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1. Introduction

Special functions and polynomials are fundamental to numerous scientific disciplines. For example,
the authors in [1] examined the applications of special functions in mathematical physics. Numerous
applications of special functions in numerical analysis are documented in [2]. Some applications in
engineering are discussed in [3]. Other studies encompass applications across various areas. For
instance: probability theory [4, 5], combinatorial structures [6], approximation theory [7], umbral
interpolation [8, 9], matrix calculus and related interpolation [10, 11], and fractional calculus [12].
In addition, these polynomials naturally generate a wide variety of useful identities and serve as a
foundation for the construction of new families of polynomials, for example, Bell-based Bernoulli
polynomials [13], a new family of Bernoulli-type polynomials [14], Gould-Hopper-Eulerian-type
polynomials [15], and a new family of Fubini-type polynomials [16].

In recent years, many researchers have also developed generalized versions of well-known
special polynomials such as Hermite, Bernoulli, and Bell polynomials, for example, Cesarano et
al. [17] studied Apostol-type Hermite degenerated polynomials, Ramirez and Cesarano [18] applied
the monomiality principle to introduce and study a new class of Apostol Hermite Bernoulli-type
polynomials, Duran et al. [13] defined and examined the Bell-based Bernoulli polynomials with some
applications, Duran and Acikgoz [19] established Bell-based Genocchi polynomials and obtained
some related properties, Kim et al. [20] discussed and established some results on Bell and poly-
Bell numbers and polynomials, Al-Jawfi et al. [21] defined and studied a generalized family of Bell
polynomials with some geometric applications, Ramirez et al. [22] introduced and discussed the Bell-
based Apostol-Bernoulli-type polynomials and their characteristics, Mohra et al. [23] presented some
advancements in g-Hermite-Appell polynomials, Quintana et al. [24] introduced a degenerate version
of hypergeometric Bernoulli polynomials, Ramirez et al. [25] investigated a new U-Bernoulli, U-Euler,
and U-Genocchi polynomials and their matrices, and Urieles et al. [26] discussed the F-Frobenius-
Euler polynomials and their matrix approach. Recent advancements in approximation theory and
special functions indicate wider analytical and computational relationships for generalized polynomial
systems; refer to the boundary interpolation framework in [27] and the g-statistical approximation
context in [28].

Let R, C, and Z represent sets of real numbers, complex numbers, and integer numbers, respectively.
Additionally, N = {1, 2,3, ...} and Ny = N U {0}.

Special polynomials in two variables serve as a potent mathematical instrument for analyzing
solutions to partial differential equations in physics. This discovery is a fundamental component
of mathematical physics, where special functions originated primarily as tools to address particular
physical problems. Recall the Hermite-Kampé de Fériet polynomials H,(a,v) [29] which are
defined as:

e = N H (a0, v)— (1.1)
and represented by
141 5
P~ 2K X
H,(a,v) = p!
KZ:(; (o —2x) k!

Bell polynomials represent a distinguished class of special polynomials in two variables. These
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polynomials, named for the mathematician Eric Temple Bell, provide a robust mathematical framework
for analyzing number theory, combinatorics, and mathematical physics. Originating from the theory
of exponential generating functions, they offer a systematic method to represent and manipulate
certain polynomial sequences. Their capacity to encode complex combinatorial data renders them
indispensable across a spectrum of disciplines, including number theory, mathematical physics,
probability theory, and computer science. The bivariate Bell polynomials (BelP) Bel,(a,v) [13,19]
are defined by

. - *
"D = " Bely(@,v) . (1.2)
p=0 p:

Taking o = 0 in generating function (1.2), we get
, N #
eV = " Bel,w) =, (1.3)
p=0 p:

where Bel,(v) denotes the classical Bell polynomials [30]. Note that the BelP Bel,(v) satisfy the
following relation [31]:

P
Bel,(v) = ) Sa(p, )V,
k=0

where S,(p, k) denotes the second kind Stirling numbers [20], which are given by

(o)

et_ 1 K tp
( ' ) :ng(p,m o k> 0. (1.4)
! £ !

K

Recently, Al-Jawfi et al. [21] introduced Hermite—Kampé de Fériet-based Bell polynomials
uBel,(a, v, y) which are defined as follows:

; - *
D = N L Bel (o, v, y) (1.5)
— p!
p=0
and represented by the series
- (P
HBelp(a’ v, 7) = Z (K)Hp—/((a’ U) Belk()’)
k=0

Let o € N; the generalized Bernoulli-type polynomials Rgr)(a/) of order o are given by means of
the following generating function [14]:

£V . o *
at _ R©@ —, | <2m, 179 := 1. 1.6
(Ze,_z)e ; @) <o (1.6)

Setting o = 1 in (1.6), we get

£ RS *
- N"R )L, 1.7
(2@’—2)e pzz(; o (1.7)
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where R, (@) are classical Bernoulli-type polynomials.

Setting @ = 0 in (1.6), we get
NS Y
(2et—2)‘z Pl

p=0

where R, are classical Bernoulli-type numbers.
The generalized Apostol-Bernoulli-type polynomials (GABTP) R;,‘T)(oz; A) of order o are given by
means of the following generating function (see [22]):

(ZM ) e ZR@(Q /l) 1 < llog Al, 17 := 1. (1.8)

Setting @ = 0 in (1.8), we get

(o)

(metfz— z)a 2 Rmu) (1.9)

p=0

where Rgf)(/l) denote generalized Apostol-Bernoulli-type numbers of order o
The  r-parametric = Hermite-based = Milne-Thomson type polynomials (rPHMTTP)
h(p,w,z; i, r,a,b) [32] (see also [33,34]) are defined as follows:

N #
Mi(t,w, 2,8, 1,0, b) = (b + f(t, @) G(t,w,ii,r) = ) hip, w, 2 il,7,a,b)=, (1.10)
p!
=0

where a,b € R, z € Ny, r € N, r-tuples i = (uy,us, . ..,u,), and w = a+iv. The function f(¢, a) denotes
an analytic function or meromorphic function, and G(t w, il, r) denotes the generating functions for
r-parametric Hermite type polynomials K(p; w, i, r), defined as follows:

r . ) »
G(t,w,il,r) = exp (wt + Z ujtf) = Z Ko, w, i, r)—'.
. p!
j=1 =0

in (1.10), the FPHMTTP

Setting w = a,i = 0,b = 0,7 — o,a — A, and f(1,d) = 2/123—2

h(n,w, z; i, r, a, b) reduce to the GABTP RE,‘T)(a/; A).
The generalized tangent polynomials 7, () [35] are defined by

Z‘Tpe(a) ceR". (1.11)

ef’+1

Setting € = 2 in (1.11) yields the generating function of classical tangent polynomials 7 ,(a) [36]:

€2t e Z‘T(a) (1.12)

Setting € = 1 in (1.11) yields the generating function of Euler polynomials E, () [37]:

e’+1 ZE(a)p' (1.13)
p=0
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The determinant representation and matrix approach are essential tools for the analysis of special
polynomials. The matrix and determinant methodology in umbral calculus originated from two
nearly concurrent studies [38, 39], employing entirely distinct methodologies. One of these evolved
autonomously and was codified in the literature [11]. This study extends the determinantal definition
of Bernoulli polynomials, initially proposed by Costabile et al. [40] and further developed for Sheffer
and Appell polynomials [38,41], to a class of hybrid polynomials.

Motivated by the importance of Hermite—Kampé de Fériet polynomials, Bell polynomials, and
generalized Apostol-Bernoulli-type polynomials, this study introduces an original hybrid unified
family incorporating these special polynomials. Our unified family integrates features from three
significant special polynomials, Hermite—Kampé de Fériet polynomials, Bell polynomials, and
generalized Apostol-Bernoulli-type polynomials. This unified family strengthens the applicability
of classical special polynomials by incorporating their advantages and providing increased versatility.
This makes them more adaptable and strong in handling complicated, contemporary problems across
multiple fields.

In comparison to other polynomial sequences, our introduced family can be regarded as a
generalization of other existing polynomial sequences, such as Hermite—Kampé de Fériet polynomials,
Bell polynomials, and generalized Apostol-Bernoulli-type polynomials, Bernoulli-type polynomials,
Hermite—Kampé de Fériet—Bell polynomials, Hermite—Kampé de Fériet—Apostol-Bernoulli-type
polynomials, Hermite—Kampé de Fériet—-Bernoulli-type polynomials, Bell-Apostol-Bernoulli-type
polynomials, and Bell-Bernoulli-type polynomials. Further, the fraction extension (fractional-type
Apostol-Hermite—Kampé de Fériet—Bell-Bernoulli-type polynomials) is also a generalization of many
fractional special polynomials.

The structure of this paper is as follows: This study establishes a new generalized class of
special polynomials, the Apostol-Hermite—Kampé de Fériet—Bell-Bernoulli-type polynomials (see
Definition 1); Section 2 introduces the series representations and significant properties of this new
class; in Section 3, we investigate some related summation formulas and determinant representation;
Section 4 establishes certain differential and integral representations; Section 5 presents the fractional
extension for these polynomials; and finally, the study concludes with computational analyses and
graphical illustrations.

2. The Apostol-Hermite-Kampé de Fériet—Bell-Bernoulli-type polynomials

In this section, we introduce a new class of special polynomials known as Apostol-Hermite—Kampé
de Fériet—Bell-Bernoulli-type polynomials (AHKFBelBP) and investigate their associated properties
and identities.

Definition 1. The Apostol-Hermite—Kampé de Fériet—Bell-Bernoulli-type polynomials wﬁ,‘r)(a, v,y; )
of order o are defined as

tz 7 at+urr+y(e'—=1) _ N (o) . 1 . _
(mer—z) e = 3wl @v.yd) o (i <llogdl, A% Ll <2mA=1). @D

p=0
Setting @« = v = 0 and ¥y = 1 in generating function (2.1), we get Apostol-Hermite—Kampé de
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Fériet—Bell-Bernoulli-type numbers t//((’)(/l) of order o, which are given by

Z ((T)(O 0,1; /1)_ :( £ ) e — Z (0')(/1)
2Ae" -

Remark 1. Setting A = 1 in (2.1), we get the Hermite—Kampé de Fériet—Bell-Bernoulli-type
polynomials , "(a, v,y) of order o, which are given by

D = (55 e =S ) &
p:O ) ’ a’y’ p! - 261—2 - p:O ) ’ ay p’

Remark 2. Setting v = 0in (2.1), we get the Apostol-Bell-Bernoulli-type polynomials Beler) (a,y; 1)
of order o, which are given by [22]

(o)

- 1 N\ ; 1
E “(a, 0, ;/1—:(—) @D = X BaR (@, y;A) —. 2.2
20% (@,0,y )p! =3 ¢ p§:031 , (@, y )p! (22)

Remark 3. Setting @« = v = 0in (2.1), we get the classical Apostol-Bell-Bernoulli-type polynomials
Belef)(y; A) of order o, which are given by

(o0

£ ” i
Zw@(o 0,7 /l)— = (2 pr 2) " = " gaR(y; ) o (2.3)
p=0 =0 ’

Remark 4. Setting vy = 0 in (2.1), we get the Apostol-Hermite—Kampé de Fériet—Bernoulli-type
polynomials (AHKDFBTP) yR,(a, v; A) of order o, which are given by

2 - *
(@) o ar+ur? R(o) . — 24
Zw (avO/l) (Met ) Z:(; v (2.4)

Setting w = @, il = (u,up) = (0,u) = (0,v),b =0,z — 0,a — Aand f(t,1) =
the 'PPHMTTP h(n, w, z; il, 1, a, b) reduce to the AHKDFBTP 4R\ (, v; A).

— in (1.10),

21 t

Remark 5. Setting y = 0 and o = 1in (2.1), we get the Apostol-Hermite—Kampé de Fériet—Bernoulli-
type polynomials yR,(a, v; 1), which are given by [18]

[Se]

= 1 t 2 1
E (1) . _ at+ut E .
4 lr//p (a7 U9 0’ A)p! - (2/l€t ) Rp(a’ U’ /1) p'
p:

p=0

Remark 6. Setting v = 0 and v = 0 in (2.1), we get the generalized Apostol-Bernoulli-type
polynomials Rgr)(cx; A) of order o, which are given by (see [22])

Zgb(")(a 0,0; /l) (mer 5) e ZR(")(a/ /l) 2.5)

p=0
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Remark 7. Setting v = v = 0and A = 1 in (2.1), we get the generalized Bernoulli-type
polynomials Rff)(oz) of order o, which are given by [14]

Zw(")(a 0,0; 1)— - (55— ) ZR(")(Q/)

Theorem 1. The following series representation for the AHKFBelBP 1//(‘7)(0/, v,y;A) of order o
holds true:

o

VHCARNEDY (ﬁ )HBe @, v,7) RO, (2.6)

k=0
Proof. Using (1.5) and (1.9) in (2.1), we have

gl/’,(f)(a, U,Y;ﬂ)/t)—i = (;HBe (@,v,y) — )(ZR@@) )

which, on using the Cauchy product rule and series rearrangement, gives

D@ vy /1) Z Z( )HBelp (@, v,7) R((’)(/l)— 2.7)
p=0 p=0 k=0
From (2.7), we get the asserted result (2.6). O

Theorem 2. The following series representations for the AHKFBelBP 1//(0)(0/, v,y;A) of order o
hold true:
P

VUCARTIEDY (i )BBIR“” ;D) Hyl@,v), (2.8)

K=

Rgr)zx(“’ v ) v~

(o) |
Uy (@ v,y ) = p! Z 30 (2.9)
Proof. Using (1.1) and (2.3) in (2.1), then applying the Cauchy product rule, we have
N tp
D v yid) £ = (ZBCIM ;) —)(ZH (@.v) )
,DZO p_
o p
> (K)BBIR“’) (7: D) Hila, v)— (2.10)
p=0 «=0
From (2.10), we get the asserted result (2.8). Next, in view of (2.1) and (2.2), we have
NP @) N
pr (a’ U’)/’/l) (ZBelR (a' Y7/l) _)(Zw E)
p=0 =0 T p=0 '
i 5l p! BelR(p )ZK(CY, YD) U e @.11)
= (o —26)! k! pl '
From (2.11), we get the asserted result (2.9). |
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Theorem 3. The following series representation for the AHKFBelBP z//(U)(a, v,y;A) of order o
holds true:

PN
VUCAREDY Z( )y L CRVVEHON) (2.12)
n=0 «=0

Proof. Using (1.4) and (2.4) in (2.1), we have

? T 2 ¢
(o) at+ut +y(e'-1)
;‘;w (av%ﬂ) . (2/16’ 2) ¢

(Z #RO (@, v; 1) — )(ii)f S2(17, K) )

n=0 k=

which, on using the Cauchy product rule and series rearrangement, gives

) p o P n . p
PNZRCAREEDIIY (p ) Y R (@, v ) S2(0,6) . (2.13)
- p! o=\ P!
p=0 p=0 =0 «=0
From (2.13), we get the asserted result (2.12). O

3. Summation formulas and determinant representation

This section introduces useful identities for the Apostol-Hermite—Kampé de Fériet—Bell-Bernoulli-
type polynomials w (a,v,v; ) of order o, focusing on the implicit summation formulas and
determinant representation established by the following theorems.

Theorem 4. For p € Ny and 0,6 € N, we have

P

w/()o-+6)(a/ +w, v,y 4) = Z (K) @ (@, v,7; ) RO (w; D). 3.1)

k=0

Proof. Utilizing (2.1), we have

(0+6) -1 tp _ 12 @+ (a+w)t+ut+y(e'—1)
Z (e vy )E_(Z/le’—2) ¢
N ATANI
= (D u@ur S S RO 5
p=0 P70
o p
=2, Z( )w(‘” (v, 7; ) RO(w; A) (3.2)
p=0 =0 k
From (3.2), we arrive at the asserted result (3.1). O

Remark 8. Setting y = 0in (3.1), we have

K

o
HR’STHS)(CZ +w, ) = Z (p)HR(‘T) (@, v; ) RO(w; Q).
k=0
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Theorem 5. For p € Ny and o € N, we have

P
l//gr)(a +x, v,y +z4) = Z (i)BdR (a,v; D) gBely(x, v, 2). (3.3)

k=0

Proof. Utilizing (2.1), we have

2
21et =2

piBelR(O')(a/ y: A P )( Z uBel,(x,v,2) _)

S #
DU+ x vy ) =
o!

il
-

)(r e(a+x)t+ut2+(y+z)(e’—l)

=0

0 p
Z (K)BelR(‘T) (a,y; 1) uBeli(x, v, z) — (3.4)
p=0 k=0

From (3.4), we arrive at the asserted result (3.3).

Remark 9. Setting y = 0 in (3.3), we have

p
z//(")(a +x,0,74) = Z (p)Rg’)(cx; A) uBeli(x,v, ).
K

k=0

Theorem 6. For p € Ny, € € R, and o € N, we have

1 &
1,///()‘7)((1 +w,v,y; ) = 3 KZ:O: (i)"i;_m(w)(wf(‘r)(a +€v,y; 1) + w,((‘r)(a, U,y /l)). 3.5

Proof. Utilizing (2.1), we have

C rp
(e +1) (")(a+wv’y,/l) = W’Z (")(a/+evy,/l) +eW’Z (”)(a,v,y;/l)ﬁ. (3.6)

From (1.11) and (3.6), we have

o lp ewt

p=0

= %(i(]joE( )_)(ZW(U)(Q-F E, VU, ’y, /l) + lp(o')(a,’ U,')/, _’i)
1 °°_ < p () () ,D
:§ZZ(K) Ke(W)(l//U(awLevy,/l) +¢/‘T(avy’,1))_‘ (3.7)
p=0 =0
O

From (3.7), we arrive at the asserted result (3.5).
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Remark 10. Setting € =2 in (3.5), we get
1 &
VN (a+w,u,y;0) = = Z P ﬂ_K(w)(wi")(a +€,vu,7;4) + :,b,(fr)(a', U, /l)).
L 2 I \k

Remark 11. Setting e = 1 in (3.5), we get

(o)

P

1
(@+w,u,y;4) = 3

e
Z (p)Ep_K(w)(wf(”)(a +evu,7;4) + z//,((")(cx, v,7; /1)).
k=0 K

Theorem 7. For p € Ny, we have
(1) 1 2 (1 .
v+ Lo,y ) = = {07 — puBelya(a.v.7) + 29 (@ v, y: D). (3.8)

Proof. Utilizing (1.5) and (2.1) for o = 1, we have

N 2e' -2 < tp
Z HBelp(a’ v, )/) - = ez Z '7[’;)1)(&’ v,v; /l) -
p! t p!
p=0 p=0
2 |« r  — 1
= {/l D@+ Ly ) = = > wa,v,y: ) —,} . (39
p=0 p: p=0 p-
From (3.9), we have
= 1 = 1 1
Z(/O2 ~pluBel,a(a,v,7) — =2 Z {/hﬁé”(a +Lu,y; ) — =¥, (@, v, 75 /1)} . (.10
= p! p=y p! p!
From (3.10), we arrive at the asserted result (3.8). O

Remark 12. Setting y = 0 in (3.8), we have
1
HR (@ + Luid) = {07 = p)Hy (@ v) +2 4R, (@02 ).

Next, in view of the principles defined in [38], we present the determinant definition of the
AHKFBelBP z//gr)(a, v,y; ) of order 0. The determinant form captures the recurrence structure of
the AHKFBelBP w/(f’)(a, v, y; 4) in a unified manner and provides a compact algebraic characterization
of the AHKFBelBP ¢\ (e, v, ; ).

Definition 2. The AHKFBelBP 1//20)(&, v, y; A) of order o and degree p are defined by

1 gBeli(e,v,y) uBel(a,v,y) ... pBel,_i(a,v,y) pBel,(a,v,y)
MO l'll //LZ “e /,Lp_l ﬂp
2 -1
(o) ‘1 =1y 0 Ho (l)ﬂl T pl Hp—2 ('T Ho—1
v, (@, v,7;4) = oy 0 0 Lo . p;l s (g o ,
0 0 0 e Mo (p,—)l)ﬂl
where po, pi, o, ..., [, are the coefficients of Maclaurin series of the function (—2}5_2) and

uBely(a, v, y) are the Hermite—Kampé de Fériet-based Bell polynomials (1.5).

AIMS Mathematics Volume 11, Issue 5, 12449-12477.



12459

4. Differential and integral formulas

In this section, utilizing the factorization method, we derive some differential and integral
expressions for Apostol-Hermite—Kampé de Fériet—Bell-Bernoulli-type polynomials w(g)(a, v, y; )
of order o.

Theorem 8. For p € Ny and s € N, we have

Pl U (v yid)

0° P Vo OV S o
(@)= e P @)
oa’ 0, 0<p<s.
Proof. Upon differentiating (2.1) s-times partially with respect to «, gives
& [l
Z A) = Z v i) Z ZRCRR
p=0 p=0 p p=0
which, after simplifying and then equating the coefficients of g on both sides, produces the stated
result (4.1). O
Similarly, the following result can be proved.
Theorem 9. For p € Ny and o € N, we have
9 Pl U (@wyid) S 5.
— (@, v, 70} = I (4.2)
ov 0, 0<p<?2.

Theorem 10. The AHKFBelBP w(a)(a, v,y;d) of order o satisfy the following operational
representation:

62
U@ v 730 = exp (v 5 | fmaR (@, 7 D). 43)

Proof. From (4.1) and (4.2), we have

2

{W(a, v,y; D)} = % {pi9@,v,y; 0. (4.4)

Also, from equations (2.2), it follows that

v(@,0,y;2) = paR (@, 7: ). (4.5)
Solving Eq (4.4) subject to initial condition (4.5), we arrive at assertion (4.3). O

Remark 13. Setting y = 0 in (4.3), we have

)R @),

#R (e, v; 1) = exp (v o
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Theorem 11. For p € Ny, we have

{t//(”)(a,v v} = i (p ){ V@, v,y ) — gBel,_ (@, v,7) RO} (4.6)

K
k=0

Proof. We start with generating function (2.1). Differentiating it with respect to vy, followed by
simplification using equation (2.6), results in

- 6 P 7 2 /
_ (U) r_ at+ut? +y(e'-1)
pz gy Vo (@ ﬂ)} - D{(zw —) ¢ }

0

| < t* - 1

§ § (o) . § (o) .
_'{ ((I, U’%/l) ;} - { l//p (a,’ U’%/l) ;}

=0 p=0

1%

[ P tp
ZZ() 0,73 D) = Bely (e, ) ROW) = (@)
K p:

p=0 =0
From (4.7), we get the asserted result (4.6). O

Similarly, the following result can be proved.

Theorem 12. For p € Ny and o € N, we have

{w@(a,v v} = Z (K)w“” (@, v,7: ).

k=1
Theorem 13. The following formula holds true:
Uy (v s ) = s (a, v,y + p f v (@, v,7; ) da. (4.8)

Proof. Taking the integration of both sides of (2.1) with respect to « from a to x, we have

S * (o) . d ﬁ — l tz 7 at+ut2+y(e’—1) !
Vo v i de h= 1 \e—2) ¢
p=0 Y@ ° a

{Z vy 00,73 ) p— - Zw% v, %) }

p=0 p=0

which yields the asserted result in (4.8). O

Theorem 14. The following formulas hold true:

0y = U @a i 0+ @ =) [ U . (4.9)
W (v, x0) = (e, v,a52) + f (l/lgf)(a’ +1L,v,7:.0) =y, v,7:.2) )dy. (4.10)

AIMS Mathematics Volume 11, Issue 5, 12449-12477.



12461

Proof. Taking the integration of both sides of (2.1) with respect to v from a to x, we have

12 o ) . A
(o) _ at+u (e'-1)
> [ur@urn b= L) o]

p=0 ¥4 a

1 0
= I—Z{wa:”(a %) ——Zw% a,y;) }

p=0

which yields the asserted result in (4.9). Next, taking the integration of both sides of (2.1) with respect
to y from a to x, we have

1 I o ) . x
f w(cr)(a' v,y; ) dy — = . [( T 2) gty 71)]
p=0 .,
e {Z{; vy (@ v, x; /l) — = Zl//(m(a, v, a; ) ;}
o=

which yields the asserted result in (4.10). O

Example 1. Setting 4 = 1 and o = 2 in (2.1), we get the Hermite—Kampé de Fériet—Bell-
Bernoulli-type polynomials (2-oHKFBelBP) z,//(z)(a, v, y) of order 2 which are given by the following

generating function:
tz 5 X . 0 ) tp
eatturtyle =) _ E 1//2 )(a/, v, 7) -
2et -2 o
p=0

The first six 2-oHKFBelBP l//(z)(a/, v,y) of order 2 are listed as:

1 3
w(Z)(a, v, 7) = 09 w(12)(a’ v, 7) = 07 l/’(Z)(a/’ v, 7) = 5’ W(Z)(CY, v, 7) = E(a’ +y - 1)5

5

w(z)(a/, v,y) = 3% + 6ay — 6a + 6V +3y* =3y + =,
2

25 5 5

t//(z)(oz, v,7y) = 5a° + 15a%y — 150 + 30av + 15ay* — 15ay + Toz +30uy — 30U + 5% + % -3

In view of (2.6), (2.8), (2.9), and (2.12), the 2-oHKFBelBP 4 (@, v,y) of order 2 satisfy the
following series representations:

P
vP(@v,y) =) (’:
=0

)HBelp (a,v,y) R(z)
c P 2
USCARIEDS ( )BCIRLJK@) H(a,v),

k=0 K
(51 R(Z) (a,
BelN oy 7) v*
@ .
P M 0
K 2
VRCARIEDSDY (n) Y iR (. v) $207. 4.
n=0 «=0
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In view of (3.1) and (3.3), we present the following summation formulas for the 2-oHKFBelBP

f)(a, v, y) of order 2:

o)
e s = 2w RO

k=0 K

o)

22)(01 +x,u,y+2) = Z (p)BelRLZ_)K(oz, v) uBeli(x, v, 2).

K
k=0

Definition 3. The 2-oHKFBelBP wfoz)(a, v,y) of order 2 and degree p are defined by

1 pBeli(a,v,y) uwBel(a,v,y) ... pBel,1(a,v,y) uBel,(a,v,y)
Ho M H2 Hp-1 Hp
2 -1
@ -1y |9 Ho (1)'“1 ’ )'“P‘z (ﬁ)'up—l
l//p (a, v, ')’) = O 0 p—1 P ,
(o) Ho 2 JHp-3 2 JHp-2
0 0 0 Lo (.2 )
, \2
where o, p1, [, ..., M1, are the coefficients of Maclaurin series of the function (2;,—_2) and

uBel,(a,v,y) are the Hermite—Kampé de Fériet-based Bell polynomials (1.5).

Similarly, we can obtain the other results for the 2-oHKFBelBP lp/(f)(oz, v,y) of order 2 from the

corresponding results that are established in previous sections.
S. Fractional extension

Based on the obtained operational representation in Section 4 and in view of the Euler integral, we
establish the fractional-type Apostol-Hermite—Kampé de Fériet—Bell-Bernoulli-type polynomials.

We recall the Euler integral, a pivotal fractional operator in the study of special polynomials as
characterized by Srivastava and Manocha [42]. Serving as a conceptual cornerstone, this integral
has enabled researchers to forge new directions in polynomial theory. Notably, Dattoli et al. [43,44]
have made a substantial contribution to the subject by expanding the theoretical framework and the
practical applications of these functions through the use of Euler integral representations. The Euler
integral [42, p. 218] is given as

[f= L f et 0 do, min {Re({), Re(¢)} > 0, (5.1
I'(e) Jo

which leads to the following [44]:

2 0 [ ol o

and, consequently, we can obtain

2

e [ oo o
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These integral representations lay the groundwork for operational techniques used to construct and
study special functions, including generalized polynomial classes.

Theorem 15. The fractional-type Apostol-Hermite—Kampé de Fériet—Bell-Bernoulli-type
polynomials :,Dp Na,v,v; A, ) are defined by

(92 —&
(¢-v57) BaRO@ 7D =y v,y 2.0, (5.2)
(04

Proof. Replacing ¢ by ({—v 6‘7—;) in relation to (5.1), then applying the resultant result to Bele’)(a, v; A),
we obtain the following transformation:
2

62 £ 1 00 ~ ~ 8 .
(é 1% da 2) Be]R/()O—)(a’, Y, /l) = @ f e fw o’ ! exXp (C()U ﬁ)Be]RL )(CY, v, /l) dw ,
0

which, on using operational relation (4.3), becomes

32 - 1 * ) £— o
(f— v ﬁ) BeleT)(a/,% )= @f el W E, (@, wv,7; ) dw. (5.3)
0

The integral transform on the right-hand side of (5.3) yields a new class of special
polynomials, known as the fractional-type Apostol-Hermite—Kampé de Fériet—-Bell-Bernoulli-type
polynomials (FAHKFBelBP). By denotmg these polynomials as %a)(a v,y; 4,{), we obtain

W, v,y 4,0) = — f e WY a, wu,y; ) dw. (5.4)
I'(e) Jo P

Equations (5.3) and (5.4) imply assertion (5.2). O
Remark 14. Setting y = 0 in (5.2), we have

a £
(¢-v ) RO@D = iR v 2.0
Now, we construct the generating function for the fractional-type Apostol-Hermite—Kampé de
Fériet—Bell-Bernoulli-type polynomials by proving the following result:
Theorem 16. The following generating function for the FAHKFBelBP w(‘r)(a/ v, v; 4, ) holds true:

£ o at+y(e 1) )
(5w =3) =y Z vy O 5.5)

Proof. Multiplying both sides of (5.4) by £ i then summing over p, we obtain

- 1 1 * - 1
Z wg’g)(a, v, ;,0)— = —— f et wa_l( Z wg’)(a/, wy,y; /l)—) dw,
= ’ p! T(e) Jo p p!

which, in view of the Eq (2.1),

S # £ AT Y 2
(o) /1 — ( ) at+y(e'-1) f -({-v)w , e-1 d . 56
;:0 Y@, v,y; ,Z)p—! S —3) ¢ o) © o dw (5.6)
Finally, applying relation (5.1) to the right-hand side of (5.6) yields assertion (5.5). O
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Remark 15. Setting v = 0 in (5.5), we get the generating function for the fractional-type Apostol—
Hermite—Kampé de Fériet—Bernoulli-type polynomials (FAHKFBP) HR(U)(a/ v; A, 0) as

(o)

t2 o e(lt *
— (o) . .
(2/16‘ —2) (¢ —v2e ZHRP’S(O[’ U’/Lg)p!'

p=0

For any complex number &, the Pochhammer symbol (g), is defined by (see [37,42])

ge+1)---(e+xk—-1), keN;
(S)K:{
1, k=0.

Next, we establish the series representation for the fractional-type Apostol-Hermite—Kampé de
Fériet—Bell-Bernoulli-type polynomials by proving the following results:

Theorem 17. For the FAHKFBelBP y\7)(a, v,v; A, ), we have

L (@) peaR Ty (e, y: ) v

@) A, : 5.7
U 0 = 7 K§O 20 (5.7)
Proof. In view of series definition (2.9), Eq (5.4) becomes
R( o) (CZ Yi /l) Uk 0
Bel s /s
() 1 _ p—2K —(w , e+k—1 dw. 5.8
YN v, 3 4,0) = F()§ 62T fo e W™ do (5.8)
By applying (5.1) to the right-hand side of (5.8), we obtain assertion (5.7). O

Based on the monomiality principle [45, 46], we establish the operators for multiplication and
differentiation and the differential equation for the FAHKFBelBP :,[/(‘T> (a,v,y;4,0).

Theorem 18. The FAHKFBelBP w(‘ﬂ(a v,y A, () satisfy the following multiplicative and
derivative operators:

X . . 20' 2¢ev D, o lePe (59
=a+yel + — — .
v LA > W Y, - PR
and
)2 v = Do, (5.10)
respectively.
Proof. Observe that
[2 o Lat+y(e'-1) t2 o at+y(e'-1)
D, ( ) ¢ = ( ) ¢ . (5.11)
2 = 2] (L —vr?)e 2et =2/ (¢ —vt?)?

Partially differentiating (5.5) with respect to ¢ yields

200 2evt t*
il 2: (@) L }‘ (@) . r
{a/+ye + : +§—vt2 Tor — }{ C(a,v,y; 4, {)p } wp+18(a,v,y,/l,§)p!.

p=0
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Using the identity (5.11) and comparing coefficients of each power of ¢, the following is obtained:

{ el 200 2euD,  oAeP*
@+ yer

D oD aeni s }{l//(")(a vy .0} =9 (v, y: 4.0). (5.12)

From (5.12) and (5.11), we get asserted results (5.9) and (5.10), respectively. O

Remark 16. Setting y = 0 in (5.9) and (5.10), we get the following multiplicative and derivative
operators for the FAHKFBP HREQ(Q, v, A, ) as

N 20 2evD, oAePe
+ —
Do {—uD?  AePe—1

and

respectively.

Theorem 19. The FAHKFBelBP zp(”)(a v,y; A, {) satisfy the following differential equation:

2ev D> odePe
{—vuD? el - 1

(aD(, +yeP D, + 20 + )l//((r)(a vy L) = (5.13)

Proof. In view of the monomiality principle [45, 46], utilizing operators (5.9) and (5.10) yields the
asserted result (5.13). O

Remark 17. Setting v = 0 in (5.13), we get the following differential equation for the FAHKFBP
HR‘E,(;)(Q’, v, 4, 0) as

2ev D? AePe
(a/DQ + 20 + = vDaz - /{:Df_ IDQ )HR(‘T)(Q v;A,0) =

6. Computational and graphical frameworks

This section presents the advantages of applying computational analysis and investigates the
zero distributions by displaying graphical illustrations of the AHKFBelBP w(")(a, v,y;A) and
FAHKFBelBP y7)(a, v, v; A, ) for specific values and indices.

6.1. Computational and graphical representations of AHKFBelBP w(a)(a, v,y A)

The first seven terms of the AHKFBelBP z//(”)(oz, v,y;A) for o = 1 and A = 1 are mentioned in
Table 1.
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Table 1. The first seven AHKFBelBP z,//,(f)(a, v, y; ).

p ¥ (@, v,7; )
0 0
1
13
2 a+7—%

3 4(60% +6a2y - 1)+ 120 + 6% + 1)
4 207+ 6a’y —3a* + 12av + 6ay® + a + 12uy — 6U + 2y° + 392

o 502
5 57 + 102’y — 502 + 30a’v + 15a%y* + 2~ + 60avy - 30av + 10ay? + 15ay? + 300 + 30vy?

+5u+¥+10y3+5y2—11—2

6 3a’+15a*y - % + 600’y + 30a’y? + 5a° + 180a”vy — 90a?v + 30a%y? + 45a%y? + 180av?
a 45y*
+180avy? + 30av + 15ay* + 60ary” + 30ay® — & + 180Uy — 90v* + 60vy® + 90vy* + 3y + =L

+35y3 + %72

To show the shapes of the AHKFBelBP wg’)(a, v,y; ) forp =1;2;3;4;5;6,-100 < a < 100, 0 =
1,A=1,v= %, andy = %, Figure 1 is given.
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Figure 1. Graphs of y\”(, v,y; 1) for =100 < @ < 100,00 = A = L,v = 1,y = {, and for

p = 1 (top-left); p = 2 (top-right); p = 3 (middle-left); p = 4 (middle-right); p = 5 (bottom-
left); p = 6 (bottom-right).

Certain interesting zeros of the AHKFBelBP

shown in Figure 2.

AIMS Mathematics
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(v,v,y7;1) =0foroc =1 =1and p = 70 are
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Figure 2. Zeros of lp;”)(a, v,y;1) =0foroc=21=1,p =70, and forv = 2,7 = ‘71 (top-left);
U= %,y = % (top-right); v = _71 Y= % (bottom-left); v =y = _—\é (bottom-right).

Remark 18. We observe that the zeros of the AHKFBelBP t//gr)(oz, v,y; ) = 0foro = A4 =1 and
o =70 have the following properties:

1. The AHKFBelBP wf,”)(a, v, y; A) of degree p possess exactly p — 1 zeros.

2. Different zero distributions and a wide variety of graphical configurations are produced whenever
the variables, parameters, or indices are brought into change.

3. The zeros (complex zeros) of AHKFBelBP t,bgr)(a, v,y; A) = 0 demonstrate symmetry with respect
to the real axis.
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The stacking structures of approximation zeros of the AHKFBelBP ;l/,(f)(a, v,y;d) = 0 for o =

A= land 1 < p <70 show 3D structures, which are given in Figure 3.

©v=73 andy =3 @v=y=%

Figure 3. Stacking structure zeros of wff)(a, v,y; A) = 0. This figure presents the 3D plot of
the zeros of the wﬁfr)(a, v, ;) =0foroc=4=1,1 <p <70, and for v = S,y = ‘71 (top-

left); v = $,y = 1 (top-right); v = =,y = 1 (bottom-left); v = y = % (bottom-right).
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6.2. Computational and graphical representations of FAHKFBelBP L//(U)(oz v, y; 4, 0)

The first seven terms of the FAHKFBelBP w(")(a v,y;4,{) foroc =1 =1, =2,and { = 3 are
listed in Table 2.

Table 2. The first seven FAHKFBelBP wg;)(a, v,v; 4, 0).
memmLo

o™

1
18
2 LQRa+2y-1)

3 % (60 +6a(2y —1)+8v+6y> +1)

3 247 2 2 8 2
4 2%+%—%+80’“+‘”+ +ﬂ——+7+7
4 10y 503 2002y |, S5a2y? 5 40avy  20av 1 007 Say’ 2002 20U7 1 Ov
5 X -+ ==+ ==+ - =<+ + 5+ S+ + Wy 7
1810y3 9% B i 9 3 18 9 9
9 9 108
504 3 10 2 10a2y3
6 ? =t _5%_'_40(9111_{_ 07+5(t+ CZU)/ 20(320+ (;7 +5(Z}’+4OQU+?(ZU)/2
5 20 10 40 40vy® | 20vy? S5 35 5y?
+20au+ay+ ay+ 07___,_ vy 20v+ vyt 4 v7+7_+7+ 7 Sy

3 9 3 3 6

To show the shapes of the FAHKFBelBP z//(‘T)(a/ v,y; A, ¢) for p
100,00 =1=1,e=2,=3,v= %, andy = ;, Figure 4 is given.

1;2:3;4:5;6,-100 < a <
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Figure 4. Graphs of

N, v,y 4,¢) for =100 < @ < 100,0 = A= 1,6 = 2,{ = 3,u =

4°

y = %, and for p = 1 (top-left); p = 2 (top-right); p = 3 (middle-left); p = 4 (middle-right);
p =5 (bottom-left); p = 6 (bottom-right).

Certain interesting zeros of the FAHKFBelBP g;)(a, v,y;4,0) =0,forc =1=1,e =2, =3,
and p = 70 are shown in Figure 5.
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Figure 5. Zeros of Y, ;(a,v,y;4,{) = Oforoc = A = l,e = 2,{ = 3,p = 70, and for
v = %,y = % (top-left); v = 0.1, = 0.001 (top-right); v = 11—1,3/ = }L (bottom-left); v =
%,y = _715 (bottom-right).

The stacking structures of approximation zeros of the FAHKFBelBP lpf;;)(a, v,y;4,{) =0foro =
A=1,e=2,{=3,and 1 < p <70 present 3D structures, which are given in Figure 6.
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(©v=Fandy=} (d)v:%andy:‘—‘%

Figure 6. Stacking structure zeros of w}f;;(a, v,v;A,{) = 0. This figure presents the 3D plot
of the zeros of the wﬁ,‘g(a,v,y;/l,g’) =0foroc=4=1e=2{=3,1 <p <70, and
forv = &,y = 1 (top-left); v = 0.1,y = 0.001 (top-right); v = -,y = ; (bottom-left);

U= %,y = ‘—‘/15 (bottom-right).
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7. Conclusions

The study of hybrid forms of special polynomials has garnered significant interest within the
mathematical community. In this paper, we successfully established and analyzed a generalized
family designated as Apostol-Hermite—Kampé de Fériet—Bell-Bernoulli-type polynomials. Utilizing
the generating function, we derived the fundamental properties of this family, including the associated
series representations, summation formulas, determinant representation, and differential and integral
representations. Furthermore, we provided a comprehensive theoretical framework by establishing a
fractional extension of Apostol-Hermite—Kampé de Fériet—-Bell-Bernoulli-type polynomials.

In addition to the theoretical investigation, we conducted computational investigations using
Mathematica to illustrate the zero distributions and graphical behavior of these polynomials, providing
a better understanding of their features.

In summary, this study not only introduces new generalized special polynomials, but it also unifies
several polynomial families using a single approach. These results significantly enhance the extensive
domain of special functions. Future research will concentrate on analyzing the degenerate versions of
these specific polynomials and exploring their possible applicability across many domains.
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