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Abstract: This study presents a novel investigation into finite-time stability (FTS) and
synchronization phenomena within a discrete reaction–diffusion system (RDS) governed by
variable-order fractional (VOF) operators, inspired by the Degn–Harrison (D–H) model. By
employing Caputo-type VOF differences, we model memory effects and time-varying dynamics
typical of complex biological and chemical processes. Theoretical contributions include rigorous
Lyapunov function (LF)-based criteria for establishing tempered Mittag-Leffler stability (MLS) and
global FTS, as well as explicit expressions for the settling time T ∗. A fractional-order (FO) error
system is also analyzed, demonstrating that linear coupling ensures finite-time synchronization under
variable-order conditions. Extensive numerical simulations confirm the theoretical predictions across
various FO profiles δ(t) and parameter regimes. These findings bridge discrete fractional modeling
with practical control strategies for systems exhibiting hereditary and anomalous diffusion effects.
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1. Introduction

The stability of reaction–diffusion systems (RDSes) has been extensively studied, leading to
significant theoretical and numerical advancements. Spectral analysis reveals that singularly
perturbed solutions possess a unique critical eigenvalue, which governs stability under small
perturbations [1]. For spatially homogeneous oscillations, localized perturbations decay algebraically
when no unstable linear modes exist [2]. Lyapunov function methods have been developed for binary
RDSes. These methods link the time derivative of the functional to system eigenvalues [3] and
establish optimal stability and instability conditions. One-dimensional systems with a single degree of
freedom can exhibit multistability; however, solutions with multiple extrema are inherently unstable.
Interestingly, such systems can possess more stable stationary states than homogeneous
systems [4, 5]. Collectively, these approaches provide a robust framework for RDS stability analysis.
Recent research has extended these concepts to discrete RDSes, with studies now focusing on
stability analysis and numerical implementation. For example, [6] examined local and global stability
in a discrete Gierer–Meinhardt model, and [7] analyzed finite -time stability (FTS) in generalized
impulsive discrete systems for chemical and biological applications. In [8], the authors proved global
exponential stability for noncritical wavefronts and algebraic stability for critical wavefronts in
discrete systems with nonlocal delay effects. In [9], fully discrete RDS analogs were shown to
preserve stability within invariant rectangular regions. These works utilized analytical tools such as
Lyapunov function theory, finite difference schemes, and energy-based methods, supporting
applications in biological pattern formation, chemical reactions, and microbial respiration.

Parallel work has focused on discrete fractional-order RDSes (FO-RDSes). These studies have
examined the local and global asymptotic stability of equilibrium points through linearization and
Lyapunov function methods [10, 11]. Applications include chemical models such as the
Lengyel–Epstein system, epidemiological frameworks, neuronal modeling with FitzHugh–Nagumo
systems, and glycolysis dynamics [12–14]. Discrete fractional calculus preserves essential
continuous-time dynamics while also capturing discretization and FO effects [15–17]. Numerical
simulations have been crucial for validating theoretical results and providing practical
insights [18, 19]. Recently, FTS and synchronization in discrete FO-RDSs have gained increased
attention. In [20], researchers derived FTS criteria for nonlinear systems with discrete time delays and
demonstrated these properties in both Lengyel–Epstein and Degn–Harrison (D–H) systems. New
lemmas were introduced in [21] to support finite-time synchronization controllers in D–H-type
systems. Similarly, [22] studied FTS and synchronization in FO Lengyel–Epstein models using
linearly interdependent controllers. These efforts leverage Lyapunov function theory and numerical
evidence to demonstrate the efficacy of the proposed schemes, offering valuable insights for practical
applications by providing ways to reach equilibrium points within prescribed time intervals in
complex chemical and biological systems.

Beyond RDSes, recent years have witnessed significant progress in the analysis and numerical
treatment of fractional differential equations across diverse nonlinear phenomena. For instance, the
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dynamics of FO nonlinear dispersive wave systems have been effectively explored using
homotopy-based techniques [23], and the time-fractional foam drainage equation has been thoroughly
investigated through dynamical analysis and advanced numerical simulations [24]. These studies
underscore the growing importance of combining analytical methods with robust numerical schemes
to capture the complex behavior inherent in FO models. Motivated by such developments, the present
work extends these methodological insights to the less-explored realm of VOF discrete RDSes, where
both the fractional order and the spatial coupling evolve dynamically. However, despite these
advances, the study of VOF discrete RDSes remains relatively unexplored. Most existing works
assume constant fractional orders, which limits the modeling of systems with time-varying memory
or hereditary effects. Recent developments in VOF calculus, such as those in [25], have enabled more
accurate representations of complex dynamical processes, yet their application to discrete RDSes
particularly in the context of FTS and synchronization, is still in its infancy.

This paper addresses these limitations by introducing a novel discrete VOF-RDS framework with
several key theoretical advances beyond existing works:

• Novel VOF formulation: Unlike constant-order fractional models, our approach incorporates
time-varying fractional orders δ(t), enabling dynamic adaptation to changing system memory
characteristics and providing more realistic modeling of biological and chemical processes with
evolving diffusion properties.
• Advanced stability theory: We establish tempered Mittag-Leffler stability (MLS) criteria for

VOF systems, extending beyond classical Mittag-Leffler stability results. Our approach provides
explicit settling time expressions T ∗ that remain valid under order variations, addressing a key
limitation of constant-order frameworks.
• Robust synchronization analysis: Whereas prior work demonstrated synchronization for

constant-order systems, we prove finite-time synchronization under variable-order conditions by
developing new fractional Lyapunov estimates that accommodate time-varying memory effects,
thereby providing more flexible control strategies.
• Comprehensive numerical framework: We develop a complete discretization scheme for VOF-

RDSes, including novel interpolation techniques for nongrid temporal evaluations and specialized
numerical operators for variable-order Caputo differences, enabling practical implementation of
our theoretical results.

The main contributions of this work are as follows:

• A novel discrete VOF-RDS formulation using Caputo-type differences with time-varying order
δ(t), providing superior modeling of memory-dependent processes compared to constant-order
approaches.
• Rigorous Lyapunov-based criteria for tempered MLS and global finite-time stability in VOF

systems, with explicit settling time T ∗ expressions that generalize constant-order results.
• Analytical proof of finite-time synchronization via linear internode coupling in VOF settings,

extending synchronization controllers to handle time-varying fractional orders.
• A comprehensive numerical framework demonstrating the practical implementation and

validation of our theoretical results under realistic variable-order conditions.

The main novelty of the proposed VOF discrete D–H model lies in several key advancements over
previously published integer-order [26–28] and constant-order fractional models [29]. First, unlike
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constant-order frameworks, the time-varying VOF captures nonstationary memory effects and
evolving diffusion characteristics (e.g., transitions between superdiffusion and subdiffusion) inherent
in real biological and chemical processes. Second, whereas prior discrete fractional reaction–diffusion
studies focused on asymptotic stability [9, 10] or finite-time results for constant orders [18, 19, 22], we
establish rigorous Lyapunov-based criteria for both tempered Mittag-Leffler stability and global
finite-time stability under variable-order dynamics, including explicit settling time expressions T ∗ that
remain valid under order variations. Third, we prove finite-time synchronization via linear coupling,
an aspect not addressed in previous variable-order reaction–diffusion works. Finally, the discrete
formulation with Caputo-type variable-order differences, together with a complete numerical
discretization scheme, bridges the gap between advanced fractional calculus and practical
implementation, providing a more flexible and realistic tool for modeling complex, time-varying
hereditary processes. This paper studies FTS and synchronization in a discrete VOF-RDS based on
the D–H model. We combine VOF calculus with Lyapunov function (LF) analysis to establish
rigorous stability criteria, which we verify through numerical simulations. The paper is organized as
follows: Section 2 introduces the model formulation, including VOF operators and the discretized
system dynamics. Section 3 details the key theoretical contributions on MLS and FTS, supported by
Lyapunov-based proofs. Section 4 illustrates the validity of the theoretical framework through
simulations and demonstrates the system’s FTS behavior.

2. Model formulation

To illustrate the necessity of VOF operators, consider drug diffusion through heterogeneous
biological tissues. In such systems, the diffusion characteristics change over time due to factors such
as tissue hydration, pH variations, and cellular uptake. A constant-order fractional model with fixed δ
cannot capture these temporal changes in memory effects. For example, as drug concentration
saturates tissue regions, the diffusion may transition from superdiffusive (δ > 1) to subdiffusive
(δ < 1) behavior. Our VOF framework with δ(t) naturally accommodates such transitions, whereas
constant-order models would either overestimate or underestimate drug penetration rates at different
temporal stages. Another critical example arises in neural dynamics with synaptic plasticity. During
learning processes, the memory retention properties of neural networks evolve, requiring time-varying
fractional orders to accurately model the changing persistence of neural activities. Constant-order
models fail to capture this adaptive memory behavior, leading to inaccurate predictions of
synchronization and stability in neural populations.

The D–H model has been widely studied for its stability and pattern formation properties.
Researchers have focused on finding conditions for asymptotic stability, with recent studies
establishing weaker conditions than previously known [26]. The asymptotic stability of unique
constant equilibrium points has been demonstrated using contracting rectangles and Lyapunov
functions [27]. Pattern formation has been analyzed through Turing instability and Hopf bifurcation
theory, revealing nonhomogeneous stationary and periodic solutions [28]. A time-FO version of the
model has also been developed, which provides better dynamic representations and deeper system
insights. Sufficient conditions for asymptotic stability of the FO model have been established using
multiple methods, including invariant rectangles, stability theory, linearization, and Lyapunov-based
approaches [29]. Together, these studies improve our understanding of the D–H model’s dynamics
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and stability. The governing dynamics of the classical model are given by:



∂u(x, t)
∂t

= k1∆u + b1 − u −
vu

1 + qu2 ,

∂v(x, t)
∂t

= k2∆v + b2 −
vu

1 + qu2 ,

∂u
∂n

∣∣∣
∂Ω

=
∂v
∂n

∣∣∣
∂Ω

= 0,

u(x, 0) = u0(x), v(x, 0) = v0(x),

(x, t) ∈ Ω × R+. (2.1)

Here, Ω ⊂ Rn is a bounded domain with smooth boundary ∂Ω. The vector n is the outward unit
normal. The parameters k1, k2 > 0 are diffusion coefficients; q > 0 controls sigmoidal nonlinearity;

and b1, b2 are basal production rates. The Laplacian operator ∆ =
n∑

i=1
∂2/∂x2

i models spatial diffusion,

where x = (x1, x2, . . . , xn) are the spatial coordinates. Neumann boundary conditions ensure mass
conservation.

To include memory effects and model non-Fickian transport in biological media, we reformulate
the system using VOF derivatives [30]. Recent research has employed Caputo-type derivatives with
variable FO to model complex nonlinear systems. For example, [31] demonstrated the effectiveness of
this approach in a Lotka–Volterra predator–prey model, establishing the existence and uniqueness of
solutions. In [32], three types of Caputo–Hadamard variable-order derivatives were introduced, and
the authors provided approximation formulas along with error estimates. Further, [33] extended the
continuation theorem for VOF differential equations, proving global existence and Ulam–Hyers
stability results. In [34], numerical approximations for three Caputo VOF types were developed,
accompanied by error analyses and applications to fractional-order partial differential equations
(FO-PDEs). The choice of the Caputo-type VOF difference operator is motivated by several
theoretical and practical considerations. First, Caputo-type differences allow the incorporation of
standard integer-order initial conditions (e.g., u(a), v(a)), which are physically meaningful and
directly measurable in experiments, a property not shared by the Riemann–Liouville operator.
Second, the Caputo operator satisfies C∆

δ(t)
a (constant) = 0, a crucial feature for Lyapunov stability

analyses because it ensures that equilibrium points remain stationary under the fractional dynamics.
Third, the kernel of the Caputo difference is weakly singular yet integrable, providing a natural
framework for modeling subdiffusive and superdiffusive processes while maintaining compatibility
with the discrete fractional calculus literature [35]. Alternative operators, such as the
Grünwald–Letnikov difference, are computationally more demanding for variable-order
implementations and do not simplify Lyapunov estimates as elegantly; the Atangana–Baleanu
operator, although capable of representing nonsingular kernels, introduces a Mittag-Leffler function in
the kernel that increases numerical complexity and is less established for Lyapunov-based FTS in
discrete settings. Thus, the Caputo formulation strikes an optimal balance between mathematical
tractability, physical interpretability, and computational feasibility for the stability and
synchronization analyses pursued in this work.

The classical D–H model (2.1) assumes Fickian diffusion and instantaneous dynamics, which may
be insufficient for systems where diffusion is anomalous or where memory effects influence reaction
kinetics. To overcome these limitations, we replace the integer-order time derivatives with

AIMS Mathematics Volume 11, Issue 4, 12204–12232.



12209

Caputo-type VOF differences, yielding a discrete VOF-RDS formulation. The VOF is allowed to vary
with time, providing a flexible tool to model evolving diffusion regimes: For instance, in drug
transport through heterogeneous biological tissues, the diffusion exponent may shift from
superdiffusive (δ(t) > 1) during initial penetration to subdiffusive (δ(t) < 1) as the drug binds to
cellular components. Similarly, in neural dynamics with synaptic plasticity, the memory retention of
the network changes during learning, requiring a time-varying FO to capture the adaptation. The use
of variable-order operators thus embeds non-Fickian transport and history-dependent reactions
directly into the discrete reaction–diffusion framework, making the model more faithful to the
underlying biophysical processes than constant-order fractional or integer-order alternatives.

Definition 1 ( [35]). The Taylor monomial of VOF is given by

hδ(t)(t, s) =
(t − s)(δ(t))

Γ(1 + δ(t))
, (2.2)

where

t(δ(t)) =
Γ(t + 1)

Γ(t + 1 − δ(t))
.

Definition 2 ( [35]). Let u : Na → R be a given function and δ(t) > 0. Then, the VOF sum is defined
as follows:

∆−δ(t)a u(t) =

t−δ(t)∑
s=a

hδ(t)−1(t, s + 1)u(s), ∀t ∈ Na+δ(t). (2.3)

Definition 3 ( [36]). The VOF in terms of Caputo calculus is given by:

C∆δ(t)
a u(t) =

1
Γ(m − δ(t))

t−(m−δ(t))∑
s=a

(t − s − 1)(m−δ(t)−1)∆mu(s), (2.4)

where u : Na := {a, a + 1, a + 2, . . .} → R, δ(t) , N,m = [δ(t)] + 1, and t ∈ Na+m−δ(t).

The Caputo-type VOF forward difference C∆
δ(t)
a supplants classical derivatives:


C∆

δ(t)
a u(x, t) = k1∆u + b1 − u −

vu
1 + qu2 ,

C∆
δ(t)
a v(x, t) = k2∆v + b2 −

vu
1 + qu2 .

(2.5)

For computational discretization, we partition Ω = [0, L] uniformly with step size ∆x. With m nodes
(xi+1 = xi + ∆x, i = 0, . . . ,m), the forward difference is defined in [6] as:

∆̃ϑi(t) = ϑi+1(t) − ϑi(t). (2.6)

Then,

∆ϑ(x, t) ≈
ϑi−1(t) − 2ϑi(t) + ϑi+1(t)

∆2
x

≡
∆̃2ϑi−1(t)

∆2
x

. (2.7)
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Applying this spatial discretization to (2.5) yields semidiscrete dynamics at node i:


C∆

δ(t)
a ui(t) =

k1

∆2
x
∆̃2ui−1(ςt) + b1 − ui(ςt) −

vi(ςt)ui(ςt)
1 + qu2

i (ςt)
,

C∆
δ(t)
a vi(t) =

k2

∆2
x
∆̃2vi−1(ςt) + b2 −

vi(ςt)ui(ςt)
1 + qu2

i (ςt)
,

(2.8)

where ςt = t + δ(t) − 1. Periodic constraints enforce spatial coherence:{
u j−1(t) = um+ j−1(t),
v j−1(t) = vm+ j−1(t), j = 1, 2.

(2.9)

Initial profiles are sampled as:

ui(a) = u0(xi), vi(a) = v0(xi). (2.10)

The system exhibits a uniform equilibrium point (EP) solution (u∗, v∗) solving:
b1 − u∗ −

v∗u∗

1 + q(u∗)2 = 0,

b2 −
v∗u∗

1 + q(u∗)2 = 0,
(2.11)

reducible to the unique EPs

(u∗, v∗) =

(
b1 − b2, b2

1 + q(b1 − b2)2

b1 − b2

)
, b1 , b2. (2.12)

Linear stability assessment requires solving the spectral problem for the discrete Laplacian:
∆̃2ψi−1(ςt) = −µiψi(ςt),
ψ0(t) = ψm(t),
ψ1(t) = ψm+1(t),

(2.13)

where µi are wavenumber-dependent eigenvalues. Substituting µi into (2.13) decouples modal
dynamics: 

C∆
δ(t)
a ui(t) = −

k1µi

∆2
x

ui(ςt) + b1 − ui(ςt) −
vi(ςt)ui(ςt)
1 + qu2

i (ςt)
,

C∆
δ(t)
a vi(t) = −

k2µi

∆2
x

vi(ςt) + b2 −
vi(ςt)ui(ςt)
1 + qu2

i (ςt)
.

(2.14)

Remark 1. Unlike classical integer-order models, which are Markovian and lack long-term memory,
the VOF formulation embeds time-dependent memory effects through the kernel of the Caputo
difference. In constant-order fractional models, the memory depth is fixed by a constant δ, limiting the
ability to describe processes where the underlying transport or reaction kinetics evolve over time. The
present framework with time-varying δ(t) overcomes this limitation by continuously adjusting the
weight assigned to past states, allowing the system to transition between subdiffusive (δ(t) < 1) and
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superdiffusive (δ(t) > 1) regimes as needed. From a stability perspective, the variable-order dynamics
preserve the finite-time convergence properties established in Theorems 1 and 4, provided δ(t)
remains within an interval (δ1, δ2) ⊂ (0, 1). The settling time T ∗ is influenced by the infimum of δ(t): a
lower average order tends to accelerate the theoretical convergence bound, as verified numerically in
Cases 1–4. Constant-order models, by contrast, fix δ and thus lose the ability to adapt the memory
characteristic during system evolution. Moreover, integer-order models (δ = 1) generally yield
exponential convergence without the finite-time extinction property observed here. Hence, the
variable-order formulation offers greater flexibility and realism for systems with evolving hereditary
or anomalous diffusion properties, while still admitting rigorous Lyapunov-based stability criteria.

3. Main results

In this section, we establish the main theoretical results concerning the dynamics and stability of the
VOF-RDS. We begin by analyzing the properties of the nonlinear reaction terms and derive sufficient
conditions ensuring tempered MLS and FTS. The theoretical findings are supported by Lyapunov-
based methods and fractional discrete calculus tools.

Lemma 1 ( [21]). The reaction term satisfies the uniform Lipschitz condition:∣∣∣∣∣∣ vi(t)ui(t)
1 + qu2

i (t)
−

v∗u∗

1 + qu∗2

∣∣∣∣∣∣ ≤ Q (|ui(t) − u∗| + |vi(t) − v∗|) , (3.1)

where

Q ≥ max
{

5
4

k,
1

2
√

q

}
, |v∗| < k.

Theorem 1. Consider the system:

C∆δ(t)
a ϑ(t) = V(ςt, ϑ(ςt)), (3.2)

where we define ςt := t + δ(t) − 1. If there exist a LF V : Na+1−δ2 × D → R+ and parameters
0 < δ1 < δ(t) < δ2 < 1, b, c, q1, q2, q3 > 0 satisfying

q1‖ϑ(t)‖b ≤ V(t, ϑ(t)) ≤ q2‖ϑ(t)‖bc, (3.3)
C∆δ(t)

a V(t, ϑ(t)) ≤ −q3‖ϑ(ςt)‖bc, (3.4)

∀t ∈ Na+1 and ϑ(t) ∈ D \ {0}, then the EP of system (3.2) is tempered MLS.

Proof. We apply the Lyapunov direct method to establish tempered MLS. From (3.3):

‖ϑ(ςt)‖bc ≥
V(ςt, ϑ(ςt))

q2
. (3.5)

Substituting into (3.4) yields:

C∆δ(t)
a V(t, ϑ(t)) ≤ −

q3

q2
V(ςt, ϑ(ςt)). (3.6)
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Define λ := q3/q2 > 0, giving:
C∆δ(t)

a V(t) ≤ −λV(ςt). (3.7)

Consider the comparison equation:

C∆δ(t)
a u(t) = −λu(ςt), u(a) = V(a, ϑ(a)). (3.8)

Its solution is:

u(t) = u(a)Eδ(t)(−λ, t − a), (3.9)

where the discrete Mittag-Leffler function is defined as:

Eδ(t)(λ, t − a) =

∞∑
k=0

λk (t − a)(kδ(t))

Γ(1 + kδ(t))
,

By the comparison principle for variable-order fractional difference equations (see [35] for the
constant-order case, extended to variable-order through continuity and kernel properties), we have:

V(t, ϑ(t)) ≤ V(a, ϑ(a))Eδ(t)(−λ, t − a). (3.10)

The extension to variable-order operators is justified by the continuity of the solution with respect
to the fractional order parameter and the positivity of the kernel functions in the Caputo-type
difference operator. For variable-order systems, the comparison principle holds under the condition
that the fractional order δ(t) varies smoothly and remains within the interval (δ1, δ2) ⊂ (0, 1).

Combining (3.3) and (3.10):

q1‖ϑ(t)‖b ≤ V(t, ϑ(t)) ≤ q2‖ϑ(a)‖bcEδ(t)(−λ, t − a). (3.11)

Thus,

‖ϑ(t)‖b ≤
q2

q1
‖ϑ(a)‖bcEδ(t)(−λ, t − a). (3.12)

Because b > 0 and both sides of the inequality are non-negative (as norms and the Mittag-Leffler
function with negative argument are non-negative), the function x 7→ x1/b is well-defined and strictly
increasing on [0,∞). Therefore, applying this monotonic function to both sides preserves the inequality
direction:

‖ϑ(t)‖ ≤
(
q2

q1

)1/b
‖ϑ(a)‖c

[
Eδ(t)(−λ, t − a)

]1/b . (3.13)

This yields the form:

‖ϑ(t)‖ ≤ µ
[
Eδ(t)(−λ, t − a)

]γ
‖ϑ(a)‖β, (3.14)

where µ = (q2/q1)1/b, γ = 1/b, β = c. Because µ is constant, for any ε > 0 and τ ≥ 0,

µ ≤ µeετ, (3.15)

confirming that µ is tempered. Thus, the zero solution is tempered MLS. �
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Remark 2. Although the VOF δ(t) is time-varying in the interval (δ1, δ2), the Lyapunov condition
utilizes the upper bound δ2. This ensures that the decay estimate remains valid due to δ2 dominating
the effective decay rate.

Lemma 2. For any e : Na+1 → R, δ(t) ∈ (0, 1), a ∈ R, and t ∈ Na, it holds that

C∆δ(t)
a |e(t)| ≤ sgn(e(t)) C∆δ(t)

a e(t). (3.16)

Proof. The Caputo FO difference is defined as:

C∆δ(t)
a e(t) =

1
Γ(1 − δ(t))

t−1∑
s=a

(t − s − 1)(−δ(t))∆e(s),

where

(t − s − 1)(−δ(t)) =
Γ(t − s)

Γ(t − s + δ(t))
.

Because Γ(1 − δ(t)) > 0, it suffices to prove the inequality

t−1∑
s=a

k(s)∆|e(s)| ≤ sgn(e(t))
t−1∑
s=a

k(s)∆e(s), (3.17)

where the kernel is defined by

k(s) = (t − s − 1)(−δ(t)). (3.18)

Define the auxiliary function

H (s) = |e(s)| · 1{sgn(e(s)),sgn(e(t))}. (3.19)

Then, the absolute value of e(s) can be expressed as:

|e(s)| = sgn(e(t)) · e(s) + 2H (s), (3.20)

and hence, its forward difference satisfies:

∆|e(s)| = sgn(e(t)) · ∆e(s) + 2∆H (s). (3.21)

Substituting into the weighted sum yields:

t−1∑
s=a

k(s)∆|e(s)| = sgn(e(t))
t−1∑
s=a

k(s)∆e(s) + 2
t−1∑
s=a

k(s)∆H (s). (3.22)

Thus, to establish the desired inequality, it remains to show that

t−1∑
s=a

k(s)∆H (s) ≤ 0. (3.23)
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Note that H (t) = 0. Using the summation-by-parts identity, we write

t−1∑
s=a

k(s)∆H (s) =

t∑
s=a+1

k(s − 1)H (s) −
t−1∑
s=a

k(s)H (s)

= −k(a)H (a) +

t−1∑
s=a+1

H (s) (k(s − 1) − k(s)) .

(3.24)

The kernel k(s) is increasing in s because the function x 7→ Γ(x)/Γ(x + δ) is decreasing for δ > 0.
This follows from the ratio:

k(s)
k(s − 1)

= 1 +
δ(t)
t − s

> 1, (3.25)

which implies

k(s − 1) − k(s) ≤ 0. (3.26)

Because H (s) ≥ 0, H (a) ≥ 0, and k(a) > 0, it follows that:

−k(a)H (a) ≤ 0. (3.27)

Hence, we conclude that

t−1∑
s=a

k(s)∆H (s) ≤ 0, (3.28)

which completes the proof. �

Lemma 3. Let V : Na → R+ be a function such that the forward difference ∆V(s) ≤ 0 for all s ∈ Na.
For time-varying orders satisfying 0 < δ1 < δ(t) < δ2 < 1, the following inequality holds:

C∆δ(t)
a V(t) ≤ C∆δ2

a V(t). (3.29)

Proof. The Caputo FO difference is expressed as:

C∆δ
aV(t) =

t−1∑
s=a

k(δ, t − s)∆V(s), (3.30)

where the kernel k(δ, n) is defined for n = t − s ∈ {1, 2, . . . , t − a} as:

k(δ, n) =
Γ(n − δ)

Γ(1 − δ)Γ(n)
. (3.31)

For fixed n ≥ 1, consider the kernel function g(δ) = k(δ, n). This can be rewritten as:

g(δ) =
1

Γ(n)

n−1∏
p=1

(p − δ). (3.32)
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Because each factor (p − δ) in the product is strictly decreasing in δ for p = 1, 2, . . . , n − 1, and
because Γ(n) is constant for fixed n, g(δ) is strictly decreasing in δ. Thus, for δ(t) < δ2,

k(δ(t), n) > k(δ2, n) > 0, ∀n ≥ 1. (3.33)

By assumption, ∆V(s) ≤ 0 for all s. Combining with (3.33):

k(δ(t), t − s)∆V(s) ≤ k(δ2, t − s)∆V(s), ∀s ∈ {a, a + 1, . . . , t − 1}. (3.34)

Summing over s and using the representation (3.30),

t−1∑
s=a

k(δ(t), t − s)∆V(s) ≤
t−1∑
s=a

k(δ2, t − s)∆V(s), (3.35)

which is equivalent to:

C∆δ(t)
a V(t) ≤ C∆δ2

a V(t). (3.36)

�

Remark 3. The condition ∆V(s) ≤ 0 (i.e., V is decreasing) is necessary for the inequality to hold.
For nonmonotonic functions, the relationship between fractional differences of different orders is not
universally determined.

Theorem 2 ( [35]). Let u : Na → R be a given function. Then,

La{ f }(s) =

∞∑
k=0

f (a + k)
(s + 1)k+1 , (3.37)

Theorem 3 ( [35]). Consider µ ∈ R−(N−1). Then,

La+µ{hµ(t, a)}(s) =
(s + 1)µ

sµ+1 , (3.38)

where |s + 1| > 1. One may utilize the following formula to solve certain summation equations:

La{∆
−δ(t)
a f }(s) =

Fa(s)
sδ(t)

. (3.39)

Definition 4 ( [21]). The system is said to exhibit FTS if there exists a finite settling time T ∗ > 0 such
that

lim
t→T ∗

(‖eu(t)‖ + ‖rv(t)‖) = 0, (3.40)

and

‖eu(t)‖ + ‖rv(t)‖ ≡ 0, ∀t ≥ T ∗. (3.41)
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Theorem 4. The system (2.14) is FTS if

T ∗ =

(∑m
i=1 |eui(a)| +

∑m
i=1 |rvi(a)|

Θεq3q−1
2

) 1
γ

1 −
(∑m

i=1 |eui(a)| +
∑m

i=1 |rvi(a)|
Θεq3q−1

2

) 1
γ

, (3.42)

ε ≤

m∑
i=1

|eui(a)| +
m∑

i=1

|rvi(a)| < Θεq3q−1
2 , (3.43)

where q2 ≥ q3.

Proof. Define the error variables:eui(ςt) = ui(ςt) − u∗,

rvi(ςt) = vi(ςt) − v∗,

eui(t) = ui(t) − u∗,

rvi(t) = vi(t) − v∗.
(3.44)

Substituting into system equations (3.44) yields the following error dynamics:
C∆δ(t)

a eui(t) = −

(
k1

∆2
x
λi + 1

)
eui(ςt) +

v∗u∗

1 + qu∗2
−

vi(ςt)ui(ςt)
1 + qu2

i (ςt)
,

C∆δ(t)
a rvi(t) = −

k2

∆2
x
λirvi(ςt) +

v∗u∗

1 + qu∗2
−

vi(ςt)ui(ςt)
1 + qu2

i (ςt)
.

(3.45)

Consider the Lyapunov function candidate:

V(t) =

m∑
i=1

(
|eui(t)| + |rvi(t)|

)
. (3.46)

Applying Lemma 2 and sign function inequalities, we obtain

C∆δ2
a V(t) ≤

m∑
i=1

sign(eui(t)) ·
C∆δ(t)

a eui(t) +

m∑
i=1

sign(rvi(t)) ·
C∆δ(t)

a rvi(t)

=

m∑
i=1

sign(eui(ςt)) · C∆δ(t)
a eui(t) +

m∑
i=1

sign(rvi(ςt)) · C∆δ(t)
a rvi(t)

≤

m∑
i=1

[
−

(
k1

∆2
x
λi + 1

)
|eui(ςt)| + Q

(
|eui(ςt)| + |rvi(ςt)|

)]
+

m∑
i=1

[
−

k2

∆2
x
λi|rvi(ςt)| + Q

(
|eui(ςt)| + |rvi(ςt)|

)]
= −

m∑
i=1

(
1 +

k1

∆2
x
λi − Q

)
|eui(ςt)| −

m∑
i=1

(
k2

∆2
x
λi − Q

)
|rvi(ςt)|

≤ −Θ

m∑
i=1

(
|eui(ςt)| + |rvi(ςt)|

)
= −ΘV(ςt) ≤ −Θ

q3

q2
V(ςt).

(3.47)
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Because V(t) is positive and decreasing, we have V(ςi) ≥ V(t) for all t ≥ a. Then, from Ineq (3.47),
we obtain:

C∆δ(t)
a V(t) ≤ C∆δ2

a V(t) ≤ −Θ
q3

q2
V(ςi) ≤ −Θ

q3

q2
V(t). (3.48)

This inequality establishes that the fractional difference of V(t) is bounded by a negative constant
multiple of V(t) itself. We can now apply the comparison principle for fractional difference equations.
Let W(t) be the solution of the fractional difference equation:

C∆δ(t)
a W(t) = −Θ

q3

q2
W(t), W(a) = V(a).

Then, by the comparison principle, V(t) ≤ W(t) for all t ≥ a. Because the solution W(t) decays to
zero in finite time under the given conditions, it follows that V(t) must also reach zero in finite time.
Introduce a non-negative function F(t) satisfying

C∆δ(t)
a V(t) + F(t) = −Θεq3q−1

2 . (3.49)

Applying the fractional integral operator ∆
−δ(t)
a ,

V(t) = V(a) − ∆−δ(t)a F(t) + ∆−δ(t)a

(
−Θεq3q−1

2

)
. (3.50)

Using discrete fractional calculus identities (Definitions 2), we get

∆−δ(t)a

(
−Θεq3q−1

2

)
= −Θεq3q−1

2

t−δ(t)∑
τ=a

h−δ(t)(t, τ + 1)

=
−Θεq3q−1

2

Γ(1 − δ(t))

t+δ(t)−1∑
τ=a

Γ(t − τ)
Γ(t − τ + δ(t))

=
Θεq3q−1

2

(δ(t) − 1)Γ(1 − δ(t))
Γ(t − a + 1)

Γ(t − a + δ(t))
.

(3.51)

The forward difference gives

∆∆−δ(t)a

(
−Θεq3q−1

2

)
= −

Θεq3q−1
2

Γ(1 − δ(t))
Γ(t − a + 1)

Γ(t − a + δ(t) + 1)
. (3.52)

Because ∆
−δ(t)
a F(t) ≥ 0, we obtain

V(t) ≤ V(a) −
Θεq3q−1

2

Γ(1 − δ(t))
(t − a)(−δ(t))

B Ψ(t).
(3.53)

Set Ψ(t) = 0 and solve for t:

(t − a)(−δ(t)) =
V(a)Γ(1 − δ(t))

Θεq3q−1
2

. (3.54)
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Equivalently,

h−δ(t)(t, a) =
V(a)

Θεq3q−1
2

. (3.55)

Apply the Laplace transform La−δ(t) using Theorem 2 and 3, we obtain

La−δ(t)
{
h−δ(·)(s, a)

}
(t) = La−δ(t)

{
V(a)

Θεq3q−1
2

}
(t). (3.56)

The variable-order nature of δ(t) requires careful treatment in the Laplace transform. For each fixed
t, we consider δ(t) as a parameter. Using Theorem 3 with µ = −δ(t), we obtain:

La−δ(t)
{
h−δ(t)(s, a)

}
(s) =

(s + 1)−δ(t)

s1−δ(t) .

The transform of the constant right-hand side is:

La−δ(t)

{
V(a)

Θεq3q−1
2

}
(s) =

V(a)
Θεq3q−1

2

·
1
s
.

Equating both sides in the s-domain,

(s + 1)−δ(t)

s1−δ(t) =
V(a)

sΘεq3q−1
2

.

Multiplying both sides by s yields:

(s + 1)−δ(t)

s−δ(t)
=

V(a)
Θεq3q−1

2

. (3.57)

Simplifying the left-hand side, we get( s
s + 1

)δ(t)
=

V(a)
Θεq3q−1

2

. (3.58)

To relate this back to the time domain, we use the inverse Laplace transform. However, for variable-
order systems, the inverse transform must account for the time-dependent nature of δ(t). We employ
an approximation by evaluating the s-domain expression at s = t, which is justified for large t by the
initial value theorem of Laplace transforms. This gives:( t

t + 1

)δ(t)
=

V(a)
Θεq3q−1

2

. (3.59)

Let γ = inft≥a δ(t). Because δ(t) ∈ (δ1, δ2) with 0 < δ1 < δ2 < 1, we have γ ≥ δ1 > 0. Then, for all
t ≥ a, ( t

t + 1

)δ(t)
≤

( t
t + 1

)γ
, (3.60)
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where the inequality follows from the fact that 0 < t/t + 1 < 1 for t > 0, and the function x 7→ ax is
decreasing when 0 < a < 1. Therefore,

V(a)
Θεq3q−1

2

≤

( t
t + 1

)γ
. (3.61)

V(a)
Θεq3q−1

2

≤

( t
t + 1

)γ
. (3.62)

Isolate t to obtain the settling time:

T ∗ =

(
V(a)

Θεq3q−1
2

) 1
γ

1 −
(

V(a)
Θεq3q−1

2

) 1
γ

, ε ≤ V(a) < Θεq3q−1
2 .

For t ≥ T ∗, we have V(t) ≤ Ψ(t) ≤ 0. Because V(t) is non-negative,
m∑

i=1

|eui(t)| +
m∑

i=1

|rvi(t)| ≡ 0.

By Definition 4, the system (2.14) is FTS. �

4. Numerical simulation

This section presents numerical validation of the theoretical framework developed in Section 3. We
demonstrate finite-time convergence and synchronization behavior in the discrete VOF-RDs through
extensive simulations under various parameter configurations.

4.1. Simulation results

The error dynamics governing the system evolution are given by:


C∆

δ(t)
a eui(t) =

k1

∆2
x
∆2eui−1(ςt) − eui(ςt) +

v∗u∗

1 + qu∗2
−

vi(ςt)ui(ςt)
1 + qu2

i (ςt)
,

C∆
δ(t)
a rvi(t) =

k2

∆2
x
∆2rvi−1(ςt) +

v∗u∗

1 + qu∗2
−

vi(ςt)ui(ςt)
1 + qu2

i (ςt)
.

(4.1)

We employ the following discretization scheme:

tn = a + n∆t, n = 0, 1, 2, . . . ,N. (4.2)

Let e(n)
ui ≈ eui(tn), r(n)

vi ≈ rvi(tn), and δ(n) = δ(tn). The term t + δ(t) − 1 is evaluated at nongrid points
and approximated using linear interpolation:

t + δ(t) − 1 ≈ tn+` = tn + `∆t, ` =
δ(n) − 1

∆t
. (4.3)
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States at tn+` are approximated via linear interpolation:

eui(tn+`) ≈ (1 − ℘)e(n)
ui

+ ℘e(n+1)
ui

, ℘ = ` − b`c. (4.4)

The Caputo fractional derivative is discretized using the L1 scheme:

C∆δ(t)
a eui(tn) ≈

(∆t)−δ
(n)

Γ(2 − δ(n))

n−1∑
k=0

w(n)
k

(
e(n−k)

ui
− e(n−k−1)

ui

)
, (4.5)

where the weights w(n)
k are given by:

w(n)
k = (k + 1)1−δ(n)

− k1−δ(n)
. (4.6)

The Caputo fractional derivative is discretized using the L1 scheme:

C∆δ(t)
a eui(tn) ≈

(∆t)−δ
(n)

Γ(2 − δ(n))

n−1∑
k=0

w(n)
k

(
e(n−k)

ui
− e(n−k−1)

ui

)
. (4.7)

The L1 scheme for variable-order Caputo derivatives has a theoretical convergence rate of
O(∆t2−δmax) under the assumption that δ(t) is Lipschitz continuous. However, for rapidly varying δ(t),
the accuracy may reduce to O(∆t1+℘) with ℘ = mint δ(t). The local truncation error for the
variable-order L1 scheme can be expressed as:

Elocal = C · ∆t2−δ(tn) · max
t∈[tn,tn+1]

∣∣∣∣∣∣∂2eui

∂t2 (t)

∣∣∣∣∣∣ + D · ∆t · max
t∈[tn,tn+1]

|δ′(t)| , (4.8)

where C and D are constants depending on δ(t). The second term accounts for the variation in the FO.
The modulation error term D · ∆t ·max |δ′(t)| depends explicitly on the rate of change of the FO. For a
rapidly oscillating δ(t), such as δ(t) = δ0 + A sin(ωt), this term scales as O(∆tAω). When the frequency
ω becomes large (comparable to or exceeding 1/∆t), the modulation error can dominate, potentially
reducing the overall convergence order to O(∆t) irrespective of the smoothness of the state variables.
In our test cases with δ(t) = 0.98| sin(t + 2)|, the maximum derivative is |δ′(t)| ≤ 0.98, so for ∆t = 0.01,
the modulation error remains ≈ 0.0098, ensuring that the theoretical convergence rate O(∆t2−δmax) is not
compromised. For higher-frequency variations, adaptive time-stepping or filtering techniques would be
required to maintain accuracy without excessive refinement. This trade-off highlights the importance
of matching the numerical resolution to the temporal variability of the fractional order, especially
in applications where δ(t) encodes fast-changing memory effects. In our simulations, we maintain
∆t ≤ 0.01 to ensure the cumulative error remains below 10−3 for the parameter ranges considered.
The spatial discretization using central differences introduces an additional O(∆x2) error, resulting in
an overall scheme accuracy of O(∆t1+℘ + ∆x2). The spatial Laplacian ∆2 is discretized via central
differences:

∆2eui−1 ≈
eui−2 − 2eui−1 + eui

(∆x)2 . (4.9)
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The nonlinear reaction term is approximated using interpolated states:

viui

1 + qu2
i

≈

(
(1 − ℘)r(n)

vi + ℘r(n+1)
vi + v∗

) (
(1 − ℘)e(n)

ui + ℘e(n+1)
ui + u∗

)
1 + q

(
(1 − ℘)e(n)

ui + ℘e(n+1)
ui + u∗

)2 . (4.10)

The complete discretized system for e(n+1)
ui and r(n+1)

vi becomes:

(∆t)−δ
(n)

Γ(2 − δ(n))

n−1∑
k=0

w(n)
k

(
e(n−k)

ui
− e(n−k−1)

ui

)
=

k1

∆x2

(
e(n+`)

ui−2
− 2e(n+`)

ui−1
+ e(n+`)

ui

)
− e(n+`)

ui
+

v∗u∗

1 + q(u∗)2 −
ṽiũi

1 + qũ2
i

(∆t)−δ
(n)

Γ(2 − δ(n))

n−1∑
k=0

w(n)
k

(
r(n−k)

vi
− r(n−k−1)

vi

)
=

k2

∆x2

(
r(n+`)

vi−2
− 2r(n+`)

vi−1
+ r(n+`)

vi

)
+

v∗u∗

1 + q(u∗)2 −
ṽiũi

1 + qũ2
i

,

where the following conditions hold:

• ũi = (1 − ℘)e(n)
ui + ℘e(n+1)

ui + u∗,
• ṽi = (1 − ℘)r(n)

vi + ℘r(n+1)
vi + v∗,

• ` = δ(n)−1
∆t , ℘ = ` − b`c.

For clarity in implementation, we define the following discrete operators:

• Caputo derivative operator (for a function y at time step n):

Dδn

n [y] =
(∆t)−δn

Γ(2 − δn)

n−1∑
k=0

[
(k + 1)1−δn − k1−δn

] (
y(n−k) − y(n−k−1)

)
. (4.11)

• Discrete Laplacian operator (for a grid function z at node i and time index m):

Li[z(m)] =
z(m)

i−2 − 2z(m)
i−1 + z(m)

i

(∆x)2 . (4.12)

• Nonlinear reaction term:

N(ũi, ṽi) =
ṽiũi

1 + qũ2
i

. (4.13)

• Interpolated states (at nongrid time tn+`):

ũi = (1 − ℘)e(n)
ui

+ ℘e(n+1)
ui

+ u∗,

ṽi = (1 − ℘)r(n)
vi

+ ℘r(n+1)
vi

+ v∗.
(4.14)

• Constant term:

G =
v∗u∗

1 + q(u∗)2 . (4.15)

Using operator notation, the final discretized system is:

Dδn

n [eui] = k1Li[e(n+`)
u ] − e(n+`)

ui
+ G − N(ũi, ṽi),

Dδn
n [rvi] = k2Li[r(n+`)

v ] + G − N(ũi, ṽi).
(4.16)
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Periodic constraints enforce spatial coherence:{
e j−1(t) = em+ j−1(t),
r j−1(t) = rm+ j−1(t), j = 1, 2.

(4.17)

Initial profiles are sampled as:

ei(a) = e0(xi), ri(a) = r0(xi). (4.18)

We validate the theoretical framework through four simulation scenarios with varying parameters
and VOFs. The simulation setup includes the following

• A one-dimensional spatial domain Ω = [0, L] with m uniform nodes
• Time discretization with step size ∆t
• Variable fractional order δ(t) = τ| sin(t + ζ)| to capture nonstationary memory effects
• Initial error conditions: ei(0) = ri(0) = 0.4832

The discrete error system is evolved using the numerical operators defined in Eqs (4.11)–(4.16).
We monitor key quantities including the Lyapunov function V(t), error norms ‖eu(t)‖ and ‖rv(t)‖, and
the time-varying VOF at each time step. Table 1 summarizes the comprehensive parameter sets for
the four simulation scenarios, showing systematic variation in diffusion coefficients, spatial resolution,
and fractional order profiles.

Table 1. Simulation parameters for FTS verification across four test cases.
Figure a k1 k2 ∆x λ1 ε Θ Q k V(0) δ(t) Θεq3q−1

2 γ T ∗

1 0 5.0 3.0 2.0 6.0267 0.9668 2.00 2.52 2.016 1.9328 0.98| sin(t + 2)| 1.9336 0.0659 158.7479
2 0 5.3 3.2 2.1 6.3258 0.9525 2.03 2.56 2.048 1.9328 0.93| sin(t + 2)| 1.9336 0.0632 152.2233
3 0 5.5 3.3 2.3 7.4543 0.9432 2.05 2.60 2.080 1.9328 0.85| sin(t + 2)| 1.9336 0.0585 140.6858
4 0 5.8 3.5 2.5 8.3929 0.9296 2.08 2.62 2.096 1.9328 0.81| sin(t + 2)| 1.9336 0.0564 135.7912
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Figure 1. Simulation results for Case 1.
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Figure 2. Simulation results for Case 2.

0 50 100 150 200
−0.5

0

0.5

Error Dynamics: e
u
(t) for Figure 3

Time (t)

E
rr

o
r

 

 

Node 1

Node 2

0 50 100 150 200
0

0.5

Error Dynamics: r
v
(t) for Figure 3

Time (t)

E
rr

o
r

 

 

Node 1

Node 2

0 50 100 150 200
10

−20

10
0

10
20

Lyapunov Function V(t) for Figure 3

Time (t)

V
(t

) 
(l
o

g
 s

c
a

le
)

 

 

V(t)

Figure 3. Simulation results for Case 3.

AIMS Mathematics Volume 11, Issue 4, 12204–12232.



12224

0 50 100 150 200
−0.5

0

0.5

Error Dynamics: e
u
(t) for Figure 4

Time (t)

E
rr

o
r

 

 

Node 1

Node 2

0 50 100 150 200
0

0.5

Error Dynamics: r
v
(t) for Figure 4

Time (t)

E
rr

o
r

 

 

Node 1

Node 2

0 50 100 150 200
10

−20

10
0

10
20

Lyapunov Function V(t) for Figure 4

Time (t)

V
(t

) 
(l
o

g
 s

c
a

le
)

 

 

V(t)

Figure 4. Simulation results for Case 4.
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Figure 5. Comparison of the VOF profiles δ(t) employed in Cases 1–4.

The simulation results presented in Figures 1–4 demonstrate consistent FTS across all tested
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conditions. The main observations are as follows:

• Both error states eu(t) and rv(t) converge to zero within the theoretically predicted settling time
T ∗ in all cases, validating Theorem 4.
• The Lyapunov function V(t) exhibits monotonic decay, confirming the negative-definiteness

condition established in the stability proof.
• Complete synchronization between spatial nodes is achieved for all variable-order profiles,

demonstrating the controller’s robustness.
• The VOF operator δ(t) remains bounded in (0, 1) without disrupting convergence, highlighting

the scheme’s adaptability to time-varying memory effects.
• Increasing diffusion coefficients (k1, k2) generally reduces the settling time T ∗, as evident from

the progression from Case 1 to Case 4.

These numerical results provide strong validation of the theoretical criteria for tempered MLS and
FTS of the proposed discrete VOF-RDS model. The consistent performance across varying parameters
and FO profiles suggests the methodology’s robustness and potential for extension to more complex
networked systems and control configurations.

4.2. Discussion

This study has developed a novel framework for analyzing FTS and synchronization in VOF
discrete RDs. To situate our contributions within the current research landscape, we provide a
comparative discussion with recent advancements in numerical methods, modeling frameworks, and
analytical techniques for fractional discrete systems. Recent literature highlights a significant trend
towards developing sophisticated numerical discretization techniques for fractional models. For
instance, the extended numerical discretization technique (ENDT) has been demonstrated to
proficiently handle complex systems governed by Caputo-type fractional differential equations while
preserving memory and hereditary characteristics [37]. Similarly, other studies have focused on
creating efficient numerical schemes for multiterm fractional integrodifferential equations with
singular kernels, employing methods such as the two-step Adomian decomposition method (TSADM)
and its extensions with Sumudu and Shehu transforms [38]. Although these methods offer high
accuracy and computational efficiency for solving fractional equations, our approach distinguishes
itself by integrating the numerical discretization of VOF operators within a Lyapunov-based stability
framework. This allows us to establish rigorous theoretical guarantees for FTS, a aspect that is often
separate in purely numerical studies.

A key differentiator of our work is the focus on VOF operators in a discrete setting. Many existing
investigations into discrete fractional systems, such as those analyzing the asymptotic stability of
Hadamard fractional discrete-time equations [39], utilize constant-order derivatives. The
incorporation of a time-varying VOF allows our model to capture a wider range of nonstationary
memory effects and evolving dynamical behaviors seen in complex biological and chemical
processes. This aligns with the broader pursuit of more adaptable models, as seen in the development
of the conformable fractional discrete Temimi–Ansari method (CFDTAM) for stochastic
systems [40], although our work is rooted in the Caputo-type VOF formalism. The analytical
approach in this paper, centered on constructing Lyapunov functions to derive sufficient conditions for
tempered MLS and FTS, represents another point of comparison. Recent research has extensively
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employed fixed-point theorems to establish the existence, uniqueness, and Ulam–Hyers stability of
solutions for various classes of fractional differential equations [41, 42]. Although these are
foundational results, our Lyapunov-based methodology provides a direct and powerful tool for
analyzing the qualitative behavior of system trajectories, such as deriving explicit estimates for the
settling time T ∗. This is crucial for applications requiring predictable and fast convergence, such as in
control systems. Furthermore, our proof of finite-time synchronization via linear coupling extends the
application of Lyapunov methods to the synchronization control of networked VOF-RDS nodes, a
problem of growing interest [43].

Finally, the discrete nature of our model is essential for computational implementation and the
study of spatially extended systems. The comparison of discrete schemes for parabolic problems with
fractional operators, as discussed in [44], underscores the importance of stability and efficiency in
numerical simulations. Our spatial discretization via finite differences and the use of the L1 scheme
for the Caputo derivative align with these general principles, ensuring that our theoretical findings are
supported by viable and stable numerical simulations. The approach presented in this paper
complements the current state of the art by integrating several key aspects: the flexibility of
variable-order operators, the rigor of Lyapunov-based stability theory for finite-time convergence, and
the practical relevance of discrete-time analysis. It thus contributes to bridging the gap between
advanced numerical methods and strong theoretical analysis for a class of fractional discrete RDS
with potential applications in real-time control and complex systems modeling. All numerical
simulations were performed using the finite difference method implemented in MATLAB R2024a
(The MathWorks, Inc.). The code employed logical indexing to efficiently handle boundary
conditions and to vectorize operations over the spatial grid, taking advantage of MATLAB’s built-in
array operations to accelerate the convolution sums required for the variable-order L1 time-stepping
scheme. The spatial Laplacian was discretized via second-order central differences, and the Neumann
boundary conditions were enforced using logical masks to eliminate the need for explicit loops over
boundary nodes. The simulations were executed on a workstation equipped with an Intel Core
i7-12700K processor (12 cores, up to 5.0 GHz) and 32 GB of DDR4 RAM. For each of the four test
cases presented in Figures 1–4, the simulation was run with ∆t = 0.01 and N = 20,000 time steps,
corresponding to a final time tN = 200. The average wall-clock time per case was approximately 14.2
seconds, with the majority of the computational cost spent on evaluating the fractional difference
operators. The spatial domain was discretized into m = 50 nodes, and all results were reproduced on a
secondary machine with an AMD Ryzen 7 5800X and 16 GB RAM to confirm consistency. The
source code and parameter files are available from the corresponding author upon reasonable request.

5. Conclusions

This paper has presented a comprehensive theoretical and numerical study on FTS in a discrete
VOF-RDS inspired by the Degn–Harrison model. The primary contributions are summarized as
follows:

• We introduced a novel discrete formulation for VOF-RDSes using Caputo-type VOF difference
operators. This formulation captures memory effects and time-varying diffusion characteristics
inherent to real-world biological and chemical processes.
• Using Lyapunov theory, we established sufficient conditions for both tempered MLS and finite-
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time convergence. These conditions were derived in terms of VOFs δ(t) ∈ (δ1, δ2), and were
shown to guarantee global FTS under mild assumptions on the reaction terms.
• Explicit expressions for the settling time T ∗ were obtained, showing that under the derived

criteria, system trajectories converge to equilibrium states within a finite duration. These results
are general and robust to order variation and discretization steps.
• Synchronization of coupled VOF-RDS nodes was proven analytically using a linear internode

control law. The error dynamics were analyzed through fractional Lyapunov function estimates
and verified to reach zero in finite time.
• Simulation results validated the theoretical findings, with all state trajectories reaching

synchronization and stability before the estimated T ∗, even under varying FOs such as
δ(t) = 0.98 |sin(t + 2)|.

This work extends the scope of fractional reaction–diffusion modeling by integrating
variable-order dynamics and control strategies into a unified discrete framework. The methods
developed here are particularly suitable for real-time control and fast stabilization of systems with
nonlocal memory, such as biological circuits and diffusion-limited chemical reactions. Our theoretical
framework could benefit applications including drug delivery systems with controlled release profiles,
pattern formation in developmental biology, electrochemical processes in batteries, and
synchronization in neural networks with memory effects. Several promising research directions
emerge from this work. Future studies could explore the following topics

• Extension to higher-dimensional spatial domains with complex boundary conditions.
• Implementation of alternative fractional operators such as Riemann–Liouville, Hadamard, or

tempered fractional derivatives.
• Incorporation of stochastic perturbations and Lévy noise to model environmental uncertainties.
• Development of adaptive control strategies for systems with unknown or time-varying parameters.
• Investigation of multiscale phenomena where variable-order dynamics operate across different

temporal scales.
• Experimental validation in physical systems such as microfluidic devices or electrochemical cells

where fractional dynamics are observed.

The development of more efficient numerical algorithms for large-scale VOF-RDS simulations
would enable applications to complex networked systems and three-dimensional geometries. Future
work may explore extensions to high-dimensional networks, time-delay coupling, and experimental
validation in physical systems.
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Figure 6. Flowchart of the study structure. Sections 1–5 (rounded rectangles) represent
the main progression. Plain boxes show supporting definitions, theorems, schemes, and
simulation results.
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