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Abstract: In this paper, we consider the following Schrodinger-Poisson equations with magnetic field
(=iV =A@ u + 6(x™" * JulP)u = f(|ul)u, u € H'(R?,C),

where i is the imaginary unit and § > 0. The function A : R? — R? denotes a magnetic potential,
and V : R — R is a continuous potential. First, we establish the existence of ground state solutions
without imposing the strict monotonicity condition and Ambrosetti-Rabinowitz condition. Then using
the dual fountain theorem, we obtain the existence of infinitely many small energy solutions. Our
results extend some recent work in the literature.
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1. Introduction

In this paper, we focus on the following Schrédinger-Poisson equation:

(1.1)

(=iV = A(X))2u + V(Ou + 6(x™" = [ul)u = f(|ul*)u,
ue H(R? C),
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with magnetic potential A : R* — R? and V : R* — R is a continuous potential, where i is the
imaginary unit and 6 > 0.
For u : R® — C, we write Vu := (—iV — A(x))u. The Schrodinger operator (—iV — A(x))? is defined
by
(—iV — A(x))* := —=A + 2iA - V + |A]* + idivA.

When 6 = 0, Eq (1.1) reduces to the magnetic Schrodinger equation
(=iV — A(x))* + V(xX)u = f(ul)u, u € H'(R?,C). (1.2)
Equation (1.2) is the nonlinear stationary version of the following Schrédinger equation:

% = (?V — AW + U@y — f(yP, z € R,
where 7 is the Planck constant, U(z) is a real electric potential, and the function f takes values in C.

On the other hand, when 6 # 0, the convolution potential |x|~! * |u|*u can be seen as a solution
of the Poisson equation, which is used to simulate the motion of particles in their own gravitation
field generated by the probability density of particles. Hence, Eq (1.1) can be regarded as a magnetic
Schrédinger equation coupled with the Poisson equation. It is often referred to as the Schrodinger-
Poisson equation, see [1-3] for example.

The case A = 0 leads to the Choquard equation. In the past decades, large quantities of excellent
results, which concern the existence, multiplicity and dynamical behavior of solutions, have been
obtained for the Schrodinger equation. We refer the reader to [4-6] for the case where both A = 0
and 6 = 0, to [7, 8] for works on the critical case, and to [9-11] for investigations into other
qualitative properties of solutions. For a comprehensive account of how the topological properties
of the underlying domain impact the number of solutions, we direct the reader to [12, 13]. In
recent years, seminumerical work by Marangon, Ponno and Zanelli [14, 15] has uncovered a cascade
structure of excited-state solutions for the non-magnetic Schrodinger-Poisson problem, while a series
of deep theoretical results for Schrodinger-Poisson systems with critical growth have been established
in [16-18].

In this paper, we focus on the case A # 0. The study of the Schrodinger equation with a
magnetic field has aroused great interest among researchers in recent years, due to its wide relevance
in semiconductor theory, condensed matter physics, and plasma physics. To the best of our knowledge,
the first seminal result on the magnetic Schrodinger equation was established by Esteban and Lions [19]
for the problem

ih

(—=ihV — A(X))*u + V(X)u = |[u/’>u in R". (1.3)

They proved that the associated minimization problem is attained via the concentration-compactness
principle, which yields the existence of solutions to problem (1.3). Since then, a wide range of
problems involving magnetic potentials have been extensively studied. We refer the reader to [20-22]
for Schrodinger equations with magnetic fields, [23—25] for Schrédinger equations with both nonlocal
terms and magnetic fields, and [26-28] for other types of solutions, such as multi-bump solutions,
vortex-type solutions, and semiclassical solutions.

In those works, only a few papers were concerned with the existence of infinity many solutions.
We want to mention that in a recent paper [29] , Wen and Zhang obtained a ground state solution and
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infinitely many high energy solutions for problem (1.1) by using variational methods. More precisely,
the authors supposed that V(x), A(x), and f(¢) satisfy the following conditions:

(V1) V € C(R?, (0, 0)) and V(x) is 1-periodic in x;, x,, and x3;
(A) there exists ¥, € H} (R? R) such that A(x +y) — A(x) = Vy, forally € Z?;

loc

(f1) f e CR,R) and |1t|in(1)f(t) =0;

. o
(f2) there exists g € (4, 6) such that tl_ljgo o2 —

(f3) @ is nondecreasing in (0, +00);

(f4) lim £ +o0, where F(1) = [ f(s)ds.

t—>+00 [2 B

Under conditions (V1), (A), and (f1)-(f4), the authors obtained a ground state solution by the

non-Nehari manifold method. In order to obtain infinitely many solutions, the authors supposed that
V(x) and f(r) satisfy

(V2) Ve C(R3,R), inf3 V(x) > —oo, and for every M > 0, there holds
xeR

meas({x € R : V(x) < M}) < oo,

where meas denotes the Lebesgue measure in R3:

(f5) there exist constants 7 > 0 and @ > 0 such that
fOr—tF@) +ar >0, VYreR".

Under conditions (V2) and (f1)—(f5), the authors obtained infinitely many high energy solutions by
using the fountain theorem [30].

Inspired by the above works, in this paper, we study problem (1.1) in the case A # 0 and 6 # 0.
First, we simplify the proof of the existence of a ground state solution of problem (1.1) obtained by
Wen and Zhang [29]. Then, we investigate the existence of infinitely many small energy solutions of
problem (1.1) by the dual fountain theorem [30]. The energy functional associated to problem (1.1) is
givenby I : Hi(R) > R,

2 2
I(u) := ! f [I(=iV — A(x)ul]*dx + ! f V(x)lulzdx+g f f dedy—l f F(lu*)dx.
2 R3 2 R3 4 R3 JR3 |x - yl 2 R3

The energy functional is well defined as a consequence of the Hardy-Littlewood-Sobolev
inequality [31], and I € C'(H}(R?),R) (see Section 2 for details).
Now, we can state our main theorem as follows.

Theorem 1.1. Assume that V, A, and f satisfy (V1),(A), and (f1)—(f4). Then Eq (1.1) has a ground
state solution it € H}l(R3) such that I(in) = i%fl > 0, where

N = {u € Hy(R)\{0} : (I'(u), uy = O}.
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Theorem 1.2. Assume that V and f satisfy (V2) and (f1)—(f4). Then Eq (1.1) has infinitely many
solutions {u;} satisfying

I(u) > 07, ask — oo.

Remark 1.3. Here, we point out that the second result is different from Wen and Zhang [29]. On the
one hand, Wen and Zhang obtained infinitely many high energy solutions in [29], while we obtained
infinitely many small energy solutions for problem (1.1). On the other hand, the condition (f5) is not
needed in our result, while in [29], the condition (f5) is imposed to obtain infinitely many solutions.

Notation: From now on in this paper, unless otherwise mentioned, we use the following notations:
e B,(x) denotes an open ball centered at x with radius r > 0.
e C,Cy,C,, ... denote positive constants that may be different in different places.
e || - || denotes the usual norm of the Lebesgue space LP(RY, C) for p € [1, +o0].
e “ — 7and “ — ” denote the strong and weak convergence in the related function space, respectively.
e Re{w} denotes the real part of w € C, and w denotes its conjugate.
This paper is organized as follows. In Section 2, we give variational settings and preliminaries. In
Section 3, we show the proof of Theorem 1.1. In Section 4, we give the proof of Theorem 1.2.

2. Preliminaries

We denote by H)(R?, C) the Hilbert space obtained as the closure of Ci°(R?, C) with respect to the
scalar product

(u,v)4 := Re { f (VauVav + V(x)m—z)dx}.
R3

The norm of H.(R3,C) is given by [lullx = (u,u),”. Note that H\(R?,C) and H(R? C) are
incomparable, that is, in general, H}(R?>,C) ¢ H(R? C) and H}(R*,C) 2 H(R? C). As proved by

Lieb-Loss [31], for any u € H'(R?, C), there holds

Re (Vui)| =
|ua]

The above expression is the so-called diamagnetic inequality, by which |u| € H'(R3 C) if u €
H!(R?,C). Moreover, the embedding H}(R? C) — L*(R? C) is continuous for s € [2,6] and locally
compact for s € [2,6).

Without loss of generality, we assume that 8 = 1, then the energy functional of (1.1) can be written
as

IV]ul| = Re ((Vu - iAu)ﬁ) < [Vau(x)l.

1 1 u(x)*lu()? 1
1) = |lull; + —f dedy - —f F(lu*)dx. (2.1)
2 4 R3 JR3 |x - yl 2 R3

It follows from (f1) and (f2) that for any & > 0, there exists C, > 0 such that
lf)l < e+ Cgltl# and F(r) < &li| + Colr|*, VieR. (2.2)
Next, we recall the Hardy-Littlewood-Sobolev inequality that will be used in this paper.
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Lemma 2.1. [3]]Letr,s € (1,00) and € (0,N) with + + & +1 = 2. Let f € L'(RY) and h € L*(R").
Then there exists a sharp constant C(N, u,r) > 0, independent of f and h, such that

x)h
f f®) %xdy‘ < C(N, s DNl llAll sy
RN

gy X =yl

Remark 2.2. As a consequence of Lemma 2.1, if u € L%(R3, C), we have

f () |u(y)?
R3 JR3 lx =yl

From this inequality, (2.1), and (2.2), we know that the functional I is well defined. By a standard
argument, we have I € Cl(H/l,‘(R3), R), and for any u,v € HA(R% ©),

p—
(I'(u),v) = Re {(u, v)s + f dedy— f Ful)uvdx .
R3 JR3 |x - yl R3

dady| < Cllull} - (2.3)

3. Proof of Theorem 1.1

Lemma 3.1. If f satisfies (f3), then tf(t) — 2F(t) is nondecreasing for t > 0. In particular, tf(t) —
2F(t) >0 forallt > 0.

Proof. Suppose 0 < s < t. Hence, we obtain

sf(s)—2F(s) = S ()2 —2F(f) +2 f f(r)dr
_ f(s)z ar ez [0y
g f(t)z CoF+ f() FRS
= tf(t) 2F (@),
and this proves the lemma. O

Lemma 3.2. Assume that (V1) and (f1)-(f4) hold. Then for each u € H/i (R3, C), there exists a unique
t > 0 such that tu € N. Moreover, I(u) > 0 for every u € N.

Proof. First, we prove the existence of t. Givenu € H A(RS’ O\{0}, let h,(t) = I(tu). Then tu € N if
and only if A/ (f) = 0. From (2.2), we have

2 4 2 2 1
hy (1) t—||u||f, L f f PO gy - L f F2luP)dx
4 R3 JR3 |x — yl 2 R3

2 &t?

Shulf - 5 | wPdx-c.r f uldx

\%

7 llu 7 - 2 IIMIIA = CoCetull}.

\%
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Let € > 0 be so small that 5 — C#S > (. Since g > 4, we have h,(t) > 0 for all t > 0 sufficiently small.

Now, from (f4), we have

h(t) | ()Pl fF(12|u|2)
A 2t2” I + j,;zjl;g iy Py | T d

()Pl ()I? f F@uP), 4
_ HADTRN 4xd dx.
2t2” I+ fR B P N e

Hence, lim h,(f) = —co. Then, there exists at least one #(u) > O such that 4/ () = 0, 1.e., t(u)u € N.

—+o0

Next, we prove the uniqueness of #(#). Since

2 2
h@ = full; +7 f dedy— 1 f @ lu)lul*dx
R3 JR3 lx =yl
1 ()P lu(y)? f (t2|u| )
= |5 lull} —————dxd ul*d

we conclude that ” is decreasing by using (f3). Then, it vanishes exactly once, and consequently
there is no other t > 0 such that ru € N. Note that #(u) is a global maximum point of 4,() and
h,(t(w)) > 0, i.e., I(t(u)u) > 0. Since t(u) = 1 if u € N, we deduce that I(«) > O for every u € N. O

Remark 3.3. We prove the uniqueness of t by using condition (f3) directly, while in [29], the authors
first proved an inequality with respect to the energy functional 1(u) (see [29, Lemma 2.1] for details),
then they used that inequality to prove the uniqueness of t (see [29, Lemma 2.2] for details).

From Lemmas 3.1 and 3.2, we know that NV is not empty and [ restricted to NV is bounded from
below. Having this in mind, we can define the real number

=inf /.
N
In the next result, we prove that minimizing sequences in N does not converge to 0.

Lemma 3.4. There exists a constant C > 0 such that ||u]| > C > 0 for every u € N.

Proof. For allu € N, we have I'(u)u = 0, that is,

()P lu(y)?
Il + f R dxdy— | f(uP)luPdx = 0
R3 JR3 |x — )’| R3

In light of (2.2), we see that

IA

f FQuP)lufdx < f (& + Colul"™)|ul*dx
]R3 ]R3

= & f lul*dx + C. f |u|?dx
R3 R3

2
Cellully + CoCellull}.

2
llully

IA

We obtain

3, n
luel|
c.C. "

llully >
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hence

1—C38

-2
llull}™ 2 :
C,C,

Since g > 4, the result follows. O
In next lemma, we prove that all minimizing sequences in A are bounded in Hj(R?).
Lemma 3.5. If {u,} C N is a minimizing sequence for I, then {u,} is bounded in H}(R?, C).

Proof. Note that I(u,) — m and I'(u,)u, = 0. Then, from Lemma 3.1, we have

m+o(l) = Iu,)— 11'(un)un

14 ()P litn ()P 1 ,
- ||un|| f f Wl T dxdy — = | F(lunP)dac
AT S Je T oyl Y72

1 4, (O Pl )
——(||un||i+ f ot B dxdy — f FunPlunPdx
4 R3 JR3 lx =yl R3

1 1 1
= leunlli + fR; (Zf(|un|2)|un|2 - EF(Iun|2)dx)

1 1
= iy + 5 fR (Pl = 2F ()

\%

leunlli,
and the result follows. O

The next tool in the proof of our results is a concentration-compactness lemma of Lions that we
reformulate as an inequality [32, Lemma I.1] (see also [33, Lemma 1.21]).

Lemma 3.6. Let g € [2,2%). Then for every u € H}‘(RN ,C), there exists C > 0 such that

1-2 2
q
f ul?dx < C(sup f |u|qu) ( f (1Vaul + V()lul?) dx) .
RN x0€RN J B (x9) RN

Proof. Fix u € Hy(RY,C). If ¢ = 2 then the proof is obvious. Let ¢ € (2,2*). Exploiting the Holder
inequality, we obtain that

f lulfdx = f |72 - Jul>dx
Bi(x0) B (xo0)
N<q 2> 2N
( |ug] 2 ) (f IulNde)
Bi(x0) Bi(xp)

N(q 2)

IA

IA

|u|qu)

Bi(xo)

1- 2
C(sup N )|u|qu] ( fR ) (lVAu|2+V(x)|u|2)dx) .

X0 eRN

% 2
( |VAM|2 + V(x)|u|2) dx)
Bl(xo)
2
q

IA
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Covering R" by balls with radius 1 in such a way that each point of R" is contained in at most N + 1
balls, we deduce the conclusion. O

Now, we are ready to provide the proof of Theorem 1.1.
Proof of Theorem 1.1. Suppose that {u,} C N is a minimizing sequence for /, namely,

I(w,) - m, I (u,),u,) — 0. 3.1
By Lemma 3.5, {u,} is bounded in H A(Rﬂ C) and, up to a subsequence,
u, — u in Hy(R? C).

Since {u,} € N, we have

Ol ()2
a2 + f f BB dxdy = f F(lttnP) a2l (3.2)
R3 JR3 |x—y| R3

Now, using (2.2), we have

f Fu)lun?dx < € f lu,|>dx + C() f |u,|?dx. (3.3)
R3 R3 R3

In view of that the embedding H}(R?, C) — L*(R?, C) is continuous for s € [2, 6] and locally compact
for s € [2,6), we see that

f lu, — up|?dx —» 0 as n — oo.
Bi(xo)

If ug = 0, we have |u,|%dx — 0. By Lemmas 3.5 and 3.6, we have

Bi(x0)

|u,|%dx - 0, 2<¢g<6.
R3

This fact together with inequality (3.3) yields

f SQun*)ltyPdxc — 0. (3.4
R3

Combining (3.2) and (3.4), we see that

0 < i < f Fli Pl — 0.
R3

Then we have ||u,||ls — 0, contradicting Lemma 3.4. Thus, there exists a constant § > 0 and {y,} C
R¥such that

lim supf lu,|9dx > 0. 3.5
Bl(yn)

n—oo
Next, by using similar arguments as in [29], we can assume that {y,} ¢ Z". Let

Va(X) 1= (X + yn)exp(=ihy, (x)).
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It follows from (3.5) and the assumption (A) that

n—oo

lim supf [v,|?dx > 0. 3.6)
B\/§+1(0)

Since V(x) is periodic, we get
WValla = llllas 1(v,) = I(u,), and I'(v,) — 0 asn — oo.
Therefore, there exists v € H}(R?, C) such that

v, = v in H)(R?,C),v, » vinL} (R*,C),1 <s<6, andv, — va.e.onR’.

loc

Thus, (3.6) implies that v # 0.
Next, we show that
I'(v)=0. (3.7)

For any J € C7’ (R?,C) and setting Q = suppl, we have

lim Ref VAvnmdx = Ref VAvﬂdx,
R3 R3

n—oo

R l f f P COPIOIFED) o f f POPVOIPLG) dxdy]
R3 3 |x—y| R3 JR3 |x—y|

R
f WOV () = v + (a0 = W(PIvO)IIZ) dxdy
R3 JR3 lx =yl

2
C {1l s v = Vsl

and

IA

IA

+va + Vllp2s) v — V||L12/5(Q)||V||L12/5(Q)||§||L'2/5(Q)] — 0asn — oo.

Furthermore, the subcritical growth of f implies that

lim Re f F(val*)vpldx = Re f F(vPvidx.
n—oo R3 R?

Therefore, we can derive
' 0),0) = M (v,),) = 0.

Hence, I'(v) = 0. This completes the proof of (3.7). Hence, v € N is a nontrivial solution of Eq (1.1)
and I(v) > m.
Note that ||[v||> < lim inf ||v,||*. We will prove that

WP = Tim [l (3.8)

Suppose, by contraction, that (3.8) does not hold. Applying Lemma 3.1 and Fatou’s lemma, we deduce
that

m < I(v)—%(l’(v,v)
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.1 1
< liminf|=|[v,|3 + = f LA(alP)val® = 2F (fval»)]dx
n—oo 4 4 R3
1
= liminf [I(v,,) — ZU'(V”, Vn>] =m,

which is a contradiction. Therefore, equality (3.6) holds. Hence, v, — v # 0 in HA(R3), and
consequently, /(v) = m. Namely, v € N is a ground state solution of Eq (1.1).

4. Proof of Theorem 1.2

In this section, we prove the result about infinitely many solutions of Eq (1.1) under the assumptions
of Theorem 1.2. We observe that the potential and nonlinearity are both sign-changing. By (V2) and
(f4), there exists u > 0 such that

VxX) =V(x)+u>0, VxeR? and F() + ut > 0, VreR". 4.1)

Define a new functional space as follows:
E= {u e H'(R},C) : fR 3 (IVaul + Vo)luP) dx < oo}.
Then E is a Hilbert space equipped with the inner product
{(u,v), = Re fR3 (VAuV_Av + V(x)u\'/) dx,

and the norm ||u||g = {(u, u)g 2. Moreover, the embedding E — H'(R?, C) is continous.
Lemma 4.1. [29] Assume that (V2) holds, then E — L'(R?,C) is compact for2 < s < 6.
Next, we decompose the Hilbert space E as follows. Let {X;} be a sequence of finite-dimensional

subspace for each j € Nand E = EBJEN X;. Set

k )
W, = @Xj, 7 = @Xj,
J=0 J=

and
By ={ue W, :|lull <pi}, Sik=1{u€Z:|lull =rd,

where p; > r;, > 0. We study a family of functions ®, : E — R of the form

2 2
D, (u) = % f [|vAu|2+V(x)|u|2]dx+l f dedy
R3 R3 JR3

4 |x =yl
A 2 2
—= | [F(ul”) + plul"]dx, A €[1,2] 4.2)
2 R3
and let . . ) )
A(u) = = f [(IVaul* + V(X)|ul1dx + - f f dedy,
2 R3 4 R3 JR3 |X - yl

AIMS Mathematics Volume 11, Issue 5, 12397-12413.
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1
B(u) 1=§f[F(Iu|2)+u|u|2]dx-
R3

By a standard argument, it easy to prove that @ () = A(u)— AB(u) belongs to C'(E,R) for all A € [1,2]
and critical points of /; are the weak solutions of problem (1.1). To prove Theorem 1.2, we use the
following dual fountain theorem [30, Theorem 3.2].

Theorem 4.2. [30] Assume that

(By) @, maps bounded sets to bounded sets uniformly for A € [1,2]. Further, ®,(—u) = ®,(u) for all
(Au)e[l,2] X E;

(B2) B(u) > 0; B(u) — oo as ||u|]| — oo on any finite-dimensional subspace of E;

(B3) there exist py > r, > 0 such that

apy(A) = inf Oy(u) =0,

UEZ,|lull=p

bi(A) :

max D, (u) <0
u€Wy,|lull=ry

forall 1 €[1,2] and
diy(d) = inf Dyu(u) —» 0

UEZy|lull<pk

as k — oo uniformly for A € [1,2].
Then there exist A, — 1, u(1,) € W, such that

O Iw, (1)) = 0, @y, (u(2,)) = cx

as n — oo, where ci € [di(2), b(1)]. In particular, if {u(A,)} has a convergent subsequence for every k,
then ® has infinitely many nontrivial critical points {u;} C E \ {0} satisfying ®,(u;) — 0~ as k — oo.

Similar to the proof of [33, Lemma 3.8], we obtain the following result.
Lemma 4.3. For2 < p <6 and k € N, define
Brp = supfllull, : llulle = 1,u € Zi}.
Then %im Brp =0.

Proof of Theorem 1.2. By Theorem 4.2, it suffices to show that if k is large enough, then there exists
POk > 1 > 0 such that (B1)—(B3) hold and {u(4,)} is bounded in E. We divide the proof into serval steps.

(1) Verification of (B1). The proof is exactly the same as in [29]. Here, we give the proof for the
convenience of readers. Apparently, ®,(—u) = ®,(u) for all (1,u) € [1,2] X E. Let {u,} be a bounded
sequence in E, then it follows from (2.3), (4.2), and Lemma 4.1 that for any 4 € [1, 2],

DQ,(uy) < Di(up)

1 » 1 |”n(x)|2|un()’)|2 1 f 2 2
= —||lu, + — — 7 dxdvy - — F . + ulu, dx

2 4
Cs (1lztally + lleally)

IA
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which implies {®,(u,)} is bounded.

(2) Verification of (B2). The conclusion follows from definitions of A(«) and B(u).

(3) Verification of (B3). We first prove that a;(1) := inf ®,(u) > 0. For any u € Z; with

Uy ||ull=pk

llullz < 1, it follows from (2.2), Lemmas 4.1 and 4.3 that

DO (u) > Dr(u)

! X/ 1 2 2
= —f (|VAM|2 + V(X)|u|2) dx + — f f Md)@y
2 R3 4 R3 JR3 |x — yl

- f (FQuf) + ) dx

R;

1 2 2 2
> o lully - fR (PP + plul?) dx

1
> St~ [ wPax=cq [ witar—p [ P
R3 R3 R3

1
> Sl = (U + B llully; = CoBy

Since By, — 0 and B, — 0 as k — oo, there is § > 0 such that B, < B, B, < B for all k € N and

pr = (1 +,u),6’i2 — 0 as k — oo.

Hence, there exists kg € N such that

)qlz}, Vk > ko.

(1 1
Pk < mm{Z, (4C6,8

Therefore, for all u € Z; with ||ul| = p, k > ko, we obtain

1
D, (u) > ZP/% — CeBp} > 0.

Next, we show that
b)) = max O, (u)<0.

ueWy,|lull=ry

Combing (2.2), (2.3), and Lemma 4.1, we have

D, (u)

2 4 lx =yl 2 Jr

< lllullf; +Cllull*y, - ! f F(luP)dx - £ f Jul*dx
2 LS®) 2 Jps 2 Jrs
1 1

< Slully + Collullz; — uCllullz; = 5 f} F(ju*)dx

2 2 Jo

1
(— - ,,tcg) lullz + Collull; + & f lul*dx + C, f lu|dx
2 R3 R3

1 1 )Pl A
a2 + — f B 4 gy - 2 (F(ul) + pluf?) dx
R3 R3 3
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1
= (5 —uCs + 8C9) llullz, + Collull + Collull,. (4.3)

We may choose u > 0 large enough in (4.1) and & > 0 small enough such that % —uCg +&Cy < 0. Note
that 4 < g < 6, then we can find 0 < r; < p; such that ®,(u) < O for all u € W, with ||u|| = r.

Now, we prove
d(AD)= inf Dyu)—0 4.4)

UeZy |lull<pk

as k — oo uniformly for A € [1,2]. First, we note that d;, < O for all k > kq since W, (1 Z; # @, 0 <
re < pi, and @, (u) < O for all u € Wy with ||u|]| = ry. From Lemma 4.3, we have

lull, < Bepllulle, u € Z. (4.5)

Using (2.2) and (4.5), we have, for any 0 < ¢t < p; and v € Z; with |[|v|| = 1

D,(tv) = DOy(tv)
g V)PP f 2y 22
> |2+ — e dxdy = | (F@EWP) + pivP?)d
S IVl 4fRfR oy R}( (VP) + p* V) dx
> - f F(@vP)dx — ut? f [v[*dx
R3 R3
> —gf f v*dx — C,t? f vl7dx — pr® f lv*dx
R3 R3 R3
> —8p,%f |v|2dx—C€pi |v|‘1dx—,up,%f [v[*dx
R3 R3 R3
> —epiBialVllz — CopBY IMIE — piBiolvilE

= —piBir — Cep{BL, — 1B 2>

which gives
—epiBrs — CopiBL, — upifrs < di < 0.

By Lemma 4.3, {8} and {8 ,} are null sequences. Then d;(1) — 0 as k — oo uniformly for 4 € [1,2].
(4) By Theorem 4.2, we know that there exist 4, — 1, u(4,) € W, such that

Q) Iw,u(4,)) = 0, @, (u(A,)) = ¢, asn — oo, (4.6)

where ¢, € [di(2), bi(1)]. Now, we show that the sequence {u(4,)} is bounded in E.

Assume that ||u(A,)||g — oo as n — oo. Setting v, = ”;é(/i")?lE, one has |[v,||z = 1, thus there exists
7 € E such that v, — ¥in E, v, — ¥ in L*(R3,C) for s € [2,6), and v, — ¥ a.e. on R3. It follows
from (4.6) and Lemma 3.1 that

o(1) + ¢y

1
D, (u(A,)) - Z@}”(u(ﬂn)), u(An))

1 An Ay
= Z||uun)||é+z f [f(lu(/ln)lz)lu(/ln)lz—2F(|u(/1n)|2)]dx—Zu f |u(A,)|*dx
R3 R3
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1
SR fR AP, @.7)

Multiplying (4.7) by 1/||u(4,)||%, we derive

K1

1
> glrglollvnlli 27> 0.

7.
5|IV|I§ =

Hence ¥ # 0. Since ¥ # 0, we have lim |u(4,)] = co. Hence, it follows from (2.3), (f4) and Fatou’s

lemma that
3 D, (u(,)) . O(u(4,))
n=eo||u(A,)l%: n=eo ||lu(A)|[5
1 [ F(u,)P) + ulu(d,)P
_ hm( G-l f WGP+ WP
n—eo \ 2|u( )|z 2 Jps lu(A,)l
L. . F(lu()P) + plu(,)? -,
< Cip—=1 f W
-5l fR wor T
1 F(lu(4,)? )P
< CIO__f lim inf (Ju( )|)+/;t|u( ) [v,l*dx = —c0.
R3 N0 ()]

This contradiction implies {#(4,)} is bounded in E. The proof is completed.

5. Conclusions

In this paper, we investigated the magnetic Schrodinger-Poisson equations, as given in Eq (1.1),
which describe a coupled system of the Schrodinger equation and the Poisson equation. Using
variational methods, we proved the existence of ground state solutions without imposing the strict
monotonicity condition or the Ambrosetti-Rabinowitz condition. In addition, by applying the dual
fountain theorem, we obtained infinitely many small energy solutions for Eq (1.1) without requiring
condition (f5). This improves upon the result in [29], where condition (f5) was essential to ensure the
existence of infinitely many solutions.
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