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Abstract:  This paper proposes an interconnected Hammerstein neural network (IHNN)-based
hybrid identification method for large-scale interconnected Hammerstein systems subject to stochastic
disturbances. In the proposed method, the static nonlinear blocks are approximated by neural networks,
while the linear dynamic parameters are recursively estimated using a recursive least-squares scheme
with forgetting and covariance adaptation. The proposed identification framework preserves the block-
oriented Hammerstein structure and is designed to handle strong subsystem interconnections and noisy
operating conditions. A Lyapunov-based analysis is further developed to establish convergence and
stability conditions for the overall learning algorithm, which combines backpropagation for the neural-
network parameters and recursive estimation for the linear dynamics. The effectiveness of the proposed
IHNN identification method is validated through a benchmark interconnected system and a hydraulic-
process case study. The simulation results show consistent improvements over a conventional recursive
extended least squares (RELS) baseline, including root mean square error (RMSE) reductions of
about 35-38% and prediction-error variance reductions of about 60%, at the expense of increased
computational time. These results demonstrate that the proposed IHNN approach provides an accurate
and practical solution for identifying noisy large-scale interconnected Hammerstein systems.
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1. Introduction

Identifying nonlinear, large-scale interconnected systems with stochastic disturbances is a long time
challenge in control engineering. Block-oriented Hammerstein models (static nonlinearity followed
by linearity) provide an interpretable and compressed description for many industrial processes,
however, estimation accuracy is reduced in cases with strong interconnections, colored noise, and time
delays [1-4]. These difficulties are increased in multi-input/multi-output situations wherein coupling
results in bias and variance trade-offs [1,3].

Neural networks (NNs) have the universal approximation capabilities, which are very appropriate
to model the static nonlinear blocks without restricting them to polynomial structures. Recent
advancements have shown reliable learning of complex nonlinear mappings in identification and
forecasting, which includes deterministic learning artificial neutral network (ANN) [5, 6] identification
and physics informed recurrent architectures. For Hammerstein models in particular, even deeper
NN parameterizations are able to increase representational power as compared to shallow polynomial
expansions [7]. Recent neural-network-based parameter identification methods for Hammerstein
systems have also been reported in the literature. For example, Li et al. proposed a parameter
identification method for nonlinear Hammerstein models using a stacked sparse autoencoder (SSAE)
network to represent the static nonlinear block, while the linear dynamic part is described by an
AutoRegressive Moving Average with eXogenous inputs (ARMAX) model and estimated through a
multi-innovation recursive extended least squares (RELS) strategy [8]. In addition, Li et al. developed
a deep GRU-network-based parameter estimation approach for multi-input multi-output Hammerstein
nonlinear systems [9]. These recent studies further confirm the growing interest in combining deep
neural architectures with Hammerstein-system identification. Extent advances in graph/hypergraph
reasoning as well as task-based architectures have been made to aid yet again model relational
dependencies and difficult patterns in connected data [10, 11].

At the same time, vast interconnected systems encourage decentralized and data-driven designs,
and decentralized control and adaptive graph reasoning with reinforcement learning to invoke scalable
routes to coordination [10, 12]. Complementary threads are also employed in robust operation under
uncertainty, including fault-tolerant tracking/estimation methods for linear parameter-varying (LPV)
and fuzzy systems, and fractional-order techniques for modelling, observer design, and stability
analysis. Specifically, [13] extends Barbalat’s lemma to the framework of generalised conformable
fractional integrals, providing a theoretical foundation for adaptive observer design in fractional-order
systems; investigates the synchronisation of mutually coupled fractional-order one-sided Lipschitz
systems, which is relevant for coordinating interconnected nonlinear subsystems; presents observer-
based control strategies for fractional-order systems, emphasising the design of convergent state
estimators under fractional dynamics; and focuses on observer design for systems based on renewable
energy sources, addressing practical challenges such as sensor noise and model uncertainties in
energy-conversion processes. Furthermore, gradient-based optimisation can be extended to generalised
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fractional-order settings [14]. In safety- and security-critical deployments, advances in large-scale
intrusion detection and entropy modelling of complex activity provide insight into the importance of
resilience and the information-theoretic structure of shaped and networked activities [15, 16].

Despite these advances, a gap still remains on the principled integration of neural-network-based
static nonlinear blocks with recursive estimation of linear dynamics for large-scale interconnected
Hammerstein systems operating in stochastic environments. Prior iterative/recursive identification
studies, such as the iterative parametric estimation method for Hammerstein large-scale systems
proposed by Elloumi and Kamoun [2], effectively handle linear dynamics via RELS but rely on
polynomial approximations of the nonlinearities, which limit accuracy for strongly nonlinear or time-
varying interconnections. More recent noise-aware Hammerstein identification methods [3] focus
on multiple inputs multiple outputs (MIMO) Hammerstein models with process noise, employing
correlation-analysis and data-filtering techniques, yet they do not address the simultaneous online
learning of nonlinear neural mappings together with recursive linear parameter updates. Similarly,
Zhang et al. [4] consider Hammerstein systems with time delay and colored noise, proposing
identification schemes that separate the estimation of the nonlinear block and the linear dynamics, but
without a unified Lyapunov-based convergence analysis that covers both parts jointly. Decentralised
reinforcement-learning-based control strategies [12] are designed for constrained interconnected
systems, but they prioritise control performance rather than the hybrid identification problem
with convergence guarantees for the combined neural-recursive structure. Consequently, none of
these works fully solve the joint neural-network approximation and recursive dynamical parameter
estimation with provable convergence in the interconnected, time-varying, and noise-corrupted regime
targeted in this paper.

We present an interconnected Hammerstein neural network (IHNN) model of identification which
retains the block based structure but takes advantage of neural approximators to capture nonlinearities
and recursive updates to capture linear dynamics:

e Architecture: An IHNN that explicitly codes intra-/inter-subsystem couplings of Hammerstein
systems for the accurate approximation of subsystem nonlinearities and their interactions.

e Hybrid learning: Two-stage algorithm, which couples backpropagation for NN weights with
recursive (extended) least squares (with forgetting/covariance adaptation) for the dynamic
parameters, suitable for time-varying stochastic settings.

e Convergence guarantees: Lyapunov-based analysis of the hybrid estimator to establish stability
and convergence conditions in the presence of stochastic disturbances, supported by modern
estimator-stability tools and fractional-order insights.

The proposed IHNN framework is assessed through numerical simulations and a hydraulic-process
case study, where its identification performance is compared with that of a conventional RELS-
based method. We also discuss choice on implementation (e.g., Xavier initialization for stable
signal propagation). We also give an extension—namely, a dynamic event-triggered update and game
theoretic formulation for multi agent identification and control in a networked system that can further
reduce the communication/computation or model strategic interactions occur in these networked
systems [17-19].

Organization. Section 2 formalizes the model of nonlinear interconnected systems. Section 3
presents the IHNN-based identification method and the hybrid training algorithm with convergence
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analysis. Section 4 reports numerical and hydraulic-process simulations and comparisons. Section 5
concludes with perspectives on distributed deployment, fault-aware extensions, and security-conscious
identification.

2. Mathematical modelling of nonlinear interconnected systems

The synthesis of an effective control law necessitates a foundational mathematical model. This
section therefore develops a discrete-time model to describe the dynamics of large-scale nonlinear
systems, specifically those composed of interconnected monovariable subsystems. The model accounts
for subsystems with known structural variables—such as order and delay—but with unknown time-
varying parameters.

We consider a large-scale nonlinear system S comprised of A interconnected subsystems
S1,...,8 . These subsystems, governed by unknown time-varying parameters, operate in a stochastic
environment. The system structure is illustrated in Figure 1.
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Figure 1. Structure of interconnected Hammerstein stochastic system.
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The dynamic linear part of the considered structure is expressed by the following equation:

N N
Adg " Ryyitk) = Bi(g™ k)xi (k) + Z Bij(q™", )x; (k) + Z Aiflg™" l)x] (k) + CilgDeik), (2.1)
j=1,j#i J=1j#i

where x;"(k) and y;(k) represent the input and the output of the dynamic linear block at the discrete-
time k, respectively; u;(k), u;(k), and y;(k) denote the inputs of the static nonlinear blocks; xl;j(k) and
x)jfj (k) designate the inputs from the other interconnected systems S, i, j = 1,...,N; j # i; {ei(k)} is
a sequence of independent random variables with zero mean and constant variance 0'1.2; and A;(g7', k),
Bi(g™'. k), Aij(g”", k), Bij(g”", k), and Ci(g™") are polynomials with unknown time-varying parameters,
which are expressed as:

Alg™ ) = T+ a, (g™ + ...+ ain, (g™, (2.2)
Bi(q™' k) = biy(k)g™ + ...+ by, ()G ™, (2.3)
Ailg™ ) =T+ ay (g +... + Qijny, kg™, (2.4)
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Bii(q " k) = bya(bg +... + bij,ngij(k)q_nBUa (2.5)
Cilg™) =1+cig" + ...+ Cine,g ", (2.6)

where i, j=1,...,N;j # i, and ny,, ng, Na,»> NB;js and nc, are the orders of the polynomials Ai(q“, k),
Bi(qg™", k), Aij(q_l, k), Bij(q_la k), and Ci(g™"), respectively.
The static non-linear blocks are represented by the non-linear equations:

XY = fo (R, 2.7)
x?j(k) = fx:'_f [u;(F)], (2.8)
X (k) = fx«;/’ [y, (2.9)

with fui[-], f »[] and f»;[-] representing nonlinear functions.

The behavior of Eqs (2.7)—(2.9) can be captured by the polynomial approximations:

P1
xi(k) = Z @il (k) + AX“ i (k)1 (2.10)
o
) = ) B 2() + AX [u;(k)], (2.11)
r=1
x/ (k) = Z Viny; () + Ax] Ly (k). (2.12)

The terms Ax?i[ui(k)], Ax;f" [u(k)], and Ax)j}" [v;(k)] denote the approximation errors of the nonlinear
functions, which can be treated as output noise. The variance of these errors depends on the choice
of the nonlinearity degrees p, (¢t = 1,2,3), decreasing as p, increases. We select p, such that these
approximation errors become negligible.

Combining the dynamics described by Eqgs (2.1) and (2.10)—(2.12), we can express the system
output as:

nA; nB;  pi
yilk) == " aylyyitk =) + " > bk, uf' (k = h)
h=1 h=1 r=1
N "Bij p,
£ 3 bk ) (2.13)
Jj=1j#i h=1 =1
N T ps nc;
D Ry le— )+ Y coeilk = h) + ei(k),
j=L,j#i h=1 r3=1 h=1

withi, j=1,...,N;j#1i.
Without loss of generality, we assume that the polynomials A;(g~', k), Bi(g~',k), A,-j(q‘l,k),
Bij(q”", k), and Ci(g™") share a common order n;.
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3. System identification using IHNN

In this section, we develop an NN-based identification approach for large-scale interconnected
Hammerstein systems. The proposed methodology extends the traditional RELS algorithm by
incorporating NN structures to model the nonlinear components of the system.

3.1. Neural network architecture for interconnected Hammerstein systems

The identification of Hammerstein large-scale systems is achieved through a specialized NN
architecture that preserves the block-oriented structure of the Hammerstein model while leveraging
the universal approximation capabilities of NNs. The proposed IHNN architecture is illustrated in
Figure 2.

v, (k) ()
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i, (k)

Figure 2. ITHNN architecture for large-scale system identification.

The IHNN consists of three main components for each subsystem S ;.
The input NNs approximate the static nonlinear functions f.«[-] and f +[-] that transform the inputs
! J

u;(k) and u;(k) to the intermediate variables x?" (k) and x?j (k), respectively:
X(k) = NN,,(©%; (k). (3.1)

2(K) = NN, (0 u;(k)), (3.2)

where ;" and G);” represent the weight parameters of the inputs NNs.
The output NNs approximate the static nonlinear functions f »;[-] that transform the output y;(k)
J

from interconnected subsystem S ; to the intermediate variables )8/’ (k):
X/ (k) = NN, (@' y;(k)), (3.3)
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where @f " represents the weight parameters of the output NNs.
The complete parameter vector for each subsystem S, is given by:

0,(k) = [0/ (k). (@ (k). (k). @ K)]". (34)

where OiL(k) contains the linear parameters and O, (k), @?'/ k), @f /(k) contain the NN weights. Hence,
the parameter estimation problem of the interconnected Hammerstein model, which corresponds to the
weights of the multilayer NN, will be formulated based on the backpropagation learning algorithm.

3.2. Parameter estimation algorithm

The parameter estimation for the IHNN will be performed using a hybrid algorithm that combines
backpropagation for the NN components and recursive least squares for the linear components.

3.2.1. Backpropagation-based gradient algorithm (BPG)

The BPG algorithm updates the NN parameters using gradient descent. The cost function for each
subsystem is defined as:

Jilwi, k) = %e?(k) = % ik) = 9:k))°, (3.5

where y;(k) represents the actual output, y;(k) corresponds to the neural predicted one, and w; represents
the weights of the multilayer network or the parameters of the interconnected Hammerstein structure.

The gradients are computed using the backpropagation algorithm through time, taking into account
the temporal nature of the dynamic system:

8Ji(k) 99i(k)
— = —e;(k)——=. 3.6
o ei(k) wn (3.6)
The update rules for the NNs parameters are given by:
: . aJi(k)
Ok +1)=0"k)—n" =, .
i (k+1)=0](k) —n 50" (3.7
" w00
0/k+1)=0/(k -n 707 (3.8)
J
. . aJi(k)
Vi QY Wi i
O/ (k+1)=0/k —-n PrSTI (3.9
J
where 7" represents the learning rate.
3.2.2. Recursive least squares algorithm
The linear dynamic parameters are updated using the following recursive algorithm:
0L (k) = 6/ (k — 1) + Ki(k) [yik) — o (k)8 (k — 1)],
Pi(k — Dei(k)
Kik) = e ’ (3.10)
Ai(k) + @; (DP;(k — Dep;(k) :

1
Pi(k) = 75 [Pitk = D) = Kikog] (0Pi(k = 1)
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where ¢;(k) is the regression vector containing past inputs, outputs, and prediction errors, K;(k)
represents the Kalman gain, P;(k) is the covariance matrix, and 4;(k) indicates the forgetting factor.

3.2.3. Hybrid training algorithm
The complete hybrid training algorithm for the IHNN is summarized in Algorithm 1.

Algorithm 1 Hybrid training algorithm for IHNN.

1: Initialize NN weights ©}(0), ©;'(0), ©;(0) and linear parameters §-(0)

2: Initialize covariance matrices P;(0) for RELS algorithm

3. fork=1to N do

4:  For each subsystem S ;:

Compute NN outputs: x!'(k), x;f" k), x)]’ (k)

Form regression vector ¢;(k)

Update linear parameters using RELS: (k)

Compute prediction error: e;(k) = y;(k) — ¢! (k)8(k)
. aLik)  aJik)  OJi(k

Compute gradients: — 0(:,1.), a@(;’ j), a@)%’ j)

10: ~ Update NN weights using BPG algorithm

11: end for

R R A

3.3. Convergence analysis

The convergence properties of the proposed algorithm are analyzed using Lyapunov stability theory.
Consider the Lyapunov function candidate

ww):%qmﬁ. (3.11)

The choice of the scalar Lyapunov candidate V;(k) = %ef(k) is justified by the fact that the proposed
hybrid estimator can be viewed as a single prediction-error-driven adaptation scheme with complete
parameter vector @;(k) = [(OiL(k))T, O ()T, (@ k)T, (O (k))T]T. Although this vector contains
both the linear dynamic parameters and the NN weights, all parameter updates are driven by the same
one-step prediction error e;(k) = y;(k) — $:(k, @;(k)). Hence, V;(k) provides a common scalar energy
measure for the whole hybrid estimation system. In addition, since the variation of e;(k) depends
on the joint sensitivity 0y;(k)/00;, the decrease of V;(k) reflects the coordinated adaptation of all
parameter blocks. Under standard identifiability and persistent-excitation conditions, together with
bounded parameter sensitivities, the convergence e;(k) — 0 implies convergence of the complete
parameter vector to the corresponding invariant set and to the true parameters when the model is
identifiable [20-22].

The time difference of the Lyapunov function is given by

AVi(k) = Vitk + 1) = Vi(k)
:%Hm+n—é®]

Ae;(k)
2 .

(3.12)

= Ae;(k) [ei(k) +
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The error difference can be expressed as:

ei(k + 1) = e;j(k) + Ae;(k)

de.k) | (3.13)
=e,~(k)+[ il )] Aw..
ow;
Based on the update rule, we obtain:
Oe;(k
Aw; = —nje;(k) e
e (3.14)
_ 93i(k) '
= niei(k) o
Wi

The assumptions used in Theorem 3.1 follow standard conditions commonly adopted in recursive
least-squares identification and Lyapunov-based NN learning analyses [20-22].

Theorem 3.1. Under the following conditions:

(1) The system satisfies the persistent excitation condition [20,21];

(2) The component vectors 0iL(O), 0?" (0), 0?" (0), and 0? (0) contain finite numerical values;

(3) The covariance matrix P;(k) remains bounded and converges to a steady-state value [21];

(4) The noise sequence e;(k) is independent, uncorrelated with the regressor ;(k), and follows a
Gaussian distribution with zero mean and constant variance [2];

(5) The forgetting factor satisfies 0 < A;(k) < 1 [21];

(6) The learning rate n;" for the weights of the IHNN is chosen such that

)
il < W, (315)

which is consistent with Lyapunov-based convergence conditions for NN learning rates [22, 23],

O<n@

Wi
i,max

P9k
where = max; H%H

Then, the convergence of the hybrid training algorithm is guaranteed.

Proof. The convergence of the hybrid training algorithm is analyzed using Lyapunov stability theory.
Consider the Lyapunov function candidate

1
Vitk) = €} (k).
2
The first difference of the Lyapunov function is given by

AVi(k) = Vitk +1) = Vi(k) = % |2k + 1) = (k)| = Aeilh) [ei(k) + Ae;k)l

The error difference can be expressed in terms of the weight update

dei(k)|"
o, ] Aw;.

ei(k + 1) = ej(k) + Ae;(k) = e;(k) + [
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Using the weight update rule from the BPG algorithm,
dei(k) _ ek )0yl(k)

i l

Aw; = YVI l(k)

Substituting into the expression for AV;(k),

AVi(k):[ae,-(k)] e ,(k)ay;ik)[i(k) %([&(k)] ek )Gy,(k))]

(9w,- i 0 Wi

Noting that
dek) _ 39.(k)

ow;  Oow;
we simplify to obtain:
AVi(k) = —1e ﬁy, 4 2( w, 2 e ayl
Let /., = max; H%H Then
S L e ey )

Since V;(k) > 0 for all k, convergence requires AV;(k) < 0. This condition is satisfied when

2
0<n' < —5—.
nl (é/i,rlnax)2

Thus, under the stated conditions, the hybrid training algorithm converges. O

3.4. Implementation considerations

This section describes practical aspects of implementation of the proposed estimator, i.e., [HNN,
which includes initialization, adaptive step-size/forgetting policies, and mechanisms for reliably
handling subsystem interconnections and delays.

3.4.1. Initialization

To ensure rapid and steady convergence of the hybrid algorithm (NN backpropagation + recursive
least squares), proper initialization is necessary.

o NN weights. All NN weights @, @?j , @f" are initialized with Xavier initialization [17]. For
a layer with n;, inputs, weights are sampled from a zero-mean uniform law with variance 1/n;,
to preserve signal variance at start-up. Biases are set to zero. Inputs/outputs are linearly scaled
to [—1, 1] to match the initialization regime.

e Linear-parameter warm start. The dynamic parameters 6/(0) are obtained by ordinary least
squares on a short window (50-100 samples) to seed the recursive estimator. If the initial regressor
matrix is ill-conditioned, we use a ridge-regularized fit with Tikhonov parameter 10~* (units
consistent with the scaled data).
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e Covariance and numerical safety. The covariance is set to P;(0) = ¢~'I with 6 € [1072,107'].
Before each covariance update, we add a small jitter £l (& ~ 107°) to avoid numerical singularity
during early transients.

e Forgetting factor (initialization). We set 1;(0) € [0.99,0.995] to favor stability until the
estimates enter a low-error regime, after which A;(k) is adapted online (see below). A conventional
RELS configuration is recovered as a special case [2].

3.4.2. Architecture selection

The NN architectures used in this work were selected through preliminary empirical tuning aimed
at balancing approximation capability, convergence behavior, and computational cost. Starting from
compact feedforward structures, the number of hidden layers and neurons was gradually increased until
the prediction accuracy improved satisfactorily and the training behavior became stable, while avoiding
unnecessarily large networks that would increase computation and the risk of over-parameterization.
In this sense, the retained architecture in each case corresponds to the smallest structure that provided
a satisfactory trade-off between modeling accuracy and numerical efficiency for the considered
identification task. An exhaustive hyperparameter optimization (e.g., full grid search) was not the
main objective of this study and is left for future work.

3.4.3. Learning-rate and forgetting-factor adaptation

We combine a monotone decay for the NN learning rates with a local, error-aware correction and
pair it with an error-adaptive forgetting factor for the recursive linear update.

Mo

n' (k) = o o € [1072,5-107], e € [107%,5-107°], (3.16)
1057 (k) if [Vl < IVJi(k= DI,

n'(k+1) =40.7n" (k)  if [VJ (bl > 1.05 IV (k=D (3.17)
;" (k) otherwise,

(k) « min{nf"(k), m} (step-size cap from the convergence analysis). (3.18)

To improve robustness, gradients are clipped as VJ;(k) « VJ;(k) - min{1, ¢/||VJ;(k)||} with ¢ € [1, 5].
The forgetting factor is adapted to the instantaneous prediction-error energy

llei()II?
lle:(OII* + p
so that large errors induce faster tracking (A; |) while small errors favor variance reduction (4; T). When

persistent excitation weakens, we temporarily raise A;(k) T An.x and inflate P;(k) diagonals by a small
factor to preserve numerical conditioning [2].

/ll(k) = ﬂmax - (/1max - ﬂmin) ’ /lmax€ [099’ 0995]’ ﬂmine [095’ 098]’ P> O’ (319)

3.4.4. Handling interconnections

The IHNN explicitly models inter-subsystem effects; the following protocol ensures reliable,
scalable operation in distributed settings.

AIMS Mathematics Volume 11, Issue 4, 12132-12154.
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e Update scheduling. We use a block Gauss—Seidel sweep (update S; — S, — --- — Sy with
freshest measurements) for faster practical convergence; a block Jacobi (fully parallel) variant is
also supported when latency is critical. The natural physical flow (e.g., Tank 1 —-Tank 2—Tank 3)
is preferred when it exists.

e Weighted coupling. Interconnections are encoded by a (learned) weighting matrix W = [w;;]:

X[ (k) = wi;NN,(07; y(k—d;y), (3.20)

interconnection probing sequence, then refined jointly with NN/linear parameters. We enforce
sparsity by thresholding w;; below 7 and monitor p(W) < 1 (spectral radius) as a conservative
stability heuristic in strongly coupled regimes [10].

e Delay and packet loss. All messages carry timestamps; each §; maintains a first in first out
(FIFO) buffer of recent {y;} and aligns samples by (k — d;;). Missing data are handled by zero-
order hold up to a horizon Ak, after which the corresponding term is skipped to avoid bias.
These mechanisms are included to support delayed-interconnection scenarios at the algorithmic
level; however, explicit experimental validation under time-delay conditions is beyond the scope
of the present simulation study and is left for future work.

e Communication efficiency. For bandwidth-limited deployments, we use dynamic event-
triggered exchanges—sending only when [y (k) —y;(k—1)| > 0, or when a timer elapses—thereby
reducing traffic without harming estimation [18].

¢ Noise robustness. In high-noise or outlier-prone channels, we replace the NN quadratic loss
with a Huber penalty (threshold k € [1.50,2.507]) for the NN update while keeping the quadratic
criterion for the recursive least squares recursion to retain closed-form updates for the linear part.

where d;; > 0 accounts for delays. During initialization, w;; are fit by least squares on an

3.4.5. Regularization and numerical safeguards

To prevent overfitting and ensure stable iterates, we add an ¢, penalty 4,/|®|? on NN weights
with 4,, € [107%, 107*], normalize all regressors in ¢,;(k) to unit variance, and apply early stopping
based on a rolling validation window. Stability/consistency monitors include (i) boundedness of P;(k),
(ii) absence of covariance collapse (eigenvalues > 107'%), and (iii) satisfaction of the step-size bound
from the Lyapunov analysis. These choices are consistent with the theoretical conditions used in our
convergence arguments and standard practice in recursive estimation [2, 13].

4. Simulation study

We assess the proposed IHNN estimator on (i) a numerical example of two interconnected
Hammerstein subsystems and (ii) a real-world hydraulic process. In both cases, we compare against a
conventional RELS baseline following [2].

It should be noted that the present validation focuses on scenarios with white Gaussian measurement
noise and does not yet include dedicated simulation experiments under colored-noise or explicit time-
delay conditions. Therefore, the results reported in this section should be interpreted as an evaluation
of the proposed IHNN method under stochastic but delay-free white-noise settings, while robustness to
colored disturbances and delayed interconnections remains an important direction for future validation.
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Overall, the simulation results confirm the effectiveness of the proposed IHNN method in both study
cases. In the two-subsystem numerical example, the IHNN reduces the RMSE from 0.031 to 0.018 for
subsystem S| and from 0.028 to 0.016 for subsystem S ,, corresponding to improvements of about 42%
and 43%, respectively. The prediction-error variance is also reduced from 5.8 x 107* to 2.3 x 10~* for
S and from 5.1 x 107* to 1.9 x 107~ for S ,, while the parameter convergence time decreases from 142
to 85 samples for S| and from 135 to 78 samples for S ,. In the hydraulic-process application, the IHNN
achieves RMSE reductions of about 35.7%, 37.5%, and 34.6% for Tanks 1-3, respectively, together
with an error-variance reduction of about 60.4%. These accuracy gains are obtained at the expense of
a moderate increase in computational time, which remains acceptable given the clear improvement in
identification performance.

4.1. Computational complexity and implementation environment

To make the runtime comparison more transparent, we briefly analyze the computational complexity
of the proposed IHNN algorithm and the RELS baseline. Let d; denote the dimension of the regression
vector ¢;(k) for subsystem S, and let WNN denote the total number of trainable NN parameters (weights
and biases) involved in the nonlinear blocks associated with subsystem ;.

For the RELS baseline, the dominant cost at each iteration comes from the recursive covariance/gain
update and the parameter update. Using the standard matrix—vector implementation of recursive least
squares, the per-sample cost for subsystem S; is of order

Ch (k) = O(dP), 4.1)

since the main operations involve products of the form P;(k — 1)g;(k) and rank-one covariance
corrections. Hence, for AV interconnected subsystems and K processed samples, the overall complexity
scales as

N
CreLs(K) = O(K > d,?) : (4.2)
i=1

For the proposed IHNN, the linear recursive update has the same order O(d?), but an additional
cost is introduced by the forward and backward propagation through the NN nonlinear blocks. For
a feedforward network, the dominant arithmetic cost is proportional to the number of trainable
connections; therefore, one training step is of order O(W}\IN). As aresult, the per-sample complexity of
the hybrid IHNN update for subsystem S; can be expressed as

Cl) (k) = O(d? + W), 4.3)

and the total complexity over N subsystems and K samples becomes
N
Cinn(K) = O(K D+ Wl.NN)). (4.4)
i=1

In the homogeneous case where d; = d and WLNN = W for all subsystems, the above expressions
simplify to O(K N'd?) for RELS and O(K N (d*>+W)) for IHNN. This explains why the proposed method
requires additional computation time: The recursive least-squares component has the same asymptotic
order in both methods, while the NN approximation adds an extra cost proportional to the size of
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the nonlinear model. The measured runtime increase of about 50—-65% reported in the experiments is
therefore consistent with the additional forward/backward neural computations required by IHNN.

To improve reproducibility, all simulations were executed on an Intel Core Ultra 9 platform
equipped with 32 GB RAM and 1 TB SSD under Windows 11, using Python 3.14.3 (latest stable
version at the time of writing) and the required scientific computing libraries. The reported
runtimes correspond to wall-clock execution times averaged over 10 independent runs under the same
implementation settings.

4.2. Numerical example

Setup. We consider a large-scale system with two interconnected nonlinear subsystems modeled
by discrete-time Hammerstein systems [2]: Parameters and constants which change with time include

ai1(k) = —0.88 + 0.02 sin(0.2k), ai»(k) = 0.45 + 0.03 cos(0.2k),
bio(k) = 0.32 + 0.03 sin(0.2k), biaa(k) = 0.33 + 0.04 sin(0.2k),
a1 (k) = —0.85 + 0.02 sin(0.2k), ar»(k) = 0.40 + 0.03 cos(0.2k),
by,(k) = 0.42 + 0.03 sin(0.2k), ba12(k) = 0.44 + 0.04 sin(0.2k),

with constants app = 031, Ao = 022, ,82,1 = 032, ﬁz’z = 020, Ci,1 = 025, az| = 032, ar7 =
0.20, B11 = 031, B2 = 0.22, ¢; = 0.28. Inputs are Pseudo-Random Binary Sequence (PRBS)
signals u;(k) € [—1.5,1.5]; measurement noise is zero-mean white with variances o’% = 0.0952 and
o3 = 0.0791. According to the architecture-selection procedure described in Section 3.4.2, the IHNN
uses one hidden layer with 8 neurons for each input and output NN, together with a second-order
linear block. This compact structure was found sufficient for the numerical benchmark, which exhibits
moderate nonlinear complexity while still requiring accurate tracking of interconnection effects.

Results. Figure 3 presents the tracking of time-varying parameters for S ;. The IHNN provides less
delay and overshoot compared to RELS.
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Parameter Estimation Comparison for Subsystem 5,
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Figure 3. Parameter estimation comparison for subsystem S: I[HNN vs. RELS.

Figure 4 can be used to point out that improved transient tracking and noise resilience is achieved
with § 2.

Parameter Estimation Comparison for Subsystem S,

0.500 -

H — True
0 0.475 ¢ = — DNN
WA
I ! H ]
oaso{ Ub WO 414 - — R
—0.80 1 o g : i1
0 i ko g/ h
04251 [ i 10 ¢ ik
[ =z qh ! f!‘
& —0.85 g 04007 A i
0.375 AR
—0.90 0.350 -
0.325 A
~0.95 .
0 100 200 300 400 500 600 0 100 200 300 400 500 600
0500 4 p—— J—
. = e =
! 1 Pl - H
0475 4 i a -
! N 1 Lo RELS 05001 1 RELS
1 { -3 1] e |8 :l ! I aih 1 TN
0450 4 314 \ 'y 1 : A i i )
Il' CEVE 3/ BP0 DVl T ot N A e et 04757 Rl T b
~ 04251 ph T8V Rl R LYY b S =
= o ad'y q,t . 'i ‘ﬁ ﬁ ' “ il | = 04504
o " SRRV AT L qf ¢ e A kS nre =
< 0400 1 Vlnafil Y A alB UB BRI NI TSIRY | < 05
1 b | A o k4 Id I t H ig |1
1 R 1 |-| \ : 0 il - : !
0375 ! ; | | . 0.400 1
! N 1
0350 4 ' 0.375 A H
1
1
0325 4 0.350
0 100 200 300 400 500 600 0 100 200 300 400 500 600
Time (samples) Time (samples)

Figure 4. Parameter estimation comparison for subsystem S,: IHNN vs. RELS.

Prediction errors (Figure 5) remain consistently smaller for IHNN across the horizon.
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Prediction Error Comparison: [HNN vs RELS
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Figure 5. Prediction error comparison: IHNN vs. RELS.

Quantitative comparison. Table 1 summarizes key metrics. The IHNN lowers RMSE by ~ 42%
on S and ~ 43% on S ,, reduces error variance by ~ 60% (S) and ~ 63% (S,), and achieves faster
convergence in sample count.

Table 1. Performance metrics comparison between IHNN and RELS.

Metric Unit IHNN (S;) RELS (§;) IHNN(S,) RELS(S,)
RMSE - 0.018 0.031 0.016 0.028
Maximum deviation - 0.042 0.067 0.038 0.062
Mean prediction error - 0.0021 0.0047 0.0018 0.0042
Error variance x10™% 2.3 5.8 1.9 5.1
Parameter convergence time samples 85 142 78 135

Discussion. The gains come due to NN-based approximation the static nonlinearities and recursive
estimation of the linear dynamics. In this setting, the IHNN requires approximately 50% more
computation time than RELS, which is a reasonable trade-off for the significant improvements in
accuracy and robustness achieved for interconnected noisy systems.

4.3. Hydraulic process application

Setup. On this three-tank hydraulic process, with strong nonlinearities and interconnections we
evaluate the IHNN. We use 1000 samples with measurement noise of 3% from the operating range.
Following the architecture-selection procedure described in Section 3.4.2, the hydraulic-process case
uses a richer neural structure, namely an input NN with two hidden layers of 10 and 6 neurons,
an output NN with one hidden layer of 8 neurons, and a second-order linear block. This slightly
larger architecture was retained because the hydraulic process exhibits stronger nonlinearities and
more pronounced subsystem interactions than the numerical benchmark, thus requiring a higher
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approximation capacity. Learning takes place with adaptive-rate scheme described in Section 3.4.3
with initial rate 7o = 0.03 and decay € = 0.002. The RELS comparator is configured according to the
information reported in [2].

Results. Figures 6-8 report oil-level estimates for Tanks 1-3. The IHNN monitors the setpoint
changes and transients with less lag and less overshoot than RELS. Figures 9-11 show the respective
prediction errors, under the consistent lower amplitudes for the IHNN throughout the time horizon.

Oil Level Estimation in Tank 1
30
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~-- RELS Method

\
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Figure 6. Oil level estimation in Tank 1: IHNN vs. RELS.

Oil Level Estimation in Tank 2
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Figure 7. Oil level estimation in Tank 2: IHNN vs. RELS.

Oil Level Estimation in Tank 3
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Figure 8. Oil level estimation in Tank 3: IHNN vs. RELS.
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Prediction Error Comparaison for Tank 1
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Figure 9. Prediction error comparison for Tank 1.
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approximately 35-38% compared to RELS, lowers prediction-error variance by about 60%, and also
improves the maximum deviation and mean absolute error.

Discussion. As shown in Table 2, the IHNN is noticeably better than RELS with this nonlinear,
interconnected process and has a superior rejection of noise and transient behaviour. The computational
overhead (roughly 55-65% longer training) is balanced out by accuracy gains which are particularly
valuable when it comes to safety-critical level regulation in hydraulic systems.

Table 2. Hydraulic process: IHNN vs. RELS performance.

Metric Unit IHNN RELS Improvement
RMSE (Tank 1) m 0.018 0.028 35.7%
RMSE (Tank 2) m 0.015 0.024 37.5%
RMSE (Tank 3) m 0.017 0.026 34.6%
Maximum deviation m 0.042 0.065 35.4%
Mean absolute error m 0.014 0.022 36.4%
Error variance x1074 2.1 53 60.4%

4.4. Broader comparative analysis with recent Hammerstein identification methods

In addition to the direct numerical comparison with the conventional RELS baseline, it is useful
to position the proposed IHNN estimator with respect to other recent Hammerstein identification
strategies reported in the literature. Recent NN-based or hybrid identification methods include:
(1) a neural-fuzzy-model/ARMAX approach for multi-input multi-output Hammerstein systems with
measurement noises using combined signals and data-filtering recursive least squares [24]; (ii) a neural-
fuzzy-model/ARX identification approach for Hammerstein systems with noisy output measurements
using correlation-function least squares and improved particle swarm optimization [25]; (ii1) an SSAE-
based Hammerstein identification framework combined with ARMAX modeling and multi-innovation
RELS [8]; and (iv) a deep-GRU-network-based parameter estimation method for multi-input multi-
output Hammerstein nonlinear systems [9].

Compared with these methods, the proposed IHNN strategy exhibits several distinguishing
characteristics. First, unlike the above approaches, which mainly focus on single Hammerstein
systems or standard MIMO Hammerstein configurations, the present work explicitly addresses large-
scale interconnected Hammerstein systems with stochastic disturbances. Second, the IHNN retains
the interpretable Hammerstein block-oriented structure while using NNs for the static nonlinearities
and recursive least-squares-type estimation for the linear dynamic part. Third, in contrast to purely
algorithmic identification schemes, the proposed method is accompanied by a Lyapunov-based
convergence analysis of the hybrid learning procedure. Therefore, the broader comparison highlights
that the main advantage of the IHNN is not only the reduction of prediction error with respect to RELS
under the adopted benchmarks, but also its suitability for interconnected stochastic settings where
structural coupling and recursive online adaptation must be handled simultaneously.
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Table 3. Qualitative comparison of the proposed IHNN with representative Hammerstein
identification methods.

Method Nonlinear  block Linear/dynamic Main scope / limitation
model estimation relative to IHNN
RELS Polynomial/block- RELS Direct benchmark used in this
baseline [2] oriented paper; does not exploit neural
approximation approximators for nonlinear
blocks.
Neural-fuzzy Neural fuzzy Correlation Handles MIMO
+ combined model (NFM) analysis + Hammerstein systems
signals [24] data-filtering with measurement noise, but
recursive  least does not target large-scale
squares with interconnected stochastic
ARMAX structures.
Neural-fuzzy Neural fuzzy CF-LS + Effective for noisy
+ noisy model (NFM) improved PSO Hammerstein systems, but
outputs [25] with ARX designed for single-system
identification rather than
interconnected  large-scale
settings.
SSAE-based SSAE MI-RELS with Strong  deep  nonlinear
Hammerstein ARMAX representation, but not
[8] developed for interconnected
stochastic Hammerstein
subsystems.
Deep-GRU Deep GRU Deep recurrent Targets MIMO Hammerstein
Hammerstein network parameter identification, but  the
[9] estimation interconnection-aware
hybrid recursive structure
considered here is not
explicitly addressed.
Proposed NN approximation Backpropagation Specifically developed for
IHNN preserving + recursive least large-scale  interconnected
Hammerstein squares with Hammerstein stochastic
structure forgetting/covariance systems, with Lyapunov-

adaptation

based convergence analysis
and validation on benchmark
and hydraulic-process cases.

Accordingly, the direct RELS-based simulations reported above provide the quantitative benchmark
under identical experimental conditions, while Table 3 broadens the evaluation by situating the
proposed IHNN method among recent Hammerstein identification strategies in terms of modeling
structure, estimation mechanism, and applicability domain.
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5. Conclusions

This paper proposed an IHNN framework for the identification of large-scale interconnected
Hammerstein systems operating under stochastic disturbances. The proposed approach preserved
the block-oriented Hammerstein structure by combining neural-network approximators for the static
nonlinear blocks with recursive least-squares-based estimation for the linear dynamic part. A
Lyapunov-based analysis was further developed to establish convergence and stability conditions for
the hybrid learning algorithm.

The effectiveness of the proposed method was demonstrated through a two-subsystem numerical
benchmark and a hydraulic-process case study. In comparison with a conventional RELS baseline, the
IHNN approach achieved clear improvements in identification accuracy, including RMSE reductions
of about 35-43%, substantial decreases in prediction-error variance, and faster parameter convergence,
while requiring a moderate increase in computational time. These results show that the proposed IHNN
method provides an effective and practical solution for identifying noisy interconnected Hammerstein
systems with strong couplings and time-varying behavior.

Future work will focus on distributed and event-triggered implementations for very large-scale
systems, robustness enhancement against colored noise, delays, and outliers, and integration with fault
diagnosis and security-aware monitoring for safety-critical applications. In particular, although the
proposed framework is designed to accommodate more challenging disturbance conditions, explicit
validation under colored-noise and time-delay scenarios will be addressed in future work to further
assess its robustness in practical industrial environments.
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