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1. Introduction

Suppose thatW is a real Banach space andM , ∅ is a convex subset ofW. We call a mapping
Φ :M→M nonexpansive whenever it fulfills the following condition:

∥Φζ − Φξ∥ ≤ ∥ζ − ξ∥ for all ζ, ξ ∈ M.

The study of fixed points, points ζ ∈ M such that Φζ = ζ, represents a fundamental area of research in
nonlinear analysis due to its widespread applications in various fields, including optimization theory,
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image processing, and signal recovery [3]. Iterative approaches to fixed point approximation have
constituted a core line of research in this field for many years.
The simplest iterative approach, known as Picard iteration, defined by ζν+1 = Φζν, often fails to
converge even weakly for nonexpansive mappings [12]. This limitation prompted the development of
more sophisticated iterative techniques. Mann [14] introduced the following iteration scheme:

ζν+1 = (1 − αν)ζν + ανΦζν,

where {αν} is a sequence in [0, 1] with limν→∞ αν = 0 and
∑∞
ν=1 αν = ∞. While this method converges

strongly for nonexpansive mappings on compact convex subsets, it encounters difficulties when applied
to Lipschitz pseudocontractive mappings [4].
To address these challenges, Ishikawa [8] developed a two-step iterative process:

ζ1 = ζ ∈ M,

ζν+1 = (1 − αν)ζν + ανΦξν,
ξν = (1 − βν)ζν + βνΦζν, ∀ν ∈ N

(1.1)

where {αν} and {βν} are appropriately chosen sequences in [0, 1]. This breakthrough inspired numerous
extensions, particularly for finding common fixed points of multiple mappings. Several researchers
[5, 7, 11, 17, 18] have investigated Ishikawa-type iterations for two mappings:

ζ1 = ζ ∈ M,

ζν+1 = (1 − αν)ζν + ανΘξν,
ξν = (1 − βν)ζν + βνΦζν, ∀ν ∈ N.

(1.2)

In 2007, Liu et al. [13] proposed an alternative two-step process:
ζ1 = ζ ∈ M,

ζν+1 = (1 − αν)Θζν + ανΦξν,
ξν = (1 − βν)Θζν + βνΦζν, ∀ν ∈ N.

(1.3)

Khan et al. [10] introduced an effective one-step iterative approach for a pair of nonexpansive mappings
in 2009: ζ1 = ζ ∈ M,ζν+1 = ανΘζν + (1 − αν)Φζν, ∀ν ∈ N.

(1.4)

Motivated by the work of Khan et al. [10], we introduce a novel modified iterative process for three
nonexpansive mappings Θ,Φ,Ψ :M→M, defined byζ1 = ζ ∈ M,ζν+1 = ανΘζν + βνΦζν + (1 − αν − βν)Ψζν, ∀ν ∈ N,

(1.5)

where {αν} and {βν} are sequences in [0, 1], with αν + βν ≤ 1, for all ν ∈ N. It is noteworthy that the
iteration process (1.4) becomes a special case of our new scheme (1.5) when Ψ = Φ, demonstrating
the comprehensive nature of our approach.
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We now recall some essential concepts that will be utilized throughout our analysis. A Banach
spaceW is said to satisfy Opial’s condition [15] if, for every sequence {ζν} inW converging weakly
to some ζ, the following inequality is satisfied:

lim sup
ν→∞

∥ζν − ζ∥ < lim sup
ν→∞

∥ζν − ξ∥, ∀ξ ∈ W, ξ , ζ.

This property is satisfied by Hilbert spaces and ℓp spaces for 1 < p < ∞, but not by Lp[0, 2π] spaces
when 1 < p , 2. A mapping Φ :M→W is demiclosed with respect to ξ ∈ W if for every sequence
{ζν} inM and ζ ∈ W, the conditions ζν ⇀ ζ and Φζν → ξ imply that ζ ∈ M and Φζ = ξ.

The KKP in a Banach spaceW requires that if a sequence {ζν} converges weakly to ζ and ∥ζν∥ →
∥ζ∥, then {ζν} must converge strongly to ζ. Finite-dimensional Banach spaces and uniformly convex
Banach spaces all have this property.

Now, we state some useful lemmas.

Lemma 1.1. [16] Let {ζν} and {ξν} be sequences in a uniformly convex Banach spaceW. Suppose
there is a real number ϑ ≥ 0 such that lim supν→∞ ∥ζν∥ ≤ ϑ, lim supν→∞ ∥ξν∥ ≤ ϑ, and for a sequence {tν}
in (0, 1), we have limν→∞ ∥tνζν + (1 − tν)ξν∥ = ϑ. Then, limν→∞ ∥ζν − ξν∥ = 0.

Lemma 1.2. [1] Let Φ : M → M be a nonexpansive mapping on a nonempty, closed, and convex
subsetM of a uniformly convex Banach spaceW. Then, the mapping I − Φ is demiclosed at zero.

Lemma 1.3. [2] Let Φ :M→M be a nonexpansive mapping on a nonempty bounded closed convex
subsetM of a uniformly convex Banach spaceW. Then, there exists a strictly increasing continuous
convex function ℘ : [0,∞) → [0,∞) with ℘(0) = 0 such that for all ζ, ξ ∈ M and any t ∈ [0, 1], the
following inequality is satisfied:

℘ (∥Φ(tζ + (1 − t)ξ) − (tΦζ + (1 − t)Φξ)∥) ≤ ∥ζ − ξ∥ − ∥Φζ − Φξ∥,

where ωw({ζν}) represents the set of all weak subsequential limits of a sequence {ζν} in the spaceW.
The following lemma is adapted from Falset et al. [6].

Lemma 1.4. [6] Let {ζν} be a bounded sequence in a uniformly convex Banach spaceW whose dual
spaceW∗ satisfies the KKP. For each t ∈ [0, 1] and each e1, e2 ∈ ωw({ζν}), the limit

lim
ν→∞
∥tζν + (1 − t)e1 − e2∥

exists. Then ωw({ζν}) consists of exactly one element.

This paper is organized as follows: Section 2 deals with the preliminary concepts needed for the
subsequent development. Section 3 establishes the convergence analysis of the proposed algorithm,
while Section 4 provides a numerical experiment illustrating the main result of Section 3.

2. Preparatory lemmas

Throughout this section, we assume the following:
Assumption 1: Let ∅ , 𭟋 = 𭟋(Θ) ∩ 𭟋(Φ) ∩ 𭟋(Ψ) represent the set of all common fixed points of
nonexpansive mappings Θ, Φ, and Ψ.
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Lemma 2.1. LetM be a nonempty closed and convex subset of a normed spaceW. Suppose Θ,Φ,Ψ :
M → M are nonexpansive mappings and let {ζν} be a sequence generated by an iterative process of
the form (1.5). Then for every ζ∗ ∈ 𭟋 , ∅, the limit limν→∞ ∥ζν − ζ∗∥ exists.

Proof. Assume that ζ∗ ∈ 𭟋. Then, we have

∥ζν+1 − ζ
∗∥ = ∥ανΘζν + βνΦζν + (1 − αν − βν)Ψζν − ζ∗∥
= ∥αν(Θζν − ζ∗) + βν(Φζν − ζ∗) + (1 − αν − βν)(Ψζν − ζ∗)∥
≤ αν∥Θζν − ζ

∗∥ + βν∥Φζν − ζ
∗∥ + (1 − αν − βν)∥Ψζν − ζ∗∥

≤ αν∥ζν − ζ
∗∥ + βν∥ζν − ζ

∗∥ + (1 − αν − βν)∥ζν − ζ∗∥
= ∥ζν − ζ

∗∥.

Thus, limν→∞ ∥ζν − ζ∗∥ exists for all ζ∗ ∈ 𭟋. □

Khan et al. [10] used the condition ∥ζ − Θζ∥ ≤ ∥Θζ − Φζ∥ for all ζ ∈ M. Call it Condition (S ). We
propose the condition: ∥ζ −Θζ∥ ≤ 1

2

[
∥Θζ −Φζ∥ + ∥Θζ −Ψζ∥

]
for all ζ ∈ M, and call it Condition (P).

It should be noted that Condition (P) is weaker than Condition (S) and that Condition (S) is a specific
case of our suggested Condition (P). Three nonexpansive mappings that satisfy Condition (P) but not
Condition (S) are shown in this example. This shows that these results may be more applicable to a
broader class of mappings than the comparable results obtained by Khan et al. [10] and Liu et al. [13].

Example 2.1. Now let us define Θ,Φ,Ψ : R → R as follows: Θζ = 1 + 1
2 (ζ − 1), Φζ = 3

10 +
7
10ζ,

Ψζ = 2 − ζ, ∀ζ ∈ R.
Clearly, Θ,Φ, and Ψ are nonexpansive with a common fixed point 1. Moreover, ∥ζ−Θζ∥ ≤ 1

2

[
∥Θζ−

Φζ∥ + ∥Θζ − Ψζ∥
]

for all ζ ∈ R. In fact,

|ζ − Θζ | = |ζ − (
1
2
+

1
2
ζ)|

= |
1
2

(ζ − 1)|

=
1
2
|ζ − 1|, (2.1)

|Θζ − Φζ | = |(
1
2
+

1
2
ζ) − (

3
10
+

7
10
ζ)|

= |
1
5
−

1
5
ζ |

= |
1
5

(ζ − 1)|

=
1
5
|ζ − 1|, (2.2)

and

|Θζ − Ψζ | = |(
1
2
+

1
2
ζ) − (2 − ζ)|
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= |
3
2

(ζ − 1)|

=
3
2
|ζ − 1|. (2.3)

Now, from (2.1)–(2.3) and Condition (P), we have

1
2
|ζ − 1| ≤

1
2

[1
5
|ζ − 1| +

3
2
|ζ − 1|

]
≤

1
2

[17
10
|ζ − 1|

]
≤

17
20
|ζ − 1|.

This implies that Condition (P) is satisfied. Moreover, from (2.1) and (2.2), we observe that
Condition (S) is not satisfied.

Based on Condition (P), we now establish the following lemma.

Lemma 2.2. LetW be a uniformly convex Banach space andM , ∅ a closed convex subset ofW.
Let Θ,Φ,Ψ : M → M be nonexpansive mappings and let {ζν} be a sequence defined by iterative
scheme (1.5), where {αν}, {βν} ∈ [δ, 1 − δ], αν + βν ≤ 1, for all ν ∈ N, and δ ∈ (0, 1

2 ]. Assume that
Condition (P) holds and 𭟋 , ∅. Then,

lim
ν→∞
∥Θζν − ζν∥ = 0, lim

ν→∞
∥Φζν − ζν∥ = 0 and lim

ν→∞
∥Ψζν − ζν∥ = 0.

Proof. Let ζ∗ ∈ 𭟋. By Lemma 2.1, limν→∞ ∥ζν − ζ∗∥ exists. Assume that limν→∞ ∥ζν − ζ∗∥ = τ for some
τ ≥ 0. From nonexpansivity, we have

lim sup
ν→∞

∥Θζν − ζ
∗∥ ≤ τ (2.4)

Similarly,
lim sup
ν→∞

∥Φζν − ζ
∗∥ ≤ τ (2.5)

and
lim sup
ν→∞

∥Ψζν − ζ
∗∥ ≤ τ. (2.6)

Now, rewrite ζν+1 in (1.5) as

ζν+1 = ανΘζν + (1 − αν)
[
βν

1 − αν
Φζν +

(1 − αν − βν)
1 − αν

Ψζν

]
, (2.7)

Assume that
ξν =

βν
1 − αν

Φζν +
(1 − αν − βν)

1 − αν
Ψζν. (2.8)

Now, taking

∥ξν − ζ
∗∥ = ∥

βν
1 − αν

Φζν +
(1 − αν − βν)

1 − αν
Ψζν − ζ

∗∥
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= ∥
βν

1 − αν
(Φζν − ζ∗) +

(1 − αν − βν)
1 − αν

(Ψζν − ζ∗)∥

≤
βν

1 − αν
∥Φζν − ζ

∗∥ +
(1 − αν − βν)

1 − αν
∥Ψζν − ζ

∗∥

≤
βν

1 − αν
∥ζν − ζ

∗∥ +
(1 − αν − βν)

1 − αν
∥ζν − ζ

∗∥

≤ ∥ζν − ζ
∗∥. (2.9)

Taking lim supν→∞ on both sides of (2.9), we have

lim sup
ν→∞

∥ξν − ζ
∗∥ ≤ τ. (2.10)

Further, limν→∞ ∥ζν+1 − ζ
∗∥ = τ gives that

lim
ν→∞
∥αν(Θζν − ζ∗) + (1 − αν)(ξν − ζ∗)∥ = τ. (2.11)

Applying Lemma 1.1, we obtain
lim
ν→∞
∥Θζν − ξν∥ = 0. (2.12)

By the definition of ζv+1, we have

∥ζν+1 − Θζν∥ = ∥ανΘζν + (1 − αν)ξν − Θζν∥
≤ (1 − αν)∥ξν − Θζν∥
≤ (1 − δ)∥ξν − Θζν∥. (2.13)

Taking limν→∞ on both sides of above inequality and from (2.12), we obtain

lim
ν→∞
∥ζν+1 − Θζν∥ = 0. (2.14)

From the triangle inequality, we have ∥ζν+1−ζ
∗∥ ≤ ∥ζν+1−Θζν∥+∥Θζν−ξν∥+∥ξν−ζ

∗∥. Taking lim infν→∞
of the above inequality and from (2.12) and (2.14), we obtain

τ ≤ lim inf
ν→∞

∥ξν − ζ
∗∥, (2.15)

from (2.10) and (2.15), we have
lim
ν→∞
∥ξν − ζ

∗∥ = τ, (2.16)

which gives that

lim
ν→∞
∥
βν

1 − αν
(Φζν − ζ∗) +

(1 − αν − βν)
1 − αν

(Ψζν − ζ∗)∥ = τ, (2.17)

Using Lemma 1.1, we obtain
lim
ν→∞
∥Φζν − Ψζν∥ = 0. (2.18)

From the triangle inequality, we have

∥Θζν − Φζν∥ ≤ ∥Θζν − ξν∥ + ∥ξν − Φζν∥
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≤ ∥Θζν − ξν∥ +
(1 − αν − βν)

1 − αν
∥Ψζν − Φζν∥.

≤ ∥Θζν − ξν∥ + (1 −
δ

1 − δ
)∥Ψζν − Φζν∥.

Taking limν→∞ in the above inequality, from (2.12) and (2.18), we obtain

lim
ν→∞
∥Θζν − Φζν∥ = 0. (2.19)

Again, from the triangle inequality, we have

∥Θζν − Ψζν∥ ≤ ∥Θζν − Φζν∥ + ∥Φζν − Ψζν∥.

Taking limν→∞ in the above inequality, from (2.18) and (2.19), we have

lim
ν→∞
∥Θζν − Ψζν∥ = 0. (2.20)

From Condition (P) and applying limν→∞ as well as from (2.19) and (2.20), we obtain

lim
ν→∞
∥Θζν − ζν∥ = 0. (2.21)

Again, by using the triangle inequality,

∥ζν − Φζν∥ ≤ ∥ζν − Θζν∥ + ∥Θζν − Φζν∥. (2.22)

Taking limν→∞ in the above inequality and from (2.19) and (2.21), we obtain

lim
ν→∞
∥Φζν − ζν∥ = 0. (2.23)

By the triangle inequality, we have

∥ζν − Ψζν∥ ≤ ∥ζν − Θζν∥ + ∥Θζν − Ψζν∥. (2.24)

Taking limν→∞ in the above inequality and from (2.20) and (2.21), we obtain

lim
ν→∞
∥Ψζν − ζν∥ = 0. (2.25)

□

Lemma 2.3. Let M , ∅ be a closed and convex subset of a uniformly convex Banach space W.
Suppose that Θ,Φ,Ψ : M → M are nonexpansive mappings and that {ζν} is defined by the iterative
process (1.5). Then, for any e1, e2 ∈ 𭟋,

lim
ν→∞

∥∥∥tζν + (1 − t)e1 − e2∥ exists for every t ∈ [0, 1].
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Proof. According to Lemma 2.1, limν→∞ ∥ζν − e∥ exists for every e ∈ 𭟋, and so {ζν} is bounded.
Therefore, there is a real number ϑ > 0 such that {ζν} ⊆ Bϑ(0) ∩ M, such that ς , ∅ is a closed,
bounded, and convex subset ofM. Select αν(t) = ∥tζν + (1 − t)e1 − e2∥. Notice that αν(0) = ∥e1 − e2∥

and αν(1) = ∥ζν − e2∥. Moreover, by Lemma 2.1, the limit limν→∞ αν(1) = limν→∞ ∥ζν − e2∥ exists.
Define ϖν : ς → ς for every ν ∈ N by

ϖνζ = ανΘζ + βνΦζ + (1 − αν − βν)Ψζν, for all ζ ∈ ς.

It is easy to verify that
∥ϖνζ −ϖνξ∥ ≤ ∥ζ − ξ∥, for all ζ, ξ ∈ ς.

Set
Rν,µ = ϖν+µ−1ϖν+µ−2 . . . ϖν,

and
ην,µ = ∥Rν,µ(tζν + (1 − t)e1) − (tRν,µζν + (1 − t)e1)∥, for all ν, µ ∈ N.

Then, it follows that ∥Rν,µζ − Rν,µξ∥ ≤ ∥ζ − ξ∥ for all ζ, ξ ∈ ς, Rν,µζν = ζν+µ and Rν,µe = e for all e ∈ 𭟋.
By Lemma 1.3, there exists a strictly increasing continuous function ℘ : [0,∞)→ [0,∞) with ℘(0) = 0
such that

℘(ην,µ) ≤ ∥ζν − e1∥ − ∥Rν,µζν − Rν,µe1∥

= ∥ζν − e1∥ − ∥ζν+µ − e1∥.

Since limν→∞ ∥ζν − e∥ exists for all e ∈ 𭟋, then ℘(ην,µ)→ 0 as ν→ ∞. Hence, ην,µ → 0 for all µ ∈ N as
ν→ ∞. Finally, from the inequality

αν+µ(t) = ∥tζν+µ + (1 − t)e1 − e2∥

≤ ην,µ + ∥Rν,µ(tζν + (1 − t)e1) − e2∥

= ην,µ + ∥Rν,µ(tζν + (1 − t)e1) − Rν,µe2∥

≤ ην,µ + ∥tζν + (1 − t)e1 − e2∥

= ην,µ + αν(t),

consequently
lim sup
µ→∞

αν+µ(t) ≤ lim sup
µ→∞

ην,µ + αν(t).

That is,
lim sup
µ→∞

αµ(t) ≤ lim inf
ν→∞

αν(t),

so limν→∞ ∥tζν + (1 − t)e1 − e2∥ exists for all t ∈ [0, 1]. □

3. Weak and strong convergence

We now establish results for approximating common fixed points of the mappings Θ, Φ, and Ψ
through the weak convergence of {ζν} defined in (1.5). Our first theorem employs the Opial condition
to guarantee weak convergence, while the second utilizes the KKP to obtain weak convergence.

AIMS Mathematics Volume 11, Issue 4, 12094–12107.
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Theorem 3.1. LetM,Θ,Φ,Ψ, {ζν} be as in Lemma 2.2 andW be a uniformly convex Banach space
that satisfies Opial’s condition; then, {ζν} weakly converges to a point in 𭟋 , ∅.

Proof. Let ζ∗ ∈ 𭟋. Then, limν→∞ ∥ζν − ζ∗∥ exists, as established in Lemma 2.1. We show that there
is only one weak subsequential limit in 𭟋 for {ζν}. Given that {ζν} is bounded in a uniformly convex
Banach spaceW, {ζνi} and {ζν j} are two convergent subsequences of {ζν}. Let the subsequences {ζνi}
and {ζν j} have weak limits e1 ∈ M and e2 ∈ M, respectively. From Lemma 2.2, limν→∞ ∥ζν − Θζν∥ = 0
and I − Θ is demiclosed with respect to zero by Lemma 1.2. So, we obtain Θe1 = e1. Similarly,
Φe1 = e1 and Ψe1 = e1. Again, in the same way, we can show that e2 ∈ 𭟋.

Now we establish the uniqueness. For this, assume that e1 , e2. According to Opial’s condition, we
obtain

lim
ν→∞
∥ζν − e1∥ = lim

νi→∞
∥ζνi − e1∥

< lim
νi→∞
∥ζνi − e2∥

= lim
ν→∞
∥ζν − e2∥

= lim
ν j→∞
∥ζν j − e2∥

< lim
ν j→∞
∥ζν j − e1∥

= lim
ν→∞
∥ζν − e1∥.

This is inconsistent with the said assumption. Therefore, {ζν} weakly converges to a point in 𭟋. □

Theorem 3.2. Assume that the dualW∗ of a uniformly convex Banach spaceW possesses the KKP.
LetM,Θ,Φ,Ψ, {ζν} be as in Lemma 2.2. Then, {ζν} weakly converges to a point in 𭟋 , ∅.

Proof. Since {ζν} is bounded andW is reflexive, there exists a subsequence {ζνi} of ζν that converges
weakly to some point e ∈ M. From Lemma 2.2, we obtain

lim
i→∞
∥ζνi − Θζνi∥ = 0, lim

i→∞
∥ζνi − Φζνi∥ = 0 and lim

i→∞
∥ζνi − Ψζνi∥ = 0.

This implies that e ∈ 𭟋.
Assume that {ζνk} is another subsequence of {ζν} that converges weakly to a point e0 ∈ M in order

to establish that the sequence {ζν} weakly converges to e. Then, by Lemmas 2.2, both e and e0 ∈ ϖ∩𭟋,
where ϖ = ωw({ζν}). By Lemma 2.3, the limit limν→∞ ∥tζν + (1 − t)e − e0∥ exists for every t ∈ [0, 1].
Lemma 1.4 then yields e = e0. Hence, {ζν} converges weakly to e ∈ 𭟋. □

The following result establishes a strong convergence theorem in the context of real Banach spaces.

Theorem 3.3. Let W be a real Banach space, M a closed convex subset of W , ∅, and Θ,Φ,Ψ :
M→M be nonexpansive mappings. Assume {ζν} is the sequence defined by (1.5). Then, {ζν} strongly
converges to a point in 𭟋 , ∅ if and only if

lim inf
ν→∞

d(ζν, 𭟋) = 0,

where d(ζ, 𭟋) = inf{∥ζ − e∥ : e ∈ 𭟋}.
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Proof. Necessity is obvious. For sufficiency, assume that lim infν→∞ d(ζν, 𭟋) = 0. From Lemma 2.1 we
have, for any e ∈ 𭟋,

∥ζν+1 − e∥ ≤ ∥ζν − e∥,

which implies
d(ζν+1, 𭟋) ≤ d(ζν, 𭟋).

Thus, {d(ζν, 𭟋)} is nonincreasing and bounded below, so limν→∞ d(ζν, 𭟋) exists. By the hypothesis, this
limit must be zero, i.e.,

lim
ν→∞

d(ζν, 𭟋) = 0.

we now prove that {ζν} is a Cauchy sequence inM. Let ε > 0 be arbitrary. Since limν→∞ d(ζν, 𭟋) = 0,
there exists an integer ν0 such that

d(ζν, 𭟋) <
ε

2
for all ν ≥ ν0.

In particular,
inf{∥ζν0 − e∥ : e ∈ 𭟋} <

ε

2
,

so we can choose e∗ ∈ 𭟋 satisfying
∥ζν0 − e∗∥ <

ε

2
.

For any µ, ν ≥ ν0, we obtain ∥∥∥ζν+µ − ζν∥∥∥ ≤ ∥∥∥ζν+µ − e∗
∥∥∥ + ∥ζν − e∗∥

≤ 2
∥∥∥ζν0 − e∗

∥∥∥
< 2
(
ε

2

)
= ε.

This implies that {ζν} is a Cauchy sequence in the closed subsetM of the Banach spaceW, and hence
converges strongly to some point ζ∗ ∈ M. Since limν→∞ d(ζν, 𭟋) = 0 and 𭟋 is closed, it follows that
ζ∗ ∈ 𭟋. Consequently, {ζν} strongly converges to a point in 𭟋. □

Condition (A′) was first introduced by Khan and Fukhar-ud-din [9], and in their later work, they
offered an enhanced version.

We now introduce the following adaptation for the three mappings and call it Condition (B).
Let, Θ,Φ,Ψ : M → M be three mappings defined on a subsetM , ∅ of a Banach space. We say

that Θ, Φ, and Ψ satisfy Condition (B) if there is a nondecreasing function σ : [0,∞) → [0,∞) with
σ(0) = 0 and σ(ϑ) > 0 for all ϑ ∈ (0,∞), such that for every ζ ∈ M, either

∥ζ − Θζ∥ ≥ σ(d(ζ, 𭟋)) or ∥ζ − Φζ∥ ≥ σ(d(ζ, 𭟋)) or ∥ζ − Ψζ∥ ≥ σ(d(ζ, 𭟋)).

We shall employ Condition (B) to establish the strong convergence of ζν defined by (1.5). It is important
to note that for nonexpansive mappings Θ,Φ,Ψ : M → M, Condition (B) is strictly weaker than
requiring the compactness ofM, making it applicable in broader settings.

Theorem 3.4. LetW be a uniformly convex Banach space,M a nonempty, closed, and convex subset
of W, and let {ζν} be the sequence generated by (1.5). Let Θ,Φ,Ψ : M → M be nonexpansive
mappings satisfying Condition (B). Then, {ζν} strongly converges to a point in 𭟋 , ∅.
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Proof. By Lemma 2.1, the limit limν→∞ ∥ζν − ζ∗∥ exists for every ζ∗ ∈ 𭟋. Let us denote this limit by
τ ≥ 0. If τ = 0, there is nothing to prove.

Assume now that τ > 0. From the inequality ∥ζν+1 − ζ
∗∥ ≤ ∥ζν − ζ

∗∥, valid for any ζ∗ ∈ 𭟋, we obtain

inf
ζ∗∈𭟋
∥ζν+1 − ζ

∗∥ ≤ inf
ζ∗∈𭟋
∥ζν − ζ

∗∥,

which means d(ζν+1, 𭟋) ≤ d(ζν, 𭟋), and so limν→∞ d(ζν, 𭟋) exists.
By applying Condition (B), either

lim
ν→∞
σ(d(ζν, 𭟋)) ≤ lim

ν→∞
∥ζν − Θζν∥ = 0 for all ν,

or
lim
ν→∞
σ(d(ζν, 𭟋)) ≤ lim

ν→∞
∥ζν − Φζν∥ = 0 for all ν,

or
lim
ν→∞
σ(d(ζν, 𭟋)) ≤ lim

ν→∞
∥ζν − Ψζν∥ = 0 for all ν.

Therefore, from all these cases, we have

lim
ν→∞
σ
(
d(ζν, 𭟋)

)
= 0.

Since σ is nondecreasing and σ(ϑ) > 0 for every ϑ > 0, it follows that

lim
ν→∞

d(ζν, 𭟋) = 0.

Suppose, for contradiction, that limν→∞ d(ζν, 𭟋) , 0. Then, σ would remain strictly positive,
contradicting that limν→∞ σ(d(ζν, 𭟋)) = 0. Thus, the monotonicity and positivity of σ guarantee that
d(ζν, 𭟋) tends to zero. □

4. Numerical results

Now, we present numerical results in the context of a uniformly convex Banach space to show the
efficacy and applicability of our Algorithm 1.5. Define Θ,Φ,Ψ : R→ R as follows: Θζ = 1+ 1

2 (ζ − 1),
Φζ = 3

10 +
7

10ζ, and Ψζ = 2 − ζ, ∀ζ ∈ R, and are nonexpansive with common fixed point 1. Taking
αν =

1

(ν+1)
3
2 +2

and βν = 1

(ν+2)
6
5 +3

, we now consider the following four cases for our numerical results:

Case 1: ξ1 = 2, ν = 15; Case 2: ξ1 = 3, ν = 10;
Case 3: ξ1 = 4, ν = 20; Case 4: ξ1 = 5, ν = 25.

The numerical computations shown in Figure 1 (cases (a) and (b)) and Figure 2 (cases (c) and (d))
illustrate the convergence behavior of Liu et al. algorithm [13], Khan et al. algorithm [10], and the
proposed algorithm 1.5. In each case, all algorithms converge to the common fixed point 1, while the
proposed algorithm 1.5 shows faster convergence as compared to the Liu et al. algorithm [13] and
Khan et al. algorithm [10]. This demonstrates the improved efficiency of the proposed algorithm 1.5
under different initializations.
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Figure 1. The convergence behavior of the Liu et al. algorithm [13], the Khan et al.
algorithm [10], and the proposed algorithm for two different initial points: (a) ζ1 = 2, and (b)
ζ1 = 3. All algorithms converge monotonically to the common fixed point 1. The proposed
algorithm converges faster in both cases, reaching the fixed point in iteration 4, whereas the
Liu et al. and Khan et al. algorithms require up to 8 or 9 iterations. This highlights the
enhanced efficiency of the proposed algorithm.

Figure 2. The convergence performance of the Liu et al. algorithm [13], the Khan et al.
algorithm [10], and the proposed algorithm for two different initial points: (c) ζ1 = 4, and (d)
ζ1 = 5. In both cases (c) and (d), our algorithm converges fast. This highlights the enhanced
efficiency of the proposed algorithm.

5. Conclusions

This article presents a comprehensive study on the approximation of common fixed points for three
nonexpansive mappings via a novel one-step iterative approach in uniformly convex Banach spaces.
The main results establish both weak and strong convergence under appropriate geometric conditions.
Specifically, weak convergence is obtained when the space satisfies Opial’s condition or possesses the
KKP in its dual, while strong convergence is guaranteed under a newly introduced Condition (B). The
theoretical findings are further substantiated by a numerical example that demonstrates the practical
implementation and behavior of the proposed algorithm (1.5). These results provide a meaningful

AIMS Mathematics Volume 11, Issue 4, 12094–12107.



12106

generalization of existing convergence theorems from two to three mappings and contribute a versatile
iterative framework for multi-operator fixed-point theory.
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