, γ)
µ0 µ1 µ2 . . . µρ−1 µρ
0 µ0

(
2
1

)
µ1 . . .

(
ρ−1

1

)
µρ−2

(
ρ
1

)
µρ−1

0 0 µ0 . . .
(
ρ−1

2

)
µρ−3

(
ρ
2

)
µρ−2

...
...

...
. . .

...
...

0 0 0 . . . µ0

(
ρ
ρ−1

)
µ1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

where µ0, µ1, µ2, . . . , µρ are the coefficients of Maclaurin series of the function
(

t2
2λet−2

)−σ
and

HBelρ(α, υ, γ) are the Hermite–Kampé de Fériet-based Bell polynomials (1.5).
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4. Differential and integral formulas

In this section, utilizing the factorization method, we derive some differential and integral
expressions for Apostol–Hermite–Kampé de Fériet–Bell–Bernoulli-type polynomials ψ(σ)

ρ (α, υ, γ; λ)
of order σ.

Theorem 8. For ρ ∈ N0 and s ∈ N, we have

∂s

∂αs

{
ψ(σ)
ρ (α, υ, γ; λ)

}
=


ρ! ψ(σ)

ρ−s(α,υ,γ;λ)
(ρ−s)! , ρ ≥ s;

0, 0 ≤ ρ < s.
(4.1)

Proof. Upon differentiating (2.1) s-times partially with respect to α, gives

∞∑
ρ=0

∂s

∂αs

{
ψ(σ)
ρ (α, υ, γ; λ)

} tρ

ρ!
= ts

∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ; λ)

tρ

ρ!
=

∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ; λ)

tρ+s

ρ!
,

which, after simplifying and then equating the coefficients of tρ
ρ! on both sides, produces the stated

result (4.1). �

Similarly, the following result can be proved.

Theorem 9. For ρ ∈ N0 and σ ∈ N, we have

∂

∂υ

{
ψ(σ)
ρ (α, υ, γ; λ)

}
=


ρ! ψ(σ)

ρ−2(α,υ,γ;λ)

(ρ−2)! , ρ ≥ 2;

0, 0 ≤ ρ < 2.
(4.2)

Theorem 10. The AHKFBelBP ψ(σ)
ρ (α, υ, γ; λ) of order σ satisfy the following operational

representation:

ψ(σ)
ρ (α, υ, γ; λ) = exp

(
υ
∂2

∂α2

) {
BelR(σ)

ρ (α, γ; λ)
}
. (4.3)

Proof. From (4.1) and (4.2), we have

∂

∂υ

{
ψ(σ)
ρ (α, υ, γ; λ)

}
=

∂2

∂α2

{
ψ(σ)
ρ (α, υ, γ; λ)

}
. (4.4)

Also, from equations (2.2), it follows that

ψ(σ)
ρ (α, 0, γ; λ) = BelR(σ)

ρ (α, γ; λ). (4.5)

Solving Eq (4.4) subject to initial condition (4.5), we arrive at assertion (4.3). �

Remark 13. Setting γ = 0 in (4.3), we have

HR(σ)
ρ (α, υ; λ) = exp

(
υ
∂2

∂α2

) {
R(σ)
ρ (α; λ)

}
.
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Theorem 11. For ρ ∈ N0, we have

∂

∂γ

{
ψ(σ)
ρ (α, υ, γ; λ)

}
=

ρ∑
κ=0

(
ρ

κ

) {
ψ(σ)
ρ−κ(α, υ, γ; λ) − HBelρ−κ(α, υ, γ) R(σ)

κ (λ)
}
. (4.6)

Proof. We start with generating function (2.1). Differentiating it with respect to γ, followed by
simplification using equation (2.6), results in

∞∑
ρ=0

∂

∂γ

{
ψ(σ)
ρ (α, υ, γ; λ)

} tρ

ρ!
= (et − 1)

{( t2

2λet − 2

)σ
eαt+υt2+γ(et−1)

}

=

∞∑
ρ=0

tρ

ρ!

 ∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ; λ)

tρ

ρ!

 −
 ∞∑
ρ=0

ψ(σ)
ρ (α, υ, γ; λ)

tρ

ρ!


=

∞∑
ρ=0

ρ∑
κ=0

(
ρ

κ

) {
ψ(σ)
ρ−κ(α, υ, γ; λ) − HBelρ−κ(α, υ, γ) R(σ)

κ (λ)
} tρ

ρ!
. (4.7)

From (4.7), we get the asserted result (4.6). �

Similarly, the following result can be proved.

Theorem 12. For ρ ∈ N0 and σ ∈ N, we have

∂

∂γ

{
ψ(σ)
ρ (α, υ, γ; λ)

}
=

ρ∑
κ=1

(
ρ

κ

)
ψ(σ)
ρ−κ(α, υ, γ; λ).

Theorem 13. The following formula holds true:

ψ(σ)
ρ (x, υ, γ; λ) = ψ(σ)

ρ (a, υ, γ; λ) + ρ

∫ x

a
ψ(σ)
ρ−1(α, υ, γ; λ) dα. (4.8)

Proof. Taking the integration of both sides of (2.1) with respect to α from a to x, we have

∞∑
ρ=0

∫ x

a
ψ(σ)
ρ (α, υ, γ; λ) dα

tρ

ρ!
=

1
t

[( t2

2λet − 2

)σ
eαt+υt2+γ(et−1)

]x

a

=
1
t

 ∞∑
ρ=0

ψ(σ)
ρ (x, υ, γ; λ)

tρ

ρ!
−

∞∑
ρ=0

ψ(σ)
ρ (a, υ, γ; λ)

tρ

ρ!

 ,
which yields the asserted result in (4.8). �

Theorem 14. The following formulas hold true:

ψ(σ)
ρ (α, x, γ; λ) = ψ(σ)

ρ (α, a, γ; λ) + (ρ2 − ρ)
∫ x

a
ψ(σ)
ρ−2(α, υ, γ; λ) dυ, (4.9)

ψ(σ)
ρ (α, υ, x; λ) = ψ(σ)

ρ (α, υ, a; λ) +

∫ x

a

(
ψ(σ)
ρ (α + 1, υ, γ; λ) − ψ(σ)

ρ (α, υ, γ; λ)
)
dγ. (4.10)
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Proof. Taking the integration of both sides of (2.1) with respect to υ from a to x, we have

∞∑
ρ=0

∫ x

a
ψ(σ)
ρ (α, υ, γ; λ) dυ

tρ

ρ!
=

1
t2

[( t2

2λet − 2

)σ
eαt+υt2+γ(et−1)

]x

a

=
1
t2

 ∞∑
ρ=0

ψ(σ)
ρ (α, x, γ; λ)

tρ

ρ!
−

∞∑
ρ=0

ψ(σ)
ρ (α, a, γ; λ)

tρ

ρ!

 ,
which yields the asserted result in (4.9). Next, taking the integration of both sides of (2.1) with respect
to γ from a to x, we have

∞∑
ρ=0

∫ x

a
ψ(σ)
ρ (α, υ, γ; λ) dγ

tρ

ρ!
=

1
et − 1

[( t2

2λet − 2

)σ
eαt+υt2+γ(et−1)

]x

a

=
1

et − 1

 ∞∑
ρ=0

ψ(σ)
ρ (α, υ, x; λ)

tρ

ρ!
−

∞∑
ρ=0

ψ(σ)
ρ (α, υ, a; λ)

tρ

ρ!

 ,
which yields the asserted result in (4.10). �

Example 1. Setting λ = 1 and σ = 2 in (2.1), we get the Hermite–Kampé de Fériet–Bell–
Bernoulli-type polynomials (2-oHKFBelBP) ψ(2)

ρ (α, υ, γ) of order 2 which are given by the following
generating function: ( t2

2et − 2

)2

eαt+υt2+γ(et−1) =

∞∑
ρ=0

ψ(2)
ρ (α, υ, γ)

tρ

ρ!
.

The first six 2-oHKFBelBP ψ(2)
ρ (α, υ, γ) of order 2 are listed as:

ψ(2)
0 (α, υ, γ) = 0, ψ(2)

1 (α, υ, γ) = 0, ψ(2)
2 (α, υ, γ) =

1
2
, ψ(2)

3 (α, υ, γ) =
3
2

(α + γ − 1),

ψ(2)
4 (α, υ, γ) = 3α2 + 6αγ − 6α + 6υ + 3γ2 − 3γ +

5
2
,

ψ(2)
5 (α, υ, γ) = 5α3 + 15α2γ − 15α2 + 30αυ + 15αγ2 − 15αγ +

25α
2

+ 30υγ − 30υ + 5γ3 +
5γ
2
−

5
2
.

In view of (2.6), (2.8), (2.9), and (2.12), the 2-oHKFBelBP ψ(2)
ρ (α, υ, γ) of order 2 satisfy the

following series representations:

ψ(2)
ρ (α, υ, γ) =

ρ∑
κ=0

(
ρ

κ

)
HBelρ−κ(α, υ, γ) R(2)

κ ,

ψ(2)
ρ (α, υ, γ) =

ρ∑
κ=0

(
ρ

κ

)
BelR

(2)
ρ−κ(γ) Hκ(α, υ),

ψ(2)
ρ (α, υ, γ) = ρ!

[ ρ2 ]∑
κ=0

BelR
(2)
ρ−2κ(α, γ) υκ

(ρ − 2κ)! κ!
,

ψ(2)
ρ (α, υ, γ) =

ρ∑
η=0

η∑
κ=0

(
ρ

η

)
γκ HR(2)

ρ−η(α, υ) S2(η, κ).
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In view of (3.1) and (3.3), we present the following summation formulas for the 2-oHKFBelBP
ψ(2)
ρ (α, υ, γ) of order 2:

ψ(2+δ)
ρ (α + w, υ, γ) =

ρ∑
κ=0

(
ρ

κ

)
ψ(2)
ρ−κ(α, υ, γ) R(δ)

κ (w),

ψ(2)
ρ (α + x, υ, γ + z) =

ρ∑
κ=0

(
ρ

κ

)
BelR

(2)
ρ−κ(α, γ) HBelκ(x, υ, z).

Definition 3. The 2-oHKFBelBP ψ(2)
ρ (α, υ, γ) of order 2 and degree ρ are defined by

ψ(2)
ρ (α, υ, γ) =

(−1)ρ

(µ0)ρ+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 HBel1(α, υ, γ) HBel2(α, υ, γ) . . . HBelρ−1(α, υ, γ) HBelρ(α, υ, γ)
µ0 µ1 µ2 . . . µρ−1 µρ
0 µ0

(
2
1

)
µ1 . . .

(
ρ−1

1

)
µρ−2

(
ρ
1

)
µρ−1

0 0 µ0 . . .
(
ρ−1

2

)
µρ−3

(
ρ
2

)
µρ−2

...
...

...
. . .

...
...

0 0 0 . . . µ0

(
ρ
ρ−1

)
µ1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

where µ0, µ1, µ2, . . . , µρ are the coefficients of Maclaurin series of the function
(

t2
2et−2

)−2

and

HBelρ(α, υ, γ) are the Hermite–Kampé de Fériet-based Bell polynomials (1.5).

Similarly, we can obtain the other results for the 2-oHKFBelBP ψ(2)
ρ (α, υ, γ) of order 2 from the

corresponding results that are established in previous sections.

5. Fractional extension

Based on the obtained operational representation in Section 4 and in view of the Euler integral, we
establish the fractional-type Apostol–Hermite–Kampé de Fériet–Bell–Bernoulli-type polynomials.

We recall the Euler integral, a pivotal fractional operator in the study of special polynomials as
characterized by Srivastava and Manocha [42]. Serving as a conceptual cornerstone, this integral
has enabled researchers to forge new directions in polynomial theory. Notably, Dattoli et al. [43, 44]
have made a substantial contribution to the subject by expanding the theoretical framework and the
practical applications of these functions through the use of Euler integral representations. The Euler
integral [42, p. 218] is given as

ζ−ε =
1

Γ(ε)

∫ ∞

0
e−ζ ω ωε−1 dω , min {Re(ζ),Re(ε)} > 0, (5.1)

which leads to the following [44]:(
ζ −

d
dα

)−ε
f (α) =

1
Γ(ε)

∫ ∞

0
e−ζ ω ωε−1 exp

(
ω

d
dα

)
f (α) dω ,

and, consequently, we can obtain[
ζ −

d2

dα2

]−ε
f (α) =

1
Γ(ε)

∫ ∞

0
e−ζ ω ωε−1 exp

(
ω

d2

dα2

)
f (α) dω .
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These integral representations lay the groundwork for operational techniques used to construct and
study special functions, including generalized polynomial classes.

Theorem 15. The fractional-type Apostol–Hermite–Kampé de Fériet–Bell–Bernoulli-type
polynomials ψ(σ)

ρ,ε (α, υ, γ; λ, ζ) are defined by(
ζ − υ

∂2

∂α2

)−ε
BelR(σ)

ρ (α, γ; λ) = ψ(σ)
ρ,ε (α, υ, γ; λ, ζ). (5.2)

Proof. Replacing ζ by
(
ζ−υ ∂2

∂α2

)
in relation to (5.1), then applying the resultant result to BelR

(σ)
ρ (α, γ; λ),

we obtain the following transformation:(
ζ − υ

∂2

∂α2

)−ε
BelR(σ)

ρ (α, γ; λ) =
1

Γ(ε)

∫ ∞

0
e−ζ ω ωε−1 exp

(
ωυ

∂2

∂α2

)
BelR(σ)

ρ (α, γ; λ) dω ,

which, on using operational relation (4.3), becomes(
ζ − υ

∂2

∂α2

)−ε
BelR(σ)

ρ (α, γ; λ) =
1

Γ(ε)

∫ ∞

0
e−ζ ω ωε−1ψ(σ)

ρ (α, ωυ, γ; λ) dω . (5.3)

The integral transform on the right-hand side of (5.3) yields a new class of special
polynomials, known as the fractional-type Apostol–Hermite–Kampé de Fériet–Bell–Bernoulli-type
polynomials (FAHKFBelBP). By denoting these polynomials as ψ(σ)

ρ,ε (α, υ, γ; λ, ζ), we obtain

ψ(σ)
ρ,ε (α, υ, γ; λ, ζ) =

1
Γ(ε)

∫ ∞

0
e−ζ ω ωε−1ψ(σ)

ρ (α, ωυ, γ; λ) dω . (5.4)

Equations (5.3) and (5.4) imply assertion (5.2). �

Remark 14. Setting γ = 0 in (5.2), we have(
ζ − υ

∂2

∂α2

)−ε
R(σ)
ρ (α; λ) = HR(σ)

ρ,ε (α, υ; λ, ζ).

Now, we construct the generating function for the fractional-type Apostol–Hermite–Kampé de
Fériet–Bell–Bernoulli-type polynomials by proving the following result:

Theorem 16. The following generating function for the FAHKFBelBP ψ(σ)
ρ,ε (α, υ, γ; λ, ζ) holds true:( t2

2λet − 2

)σ eαt+γ(et−1)

(ζ − υt2)ε
=

∞∑
ρ=0

ψ(σ)
ρ,ε (α, υ, γ; λ, ζ)

tρ

ρ!
. (5.5)

Proof. Multiplying both sides of (5.4) by tρ
ρ! then summing over ρ, we obtain

∞∑
ρ=0

ψ(σ)
ρ,ε (α, υ, γ; λ, ζ)

tρ

ρ!
=

1
Γ(ε)

∫ ∞

0
e−ζω ωε−1

( ∞∑
ρ=0

ψ(σ)
ρ (α, ωυ, γ; λ)

tρ

ρ!

)
dω ,

which, in view of the Eq (2.1),
∞∑
ρ=0

ψ(σ)
ρ,ε (α, υ, γ; λ, ζ)

tρ

ρ!
=

( t2

2λet − 2

)σ
eαt+γ(et−1) 1

Γ(ε)

∫ ∞

0
e−(ζ−υt2)ω ωε−1 dω . (5.6)

Finally, applying relation (5.1) to the right-hand side of (5.6) yields assertion (5.5). �
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Remark 15. Setting γ = 0 in (5.5), we get the generating function for the fractional-type Apostol–
Hermite–Kampé de Fériet–Bernoulli-type polynomials (FAHKFBP) HR(σ)

ρ,ε (α, υ; λ, ζ) as( t2

2λet − 2

)σ eαt

(ζ − υt2)ε
=

∞∑
ρ=0

HR(σ)
ρ,ε (α, υ; λ, ζ)

tρ

ρ!
.

For any complex number ε, the Pochhammer symbol (ε)κ is defined by (see [37, 42])

(ε)κ =

ε(ε + 1) · · · (ε + κ − 1), κ ∈ N;
1, κ = 0.

Next, we establish the series representation for the fractional-type Apostol–Hermite–Kampé de
Fériet–Bell–Bernoulli-type polynomials by proving the following results:

Theorem 17. For the FAHKFBelBP ψ(σ)
ρ,ε (α, υ, γ; λ, ζ), we have

ψ(σ)
ρ,ε (α, υ, γ; λ, ζ) =

ρ!
ζε

[ ρ2 ]∑
κ=0

(ε)κ BelR
(σ)
ρ−2κ(α, γ; λ) υκ

ζκ (ρ − 2κ)! κ!
. (5.7)

Proof. In view of series definition (2.9), Eq (5.4) becomes

ψ(σ)
ρ,ε (α, υ, γ; λ, ζ) =

ρ!
Γ(ε)

[ ρ2 ]∑
κ=0

BelR
(σ)
ρ−2κ(α, γ; λ) υκ

(ρ − 2κ)! κ!

∫ ∞

0
e−ζω ωε+κ−1 dω . (5.8)

By applying (5.1) to the right-hand side of (5.8), we obtain assertion (5.7). �

Based on the monomiality principle [45, 46], we establish the operators for multiplication and
differentiation and the differential equation for the FAHKFBelBP ψ(σ)

ρ,ε (α, υ, γ; λ, ζ).

Theorem 18. The FAHKFBelBP ψ(σ)
ρ,ε (α, υ, γ; λ, ζ) satisfy the following multiplicative and

derivative operators:

M̂ψ = α + γeDα +
2σ
Dα

+
2ευ Dα

ζ − υD2
α

−
σλeDα

λeDα − 1
(5.9)

and
P̂ψ = Dα, (5.10)

respectively.

Proof. Observe that

Dα

{( t2

2λet − 2

)σ eαt+γ(et−1)

(ζ − υt2)ε

}
= t

{( t2

2λet − 2

)σ eαt+γ(et−1)

(ζ − υt2)ε

}
. (5.11)

Partially differentiating (5.5) with respect to t yields{
α + γet +

2σ
t

+
2ευ t
ζ − υt2 −

σλet

λet − 1

} ∞∑
ρ=0

ψ(σ)
ρ,ε (α, υ, γ; λ, ζ)

tρ

ρ!

 =

∞∑
ρ=0

ψ(σ)
ρ+1,ε(α, υ, γ; λ, ζ)

tρ

ρ!
.
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Using the identity (5.11) and comparing coefficients of each power of t, the following is obtained:{
α + γeDα +

2σ
Dα

+
2ευ Dα

ζ − υD2
α

−
σλeDα

λeDα − 1

} {
ψ(σ)
ρ,ε (α, υ, γ; λ, ζ)

}
= ψ(σ)

ρ+1,ε(α, υ, γ; λ, ζ). (5.12)

From (5.12) and (5.11), we get asserted results (5.9) and (5.10), respectively. �

Remark 16. Setting γ = 0 in (5.9) and (5.10), we get the following multiplicative and derivative
operators for the FAHKFBP HR(σ)

ρ,ε (α, υ; λ, ζ) as

M̂HR = α +
2σ
Dα

+
2ευ Dα

ζ − υD2
α

−
σλeDα

λeDα − 1

and

P̂HR = Dα,

respectively.

Theorem 19. The FAHKFBelBP ψ(σ)
ρ,ε (α, υ, γ; λ, ζ) satisfy the following differential equation:

(
αDα + γeDαDα + 2σ +

2ευ D2
α

ζ − υD2
α

−
σλeDα

λeDα − 1
Dα − ρ

)
ψ(σ)
ρ,ε (α, υ, γ; λ, ζ) = 0. (5.13)

Proof. In view of the monomiality principle [45, 46], utilizing operators (5.9) and (5.10) yields the
asserted result (5.13). �

Remark 17. Setting γ = 0 in (5.13), we get the following differential equation for the FAHKFBP
HR(σ)

ρ,ε (α, υ; λ, ζ) as

(
αDα + 2σ +

2ευ D2
α

ζ − υD2
α

−
σλeDα

λeDα − 1
Dα − ρ

)
HR(σ)

ρ,ε (α, υ; λ, ζ) = 0.

6. Computational and graphical frameworks

This section presents the advantages of applying computational analysis and investigates the
zero distributions by displaying graphical illustrations of the AHKFBelBP ψ(σ)

ρ (α, υ, γ; λ) and
FAHKFBelBP ψ(σ)

ρ,ε (α, υ, γ; λ, ζ) for specific values and indices.

6.1. Computational and graphical representations of AHKFBelBP ψ(σ)
ρ (α, υ, γ; λ)

The first seven terms of the AHKFBelBP ψ(σ)
ρ (α, υ, γ; λ) for σ = 1 and λ = 1 are mentioned in

Table 1.
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Table 1. The first seven AHKFBelBP ψ(σ)
ρ (α, υ, γ; λ).

ρ ψ(σ)
ρ (α, υ, γ; λ)

0 0
1 1

2
2 α + γ − 1

2

3 1
4

(
6α2 + 6α(2γ − 1) + 12υ + 6γ2 + 1

)
4 2α3 + 6α2γ − 3α2 + 12αυ + 6αγ2 + α + 12υγ − 6υ + 2γ3 + 3γ2

5 5α4

2 + 10α3γ − 5α3 + 30α2υ + 15α2γ2 + 5α2

2 + 60αυγ − 30αυ + 10αγ3 + 15αγ2 + 30υ2 + 30υγ2

+5υ +
5γ4

2 + 10γ3 + 5γ2 − 1
12

6 3α5 + 15α4γ − 15α4

2 + 60α3υ + 30α3γ2 + 5α3 + 180α2υγ − 90α2υ + 30α2γ3 + 45α2γ2 + 180αυ2

+180αυγ2 + 30αυ + 15αγ4 + 60αγ3 + 30αγ2 − α
2 + 180υ2γ − 90υ2 + 60υγ3 + 90υγ2 + 3γ5 +

45γ4

2

+35γ3 +
15γ2

2

To show the shapes of the AHKFBelBP ψ(σ)
ρ (α, υ, γ; λ) for ρ = 1; 2; 3; 4; 5; 6,−100 ≤ α ≤ 100, σ =

1, λ = 1, υ = 1
4 , and γ = 1

8 , Figure 1 is given.
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Figure 1. Graphs of ψ(σ)
ρ (α, υ, γ; λ) for −100 ≤ α ≤ 100, σ = λ = 1, υ = 1

4 , γ = 1
8 , and for

ρ = 1 (top-left); ρ = 2 (top-right); ρ = 3 (middle-left); ρ = 4 (middle-right); ρ = 5 (bottom-
left); ρ = 6 (bottom-right).

Certain interesting zeros of the AHKFBelBP ψ(σ)
ρ (α, υ, γ; λ) = 0 for σ = λ = 1 and ρ = 70 are

shown in Figure 2.
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Figure 2. Zeros of ψ(σ)
ρ (α, υ, γ; λ) = 0 for σ = λ = 1, ρ = 70, and for υ = 6

7 , γ = −1
7 (top-left);

υ = 6
7 , γ = 1

7 (top-right); υ = −1
7 , γ = 1

7 (bottom-left); υ = γ = −1
√

5
(bottom-right).

Remark 18. We observe that the zeros of the AHKFBelBP ψ(σ)
ρ (α, υ, γ; λ) = 0 for σ = λ = 1 and

ρ = 70 have the following properties:

1. The AHKFBelBP ψ(σ)
ρ (α, υ, γ; λ) of degree ρ possess exactly ρ − 1 zeros.

2. Different zero distributions and a wide variety of graphical configurations are produced whenever
the variables, parameters, or indices are brought into change.

3. The zeros (complex zeros) of AHKFBelBP ψ(σ)
ρ (α, υ, γ; λ) = 0 demonstrate symmetry with respect

to the real axis.
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The stacking structures of approximation zeros of the AHKFBelBP ψ(σ)
ρ (α, υ, γ; λ) = 0 for σ =

λ = 1 and 1 ≤ ρ ≤ 70 show 3D structures, which are given in Figure 3.

(a) υ = 6
7 and γ = −1

7 (b) υ = 6
7 and γ = 1

7

(c) υ = −1
7 and γ = 1

7 (d) υ = γ = −1
√

5

Figure 3. Stacking structure zeros of ψ(σ)
ρ (α, υ, γ; λ) = 0. This figure presents the 3D plot of

the zeros of the ψ(σ)
ρ (α, υ, γ; λ) = 0 for σ = λ = 1, 1 ≤ ρ ≤ 70, and for υ = 6

7 , γ = −1
7 (top-

left); υ = 6
7 , γ = 1

7 (top-right); υ = −1
7 , γ = 1

7 (bottom-left); υ = γ = −1
√

5
(bottom-right).
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6.2. Computational and graphical representations of FAHKFBelBP ψ(σ)
ρ,ε (α, υ, γ; λ, ζ)

The first seven terms of the FAHKFBelBP ψ(σ)
ρ,ε (α, υ, γ; λ, ζ) for σ = λ = 1, ε = 2, and ζ = 3 are

listed in Table 2.

Table 2. The first seven FAHKFBelBP ψ(σ)
ρ,ε (α, υ, γ; λ, ζ).

ρ ψ(σ)
ρ,ε(α, υ, γ; λ, ζ)

0 0

1 1
18

2 1
18 (2α + 2γ − 1)

3 1
36

(
6α2 + 6α(2γ − 1) + 8υ + 6γ2 + 1

)
4 2α3

9 +
2α2γ

3 −
α2

3 + 8αυ
9 +

2αγ2

3 + α
9 +

8υγ
9 −

4υ
9 +

2γ3

9 +
γ2

3

5 5α4

18 +
10α3γ

9 − 5α3

9 + 20α2υ
9 +

5α2γ2

3 + 5α2

18 +
40αυγ

9 − 20αυ
9 +

10αγ3

9 +
5αγ2

3 + 20υ2

9 +
20υγ2

9 + 10υ
27 +

5γ4

18

+
10γ3

9 +
5γ2

9 −
1

108

6 α5

3 +
5α4γ

3 −
5α4

6 + 40α3υ
9 +

10α3γ2

3 + 5α3

9 + 40
3 α

2υγ − 20α2υ
3 +

10α2γ3

3 + 5α2γ2 + 40αυ2

3 + 40
3 αυγ

2

+20αυ
9 +

5αγ4

3 +
20αγ3

3 +
10αγ2

3 − α
18 +

40υ2γ

3 − 20υ2

3 +
40υγ3

9 +
20υγ2

3 +
γ5

3 +
5γ4

2 +
35γ3

9 +
5γ2

6

To show the shapes of the FAHKFBelBP ψ(σ)
ρ,ε (α, υ, γ; λ, ζ) for ρ = 1; 2; 3; 4; 5; 6,−100 ≤ α ≤

100, σ = λ = 1, ε = 2, ζ = 3, υ = 1
4 , and γ = 1

8 , Figure 4 is given.
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Figure 4. Graphs of ψ(σ)
ρ,ε (α, υ, γ; λ, ζ) for −100 ≤ α ≤ 100, σ = λ = 1, ε = 2, ζ = 3, υ = 1

4 ,
γ = 1

8 , and for ρ = 1 (top-left); ρ = 2 (top-right); ρ = 3 (middle-left); ρ = 4 (middle-right);
ρ = 5 (bottom-left); ρ = 6 (bottom-right).

Certain interesting zeros of the FAHKFBelBP ψ(σ)
ρ,ε (α, υ, γ; λ, ζ) = 0, for σ = λ = 1, ε = 2, ζ = 3,

and ρ = 70 are shown in Figure 5.

AIMS Mathematics Volume 11, Issue 5, 12449–12477.



12472

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•
•
••

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

-20 -10 0 10 20
-20

-10

0

10

20

�=
6

7

and �=
1

7

Re(�)

Im(�)

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•
•
••
•
•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

-10 -5 0 5 10

-5

0

5

�=0.1 and �=0.001

Re(�)

Im(�)

•

• •

•

•

•

•

•

•

•

•

•

•

•

•

•

••
•

•

•

•

•

••
••
•
•••

•

•
•

•

•

••

••

•

•

••

•

•

••

•

•

••

••

• •

• •

•

•

•

•

• •

•

•

• •

•

-5 0 5 10 15

-15

-10

-5

0

5

10

15

�=
1

11

and �=
1

4

Re(�)

Im(�)

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

••
•
•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

-20 -10 0 10 20

-15

-10

-5

0

5

10

15

�=
1

5

and �=
-1

5

Re(�)

Im(�)

Figure 5. Zeros of ψ(σ)
ρ,ε (α, υ, γ; λ, ζ) = 0 for σ = λ = 1, ε = 2, ζ = 3, ρ = 70, and for

υ = 6
7 , γ = 1

7 (top-left); υ = 0.1, γ = 0.001 (top-right); υ = 1
11 , γ = 1

4 (bottom-left); υ =
1
√

5
, γ = −1

√
5

(bottom-right).

The stacking structures of approximation zeros of the FAHKFBelBP ψ(σ)
ρ,ε (α, υ, γ; λ, ζ) = 0 for σ =

λ = 1, ε = 2, ζ = 3, and 1 ≤ ρ ≤ 70 present 3D structures, which are given in Figure 6.
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(a) υ = 6
7 and γ = 1

7 (b) υ = 0.1 and γ = 0.001

(c) υ = 1
11 and γ = 1

4 (d) υ = 1
√

5
and γ = −1

√
5

Figure 6. Stacking structure zeros of ψ(σ)
ρ,ε (α, υ, γ; λ, ζ) = 0. This figure presents the 3D plot

of the zeros of the ψ(σ)
ρ,ε (α, υ, γ; λ, ζ) = 0 for σ = λ = 1, ε = 2, ζ = 3, 1 ≤ ρ ≤ 70, and

for υ = 6
7 , γ = 1

7 (top-left); υ = 0.1, γ = 0.001 (top-right); υ = 1
11 , γ = 1

4 (bottom-left);
υ = 1

√
5
, γ = −1

√
5

(bottom-right).
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7. Conclusions

The study of hybrid forms of special polynomials has garnered significant interest within the
mathematical community. In this paper, we successfully established and analyzed a generalized
family designated as Apostol–Hermite–Kampé de Fériet–Bell–Bernoulli-type polynomials. Utilizing
the generating function, we derived the fundamental properties of this family, including the associated
series representations, summation formulas, determinant representation, and differential and integral
representations. Furthermore, we provided a comprehensive theoretical framework by establishing a
fractional extension of Apostol–Hermite–Kampé de Fériet–Bell–Bernoulli-type polynomials.

In addition to the theoretical investigation, we conducted computational investigations using
Mathematica to illustrate the zero distributions and graphical behavior of these polynomials, providing
a better understanding of their features.

In summary, this study not only introduces new generalized special polynomials, but it also unifies
several polynomial families using a single approach. These results significantly enhance the extensive
domain of special functions. Future research will concentrate on analyzing the degenerate versions of
these specific polynomials and exploring their possible applicability across many domains.
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of wavelets aided Kantorovich q-Baskakov operators, Filomat, 38 (2024), 3261–3274.
https://www.jstor.org/stable/27387191

29. P. Appell, J. K. de Fériet, Fonctions Hypergéométriques et Hypersphériques: Polynomes
d’Hermite, Paris: Gauthier-Villars, 1926.

30. E. T. Bell, Exponential polynomials, Ann. Math., 35 (1934), 258–277.

31. D. S. Kim, T. Kim, Some identities of Bell polynomials, Sci. China Math., 58 (2015), 2095–
2104.https://doi.org/10.1007/s11425-015-5006-4

32. N. Kilar, Y. Simsek, Computational formulas and identities for new classes of Hermite-based
Milne–Thomson type polynomials: Analysis of generating functions with Euler’s formula, Math.
Meth. Appl. Sci., 44 (2021), 6731–6762. https://doi.org/10.1002/mma.7220

33. N. Kilar, Generating functions of Hermite type Milne-Thomson polynomials and their applications
in computational sciences, PhD Thesis, University of Akdeniz, Antalya, 2021.

34. N. Kilar, Further results for Hermite-based Milne-Thomson type Fubini
polynomials with trigonometric functions, GU J. Sci.-Part A, 11 (2024), 535–545.
https://doi.org/10.54287/gujsa.1546375

AIMS Mathematics Volume 11, Issue 5, 12449–12477.

https://dx.doi.org/http://dx.doi.org/10.20852/ntmsci.2021.428
https://dx.doi.org/https://doi.org/10.3934/math.2022221
https://dx.doi.org/https://doi.org/10.3390/axioms13020073
https://dx.doi.org/https://doi.org/10.3934/math.20241303
https://dx.doi.org/https://doi.org/10.2478/caim-2024-0011
https://dx.doi.org/https://hdl.handle.net/20.500.14086/4181
https://dx.doi.org/https://doi.org/10.22436/jmcs.032.04.07
https://dx.doi.org/https://doi.org/10.1016/j.matcom.2025.08.026
https://dx.doi.org/https://www.jstor.org/stable/27387191
https://dx.doi.org/https://doi.org/10.1007/s11425-015-5006-4
https://dx.doi.org/https://doi.org/10.1002/mma.7220
https://dx.doi.org/https://doi.org/10.54287/gujsa.1546375


12477

35. C. Bildirici, M. Acikgoz, S. Araci, A note on analogues of tangent polynomials, J. Algebra Number
Theory Acad., 4 (2014), 21–31.

36. C. S. Ryoo, A note on the Tangent numbers and polynomials, Adv. Stud. Theor. Phys., 7 (2013),
447–454. https://doi.org/10.12988/astp.2013.13042

37. E. D. Rainville, Special functions, Reprint of 1960 edition, New York: Chelsea Publishing Co.,
1971.

38. F. A. Costabile, E. Longo, A determinantal approach to Appell polynomials, J. Comput. Appl.
Math., 234 (2010), 1528–1542. https://doi.org/10.1016/j.cam.2010.02.033

39. Y. Yang, Determinant representations of Appell polynomial sequences, Oper. Matrices, 2 (2008),
517–524. https://doi.org/10.7153/oam-02-32

40. F. A. Costabile, F. Dell’Accio, M. I. Gualtieri, A new approach to Bernoulli polynomials, Rend.
Mat. Appl., 26 (2006), 1–12. https://hdl.handle.net/20.500.11770/124957

41. F. A. Costabile, E. Longo, An algebraic approach to Sheffer polynomial sequences, Integr. Transf.
Spec. F., 25 (2013), 295–311. https://doi.org/10.1080/10652469.2013.842234

42. H. M. Srivastava, H. L. Manocha, A treatise on generating functions, New York: Halsted Press
(Ellis Horwood Limited), 1984.

43. G. Dattoli, Operational methods, fractional operators and special polynomials, Appl. Math.
Comput., 141 (2003), 151–159. https://doi.org/10.1016/S0096-3003(02)00329-6

44. G. Dattoli, P. E. Ricci, C. Cesarano, L. Vazquez, Special polynomials and fractional calculus, Math.
Comput. Model., 37 (2003), 729–733. https://doi.org/10.1016/S0895-7177(03)00080-3

45. J. F. Steffensen, The poweriod, an extension of the mathematical notion of power, Acta Math., 73
(1941), 333–366.

46. G. Dattoli, Hermite-Bessel and Laguerre-Bessel functions: A by-product of the monomiality
principle, In: Advanced Special Functions and Applications, D. Cocolicchio, G. Dattoli, H. M.
Srivastava, Eds., Rome: Aracne, 2000, 147–164.

© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 11, Issue 5, 12449–12477.

https://dx.doi.org/https://doi.org/10.12988/astp.2013.13042
https://dx.doi.org/https://doi.org/10.1016/j.cam.2010.02.033
https://dx.doi.org/https://doi.org/10.7153/oam-02-32
https://dx.doi.org/https://hdl.handle.net/20.500.11770/124957
https://dx.doi.org/https://doi.org/10.1080/10652469.2013.842234
https://dx.doi.org/https://doi.org/10.1016/S0096-3003(02)00329-6
https://dx.doi.org/https://doi.org/10.1016/S0895-7177(03)00080-3
https://creativecommons.org/licenses/by/4.0

	Introduction
	The Apostol–Hermite–Kampé de Fériet–Bell–Bernoulli-type polynomials
	Summation formulas and determinant representation
	Differential and integral formulas
	Fractional extension
	Computational and graphical frameworks
	Computational and graphical representations of AHKFBelBP   ()(, , ; )
	Computational and graphical representations of FAHKFBelBP  , ()(, , ; , )

	Conclusions

