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Abstract:  This paper investigated, for the first time, a coupled Kirchhoff-type wave system
incorporating logarithmic damping and logarithmic source terms (external forces). We established
both energy decay and finite-time blow-up results, emphasizing the novel interaction between the
two logarithmic components acting as dissipative and driving mechanisms. In the stable region, we
constructed a suitable Lyapunov functional and employed refined logarithmic estimates to derive a
polynomial decay rate of the total energy. Conversely, for initial data belonging to the unstable set, we
proved that the corresponding solutions blow up in finite time using a concavity argument. In addition,
we provided some numerical examples to illustrate the stability and blow-up theoretical results. This
study presents the first comprehensive analysis of a Kirchhoft-type system with logarithmic damping,
revealing how the combined effects of the nonlocal Kirchhoff tension and logarithmic nonlinearities
govern the transition between global stabilization and blow-up behavior.
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1. Introduction

The study of Kirchhoff-type wave equations has attracted considerable attention since the
pioneering work of Kirchhoft in 1876 [1], who extended the classical D’ Alembert wave model by
introducing a nonlocal term that depends on the total strain energy. This modification captures the
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variation in string tension or length during vibration, offering a more realistic description of
oscillations in elastic media such as strings, beams, and plates. From a mathematical point of view,
Kirchhoff-type equations are appealing because of the rich interaction between nonlocal effects,
nonlinear sources, and damping mechanisms, which together produce highly nontrivial dynamical
behavior.

For the single Kirchhoff-type equation

wy = HIVoIB) Aw + h(w) = f(w), (1.1)

many works have addressed issues of local and global well-posedness, long-time stability, and the
blow-up of solutions. Early results on analytic solutions were obtained by Dickey [2]. Ono [3-5] later
investigated global existence, exponential decay, and finite-time blow-up under various damping and
source structures using the potential well method. Zeng and Mu [6] refined blow-up criteria for large
initial energy, while Autuori and Pucci [7] established nonexistence results through concavity
arguments. Further advances considered nonlinear dissipation [8, 9] and fractional Kirchhoff
models [10, 11] providing a broader theoretical framework for this class of equations.

When the analysis extends to systems of Kirchhoff-type wave equations, the problem becomes
more delicate due to the coupling effects between components. Santos et al., [12] studied a coupled
Kirchhoft system with memory-type boundary conditions and showed that the energy decays at the
same rate as the relaxation kernel. Wu [13] analyzed systems with power-type nonlinearities and local
damping, establishing global well-posedness via the potential well theory. Park and Bae [14, 15]
explored nonlinear damping effects and proved results on global existence and asymptotic stability.
Liu and Wang [16] examined weak damping and polynomial sources, showing conditions for both
global existence and blow-up. More recently, Mu and Ma [17] discussed stabilization and blow-up
phenomena in systems with Balakrishnan—Taylor damping, highlighting the complexity of coupled
Kirchhoftf models. For various results concerning Kirchhoff-type wave and plate systems, we refer the
reader to [18] for the study of global existence and blow-up in a parabolic problem of Kirchhoff type
with logarithmic nonlinearity; [19] for Kirchhoff-type equations with Kelvin—Voigt damping and
general nonlinearities; [20] for Kirchhoff-type wave problems involving the fractional Laplacian; [21]
for semilinear wave equations with Kirchhoff-type nonlocal damping terms and logarithmic
nonlinearities; [22] for the asymptotic behavior of a p-Kirchhoff-type hyperbolic equation with
dynamic boundary conditions; [23] for the coupling of Kirchhoff and Euler—Bernoulli plates with
logarithmic source terms under strong and weak damping of variable-exponent type; and [24] for
optimal decay results of Kirchhoff plate equations with nonlinear damping and general relaxation
functions. Related works have also considered logarithmic nonlinearities appearing as source terms
(on the right-hand side) rather than in the damping; see, for instance, [25-27].

Beyond polynomial-type nonlinearities, increasing attention has been given to logarithmic
nonlinearities of the form

f(@) = " ?win|wl,

which appear naturally in physics, including quantum mechanics, nuclear models, and
cosmology [28-30]. These nonlinearities have also been studied in the context of partial differential
equations [31, 32]. Compared with polynomial terms, logarithmic nonlinearities grow more slowly,
introducing new mathematical difficulties. Wang et al., [33] analyzed a nonlinear Kirchhoff-type
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system with logarithmic sources and weak damping, proving global existence, decay, and blow-up
using potential well methods.

Logarithmic damping of the type u; In(1 + u?) has recently emerged as a meaningful nonstandard
dissipation law. It provides weak damping near equilibrium but strong dissipation for large velocities,
capturing realistic physical behavior in complex media. Mathematically, it is more challenging than
polynomial damping due to its non-polynomial, non-Lipschitz, and non-homogeneous structure. Li
et al., [34] studied a wave equation with logarithmic damping and derived polynomial energy decay
estimates, though existence issues were not fully addressed. Recently, Messaoudi and Al-Mahdi [35]
proved the existence and established a polynomial energy decay of a Timoshenko system. Al-Mahdi
and Al-Gharabli [36] proved the existence and polynomial decay for piezoelectric beams with magnetic
effects and logarithmic damping. In addition, AlI-Mahdi and Al-Gharabli [37] established the existence
and long-time behavior of solutions to swelling models with a logarithmic damping mechanism and
obtained an optimal polynomial decay rate.

Motivated by these developments, we investigate a coupled Kirchhoff-type system with both
logarithmic damping and logarithmic source terms:

wy = P(IVol + IVel2) Aw + w,In(1 + w?) = o ?winjw], inQ X (0,),

¢u = W(IV0IB + IV¢lB) Ap + ¢ In(1 + ¢}) = lpl"2plnlgl,  in Qx (0, ),

w(x,0) = wy(x), wi(x,0)=w(x), in Q, (1.2)
‘,O(X, O) = ()OO(X)’ ‘pt(x’ 0) = ‘,01(X), in Q,
w(x, 1) =0, @x,t) =0, on 0Q x (0, 00),

where Q C R” (n > 1) is a bounded domain with smooth boundary dQ, and the Kirchhoff function ¥
is defined by
Y(r)=a+br’, ax1,b20,y>0. (1.3)

The parameters a and vy satisfy
a>2y+2. (1.4)

The main objectives of this work are summarized as follows:

e Prove energy decay rates via multiplier techniques and logarithmic inequalities.

e Show finite-time blow-up of solutions when E(0) < 0.

e Analyze the interaction between logarithmic damping and logarithmic source terms, which
creates new analytical challenges in Kirchhoff-type systems.

¢ Provide numerical experiments that illustrate the theoretical results.

The novelty of this paper lies in introducing logarithmic damping into coupled Kirchhoff-type wave
systems, which, to the best of our knowledge, has not been studied before. This damping form is
physically realistic and captures complex dissipation phenomena beyond the usual linear or polynomial
settings.

The analysis faces several mathematical challenges due to the peculiar nature of logarithmic terms.
Classical damping laws such as

|m

Mw,) = wlwd™ or  h(e) = ¢l
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are homogeneous, simplifying the analysis. In contrast, the logarithmic damping w, In(1 + w?) is non-
homogeneous and grows slower than any polynomial, which makes it too weak to directly control the
energy. Hence, refined multiplier estimates and careful inequalities are required to establish stability.

It is worth noting the related studies on existence and stability results of systems involving
logarithmic source terms with different damping mechanisms, such as the ones in [38—42]. The
present work extends these ideas to Kirchhoff-type systems with both logarithmic damping and
sources, thereby bridging the gap between existing single-equation models and coupled nonlocal
frameworks.

2. Preliminaries

This section presents the materials required for stating and proving our result. Throughout this
paper, we use C to denote a generic positive constant.

Remark 2.1. [34] The following inequalities are essential for establishing the existence and the decay
results.

(1) For|s| <1, m>1, and 0 < n <2, there exist positive constants C, and C,, such that
Culs"™ < Is|In(1 + |s]) < C,lsI". (2.1)
(i1) For|s| > 1,0 < k <1, and p > 0, there exist positive constants Cy and C, such that
Celsl* < IsIIn(1 + [s]) < C,|s|"*. (2.2)
The energy functional of system (1.2) is defined by
E@) = E(w,¢)

1 a
= 5 (ol + llgels) + 5 (Il + 19¢15)

2 2\7*! (2.3)
* 30+ D) (IVel3 + IVl
1 1
- — (f |w|® In |wldx + f lo]” In Igoldx) +— (f |w|%dx + f Igoladx).
@ \Jo Q a” \Ja Q
The potential energy
J0) =J(w,e)
_a 2 2 b 2 2\
=5 (IVel +IVelR) + TOPeT (Il + IVl 2.4

—é(f|w|“1n|w|+f|<p|aln|<,o|)+%(fm%fw),

and the Nehari functional
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1(1) = I(w, )
= a (VI + 11V6lR) + b (IVel} + 196113) " 25)
[ [rormiot+ [ormia).
By (2.5), we define the potential well (stable set)
W = {(w.¢) € HY(Q) x H(Q) | I(w.¢) > 0}u{0},
the outer space of the potential well (unstable set)
V = {(w.¢) € H)(Q) x H)(Q) | T(w,¢) < 0},
and the depth of the potential well
p:= inf J(w.¢), (2.6)

where the Nehari manifold
N := {(@,¢) € Hy(Q) x Hy(Q) ~ {(0,0)} | I(w, ¢) = 0}.

We now state, without proof, the global existence result, which can be established using the Galerkin
method in combination with the potential well framework, as in [33]. The treatment of the logarithmic
damping nonlinearity requires higher regularity and can be handled in the same manner as in [35].

2 2
Theorem 2.2. Let (w, @) € (HZ(Q) N H&(Q)) (wi, 1) € (H(l)(Q)) . Assume that E(0) < p and
I (wo, ¢o) > 0or ||Vwo||§ + IIV(,DOII% = 0. Then system (1.2) admits a global weak solution.

Lemma 2.3. [33] (The potential well depth). The potential well depth p can be represented as

a-—2 ( a )azl>0
= ——aqa | —= R
p 2a/ C(l+l

where C is the Sobolev embedding constant and

oo a (2.7)

l<a<™2 pn>3;
l<a<+c0, n=1,2.

Proof. From 1 (w, ¢) = 0 and (2.5), it follows that

+1
a(IVll3 + IV¢13) < a(IVelB + IV@I3) + b (IVwl} + IV415)”

=f|w|"ln|w|dx+fIgol"lnlgoldx
Q Q

1 1
< llwllziy + llellgss

< (IVolls™ +1196ll5™)
a+l

< €™ (VoI + IVelB) *
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a=1
< C* (VoI + IVelB) * IVl + IVel3) (2.8)

This implies that

a \&1
IVl + 1915 > (=) (2.9)

By 7 (w, ¢) = 0 again, and using (2.4) and (2.5), we have, for @ > 2y + 2,

1 a—2
T (w.¢) = ~Iw.9) + ——=a([IVol; + IIV<pII§)

(a—2y—2) ) )
* raraa bIve wlp +119¢1B)” lof'dx+ | jords

a’—2 2 2 —2 a a%l
> EZa(IVol + IV6lR) = < a(( CW) . 2.10)

Combining the above inequality with the definition of p in (2.6), we obtain

2
I

(},’—2 a a—
pi= 7a(@m) . @.11)

Lemma 2.4. Under the assumptions of Theorem 2.2, we have

2a
IVwll; + [IVell; < o 2) E()
(2.12)

< (a 2) E), for t€[0,T].

Proof. The proof is direct from the definitions of the functionals in (2.4) and (2.5), and from the proof
of the above lemma,

a j—
7= a (IVall} + IVelR) < T(w.¢) < E@). (2.13)
Hence, for @ > 2, the proof of this lemma is finished. O

3. The stability result

In this section, we establish a decay estimate for the energy associated with problem (1.2). To this
end, we first present several auxiliary lemmas.

Lemma 3.1. The energy functional of system (1.2) satisfies

E'(f) = - f w? In(1 + w?)dx — f<p,2 In(1 + ¢})dx < 0. (3.1
Q Q

Proof. By multiplying the first equation in (1.2) by w, and the second equation in (1.2) by ¢,, and
subsequently integrating over Q, we find that

f (W, = (VI + IVelB) Aww, + @} In(1 + 7)) dx = wlw*wn|w],
Q
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and
f (@usps = ¥ (IVIB + IV@l) Apg, + @F In(1 + ¢})) dx = @ilpl* ¢ In]gl,
Q

which gives

5 d;” A+ (a+b(||Vw||2+||V¢||2>7)—||Vw||2 fg w; In(1 + w;)dx

3.2)
:d—t(Efg;lwlalnlwldx—?Llwladx),
and .
> dtnso,u2 (a+b(||Vw||2+|IV¢II2)7)—|IV90||2 f ¢ In(1 +¢))
° (3.3)
=—|- “In|pldx — — “dx].
dl(afglsol n|epldx azj;lsol X)
By adding (3. 2) and (3.3), we obtain
1 d
oW (||w,||2 +lledB) + 5 (a+ bAVWIZ + 19¢15)7) = (IVwlf; +1V¢I;)
+fgw,21n(1+wt2)dx+Lgofln(lﬂpf)dx (3.4)

d (1 1
- d_(— f (0" Info] + lpl* In |p)dx - — f <lwl"+|¢|">dX)-
t\a QO a Q

Integrating (3.4) with respect to ¢ over the interval [0, ] leads us to

1 1 [ d
—(Ilwz||§ + llgrl3) + 3 f (a + b(|[Vll; + ||V90||§)7) —(IIVwH% +[1Vell3)dr
0

f fw In(1 + w?)dxdr + f fgo, In(1 + ¢ )dxdr — — f (lw|* Inw| + ||* In¢])) dx
(3.5)

+ —f(lwl" +lol") dx

1 1
= 5(”‘”1”2 +lgill3) — = f (lwol In |wol + lepol Int o) dx + — f (Jwol™ + lgol™) dx.
a Jo a” Jo

We notice that

1 d
5 (@ + bAVOIZ + 19¢15)) - (VoI + 19¢15)
4@y v Vol + 1vel2) " o0
dt( (VI3 +1Vel3) + 5—— (IVwl; + IVel5) ).
Hence, by using (3.6), we have
1 [ d a
3 fo (a+ AW + IVgIB)) — (VG + [IV4lB) = 5 (Ve + IVell)
a b +1
= 5 (IVewol; + 19 0ll3) + 23 (Va3 + IVel3)” (3.7)
b y+1
~ 543 (IVwoll3 + IV0l13)
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Combining (3.5) and (3.7), we get

y+1
(vl + IV¢li)

1 a
1 + gl + 5 IVl + 1961E) + 52—

! !
+ f f w? In(1 + w?)dxdr + f f ©* In(1 + ¢?)dxdt
0 Q 0 Q

1 1
- = f (" Injw| + ol In ) dx + — f (wl” + gl") dx (3.8)
a Jo a” Jo
1 2 N 2 2 b 2 2\
= 5wl + llgall) + 3 (IVewoll3 + 1Veol5) + 7+ (IVeoll} + IV 0ll3)

1 1
- f (lwol In fewo + lepol In |epol) dx + — f (lwol®™ + lepol®) dx,
a Jo a” Ja

that is,
! !
E(t) + f f w? In(1 + w?)dxdr + f f ©* In(1 + ¢?)dxdr = E(0),
0 Jo 0 Jo
which completes the proof of (3.1). O
Lemma 3.2. The solution of (1.2) satisfies

f (w? + ¢?)dx < C(-E'(1))* + C(=E'(1)). (3.9)
Q

Proof. We define the following partition of €2:
Q' ={xeQ:lw|>1} and Q ={xeQ:|w|<1}. (3.10)

By Holder’s inequality, and the algebraic inequality (2.1), with m = 1 and s = w?, we obtain

1
2 2
f widx < C(f wfdx) < C(f w?In(1 + w?)dx)
o o o (3.11)
<C(=E'(®)’.
On the set QF, we have w,z > 1, and therefore

In(1 + w?) > In2.

Consequently,

1 1
_——.
In(1 +w?) ~ In2

Using this observation, we obtain

In(1 + w?
fw?dxsz,z-n(—w;)dx
+ o ln(1+wt)

w?In(1 + w?) dx (3.12)

S —_
In2 O+
< C(-E'(1)).
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In(1 + w?
fw,zdx:fwtz-n(—w;)dx
o xs O+ ln(1+w,)

(3.13)
< — | w!In(l +w)dx < C(—E'(t)).
In2 O+
Hence,
fwtzdx < C(=E'(t))? + C(—=E'(1)). (3.14)
Q
Similar arguments can be applied for fm ¢* and fg ¢” to obtain
f o2dx < C(—E'(t))? + C(—E'(t)). (3.15)
Q
This completes the proof of this lemma.
]
Lemma 3.3. The solution of (1.2) satisfies, for any 6 > 0,
fa)a), In(1+ wtz)dx + f(pgo, In(1+ go,z)dx
Q
2a
5Cp( a E(f) + CE)~E'() + C(-E'()) 7 ,
where c, is Poincaré’s constant.
Proof. Applying Young’s and Poincaré’s inequalities, we arrive at
f ww, In(1 + w?)dx < 8c,|Vol3 + C©6) | w?In*(1 + w?)dx
- o
= 6¢, Vw2 + C(5) f |w? In(1 + w)| In(1 + w})dx
o
<6c Vol +C©) | w?In(l + w)dx (3.16)
o
= 5cp||VwII§ + C(O)(-E"(1)
6
<5 g E(t) + C(O(-E'(1),
By applying the Sobolev embedding Hé (Q) = LP(Q) for
2<B<2, n>3,
= (3.17)
2<B<+00, n=1,2,
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then, by means of Holder’s inequality and (2.2), with s = w? and p = 5 — 1, we have

B-1
B

| vt + whax < ( [ aﬁdx)ﬁ( (il In(l + w2y dx)
+ Q+ o+

1 A1
= ( f wﬁa’x)ﬁ ( f (D™ (w2 In(1 + )77 In(1 +w,2)dx) '
Qt Qr

—1

5 s 1 T
sc( f wﬂdx) ( (™ (@) )™ 1n<1+w?>dx)
Q+ QF

)

1 o (3.18)
B v
= c(f aﬁdx) (f w?In(1 +w$)dx)
AN =1
< Cllwllg(-E'(1)) #
p-1
< ClIVull(-E" (1)) 7
4a -1
<C EQO)(-E'(t) 7 .
T FOCE®)
Similar calculations can be done for fg e, In(1 + go,z)dx. Hence, (3.16) is established.
O
Lemma 3.4. The functional defined by
L(t) := N, f(a)a), + @, )dx + NE(t) (3.19)
Q
satisfies, for sufficiently small Ny, positive constants N (sufficiently large), a,, a,, ¢y, and c,,
a1 E(t) < L(t) < axE(1) (3.20)
and
L'(H) < —c1E(t) + ¢, ( f (w? + ww, In(1 + w}))dx + f (@7 + ¢, In(1 + gf))dx)
Q Q (3.21)

+ NE'(f).

Proof. We will prove (3.21) as the proof of (3.20) is straightforward. Multiplying the first and second
equations in (1.2) by w and ¢, respectively, and integrating the resulting expressions over €2, we obtain

fwwttdx +P(|[Vol3 + IIVgollg)f IVw|*dx + fwa)t In(1 + w)dx = f|w|" In |w|dx, (3.22)
Q Q Q Q

and

f pudx +P([Voll; + [[Vell3) f
Q

Q

\Vol*dx + f @@, In (1 + ¢Hdx = f lo|? In |gldx. (3.23)
Q Q
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Differentiating the functional L(#) with respect to ¢ and using (3.23), we get

L'(t) = N, (f wtzdx + fww,tdx + fcptzdx + f(pgondx) + NE'(t)
Q Q Q Q

= N (llorll3 + llgili3) + Ny ( f | In lwldx + f |so|“1n|<,o|dx)
Q Q
)ﬁ+]

(3.24)
= Nya IVl + IVell3) = Nib (IVll; + 19413

- N, ( f ww, In (1 + w?)dx + f o, In (1 + ¢$)dx) + NE'(1).
Q Q
After applying the Sobolev embedding H}(Q) — L**'(Q) for

n=2’ (3.25)

2<a+1<2, n>3,
2<a+1l<+00, n=1,2,

and (2.12), we obtain

f lw|? In |w|dx + f lo|* In |gldx < f lw|* dx + f lo|*dx
Q Q Q Q

< IVollyiy + IVellg

a+l a+l
< (IVolls™ +1IVells™)

. a1 (3.26)
< C* (IIVwl + IVelB) °

a-1

- 2a ’
. (m E(o)) (IVwl? +174I2)

= & (IVol + IVell).

a-1
2

where £ = C*! (=225 E(0)) * . Combining (3.24) and (3.26) leads to

a(a-2)

L) < Ny (Il + llgd3) + Ni(€ = a) (IVwl + IVel3) + NE' ()

2 2\B+1 ) ’ (327)
— Nib(IVoll3 + IVlB) + Ny | | wo,In(1+w})dx+ | epIn(l+¢@})dx)|.
Q Q

Taking into consideration the energy equation (2.3), and adding and subtracting the term N;AE(¢)
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to (3.27), where A is a positive constant to be determined later, gives

L'@) < Ny (llodll; +llgd) + N1 = o) (IVell3 + [IV¢l3)
y+1
— Nib (VI + IVel3)

+ N, (fa)w,ln(l+w,2)dx+f(pgo,ln(l +g0t2)dx)
Q Q

A A
—— (Il + llgili3) + == (IVell3 + 1V6l3)

N]bA 2 2 7+1 1 é:l
26+ 1 UIV@lh + IVll) + (IVwI + IVel)
NiA

+— ( f lw|®dx + f |go|“dx)—N1AE(t)+NE’(t).

Similar to the estimation in (3.26), we have

f wldx + f leldx < C2 (IVel” + 1V6ll")
Q Q

< €3 (IVel + IVl3)*

g1
< 3 (IVoll3 + IVelB)* (IVell3 + IVeel3)

a=2

o 2« g
< Cy (a(a — 2)E<0>) (IVel3 + IVl)

<& (IVoll; + IV4l3),

where & = CY (a(a 2)E(O))T Combining (3.28) and (3.29), we obtain

2@ < Ny (104 5) (ol + i)

# N (6 -0 D+ 2 B8 (90 + 9)

bA 2 2 y+1
N (2(7 i b) (IvelB + 1IV¢lR)

+ N, ( f ww, In (1 + w?)dx + f o, In (1 + <p$)dx) — N\AE(t) + NE'(v).
Q Q

(3.28)

(3.29)

(3.30)

To complete the proof, we now specify the choice of the constants in a precise order. From (3.30),

we have

() <N, (1 " )(nw[n2 FIBIR) + N M (VoI + [IVIR)
+ NiMy(|IVoli2 + IVl

+ N, ( f ww; In(1 + w?) dx + f ¢¢: In(1 + ¢?) dx) — NJAE(t) + NE'(¢),
Q Q

(3.31)
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where A A& A€ bA
a 1 2
—a+ —+ =+ —=, M, = - 3.32
Sh At 2T 2y + 1) (3.32)
We first choose A > 0. Since E(0) < p, Lemma 2.3 implies that
> 5!
&= —2 _Eo)| <a (3.33)
ala —2)
Hence a — &, > 0, and therefore M; < 0 whenever
- &
0<Ac<L . 3.34
« &, & 30
2 a o
Also, M, < 0 whenever
0<A<2y+1). (3.35)
Accordingly, we fix
. a—¢&
0<A<A,:=min{ ————, 2(y+ 1);. (3.36)
a_ & &’
2 a a?
With this choice, both M; < 0 and M, < 0. Therefore, (3.31) yields
Lo <N (14 )(||w,||2 +lg1R)
+ N, (f ww; In(1 + wf) dx + f o, In(1 + ¢t2) dx) — NJAE(t) + NE'(¢). (3.37)
Q Q
Hence, we obtain, for some positive constants c, ¢,
L'(t) < —qEO}+q(jkw?+wwAM1+af»dx+J%¢f+¢%hKL+ﬁDd%
o) o)
+NE'(1), (3.38)
which is exactly (3.21). This completes the proof.
|

Theorem 3.5. Let (wp, wy). (g0, ¢1) € (HX(Q) NHYQ)) x H)(Q). Assume that E(0) < p and the
parameters a and vy satisfy (1.4) and the embedding condition (3.25). Then, there exists a positive
constant k, such that the energy functional of problem (1.2) satisfies, for all t > 0,

E() < ; (3.39)
Proof. Combining (3.9), (3.21), and (3.16) leads to
2 -1
L'(t)< - (c1 - 5cpﬁ) E@) + (N — c,C — c2C(0)E' (1) + czC(—E'(z))ﬁT (3.40)

+ c,C(—E'(1))?.
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We choose ¢ > 0 small enough such that

2a

=c¢ —o6c,—— >0,
m:=c; Cp(a—Z)a

and N large enough so that
N — C2C - C2C(5) >0

and (3.20) remains valid. Therefore, we get
L'(t) < —mE(t) + C(—E'(£)* + C(~=E'(1))'7. (3.41)
Multiply (3.41) by E(¢) and apply Young’s inequality to get

E@M)L (1) < —mE*(t) + nE*(¢) + C,(=E'(1)) + nEF(t) + C,(—E’ (1))

3.42
< —(m—n-nEF(0)) EX(t) + C(-E'(1)). (342

Choosing n small enough and letting £ = EL + CE ~ E, we have, for some positive constant m,

L(1) < —mo L2(1). (3.43)
Simple integration gives, for some positive constant m,
m
L=
Then, recalling the equivalence £ ~ E, (3.39) is established. m]

Remark 3.6. Theorem 3.5 yields a polynomial decay rate of order O(1/t). In view of the logarithmic
nature of the damping term, which provides only a weak dissipative effect, this rate appears to be the
natural one in the present setting. We have explored the possibility of obtaining a faster polynomial
decay under the same damping mechanism, but were not able to improve the rate 1/t. For this reason,
we conjecture that the decay obtained in Theorem 3.5 is optimal for this class of damping.
Nevertheless, proving such an optimality result remains an open problem.

4. The blow-up result

In this section, we establish sufficient conditions for the finite-time blow-up of solutions to system
(1.2).

Lemma 4.1. [43] Suppose that y(t) is a twice continuously differentiable function satisfying, fort > 0,
Y0+ (1) = Cop"™ (1),
Y(0) >0, and ' (0) =0, 4.1)
where C and u are positive constants. Then y(t) blows up in a finite time.
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Theorem 4.2. Suppose that the initial data (wy, ), (W1, ¢1) € Hé Q) x Hé (Q) satisfies E (0) < 0 and

f(wowl + o) dx > 0.
Q

Then the corresponding solution for system (1.2) blows up in a finite time.

Proof. To be able to apply Lemma 4.1, we define

] )

v =5 L (@ + ¢?) dx. 4.2)
Hence,

V0= [ o+ pp)dr

Q
By using (1.2), we find that
Ut = f (w,z + @7 + wwy, + gogot,) dx
Q

= llilz + lldls = allVoll; = allVell;
Y Y
= b(IVlls + 19¢13) 1IVll; - b (IV0lB + IVelB) V43

fa)a),ln(1+a))dx fgogotln(l+got2)dx
Q Q
v f (ol In o] + Il In lgl) dx

Q

y+1
= llwill3 + lled3 = a IVl + 1IVel) = b (IVells + 19¢113)
fa)a),ln(1+w)dx fgogotln(1+(pt2)dx

Q Q
+ f (ol In ] + 1l? In ) dx.

Q

Recalling the partition (3.10), we find that In(1 + s) < In2, and
f a)w,ln(l +w )dx < - ! f wrdx + lf (a)tln(l +w2))2dx
o 2 Jo- 2 Jao- t

1
Ef wdx + = f(w,an) dx

c 1
Ep IVoll; + Ithllz ,

where ¢, is Poincaré’s constant. On the other hand, by Holder’s inequality for @ > 2,

a-1

L+ ww, (1 +w])dx < (fg wadx)[? (fg (wIn(1+ w?))ﬁ dx)a )
([ ([ for (mlroa )
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%

Q+

(o ([ ot
(Lol (bl

where we used y; = %, vy = é, and the fact that
In 2w, < Rw,f’, p=a-1>0.

Thus, Young’s inequality gives

fm ww,ln(l +a),2)dxs

a-1

() [ ot i
Lol Eonst

< fw“dx) (f 2\/§w,2dx)l
Qr ot
1o 2V2(@-1)
< — ol + ——— lw/f3 -
a o
Hence \/_
2V2(@-1)
fa)w,ln(l+w)dx< IVl + ( )II w3 + ||w|| :
Q o
Similarly,

(2\5((1/—1) 1
4+
a

Cp 2 2 1 a
gpgo, ln 1+ (,0, dx < > IVell; + 5 llell5 + p llell, -

We estimate i as follows:

o < € 1
w1 < = (IVel + IVelB) + 5 (o + lled)

Thus, we find that

2V2 (-1
WO+ 2 —(a+c,) (IVol} + IVel}) - (% v 1) (oAl + ligd)

y+1 1 o o
= b IVl +1V6l3) " = = (llls + ligll?)
«
¢ [ ol mla + 16k nlghax
Q
By exploiting E to substitute the last term in the above equation, we get

f(lwl"’ Injwl + l¢l" In|g]) dx

aa
= —aE 1)+ 5 (Il +liglB) + 5 (V@I +19¢l5)
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ab ) o+l ] " .
+ 354D (IIlelz - ||V90||2) + E(fg (w|* + |¢| )dx).

Therefore, we arrive at
’ 7 aa
O+ 0 2 a0 + (5 —ac,) (VoI + IVgl?)

a
b(m - 1)(||Vw||§ +1gl3)

2V2 (@ -1
¥ [% - (% + 1]] (o3 + llpi1B).

y+1

As E (t) < 0, then —aE (¢) > 0, and for large a, we obtain

’ ’” a
WO +Y 0 2 b(m - 1) (VI + IV¢l3)

y+1

It is well-known that

1 1
f |Vw|2dx2—( f lezdx) and f |V¢|2dxz—( f Igolzdx).
Q Cp \Ja Q Cp \Ja

Then

b o y+1
’ ’” 2 2
WO+ 2 o (m - 1)(f9 (leP + Il )dx)

2 y+1 a "
:b(é) (2<y+1>_1)‘”7 0

1
So, Lemma 4.1 is satisfied foruy =y > 0and Cy = b (%)er (2(;’“) - 1). This completes the proof.

5. Numerical results

In this section, we present numerical experiments that show the polynomial energy decay behavior
for stable Kirchhoff systems and, for the unstable set, we show that the corresponding solutions blow
up in finite time. The simulations verify the theoretical results for systems satisfying the stability
condition /(wy, ¢9) = 0 with parametersa > 1,b >0,y > 0, and @ > 2y + 2.

The numerical scheme is based on a finite difference discretization of the domain [0, 1] with N =
100 grid points (so that Ax = 1/(N—1) = 0.01), time step At = 0.001, and final time 7" = 6.0 in order to
capture the long-time polynomial decay behavior. The method is explicit and second-order accurate in
both space and time: standard three-point central differences are used for the spatial derivatives, while
the temporal discretization is a three-level leapfrog-type scheme for the second-order time derivative.
The Kirchhoff nonlocal term ¥ is computed at each time step from the discrete gradient norms of w and
¢, and then treated as a scalar coefficient multiplying the discrete Laplacian. The logarithmic damping
and source terms are evaluated pointwise and explicitly at the current time level.
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5.1. Example 1

For the first example, we consider small amplitude initial conditions as follows: We choose the
parameters: a = 1.0, b = 0.5, ¥ = 1.0, @ = 4.0, and the initial conditions:

wp(x) = sin(7rx)
do(x) = 0.8 sin(27x)
w1(x) = 0.02 cos(mx)
¢1(x) = 0.01 cos(2mx).

Figure 1 shows the initial conditions and the solution profiles at + = 6.0. The stability functional
evaluates to I(wp,¢p) = 1.514000 > O, confirming the system belongs to the stable set W. The
initial energy is E(0) = 1.3968. The numerical simulation shows a polynomial energy decay with
rate p = 1.514 as shown in Figure 2.

Figure 2. Example 1: Energy evolution on a linear scale (left) and log-log scale (right).
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5.2. Example 2

The second example uses more complex initial data while maintaining stability.
The initial conditions are:

. _ _ 2
wo(x) = sin(3rx)e 270

Po(x) = sinrx)(1 — x%)
w1 (x) = 0.03 cos(mx)e -03/01
¢1(x) = 0.02 sin(4mx)x(1 — x).
Figure 3 shows the initial conditions and the solution profiles at + = 6.0. The stability analysis
yields I(wy, ¢p) = 1.357000 > O, confirming stability, with initial energy E(0) = 1.2985. Despite

the increased complexity of the initial data, the system exhibits polynomial energy decay with rate
p = 1.357 as shown in Figure 4.

Initial Conditions
T

Solutions at t=6.00
T T

wxT)
- = oixT)

Initial Data
Final Solutions

L L L L
0.2 0.4 0.6 08 1
x x

Figure 3. Example 2: Initial conditions (left), and final solutions at ¢ = 6.0 (right).

300

250

Energy E(t)
)
2
Energy E(t) (log scale)
3

100 H

0 . p— T N BUTT SRTTIP T
0 1 2 3 4 5 6 15 2 25 3 35 4 45555
Time t Time t (log scale)

Figure 4. Example 2: Energy decay on a linear scale (left) and log-log scale (right).
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Both examples demonstrate that initial data in the stable set W lead to polynomial energy decay of
the form E(¢) ~ Ct 7 with positive decay rates p > 0.

5.3. Example 3

Here, we present a numerical example demonstrating finite-time blow-up as shown in Figure 5.
We consider system (1.2) on Q = (0, 1) with parameters a = 1.0, b = 0.001, y = 0.1, and @ = 2.5.
The small value of b is crucial for enabling the condition I(wy,¢y) < 0. Using initial conditions
wo(x) = 50sin(mx), ¢po(x) = 40sin(27x), wi(x) = 3sin(rx), and ¢;(x) = 1.8sin(27x), we obtain
I(wy, ¢9) = —2487.34 < 0, which will make the system unstable.

Figure 5 shows the evolution of the blow-up solution: The left panel displays the maximum norm
max{|w(x, )|, |$(x, )|}, which increases rapidly and suggests an emergent singularity. The right panel
tracks the Nehari functional /(), which stays negative for all computed times, starting from /(0) =
—2487.34 and decreasing to about —1.3 x 10* at the final numerical time. This monotonic growth
in |I(¢)| reflects that, as the amplitudes of w and ¢ grow, the nonlinear logarithmic source terms in /
dominate more and more strongly over the Kirchhoff contribution, so the trajectory moves deeper into
the unstable set V = {(w, ¢) : I(w, ¢) < 0}. The computation is stopped when |/(¢)| becomes very large,
and the explicit scheme can no longer be advanced reliably.

Solution Norm Blow-up x10* Nehari Functional
T T T T T T T T T

1t

50 L L L L L 14 L L L I I L
0 005 01 015 02 025 03 035 04 0 005 01 015 02 025 03 035 04

Figure 5. Example 3: Solution maximum norm evolution (left) and Nehari functional 1(7)
(right).

Remark 5.1. The numerical results show that the total energy satisfies E(t) ~ Ct P with p = 1.514 in
Example 1 and p = 1.357 in Example 2, that is, it decays only at a polynomial rate in time. This
behavior is consistent with the fact that logarithmic damping is much weaker than classical nonlinear
damping of polynomial type: It dissipates energy slowly, so that a non-negligible portion of the
mechanical energy persists for long times and the oscillations decay only algebraically rather than
exponentially.
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6. Conclusions

In this work, we have analyzed a coupled Kirchhoff-type wave system featuring both logarithmic
damping and logarithmic source terms. The results highlight the delicate and nontrivial interplay
between these two logarithmic effects, which act in opposition as dissipative and destabilizing
mechanisms. By constructing an appropriate Lyapunov functional and employing refined analytical
techniques adapted to logarithmic nonlinearities, we established a polynomial decay rate of the energy
in the stable regime. On the other hand, through a concavity-based argument, we demonstrated that
solutions arising from initial data in the unstable set undergo finite-time blow-up.

These findings contribute to a deeper understanding of how nonlocal Kirchhoff dynamics interact
with weak (logarithmic) dissipation and growth terms, revealing a clear threshold behavior that
separates global existence from singularity formation. The inclusion of numerical simulations further
supports the theoretical analysis and provides insight into the qualitative behavior of solutions.

Overall, this study opens new directions for the investigation of wave systems with nonstandard
damping and source mechanisms.
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