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Abstract: We consider a two-dimensional, nonautonomous, homogeneous system of linear ordinary
differential equations that depends on the real parameter u. It is assumed that the Cauchy operator
for each unit time interval is a product of a rotation matrix by an angle, the value of which is an
affine function of y, and of a diagonal matrix with a unit determinant, which is chosen to be close
to a constant and whose norm is sufficiently large to guarantee the monotonicity with respect to u of
polar angle for any solution to the system. This class of systems contains an example of a non-almost-
reducible linear system with limit-periodic coefficients constructed by V. M. Millionshchikov. We use
his rotation method to establish the positivity of the maximal Lyapunov exponent in one-parameter
family for some set of parameter values that has positive Lebesgue measure. To derive this result,
we prove the monotonicity with respect to u of angles in singular-value decomposition for Cauchy
operator and moreover that its derivative is separated from zero. Further, the angle itself increases as
a monotonic linear function of 7. Both of these properties, by induction, give us a small average loss
for the Cauchy operator norm on exponentially growing time intervals, which leads to its exponential
growth as a function of ¢.
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1. Introduction

Consider a linear discrete system

x(n+1) = B,(n)x(n), xeR* neNU{0} (1.1)
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with a coefficient matrix

B.(n) = diag [eW), e~ W] p =2k -2,
VP Uty + b0, n=2k- 1,

u

with k € N, the real parameter u, the numbers b, € R, and the continuous 2r-periodic functions

) _ [ cosp - sin ¢ ) )
di(+),v«(-): R = R. Here, by U(p) = ( sing  cosg ) we denote the matrix of the counterclockwise
rotation by an angle ¢ € R.

M. Herman in [1] considered the system (1.1) in the case where for some functions d(-) and y(-),

the following conditions are satisfied:

di(p) =du+kw), y(w) =yu+kw), b=ko, keN, peR, weR\Q, (1.2)
diy=d=1, y()=0. (1.3)
In this case, the Cauchy operator of the system (1.1) YB”(k, n) &« B, k—-1)-...-B,n),k>n2>0,

considered as a function of y, is a linear cocycle (see the definition, for example, in [2, Section 5], or
more a detailed definition in [3]).

If the conditions (1.2) hold, by the ergodic theorem, the maximal Lyapunov exponent of the
system (1.1), defined by the formula

def ——

— 1
(B Tm = 1Yy, (n, Ol

n

is equal for almost all 4 € R to

n—

1 27
L(B) := lim —f In||Yp, (n,0)| du.
+oo 27t J "

In [1, Section 4], under (1.2) and (1.3), using the sub-harmonicity of L(B) on u, the following

estimate was proven

el +ed

L(B) > In

(1.4)

Sorets and Spencer [4] further developed Herman’s complex-analytic method to show the positivity
of the maximal Lyapunov exponent for the linear differential equation

i¥=—(K*(cost+cos(wt+0)+E)x, xeR>* >0

with any irrational w € R and almost all # € R on the set of values E > 0, whose relative Lebesgue
measure tends to unity for large K.

Young [5, Corollary 1] considered the case when y + y(u) is a diffeomorphism of the unit circle,
that is equivalent to the inequality

Y@ >-1, uekR. (1.5)

Provided that w satisfies some Diophantine condition, which holds almost everywhere, she proved the
approximation L(B) ~ d for the maximal Lyapunov exponent of the system (1.1), (1.2), and (1.5) with
sufficiently big values of d(-) = d > 0.
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The method of [5] is in “spirit” of dynamical systems. It was applied in [6, 7] to estimate the
maximal Lyapunov exponent for a one-dimensional discrete Schrodinger operator with quasi-periodic
potential. In this paper, we use a similar technique.

Avila and Krikorian [8] studied so-called “monotonic” cocycles, i.e., (1.1) and (1.2), that the polar
angle of any of their solutions is a monotonically increasing function of the parameter u. This property
can be represented by the inequality (here (-, -) denotes the scalar product of vectors in R?)

(Bu(2k) B,(2k — 1)y, U(n/2)(B,(2k) B,2k—1)y),) 2 >0, 0#yeR’ keN.  (L6)

Assuming the inclusion d(-),y(-) € C*, they showed the smoothness of the maximal Lyapunov
exponent considered as a function of u.  Clearly, each of the (1.3) or (1.5) implies the
inequality (1.6). Therefore, the maximal Lyapunov exponent remains positive in some C*-
neighborhood of systems (1.1)—(1.3).

The estimates for the maximal Lyapunov exponent of Schrodinger operators with mixed-type
potentials were also obtained in recent papers [9-12].

In addition to the discrete system (1.1), we consider the linear differential system

x=A,)x, xeR* 120 (1.7)

with matrices
di(u)diag[1,-1], 2k-2<t<2k-1,

Aﬂ(t)Z{ (u+vi(uw)+ b)) J, 2k—1<t<2k,

0 -1
I 0
are assumed to be as those in (1.1).

The Cauchy operator Xy (7, 5), £, s > 0 of (1.7) for any n € N satisfies the equality X, ,(n,n — 1) =
B,(n —1). Thus, (1.1) and (1.7) are asymptotically equivalent.

By use of the singular value decomposition for Xc, (n + 2,n), n € N, one can show that each system
x = C,(1) x, whose coefficient matrix is uniformly bounded on ¢ in [0, +o0), has zero trace Tr C,,(1) = 0,
and is a continuous function of u € R, is asymptotically equivalent to some (1.7) with continuous
functions di(-), y«(-): R = R.

As a consequence, the consideration can be restricted to the case (1.7) without a loss of generality.

The case

where k € N, J = , and y is a real parameter; the numbers b; and the functions d;(-), yx(-)

) =d2d>0, y()=0, keN

was considered in [13, 14].

In [13], under the constraint d; = d > 41n2, it was shown that the maximal Lyapunov exponent
of (1.7) is positive on a set of parameter values of positive Lebesgue measure. The result of [14]
implies an absence of any upper bound for the norm of solutions of the system (1.7) that is uniform
with respect tou € Rand ¢ > 0.

For each natural number n, we denote by v,(n) the maximum power of 2 that divides n. Thus, the
equality n = 22 p(n) holds, where p(n) is odd.

The goal of this article is to adopt the technique of [5—7], which requires only the differentiability
of coeflicients on a parameter, to systems beyond the quasi-periodic class.

The following theorem is the main result of the paper.
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Theorem 1.1. Let {a,},,_, be an arbitrary sequence of real numbers. The sequence {b.}; | is defined
by the equality
by = Qi y, kEN; (1.8)

in addition, we assume that the functions

diu) =d() >0, y()=y(), keN, (1.9)

are differentiable on R, m-periodic, and such that the following inequalities hold:

YW >2dwl-2"", ueR, (1.10)

fnd(,u)d,u > 21, (1.11)
0

Then, the maximal Lyapunov exponent Amax(A,) of the system (1.7) is positive on a set of parameter
values of positive Lebesgue measure.

For example, one can choose y = 0, d(u) = p + r cos(2u), where p > 213, |r| < 273.

The inequality (1.11) assumed in the theorem is similar to the case of the big coupling constant
considered in [6,7].

The most restrictive condition (1.8) together with (1.10) imply the monotonicity on u of the angles
Ok m» r.m defined by the equality

Xy, (m2*, (m — 1)2%) = U(Oy,) diag [Mim, ] UGem), k,m € N.

This property fails in general without the assumption of (1.8). It may be that cos({io + 6r1) 1s
trapped in a narrow neighborhood of zero for a prevailing set of parameter values. Therefore, the
formula ng41.1 = Mr2mk1 €0s(ia + 6k) resulted in big losses in foﬂ [ In 7411 ()| dpe.

It is plausible that this problem can be handled in a way analogous to [13], but the proof seems to
be rather complicated. Thus, we leave the general case for further research.

It was proved in [15], that in the cases (1.8) and (1.9), where d(-) is an arbitrary continuous function,
v(-) = 0, there exists u € R, such that the corresponding system (1.7) is unstable.

If the conditions (1.8) and (1.9) hold, one can obtain the equality (it will be proved below)

X4,21,0) = Ulawsr — @)X (25,0), keN. (1.12)

Systems, whose coefficients satisfy (1.8) and (1.9) allow us to construct one-parameter families with
a various asymptotic properties. For example, it follows from the estimate (the formula (2.9) below)

14,2 + m)21) = AL Ol < l@kiymeny — ;1€ 10,25, k,meN,

that if the sequence {a,},’, converges, then the matrix A,(-) is the uniform limit as k — +oo of a
sequence of 2¢-periodic matrices. Millionshchikov used these systems in [16,17] to prove the existence
of non-almost-reducible linear differential systems with limit-periodic and quasi-periodic coefficients.

Rakhimberdiev [18] constructed an example of a linear system with linear dependence on the real
parameter u, whose maximal Lyapunov exponent is discontinuous as a function of u at all points of
some interval.
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Damanik proved in [19] an existence of a limit-periodic Scrodinger cocycle, whose maximal
Lyapunov exponent is discontinuous as a function of energy on a set of positive Lebesgue measure.
His result is based on estimates of Lyapunov exponents for almost-periodic cocycles obtained in [20]
by use of a complex-analytic technique.

Proposition 1.2. Let {8,,},._, be an arbitrary sequence of real numbers, and let the conditions (1.8)
and (1.9) hold.

Then, there exists a sequence {ay},., C R, such that the system (1.7) is stable under Lyapunov for
all p € {Bnt,,_;-

It follows from Theorem 1.1 and Proposition 1.2 that for an arbitrary countable set M C R of
parameter values y, there exists a matrix function A,(#), such that it and its derivative on u are uniformly
bounded on 7 € [0, +0), TrA,() = 0. The matrix X4, (n,n — 2), n € N is nonanalytic on u almost
everywhere in R, the system X = A,(7) x is stable under Lyapunov in M, whereas its maximal Lyapunov
exponent is positive on a set of positive Lebesgue measure.

Notice that one can choose the set of stability M to be dense in some interval / C R. In this case,
the maximal Lyapunov exponent of the corresponding system is discontinuous as a function of u at all
points of its positivity in /, when it is positive.

Thus, we have examples analogous to those in [18, 19], but coeflicients of the system under
consideration are not supposed to be analytic on u. In the rest of our paper, we will assume that
the conditions of Theorem 1.1 are satisfied.

Now, let us explain the method of its proof. We suppose y(u) = 0 for simplicity. For any fixed
0 # z € R, let x,(1) denote the solution of (1.7) that satisfies the initial condition x,(0) = z, and let
¢,(1) be its polar angle, which is a continuous function of two variables ¢ and u (its values are not
limited to any interval of length 27).

On even time intervals of the form (2k — 1,2k), k € N, any solution of (1.7) rotates by an angle
proportional to u. Therefore, for any g, the difference between the polar angles of solutions with
U = o and y = o + 7 increases by 7.

On odd intervals of the form (2k, 2k + 1), by the diagonality of the coefficient matrix, any solution
does not leave a certain quadrant. Thus the difference between ¢, and ¢,.., remains the same, because
of the coefficients of (1.7) are m-periodic with respect to u, and therefore this difference is a multiple
of m.

By induction, we obtain the equality

Gun(2n) — 0, (2n) = nxr, neN. (1.13)

Let us take two solutions of (1.7) for the parameter values u = uy and u = uo + Au, and such that
their norms at the moment ¢ = 2k are equal to unity.

For small Ay, they are close to each other, and the distance between them at # = 2k + 1 will be not
much bigger than the coeflicients difference of corresponding systems (1.7) in the interval (2k, 2k + 1).
The latter does not exceed approximately |d,| Au. Hence, as a part, the difference between the polar
angles of these solutions at this moment is not greater than ~ |d | Au.

Thus, because of ¢,,a, — ¢, increases by Au over the time interval (2k — 1, 2k), if |d,'1| < 1, then the
monotonic growth of the polar angle with respect to u, assumed at the moment ¢ = 2k — 1, will also
hold at t = 2k + 1.
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Therefore, by induction, we obtain the inequality stated in Lemma 3.1.
(go,,(k)); >0, keNl. (1.14)

Lemma 4.1 establishes the symmetry in singular value decomposition of the Cauchy operator
X4 (6, 7) of the system (1.7) for the time interval from 0 to 2¢ — 1, namely, the equality of rotation angles
in right and left sides. So, it can be represented as (here, D, = diag [y, r,:]] for some 0 # r;, € R)

X = X2 = 1,0) = U )DUWn), Wi €R. (1.15)
Similarly to (1.12), we prove the equality
Xir1 = XkU(}l + bzk_l)Xk. (1.16)

If the relation (1.15) is valid at step &, then the mentioned symmetry together with (1.16) implies
the same symmetry at the k + 1-th step, which, by induction, gives the representation (1.15) for all .

Denote y = U(=yy)er, er = (1,0). The vectors Dy ,U(yy,)y and e, are obviously collinear.
Hence, in the case (:,l/k,,l); < 0, if v is little bigger than y, by the representation (1.15), it is easy to get
the inclusion of the vector X,y to the right-hand neighborhood of U (i ,)e;. On the other hand, (1.14)

implies that the vector X; ,y belongs to the left-hand neighborhood of the vector X; ,y (119 UWiper.

So, we have the contradiction that proves the inequality
(vrs), > 0. (1.17)

Further, if ¢, is a multiple of 7—T, then the matrix X is diagonal. Thus, the polar angle ¢ of the
vector Xye; satisfies for some integer m the equality

o(Xre) = mm. (1.18)

Because of (1.17), the value of ¢, strongly increases with respect to . Therefore the segment [0, 7]
is divided into intervals, at whose boundary points the angles ¢, are some multiplies of T 1t follows

from (1.18) that their quantity does not exceed the number of vector X; ,e; intersections with the Ox;
axis. The equality (1.13) means that the latter is not greater than 27!
Thus, we have asserted by Lemma 4.2 the estimate

Wir — Yo < 272 (1.19)

Denote 6, = 2y + bye_; + p. By use of (1.16), we have

2 _ .
(1.15),(1.16) 1, cos, sin @,

_ ~ 2
el D@D = | rlzzcosgy)wucoseﬁ. (1.20)

Lemma 4.2 (namely (1.17) and (1.19)) gives the continuity and monotonic growth of 6, with respect
to u, together with the inequality 6., — 6, < nr, where n := 257! + 1.

. ) 1
Therefore, there exist no more than n intervals /;, where |cos 6,| < —.
n
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The estimate (1.17) implies that 8, > 1. Hence, the length of each /; does not substantially exceed

1 ) 1 e o
—. Moreover, by the same reason, we have approximately | cos §,| ~ — for a prevailing set of points in
n n

I

Thus, in integral average, a similar inequality will hold on the entire interval [0, ]:
1
lcos O, > x,, 2, ~ —. (1.21)
n

It gives us the estimates

i (1.20) d 7 (1.15),(1.21)
Liyy ::f In || Xp1lldu > 2f lnrk,ﬂd,u+f Infcosb,ldu > 2L—Inx, ~2L,—k. (1.22)
0 0 0

Increasing ry, one can choose the norm L, so big that, by (1.22), L, is not significantly less than
2L;. This, by induction, leads to the positivity of the integral for the maximal Lyapunov exponent of
the system (1.7).

2. Proof of Proposition 1.2

Fix k € N.
For any natural numbers j < 2¥~! and m, there exists an odd p(j) such that

j+m2Kt = 27D p(j) + m2kt = 220 (p( ) + m2k 1200, 2.1)
Because k— 1 > v,(j), and p(}) is odd, the number p(j)+2¥"1720) is also odd, that is the formula holds:
va(p(j) + m2* 1720y = 0, (2.2)

Together with (2.1), that imply that

va(j + m2 ) E va@ D (p(j) + m2 D)) = vy (279) +v(p() + m2 D) E(). (23)
Hence, because of (1.8), we obtain the equalities
bj+m2k*1 4 A | vy (j+m2k-1) @ Q14v,()) 1 b;. (2.4)
Thus, for each r € [2j — 1, 2]), we have
Ayt +m2) = A1) E b s — b; E0. (2.5)
In the case ¢ € [2] — 1,2]), | € N, the formula (1.9) implies that
At +m2Yy = A 0. (2.6)
The equalities then hold at
b1 (lig)anvz(mzk-l) = vy ()4 21y = kv (m)- (2.7)
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Hence, for each ¢ € [2F! — 1,2%1), we have
A+ m)2-") — A1) = Dnryp-1J = byt I = (Qpayy(me1y — i) J. (2.8)
So, by (2.5), (2.6), and (2.8), we obtain
14,2 + )21 = ANl S [ @svymeny — aals 1€ [0,271), 2.9)

For all [, k € N, there exist g = g(I,k),m = m(l,k) € N U {0}, g € [0,2¥") such that [ = m2*¥~! + ¢.
We will use in the rest of the paper a notation [ for the product of matrices Bj, j = 1, n, assuming

l_l B; = By - B, -...- B,. The following formulas hold:
j=1

Xy, (29 +1,0)
21
_ H Xo, (25 +1-2j,25 = 2j) Xy, (25 = 2j,2F =2/ - 1)

j=2k1—¢q

X,,(1,0)

2k-1_g
- n diag [e?™, e U(u + y(u) + b1 j)] diag ([¢/®), e40)]

j=2k1-q

211
2.4) . .
= ]—[ Xa,((m+ 125+ 1= 2j,(m + 12 - 2) U(ﬂ +y(u) + b(m+1)2k_l_j)] Xa, (1 +m25, m2%)

j=2K"1—¢

= Xy, (21 + 1,m2"). (2.10)
As a corollary, we have

Xy, 25 = 1,00 = Xy (m+ 12 = 1,m2"), meN. (2.11)
Thus, because of the equalities

Xy, @29 — 1) = U+ () + by) = U+ y(p) + )
= Ut — @) Uu + y(u) + byr) = Ulaer — @) Xa, (25,25 = 1), (2.12)

we obtain that
X,,(21,0) = X, 21,25 - 1) X, 25 - 1,29 X,, (24, 0)
(2.11),(2.12)
=T U — @) X4,(24,2° = 1) X4, (25 = 1,0) X,,(24, 0) = Ul — a)X3,(25,0).

So, the formula (1.12) is proved.
Denote D(x) = diag [%,%7'], % # 0. Let a; = 0.
According to the singular value decomposition theorem, there exist a real 6 x (1), 62 x(1), (1) such
that
X§H(2k,0) = U(01x(w) DO () U624 (1)),  p € R. (2.13)

n
We put . = a; + 3 01.x(Br) — 62k (Br).
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The following equalities hold:

D(Ge(Br) U(O24(Br) + arsr — ax + 61 x(Br)) D (Br))
= D(x(B) J DCer(B) = J D™ (er(Br))s D(x(Br) = J. (2.14)

They imply the formulas

(1.12)
Xy, (22,0 =" Ulagsa — ara) X3, (24, 0)

(1.12)
=" Ul = @) Ulan — an) X3, (28, 0) Ulawn — ai) X3, (2°,0)

2 Uagar - ) U0 x(Br)) DG (Br) UOr1(Br) + st — i + 01 1(Br)) D1 (Br)) U621 (Br))

(2.14) 8
2 U(ak+2 -+ Ox(B) + 5 + ez,kwk)). (2.15)

There exists p(m, k) € N such that X, (m2*, m2* — 1) = U(apuup + y(1)).
Hence,

1Xa, (25, (m — 12| = [1X,, (m2*, m2* = 1) X, (m2* = 1, (m — 1)2Y)||

= 1U(@pnpy + (@) Xa, (m2" = 1, (m = 1)29]|

@.11)
= U(apax + y(u) XA,,(Zk - 1,0)

= 11X4, (25,2 = 1) X4, 2" = 1,0l = 11X, (25, O)II. (2.16)

The value of [[X,,(7,0)]| is a continuous function of 7 > 0. Therefore, there exists Cy, :=
max {||X, (&, 0)]| : ¢ € [0,24]}.
For all integers k > 3, the following formulas hold:

m—1
X, 21+ 1,001 = (X, 20+ 1,m2%) [ | Xa,, (0m = )25, 0m = j = 1)2%)
j=0
m—1
< ||Xa, 21+ 1,m2Y)|| H |1 Xa,, (Gm = )25, (m = j = 1)2Y)||
j=0

(2.10),(2.16) m (2.15)

X, 2q + 1,0)|| || Xa,, 2, 0)]| X4, 2q + 1,0)|| < Crg.  (2.17)

For each r > 0, there exist I(f) € N U {0}, r(¢) € [0, 2) such that = 2I(¢) + 1 + r(¢).
If r(¢) < 1, then

11X, (£, 210 + DI = | U@ @ + y(@) + bigy))|| = 1. (2.18)
Otherwise, we have the estimates

1Xa, (2, 20U(1) + DI = [|Xa,, (1, 210) + 2) Xa,, (21(1) + 2,2(1) + 1)

— ||diag [e(r(t)—l)d(ﬂ)’e—(r(t)—l)d(#)] Ul + y(w) + bl(z)+1)||
||diag [e(r(t)—l)d(u),e—(r(t)—l)d(u)]” = rO-Ddw) < dw) (2.19)
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Thus, we obtain for each ¢ > 0 the inequalities

1Xa,, @, Ol = 1Xa,, (2, 21(2) + 1) Xa, 2U(r) + 1, 0)]|

(2.17),(2.18),(2.19)
<

< [1Xa,, @, 21(0) + DIIX4,, 2U0) + 1, 0)]] e

Br*

Proposition 1.2 is proved.
3. The estimate of the polar angle and of its derivative for any solution

Let [-] denote the integer part of a number.

For all {,u € R, let g,(0,u) = {. Let us define the function g,(-,u) : N — R, setting for each
n € NU{0} 6,(2n+1,u) = nln~'9,(2n, u)] +arcctg e*ctg g,(2n, 1) in the case where n~'g,(2n, u) ¢ Z,
and g;(2n + 1, u) = g;(2n, u) otherwise. Let also g,(2n + 2, 1) = y(u) + pt + byt + 6,20 + 1, ).

Lemma 3.1. Forall { € R and n € N, the following equalities hold:
go(2n+ 1, 1) — go(2n + 1,0) = go(2n, ) — go(2n,0) = nx. 3.1

In addition, the function g;(n, u) is differentiable with respect to y on R, and for all u € R in the case
where m > 1 we have the estimate

1
(ag(m, p));, > Ee‘z"“”. (3.2)

Furthermore, the solution x;(t, 1) of the system (1.7) with the initial condition x;(0,u) = U({)e, where

e = ( (1) ) satisfies the equality

xg(n, 1) = [lx(n, U (a¢ (m, p))es - (3.3)

Proof. The formulas (2,) and (3) in [13] define the functions g,,g,: [0,1] — R for all d, b, € R,
k,n € N, d £ 0, by the equalities go(u) = 0,

gn(ll) = gn(lla(jagl" .. ’En) = En +7T/.l + gn—l(lJ)a

&) = gu(u d, by, .. by) = Buu) if 7'B(w) € Z,
gn(u) = w7 '8, (u)] + arcctg d*ctg ,(1) otherwise.
The matrices D and H,, are also defined in [13] by the formulas

n—1
D = D(d) = diag[d,d™"] and H,(u) = H,(u,d,b,...,b,) = H(U(E,,_k + ) D(d))
0

k=

(function H,(u) in [13] was mistakenly multiplied from the left by D, and the order of the factors in its
definition was reversed).
Let us denote by {-} the fractional part of the number, Bk+ () = be+y()+r[ntul, k € N, l;l ={-u;

®, (1) = ({r' b, e, by (), . . ., b(p)).
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Define the vector X(n, u) = X(n, u, d,by,..., B,,), M, d,by €eR, k,n €N, by the equality X(2n + 6, 1) =
DéHn(/'l)ela o€ {07 1}
The following equalities hold:

x;(2n+ 6, 1) = Xa,(2n + 6, 0) x,(0, )

n—1
= Xf‘#(Zn +1,2n) [HXAMQ” =2j,2n—1-2)X,,2n-1-2j,2n-2-2))| U({) e

j=0

n—1

[ [0+ 1+ 540) D) | U@ D) ey

j=0

=e e ep=e “Xx(2n+2+ . .

WD (")) Hy1 (@1 () €1 = €521 +2 + 6,0,,11 (1) 34

— e*d(#)D(?(ed(u))

According to the formulas (6,) and (7,) from [13], we have for all Z € [0, 1] X (0, +c0) X R" the
equalities

¥2n+ 1,5, = 1XC2n+ LE)NU@Gu(En)) €1,  X(2n,E,) = [|¥2n,E)II U(g:(EW)) er, neN. (3.5)
The following relations hold:

6:2n + 1,10) = gni1(On1 (W), 8,21, 1) = Zni1 (Opr1 (10)). (3.6)

Let us denote 8,1 = gu» 8n0 = &n-
The formulas (3.4)—(3.6) imply for all 6 € {0, 1} the equalities

x2n+6,10) 2 e 52n + 2 + 6,041 (1))
3.5 _ - N
) 6401220 + 2 + 6, Ot W) UGns (O (1))
CALD ) 2n + 6, 1) Ua2n + 6, ).

Thus, we obtain (3.3) for all n € N.
Let us denote by(u) = by + y(u), k € N, O,(u) = (77w, ™, by, ..., b,).
The following formulas hold:

8021 + 1, 1) = gu(0, (1)), 8021, 1) = &u(O,,(1)). (3.7

According to (4,) in [13], we have the equality
gn(1,d,by,...,0,) — g,(0,d,by,...,b,) =nn, d,byeR, kneN. (3.8)

We put d = ¢/Q, by = by + y(n), k € N, in (3.8). By (3.7) and because of the m-periodicity of the
functions y(-) and d(-), we obtain the equalities

3.7
ao2n + 1,m) E g,(1,e“® by +y(n). ..., by + y(1)) = gu(1,&“?, by +¥(0),.... b, +¥(0))

63

'n + 200,90, by +9(0), ..., by +y(0) E 71 + go(2n + 1,0). (3.9)
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Similarly, (3.7) and the formula g,(1) — £,(0) = nn, given in [13, Proof of Lemma 1], imply that
go(2n, ) = mn + go(2n, 0). This equality together with (3.9) are equivalent to (3.1).
For any differentiable functions A(-) and w(-), in the case where sin w(u) # 0, we have
w' (1) — (Inh)’ () Sin(2w(,u))

(arccotg (h*(u) Cotgw(y)))# 00 o 0G0 4 W2 S ) sin w(u) # 0. (3.10)

Also, by (3.3), the following equalities hold:

”-x((zn + 1’/")”2 ”D(ed(#)) x{(zn IJ)” (3 3) Zd(y)
llx,2n, wI? llx,(2n, w)I12

Suppose the function g,(2n — 1, ) to be differentiable with respect to u for some n € N. In addition,
assume the inequality

cos? 9;(2n, ) + e ~2dW) gip? a:(2n, p). 3.11)

(6,(2n — 1, ), = —Id' (). (3.12)

Thus, the function g,(2n,u) is also differentiable with respect to u. Hence, in the case where
sin g/(2n,u) # 0, by (3.10) and (3.11), we obtain that the function g,(2n + 1, -) is differentiable, and the
equality then holds:

; B1013.11) ||x4«(2n,y)||2
llx,2n + 1, wI?

(8;2n+1, ), (=d' () sin(2g,(2n, 1)) +(8,(2n, w)),), if 8,(2n, ) # 0. (3.13)

It follows from (3.13) that for each o, such that g,(2n, o) = In, | € Z, there exists a limit

; B11)(3.13) (8,(2n, #0))
#OLIJE 0(94(211 +1,1)), —eZdw

Hence, by an obvious continuity of the function g,(2n + 1, -) at the point g, as it was shown in the
proof of the lemma in [21, p. 232], we have its differentiability at this point and the equality

, ©Q@nyp)y,
(6:(2n + 1,,u))# = gZT)#’ if  sing,(2n,u) = 0. (3.14)
Then, by the formulas
1, 0|
M CLD 240 0052 ¢ 4 72400 6in? ¢ > | sin(27)| (3.15)
|10, o)l
and the estimates
llx,(1, wl* (3.14,(3.15)
——————(g.(1, p))’ d’(u) sin(2g,(0, u)) + (g,(0,
Ing(O,u)IIZ( (1, 10),, (1) sin(2g,(0, p)) + (8,(0, ),
= d'(u)sin(20) + £, > —|d’(w)| | sin(27)|, (3.16)
we get the inequalities
, (3.16) || ((0 ,u)|| , (3.15) ,
(9,(1, ), = oL ,u)||2|d WIsin2O = —|d'(w). (3.17)
X¢
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The formula (3.12) implies the estimates

1.10) 1

(3.12)
(9;2n, ), = 1+y' (W) + (9,2n— 1)), > 1+y' () —1d"Ww| > 5 (3.18)
From them, by (3.13) and (3.14), we obtain
a1 |lx(2n + 1, I
10 2n + 1, ), > (920 + 1, ),
S T
(G13),G14,6.18) , a0 1
> —ld' Wl +1+y @ —ldwl > 3

They together with (3.18) imply the inequality (3.2) in the cases where m = 2n orm = 2n + 1.

Thus, also taking into consideration (3.17), by induction we obtain the estimates (3.2) for all 1 <
m € N.

The lemma is thus proved.

4. The estimate of singular angles and of their derivative for Cauchy operator

For all k € N and y € R, we define recursively the real numbers 1, = n(u) > 1 and ¥ = ¥ (W)

as follows. Let us denote n;(u) = ™, yy(u) 1= 0, & = &) = 2(w) + a + 1+ y(w), qe(p) =
nln'&(u)]. Because the functions sinhIn(-): (0, +c0) — R and cot(-): (0,7) — R are bijective,

which follows from their strict monotonicity and unboundedness, there exist unique 0 < 7,4, € R and
or = @) € [qi(u), qx(u) + ), such that the following equalities hold:

sinh Inn;,; = (sinh(2 In 7)) cos &, “4.1)

cotgy = V2 (cosh(2In ne)) cotéy if siné, #0, ¢ = & in the case when siné; = 0. 4.2)

Finally, we set Y1 (1) = ¥ (u) + 27 o).
For any set S Cc R, we denote by CM(S) (respectively, D(S)) the set of all continuous,
monotonically increasing (respectively, differentiable), real-valued functions defined on S.

Lemma 4.1. Foralln € N, u € R, the functions n,(u) and (1) are differentiable with respect to u,
and the condition holds

() 0

Yoy = X,,(2" - 1,0) = U(lﬁn(,u))( 0 m(u)!

) U (). (4.3)

Proof. Let sgn () denote the sign of a number.
Because the inclusions & — ngy, ¢ — ngq; € [0, 7), the following estimates hold:

sin & sin ¢y = cos*(7qy) sin(&; — mqy) sin(gr — mgy) > 0.

From them, we get the equality
sgn sin&; = sgn sin gy. 4.4)
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Thus, we have

sgn cos ¢, = (sgn sin ¢y ) sgn cotg ¢y MJ)ﬁMA)(sgn sin &) sgn cotg & = sgn cos &. 4.5

In the case where cos ¢; # 0, the following formulas hold:

5 (cosh(2 Inny)

) = 2(cosh’ Inn))(1 + 1g% ) E 27 + ;) + (1€ &)
COS @y

@.1) (sinhlnnk+1)2 . 1 _ 2(coshln7]k+1)2.

_n-1
=210 -+ (a2 = —r a3 (4.6)

Hence, by (4.5), we obtain that

(coshInn,) cos ¢ = (sgn cos ¢y) | cos ¢i| coshlnny,y

mj)ﬁmb)(sgn cos &) | cos &l cosh(21Inny) = (cosh(21Inny)) cos &. 4.7)

This formula implies the equalities
((coshInn,q) sin gok) = (cosh®In Mk+1)(1 — cos sDk) 14+ (sinh® In Mis1) — (cosh*(21n k) COS fk

A1 + (cos? £)((sinh?(2 In 1)) — cosh?(2 In 7)) = sin &. (4.8)
From them, by the use of (4.4), we have

(coshIn ) sin gy HALES) sin&, keN. 4.9)

Because of (4.1) and (4.7), for all 6 € {—1, 1} the following equalities hold:

20 cos & = (cos &)(d sinh(2 In 1) + cosh(2 In1;))

@D 5 Ginh In Ni+1 + (cosh Inn.1)(cos ¢r)

= cos (gok/2) (0 sinhInn,; + coshlnm,) + sinz(gpk/Z) (0 sinhIn 7, — coshlnn,)
= 1, O8> (pe/2) — 17 sin’(e/2). (4.10)

The formulas ¥; = X, (1,0) = diag [e?®, e79W] = diag [17,,77;'] imply the equality (4.3) in the case
where n = 1.
Now assume that (4.3) is true for some n = k € N. Then, by use of (2.11) together with the formula

(1.8)
bzk 1= gy, 261y = A, (411)

we have the equalities
Yier = Xa, Q5 = 1,0) = X, 2" = 1,29 X,, (25,25 - 1) X, 2" - 1,0)
Q@. 11)

X4, (25 = 1,0) U + y(W) + bye1) Xa,(2" = 1,0)
XL U ) diag [ i TUQY + p + @i + y(w)) diag [ 171U W (4.12)
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The formulas (4.9), (4.10), and (4.12) imply that

U(=¥1) Y U(=41) (4;2)( Mk ,7(31 )U(é’k)( 73)/( ,7(31 ):( nPcosé&  —sing )

0 1, A sing,  m;2cos &
(49);4.10)( M1 €08%(@r/2) — 1) sin®(/2) =27 e + 1L, sin g )
27 (e + M) singy M), cos?(¢r/2) — st sin’(gr/2)

_ ﬂ Nk+1 0 ﬂ _ B M1 0 B
= U( 2 )( 0 ;7]:1 )U( ) ) = U(Win ‘/’k)( 0 77]:] )U(l/lk+1 Ui).

Thus, the equality (4.3) holds in the case where n = k + 1. Hence, by induction, (4.3) is true for any
neN.
Now, suppose the inclusion
Vi € DR) (4.13)

holds for some k € N.
The formula (4.1) implies the equality

Mer1() = exp(arsh (sinh(2 In7,(1)) cos &i(w))). (4.14)

In the case where siné&; # 0, by (4.2), the following formula holds:

cot(ypy — mqy) = cot gy 42 V2 (cosh(2Inmny)) coté.

Therefore, and because of the inclusion ¢, — gy € (0, ), we obtain that
@r — mqy = arcctg ( \/z(cosh(Z In 1)) cot&y).

As a result, we have

W1 (1) = () + 27 g () + 27 "arcetg (V2(cosh(2 Iy (u))) cot &(w)) if sin&p(u) # 0. (4.15)

Let us denote g (1) = [~ &) +271].
In the case where cos &(u) # 0, the inclusion ¢ (i) — 7 (u) € (=27 'x,27'7), together with (4.2)
imply that
tan(yy — mg;) = tan @y 2 V2! (cosh(21In nk))_1 tan &.
Thus, we obtain the equality
©x — g, = arctg ( V2! (cosh(2Inm;)) ™! tan &).

Hence, the following formula holds:

Vit (1) =Yip) + 7gpe(u) + 4”7
+ 2 'arctan ( V27! (cosh(2 In m(w))) " tan &(w)) if cos & (u) # 0. (4.16)
The inclusion (4.13) in the case k = n € N implies the relation & € D(R). Therefore, by (4.13)—
(4.16), we have the inclusions (4.13) where k = n + 1.

By induction, taking into consideration also the obvious case k = 1, we obtain the formulas (4.13)
for all k € N. The lemma is proved.
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Lemma 4.2. Forall u € R, k € N, we have the equality

Ui + ) = () = (22 = 27D (4.17)
In addition, in the case where k # 1, the following estimate holds:

1

W) > i TGP (4.18)
Proof. Because of the representation (4.3), we have the equalities
Yok ) = U(=0)) 5,2 = 1, 1) = diaglm (), me(u)™ 1 UWi() Uey
= (m(u) cos(@u() + O M) ™" sin(W(u) + )" (4.19)
The formula (3.3), where n = 2¥ — 1, implies the relation
Yok ) Z I e iU (020 = 1, p1) = dua)en. (4.20)

By formula (4.19), the equality
yi(d, k, )
y2(§’ k’ /J)

holds. Thus, because of (4.20), in the case where y,({, k, u) # 0, we obtain for some integer n(, k, p)
the equality

= mp()cot (Wi () + )

(4.19),(4.20)
="'n

0,2 = 1,11) = yu) (¢ k. 1) + arcetg (m(u)etg W) + ). (4.21)

Let us fix an arbitrary o € R and put & = 271 — ¢ (uo).
By formula (4.19), the following equalities hold:

¥k o) = o)™ sin(idpo) + O) = milpo) ™" # 0. (422)
Lemmas 3.1 and 4.1 imply the functions ¢ (), n(-) and g§(2k —1, -) to be continuous on R. Therefore,
because of the inequality in (4.22), the formula sin(y (1) + ¢) # 0 holds for all i in some neighborhood
V(uo) C R of the point .
This property together with the equality (4.21) imply the continuity of n({, k, 1) considered as a
function of u on the interval V(uy). Hence, by the inclusion n(Z, k, u) € Z we have that the function
n(¢, k, -) is constant on V(ug). Therefore, the following equality holds:

n({, k’,u) = n({, k’ﬂO)’ M E V(/JO) (423)

Thus, according to (4.21) and (4.23), the formula is true

0,2 = 1) P E 0k o) + ) + arcetg (mPetg Wi + ). € Vi) (4.24)

By Lemma 4.1, the functions 7;(-) and y(-) are differentiable on R. Therefore, from (3.10), (4.24),
because of the formula (i) + ¢ = 277, the equalities follow
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, 4. 24)
(02 = L),y =

Wilo) + (arcetg (meGu)ete We() + 0)))’ limyo
(3.10) G0 + W) + Oy lu=po + (In ﬁk(ﬂ)z)ﬂlﬂzyo sin(2(Yr (o) + )
e M(Uo)? cos2(Yi(io) + &) + (o) 2 sin® (Wi (o) + )
= Y1 (o)(1 + (o)) (4.25)

As aresult, by (3.2), we have the estimates

(4.25) (9{(2 L) =y 3.2) 1
VAN T .
1+ mi(uo) e~ W(1 + ni(po)?)

Thus, the inequality (4.18) holds.

Fix an arbitrary g € R.

According to Lemma 3.1, the function §(-) = go(2¢ — 1,-) is continuous and, because of the
inequality (3.2), where m = 2F — 1, monotonically increases on R. Hence, the inclusion holds:

3(-) € CM(R). (4.26)

Therefore, it maps the set R one-to-one onto its image §(R). The estimate (3.2) implies the
unboundedness of the function §(-) on R. Thus, by (4.26), we have the equality §(R) = R. Hence,
there exists the inverse to §(-) function §'(:) : R — R.

Moreover, relations (3.1), where n = 2¥°! — 1, and (4.26) imply the equalities

(3.D

[8G2), 68 + 25" = Dl =18, 86 + w1 =" 4 7 + ). (4.27)
By (3.3), where n = 2% — 1, and because of (4.3) the formulas hold:

cos d(u)

(3.3
o (2" - l,u)ll( Sin 60 ) = x0(2" = 1) = X5, (2" = 1,0,

@. 3)( () cos? Y () — i)~ sin® () 4.28)
()™ + M) cos Y () sin Yy () ) '

Hence, we obtain that

@28) M)~ + ()

sin§(u) " = 2@ =L ol sin(2y(w)). (4.29)
This gives
(') jeZy=(ueR : singw) = 0) 2 fu e R : sinQyy(w) = 0}. (4.30)
Because of (2.18) and (2.19), the estimate holds:
1X4,(1,0)]| < ¥, 1> 0. 4.31)
Hence, by (4.3), we have
max (1), 750} = 10 WGl Idiag [0, 0 MU @)l 21,27 = 1,001 < eZ”'zZ)éz)

AIMS Mathematics Volume 11, Issue 4, 12178-12203.



12195

Denote ny = [M],ﬂj =§"(n(no + ), j € Z.

s

By (4.26), the function §~!(-) increases monotonically on R. Therefore, we have the inclusion
§7'() e CM(R). (4.33)
Thus, the inequality holds
Mj < Hjr1, ] EZL (4.34)
Because of the function d(-) is continuous and r-periodic, the number m = maRx d(u) is defined.
HE
By Lemma 4.1, the function y(-) is continuous and, by the estimates in (4.18) and (4.32), we have

1 (4.32) 1

(4.18)
r> > .
('7[’/((/“())/1 = ezm(l + Uk(/l)z) - ez‘“(l + ezn+1m)

Hence, () increases monotonically and is unbounded on R. Thus, the inclusion holds:
Ui(-) € CM(R). (4.35)

Therefore, the inverse to ¥ (-) function w,;l(-) : R — R exists.
Because of (4.33) together with the estimates

(ko) = 7ng < 8(f1) < 7(ng + 1) = (), (4.36)

we obtain the inequalities

(4.33),(4.36) _ (433).(4.36)
Ho < g < . (4.37)

Similarly, the equalities (3.1), where n = 2¥-! — 1, imply the estimates
8(tyer1) = g + 271 = 1) < 3@ + 72" = 1) g + o)

a@) + 72 = 1) <l + 2571 = §uz). (4.38)

Thus, by the inclusion (4.33), we have the inequalities

(4.33),(4.38) _ (4.33),(4.38)
Mok-1_1 < T+ u < Mok-1. (439)

Because of (4.30) the equalities hold:

W)z 2B e R ¢ sin(2B) = 0} = (27 mj}jez. (4.40)

Formulas (4.34) and (4.35) imply that the sequence {«(1;)} ez 1s monotonically increasing. Hence,
from (4.40) we obtain the equality

(4.40) . _ )
Vi) —Wi(uy) = 27'm, jeZ (4.41)
The latter by (4.35), (4.37) and (4.39) gives us the inequalities
_1_ (441 (4.35),(4.37) _ . (4.35),437)
Uiu) =271 =" Ynuo) <= (@ < (), (4.42)
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1 (4 41) (4 35),(4.39) (4.35),(4.39)

Uiluo1) =27 Uilpo-121) = i+ @) < dn(upe). (4.43)
Subtracting the estimates (4.42) from (4.43), we have

(4.42),(4.43) (4.42),(4.43)

Ye(po) —Yn(u) —27'n < g+ ) — () < (oo — Ya() + 271 (4.44)

Next, we restrict ourselves by considering only the case where £ > 1 (in the remaining case k = 1,
the required equality (4.17) is obvious).
The following formula holds:

2kl
X, (2" -1,0) = 1_[ (diag [e"®, e™®] X, (2° = 2j,2% = 2j - 1)) |diag ([e"®, @], (4.45)
=1
and by m-periodicity of functions y(-), we have
Xary 252 = D) =Ubj+n+f+ym) =UmUDb;+i+y0) =Xy, (2j,2j - 1). (4.46)

Because of n-periodicity of the function d(-), (4.45) and (4.46) imply the formula X, _(2* - 1,0) =

T+

—XAﬂ(2" - 1,0).
Thus, by the representation (4.3), we have the comparison
Wi + 1) = Y () + 27 n(mod 7). (4.47)
From (4.41) the equalities follow
&' @41
Yi(por1) — Yy = Z W) = Piu)) = 27225 = 1) = 22 =27 (4.48)
Hence, by use of the comparison (4.47) we obtain
(4. 47) (4. 48) _ _
Yi(m) = Ye(0) = Yrelpin) + Yuar) — (@72 - 2 = (1-22) 7 = O(mod ). (4.49)
Then, because of (4.44) and (4.48), the equality holds
- . (4.44),(4.49) 448) i _
v+ ) = @ E Y ) = g 222 - 27
The lemma is thus proved. O

5. The estimate of the Cauchy operator norm

Lemma 5.1. For any differentiable function f(-) : R — R satisfying the inequality
fm) - fO0)=n (5.1

and, for some r > 0, the condition
fw=r, peR, (5.2)

the integral f In|cos f(u)| du is defined, and we have the estimate
0

T 74
fo Infcos f(w)ldu = —n - - In(e(f () — £(0))). (5.3)
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Proof. The function f(-) is continuous and, by (5.19), strictly monotonic and unbounded on R.
Therefore, it is bijective on R and, consequently, the inverse function ' : R — R is defined.
In the case where y € R satisfies the condition cosy # 0, because of the formula |cosy| < 1, the
inequality holds:
In|cosy| <0, y#2 'mr+nmn, neZ. 5.4

The formula (5.2) implies for all y € R the estimates

(5.2) 1 L 1 621
< ——=(fYy) = —— < -. (5.5)
Fo I = moy <
Hence, by (5.4), we obtain the inequalities
G465 (5455 »
0 > (f)YwIn|cosyl = r In|cosy|, y#2 n+nn, neZ. (5.6)

The function In(-) increases monotonically on (0, +00). Thus, for all 8 € [-27'7,27'7], because of

the inequality | sin 5| > —|B|, we have
n
) 2
In|sing| > ln(—WI). 5.7
n

g (5.2)
The condition (5.2) implies that f(m) — f(0) = f f'(y)dy > nr > 0. Therefore, the estimate holds
0

p = (f(m) — f(0))" > 0. (5.8)

Fix an arbitrary n € Z.
For all € € (0, p] by inequalities (5.1), (5.6) and (5.7), we obtain the formulas

an+2 M- am+2H+p an+2 M- am+2"H+p
5.6)
r f + f (FYY(y)In|cosyldy > f + f In|cosy|dy
a(n+2~D-p  am+2")+e a(n+2~D-p  am+2-H+e

(here we make a change of variables 8 =y + n(n + 27h)

—€ P . (5.1),(5.7) —£ P 2
:(f +f)ln|s1nﬁ|dﬁ g (f +f)1n(—L8|)dﬂ
- . —p . bie
—& )4 4
:ln%(f +f)d,3+2f InBdf=2p-e)in>+2pn L —2eIn &, (5.9)
n\J _, . . T e e

Obviously, there exists the limit of the right-hand side of the last formula where £ — 0. Hence, we
have
2 2
2pinZ+2pin 2 = lim@p-e)mZ+2pm L —2¢mE
T e &0 by e e

an+2 - a@m+2H+p

< rlim f+ f (f Y (y)In|cosy|dy

a(n+2D-p  am+2 H+e
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ﬂ(n+2")+p
(56) 1y
=y f (f1Y (y)In| cos y| dy. (5.10)

a(n+2-H-p
By the inequality (5.1), the estimates hold:

x 16D (5.8)
7rn<7m+§—— <an+2HY-p <am+27h
n

(5.8) q (5.1 T 1
<nn+?2 )+p§ﬂ(n+1)—§+—<7r(n+l).
b/

They imply the inequality

In|cosy| > Incos p,

yelmnan+2" = plUan+2"Y + p,an + D). (5.11)

a(n+2")—p a(n+1)
( [ 3l )(f‘l)’(y) In| cos yldy
n a(n+2~D+p

(5.5),(5.11) m(n+2"")-p a(n+1) n
> Incosp + F Y (y) dy
nn a(n+2-D+p

(5.4),(5.5) T
> Incosp (Y »dy

mn

Thus, we have

(here we make a change of variables u = f~'(y))
™ (r(n+1))
= lncospf du=(f'(n(n+1)) - f_l(ﬂ'(l’l))) In cos p. (5.12)
f an)

Therefore, the estimates hold:

(f(a(n + 1)) = £ (x(n))) Incos p + 2P, 2P
r er

5.10.5.12) [ (T2 D-p n(n+2 " )+p n(n+1) 1
— !’
S e [ e [ Y momleosyidy
mn n(n+2"1)-p x(+2"H+p

(n+1)
= f (f Y (y)In|cosy|dy = (we make the change of variables y = f(u))

n

L (r(n+1))
= f In|cos £(u)| du. (5.13)
I

~L(n)
Denote ng = sup(Z N (—oo, 771 £(0)]), n; = inf(Z N [x~1 f(7r), +00)).

Obviously, the inclusions are true f(0) € [wng, 7(1 + ny)), f(n) € (7(ny — 1), 7in;]. They imply the
inequalities

nnyg —ang < 2x + f(m) — f(0), (5.14)
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f(m) min (f° Y(g) < ) —n

fm=qs
f(ﬂ)) onax (ffl)'(q) < r iy = f(m) <r'm,

(5.5
0 < (mny —

< (7Tfl1 -

0 <(f(0) ) I_mr}(o)(f (@) < ~f(zno)

< (f(0) = 7ng) ma)}(o)(f )(61) < r_l(f(O) ng) < ',

From them, we get the inclusion

0,717 E L ). £ ).

By formula (5.14), we have
(5.14) (.1)
pny—ng) < pCr+(f(n)—f(0)=2pr+1 < 3.

(5.15)

(5.16)

(5.17)

(5.18)

From the inequalities (5.1) and (5.8), we obtain the inclusion p € (0,7~!), which implies the

1
estimates Incos p > Incos — > Incos 173 In2>—=
b/
Then, because of (5.4), (5.15), and (5.16), the estimates hold:

B B (54)(5.15).5.16) (2 11
(f(mny) — f~(wng))Incos p > —nm+n|lncosp > — —+§
r r
The condition (5.1) gives us the inequalities
2 1
n 2% m = <o.
en 2e

By (5.13), there exists the integral In|cos f(w)| du.
0
Therefore, by (5.4), (5.13) and (5.17)—(5.20), we have the estimates

g (5.4),(5.17) "% 1~ rn+1))
f In|cos f(wldu = Zf In | cos £Goldu
f

~!(zn)

0 n=ny

. 13)”‘ ! 2
((f (x(n+ 1)) = £ @) Incos p + L 1n —p)
=0 r emn

2p

= (fNmny) = f ' (wng)) Incos p + (n; — no)_ In =

(5.18)—(5.20) 1 1 6 2p 1 1 12 6
- — —1— >—-|-+<|n——+—-Inp
en ro 2 r r

r
4

2
>-n-— - éln(f(ﬂ)—f(o))
r r
G.1) 24
> m-— In(e(f(7) = £(0))).
The lemma is thus proved.
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Proof of Theorem 1.1. By (4.17) together with m-periodicity of the function y(-), the equalities hold

£ = 20 () + 7 + g + () "2 2k + £,(0). (5.21)

The inequality (4.18) implies the inclusion & € D(R). Thus, we have the estimates

, , , (4.18) , (1.10) ~1
EW =2+ 147 > 14y > 27, peR

Hence, the function f(u) = &(u) satisfies conditions of Lemma 5.1, where r = 27!, As a result,
by (5.21), we obtain the inequalities

f "Il cos £l du S - — 25 InReté () - £0))
0

(5.21)
> —1—2°In(e2*'n) > —r — 2%(In(en) + (k + D1n2) > 2%k +4).  (5.22)

For all u € [0, ], the estimates hold:

me(w) = (Wl = () + 7 (w) — 2 min{m (), 7> ()}
> () + 772 (u) — 2 = () — 1 (). (5.23)
Thus, by (4.1) and (5.22), we have

T

Sivt 1= f In 11 () — 7y ()l dp = fﬂ In(72(u) — n ()l cos &(u))) du

0

= [ i ~nGota+ [ inlcoségold

bis
(5.23)

d (5.22)
> fln () — 7 () du +f In|cos&(w)ldu > 285, —2°(k + 4). (5.24)
0

0

Let us denote C = —2°(k + 4).
Suppose there exists n = k € N, such that the inequality holds

S, =212 +2M, (5.25)

The estimates
2M(V2 = 12002 5 2100k2 5 99(1 1+ k) > —C (5.26)
together with (5.24) and (5.25) imply that

(5.24),(5.25) A (5.26)
Sier = 2M@M g2y L 0 21k 4 2y,

Thus, (5.25) holds in the case n = k+ 1. In addition, the condition (1.11) gives us the formula (5.25)
where n = 1. So, by induction we obtain the estimate (5.25) for all n € N.
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Denote M,, = {u € [0,71]: 27" In|n,(w) — 7, ()| = 271271}
According to Lemma 4.1, the function 7,(-) is continuous. Therefore, the function |1, () — 17, ()|

is also continuous. This implies that the set M, is measurable. Hence, the set M = kﬂl Uk M, =
=] n=

Lim U M, is also measurable, and its Lebesgue measure satisfies the estimates

k—+o0o n=k

mes M = lim mes U M, > lim mes M. (5.27)
k—+00 n=k k—+00
The function d(-) is continuous. Thus, there exists the number d = max d(u).
<usm
By (4.32), the formulas hold:
. » 432 400
7. () — n,” (| < max{n,w),n, W} < e . (5.28)

They imply the inequalities

_ 1 (5.28) B Y
fz "In|n,(w) — 17, Wlduy < fz "Ine* W dy = fd(,u)d,uﬁbmesMn. (5.29)

M, M, M,
Moreover, we have the estimates

f 27" Infnu(u) — 1, ()l du < f sup (27" In[7,(u) — 1, (I dpt <

Hel0.m\M,,
[0.7\M,, [0.7\M,,

<277 'mes ([0, 7]\M,) < 27 ' 'mes [0, 7] = 27, (5.30)

Therefore, by (5.25), we obtain the formulas

(525 ~ . (5.29),(5.30) »
1 < 27§, = f+ f 27" Inn,(u) —n, Wldy < dmesM,+27. (5.31)

n o [0.7\M,

It follows from (4.3) that
M = {/1 € [0’ ] /lmax(Ap) > 2_17T_1} 2

0 oo 43) ~
> N Ufpe[0a]: 27" X, (2" - 10)I 2 277"} 5 M. (5.32)
Hence, because of (5.27) and (5.31), we have
(532 . (527) 53D,
mesM > mesM > lim mesM, > 27'd .
n—+oo
The latter gives us the assertion of the theorem. O

6. Conclusions

In this article, we discussed the estimates for the maximal Lyapunov exponent of linear differential
systems depending on a real parameter. We proved its positivity on a set of positive Lebesgue measure.
The result was obtained under the condition which implies the monotonicity of angles in the singular
value decomposition of the Cauchy operator.
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