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Abstract: This study examines the influence of drought on predator—prey systems under the variable-
order (VO) fractional derivative. It is applied to the wildebeest—lion system of the Serengeti. First,
the well-posedness of the system is ensured by the existence, uniqueness, and Ulam—Hyers (UH)
stability of the solution. A finite difference method is presented, coupled with a neural network
(NN) approach for numerical validation. The numerical results show the effect of the VO fractional
derivative and the intensity of the drought. The results demonstrate that a critical drought threshold
exists for the drought impact parameter y, beyond which the healthy prey populations decline by over
90% from 6643 when vy is 0.20 to 407 when vy is 0.40, and the risk of extinction is very high. As
the fractional order decreases from 0.5, the ecological memory is increased, resulting in increased
predator populations (from 4898 to 8974 when v is 0.1) and the long-term effects of the drought. The
VO framework produces qualitatively different dynamics than constant-order models, featuring time-
dependent stability and attractor morphing, which makes it more suitable for modelling real-world
ecological systems under climate stress. The NN approach also demonstrates excellent predictive
capabilities, achieving R> = 1.0 and RMSE < 12 for all populations. These metrics validate our
numerical scheme and provide a computationally efficient quick scenario analysis. The novelty of
our analysis is the combination of a VO operator, finite difference method, and neural computing
in a unified framework for analyzing nonlinear fractional ecological systems. This study provides
a mathematically sound framework for understanding drought-induced population shifts and offers
practical computational tools for ecological forecasting under climate change.
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1. Introduction

Fractional calculus has emerged as a transformative framework in applied mathematics and
theoretical biology for modelling systems with anomalous dynamics that lie beyond the scope of
conventional models [1]. In contrast to classical derivatives that are local in nature, fractional
derivatives include memory and hereditary properties. The past states influence current dynamics
in a mathematically tractable way. This nonlocal property of fractional calculus finds a significant
application in ecological systems where population growth depends on accumulated resource
availability, reproduction rate depends on past nutritional levels, predator—prey interactions are
influenced by memory effects in learning and habituation processes, and drought processes have a
legacy effect that lasts over a season.

The variable-order derivative (VOD) extends the fractional calculus framework to include a varying
memory strength over time [2]. This is a significant extension because memory effects are more
pronounced during and after a drought process, memory decays at different rates depending on seasonal
conditions, and past versus current conditions vary as ecosystems adapt to changing conditions. Our
VOD formulation incorporates these effects more realistically to represent a drought process.

Mathematical modelling has become indispensable for understanding complex ecological and
epidemiological dynamics. In predator—prey systems, significant progress has been made in
incorporating realistic biological factors such as Allee effects, fear effects, and nonlocal competition.
A Filippov great tit—-gypsy moth model with double Allee effects and threshold control strategies
has been analyzed in [3]. Bifurcation phenomena in modified Leslie-Gower models incorporating
nonlocal competition and fear effects have been investigated in [4, 5]. Spatial patterns and Turing
bifurcations have also been extensively studied. For instance, a study in [6] has examined Turing
patterns in predator—prey systems with double Allee effects, and work in [7] has explored spatially
inhomogeneous periodic solutions induced by nonlocal competition. More recently, contributions to
understanding Turing—Hopf bifurcations, threshold dynamics in disease transmission, and finite-time
attractivity in epidemic systems have been made in [8—10].

In parallel, fractional-order modelling has gained popularity for capturing memory and hereditary
properties in biological systems. Foundational numerical methods for fractional-order biological
systems have been provided in [11], and fractional calculus has been applied to model Salmonella
bacterial infection with memory effects in [12]. More recently, the importance of threshold dynamics
and delayed responses in ash infectious disease models has been demonstrated in [13], highlighting the
need for time-dependent mechanisms.

Over recent decades, climate change has emerged as one of the major disturbances to biological
systems, with drought viewed as a key factor [14]. Drought, which refers to an extended period
of low water availability, affects vegetation and the landscape in various ways, which consequently
affects the dynamics of the food chain. Recent mathematical models have been used to investigate the
effects of drought on predator and prey dynamics, with specific reference to the effects of migration
on the behavior of the predators [15]. For example, drought affects the ‘landscape of fear’ in the
African savannas for grazing herbivores, which consequently affects their response to predation [16].
Climate factors affecting the susceptibility of prey have been established to have a significant effect on
predation dynamics, ranging from short-term cycles to long-term cycles [17]. The effects of seasonal
changes, including drought, on the dynamics of predation and prey have been discussed at length using
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mathematical models [18].

Despite this, the existing fractional models mostly use derivatives of constant order. In the existing
fractional models, the memory strength is assumed to be fixed. However, the memory strength is
expected to change when modelling ecological systems under extreme climate conditions. Therefore,
the present work addresses the gap in the existing literature by developing a new mathematical
framework using VO fractional derivatives.

However, the incorporation of climate stressors like drought into fractional VO modelling remains
an underexplored area. Drought can be considered a unique perturbation that impacts prey vulnerability
and habitat quality and can even influence prey migration patterns. Our VO fractional calculus
modelling approach can be effectively used to model drought effects because environmental stress
effects are memory-dependent; that is, the effect of drought at any given time ¢t depends on past levels
of drought exposure.

Our study offers several important contributions. First, we provide a complete qualitative analysis,
including the existence, uniqueness, and Ulam—Hyers (UH) stability of the solutions. Second, a finite
difference scheme is developed for the approximate solution of the specified problem. Finally, we
employ a neural network (NN) to improve the accuracy of the numerical solution, subjecting the
model to thorough scalability and robustness analysis to validate its performance. These results and
techniques are important, as they provide an effective approach to predict the complex and memory-
dependent effects of drought on predator—prey systems.

The rest of the paper is outlined as follows. In Section 2, the formulation of the model, assumptions,
and definitions are provided. In Section 3, the qualitative analysis of the fractional VO predator—prey
system is presented. In Section 4, the UH stability analysis is provided. In Section 5, the numerical
method is presented along with the results and discussion. In Section 6, the NN method is presented.
Section 7 provides scalability and robustness analysis. In Section 8, the conclusion of the work is
presented.

2. Model formulation

The following is a classical continuous predator—prey system that incorporates the concept of
drought and is parameterized for the Serengeti wildebeest—lion ecosystem:

N aoN|P
DN, = rN; (1 - 71) - 10+—blN1 —yNi = N1 + bi N,
DN> = yNi — aiNLP — puoN> — o Ny — bi N>,
2.1)
pp = B9NT o NP — P

1+ bN;
N1(0) = Nig,  Na(0) = Ny, P(0) = Po.

The above model (2.1) is presented in the form of a flowchart as in Figure 1.
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Figure 1. Schematic diagram of species-environment interactions.

The populations N (%), N»(t), and P(¢) represent healthy wildebeest, drought-weakened wildebeest,
and lions at time ¢, respectively. The healthy prey exhibits logistic growth constrained by environmental
carrying capacity K. Recruitment of susceptible healthy prey occurs at rate r. Natural mortality
removes individuals from N(¢) at rate u, and predation affects this compartment at rate ay. Drought-
exposed individuals from N(¢) transition to the weakened prey class N, () at rate y. A subset of N,(¢)
then moves into the predator compartment $(¢) at rate a,. The weakened prey experience both natural
mortality o and drought-induced death o~. Upon drought cessation, N,(¢) individuals recover and
rejoin N(?) at rate b;. The predator population P(¢) is subject to natural mortality at rate y;.

Table 1 presents the complete details of the parameters, including symbols, descriptions, numerical
values with units, and references.

Table 1. Model parameters: symbols, descriptions, numerical values (units), and references.

Symbol  Description Value [Unit] Source

r Per capita growth rate of prey 0.2 [month™!] [19]

K Environmental carrying capacity 50,000 [individuals] Estimated
ap Predation rate on healthy prey N, 0.00674 [predator~! month™']  [20]

b Saturation constant 0.5 [dimensionless] [21]

0% Drought impact intensity 0.1-0.5 [month™'] Estimated
a Predation rate on stressed prey N, 0.00044 [predator~! month™!] [21]

o Baseline prey mortality rate 0.00001 [month™!] [20]

o Drought-induced mortality rate on N, 0.0125 [month™!] [19]

B Conversion efficiency from N, 0.04 [dimensionless] [21]

B> Conversion efficiency from N, 0.04 [dimensionless] [21]
N1(0) Initial healthy prey population 10,000 [individuals] [22]
N,(0) Initial stressed prey population 200 [individuals] Estimated
P(0) Initial predator population 60 [individuals] [22]

Ui Predator natural mortality rate 0.00001 [month™'] [20]
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The y parameter, ranging from 0.1 to 0.5, controls the rate of healthy prey transitioning to weakened
prey due to drought-induced stress. Biologically, this corresponds to observed phenomena where
herbivores in drought conditions experience nutritional stress, reduced immune function, and increased
vulnerability to predation. The o parameter represents additional mortality rates due to drought-
induced stress. This is equivalent to direct and indirect effects of drought, such as dehydration and
starvation, in addition to indirect effects such as increased disease susceptibility. When ¢(¢) is low,
the system has a strong memory effect, and the current population dynamics are heavily affected
by past drought conditions. This is equivalent to phenomena such as soil moisture depletion in
ecosystems, vegetation community changes that recover slowly after a drought, and predator and prey
interaction rates affected by changes in habitat and generational changes in prey body condition and
reproductive potential. The combination of these three parameters—mechanisms, direct transition,
increased mortality, and memory effects—provides a comprehensive representation of drought impacts
that captures both immediate and long-term ecological consequences.

2.1. Model assumptions

I. The prey population exhibits logistic growth in the absence of predators. This implies the
population increases or decreases exponentially until reaching a maximum sustainable limit,
known as the carrying capacity.

II. The system is considered closed, meaning there is no migration into or out of the modeled
environment.

III. Predators are assumed to consume only a single species of prey.
IV. The reproductive rate of the predator population is dependent on the quantity of prey biomass
converted into usable energy.

V. Predation follows a Holling Type II functional response for healthy prey and a Holling Type I
response for weakened prey.

VI. Only healthy prey are capable of reproduction, as weakened prey are assumed unable to support
gestation.

VIIL. Drought is assumed to directly impact only the prey species. Predators are not directly affected but
respond indirectly through changes in prey density, making this a key feature reflecting species
interdependence in the ecological model.

VIII. No interspecific competition is considered within the model.

Model (2.1) is extended to the desired VO fractional model, which is given as follows:

N aoN, P
DFON, = PN, (1 _ ?1) ~ (AT YN = Ny b,
D;ﬁ(f)Nz — le — alsz _IJONZ - 0'N2 - blNZ’
o 2.2)
a
D = lBll-i-O—b)i/l + P NoP — i P,
Ni1(0) = Nig,  N2(0) = Nay,  P(0) = Py,

where ¢ : R — (0, 1] is continuous function.
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We define the Banach space X = Y x Y x Y, where Y = C([0, T],R) with the following norm:
OV, N Pl = max { IV 0, Na(), PO |, where T = (0,71,

Let ¢(t) > 0 and y € L'([0, T], R) be a continuous function; then, the VO integration of y is defined

as -1
I‘P(I) f (t - 9)9” 0) do,
0= Tem

such that the integral exists. Lety € Y so that VOD with order ¢(f) can be defined as

! (l‘ H)Lu—zp(l)—l )
D‘/’(’) y(t) = o T(w—g() d6=> 0)do, w-1<¢)<w,
dt‘“ ’ @(t) =

where w = [¢(1)].

C0 dyg) g, 0 < (f) < 1
Dntp(t)y(t) — { 0 T(1—¢(5)) dgy( ) B ‘10( ) B

Dy, e(t) = 1.

3. Theoretical analysis

We analyze System (2.2) theoretically in this section through the application of the Schauder and
Banach fixed-point theorems. To proceed, we define the following:

N, aoN1P
(1, N1, N, P) = PN (1 - ?‘) — 1°+—b‘M — YN = poNy + biNa,
Ua(t, N1, No, P) = YNy — ags NoP — uoN> — o N — biNs,
aoN1P
U3t N1, NL, P) = ﬂl LA + Boay NoP — 1, P.
+ bN;
Ni(1) N1(0) Yi(t, N1, N2, P)
F@)={Nt) , FO0)=IN0) , P F(©) = ¢t Ni, N2, P)
P(t) P(0) Yo(t, N1, N2, P)

Hence, in light of these mentioned functions, System (2.2) can be written as:

DYF (1) = ¥(t, ,
(P () =Y, F () G.1)
F(0) = Fo.
Lemma 1. The solution to the initial value problem (3.1) can be expressed as:
o =Fo+ [ =2 o Foyao 32
H=F+ | ——Y(, : .
(1 =%o fo @) (6,7 (0)) (3.2)
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Consider an operator, T : X — X from (3.2) as given as:

17y =%+ [ = o, 7@y 33
((f))—ofw(,())‘ (3.3)

The following assumptions are required to achieve the results:

(A)) The function ¥ is continuous and satisfies the Lipschitz condition. There exists Ly > 0 such that
forall 7, F € X,
¥ (2, F (1)) — W(t, F ()] < Ly|F (1) — F (D).

(A,) ¥ is bounded. There exists Ky > O such that for all ¥ € X,
[¥(, F (D)) < Kg|F (1)l

Theorem 1. If Assumption (A,) is satisfied, and ®Ly < 1, where ® = mz]llx {t“’(’) /T(e(t) + 1)}, then
te

Problem (3.3) has a unique solution.
Proof. For ¥, F € X and t € I, we consider

L (t— 90!
o T(e@®)

" (PO, F(9) - PO, T )
['(e(0)

el
“nrf,
{| ( r(so(t))
x|

[¥7 (1) - ¥F () f'(t_e)m_ldg}
0

IT(F) = TN = mé}{X{

Lt — g)r-1
YO, F0)do0— | ———
@7 fo N(0)

(t- 9)*’“*%9‘}

.

_ g)sa(t)—l d@}

P, 95(9))d9‘}

g)r-1

F(t,D(t))

['(p(1))
{Ll}' 1#OI1F (1) - 7—‘_(t)|}
< max
rel I(p(t) + 1)
< OLy||F - FI.

Because ®Ly < 1, T is a contraction mapping. By the Banach fixed-point theorem, T has a unique
fixed point, which is the unique solution to Problem (3.3). O

Theorem 2. If Assumptions (A,) and (A,) are satisfied, then Problem (3.3) has at least one solution.

Proof. To apply Schauder’s theorem to T : X — X, choose r > 0 such that
|Fol + rK, @ <1,
and the convex subset X is defined by:,

={F eX:|Fll<r}
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The proof proceeds according to the following steps:
Step 1:
For the continuity of T, consider a convergent sequence ¥, — ¥ in X. We examine

(r - g)tp(t) 1 f (r - )so(t)—l l}
—— Y6, 0)do — ——Y(,F(0)do
f (o) 4, F.(0)) o) @, 7))

1T~ Tl = max{
~ max { ((HO.TO) - VETO) 9)“’(”‘10,’9‘}
<t Jo I'(p(1)
{ * (PO, Fu(6)) — (O, F(O)(r — )| }
max f d6
0

IA

tel

L)

NG
[(p()

¢
br 7 = limgs {F«o(t) n 1)}

IA

max {I‘I’Tn(t) - Y7l

IA

IA

QLy|lF — FI.

Thus, ||T(F,) — T(F)|| — 0 as n — oo; hence, T is continuous on E.

Step 2:
Under the mapping T, the image of any bounded set remains bounded.
We must show [T(F)| < r for any ¥ € X. Given ¥ € X, observe that

(t)-1
R R 7—'(9))619'

L(e(0)
[CLCHACHI ®-1
< %ol + max { T(¢(1)) f = dg}
[y - 0r1ag
< |Fol + IVF llﬁ,lgx{ L(e(1))

< [Fol + Kyl F IO
< |7:()| + I"Kl/,q)
ITFN < .

Consequently, the image T(E) forms a uniformly bounded subset of E.
Step 3:
We prove T is equicontinuous on X. Let#;,1, € I, #; < t,, and ¥ € E be arbitrary. Then,

IT(F (12)) = TF @)l = mf]lIX‘ f (t = )7~ W6, F(6))db
te 0

1

[(p(12))

f l(rl — 0¥, F(0))do
0

Y

AIMS Mathematics Volume 11, Issue 4, 12011-12042.
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_ 1 _ 1 " _ (t2)—1
‘“Tgﬂﬁrwm» rwm»lﬂ{@ o

e
_ _ (t1)-1 _ (t2)—1
O fn (1, — 0)F de}

tz‘/’(lz) _ 2(1—2 _ tl)w(tz) l-1</’(ll)
= W(F -
”()M T(1 + ¢(ty)) ra+¢m»}
1P — 2(ty — 1;)P®) 1)
= K,||F -
ol % T(1 + ¢(12)) ra+¢m»}
B {t2<ﬁ(f2) _ 2(t2 _ tl)w(tz) ~ tltﬁ(fl) }
T T T en)) T(1 + (1))

Therefore, as t; — t,,

IT(F (1)) = TF @Il — 0.

Thus, T is shown to be equicontinuous. All hypotheses of Schauder’s theorem are therefore met,
implying the existence of a fixed point for T in E. Hence, Problem (3.3) admits at least one solution.

4. Stability analysis

Stability analysis is one of the important features of the qualitative study of dynamical systems.
Establishing the stability of solutions of a system allows us to characterize the long-term behavior
of the solutions. More importantly, the qualitative dynamics of the system remain invariant under
bounded perturbations to initial states or parameters. Therefore, stability analysis is an essential part
of our work [23]. Let Problem (3.1) be written as follows:

DYF (1) = P(t, F (1)) + S (2). 4.1)

Let S (¢) be a continuous function satisfying S(#) < « for some constant @ > 0 and all ¢+ € I. The
solution to Problem (4.1) is then expressed as:

F Fe t(t_g)ﬂt)_]qle?e do + S )| deo
)= 0+£(W 6, F (6))do + ()) )

F Fo + Unliis 1‘I’ 0, F (0))do + —( o S(0) do
0= Tox f ['(e(0) 7O f L(e(1) (©)40.
In light of (3.3), we obtain

4 (t - g)w(t)—l
=3 — 5(0)do
FO=170s [ so

! (t - g)w(t)—l
T ——— 5@ do -
TM+JN e O %

9 e(r)-1

at‘p(t)
< -
=B Te@ + 1)
< ad.

I — TF | = max
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Theorem 3. Problem (3.1) is both UH and generalized UH stable under the condition:
oL, < 1.
Proof. Suppose F (¢) satisfies the inequality
lF —ITFI < «,
with #*(#) denoting the unique fixed point of T. Therefore,

IF = F*Il = IF - TF"
<||F = TFN+ITF - TF
< o+ OL|IF - F*.

Hence, we obtain

(1-@L,)IF -F*l <.

Therefore,
@
*
- <
IF —F7| < —oL,
<Ca,
where C = —-— > 0. Thus Problem (3.1) is UH stable.

1-OL
Consider ¢ (ci) = a, which is nondecreasing such that £(0) = 0. Therefore, the following is the

desired condition for the generalized UH stability of Problem (3.1).

IF = Il < Cl(a).

5. Numerical scheme, simulations, and discussion

Numerical schemes are essential because they convert complex, real-world problems governed
by differential equations into solvable computational steps. Providing a structured approach to
approximation and discretization, these schemes enable accurate simulations of phenomena that are
impossible to solve analytically. In our work, the fractional derivative is defined as

T (t—0)*0 d
0 df, 0<¢p@) <1,
D y(r) = % I(1 - (1)) db 5.0)

Consider the step size At = T/N, where t € 1. Therefore, we have
t,=nAt, n=0,1,...,N.
Further, define:

Nl,n ~ Nl(tn)’ Nl,n ~ NZ(tn)’ Pn ~ P(l’rl)’ ©On = (,0(1'”)
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Because for ¢, = 1, the fractional definition (5.1) in our work is reduced to the classical derivative,
we develop the scheme for 0 < ¢, < 1, applying Definition (5.1) at time ¢,. The first compartment of
System (2.2) implies

1 I o d Nin\  aoNi, Py
| - NB)dO = PN, [ 1 - ) - L
r(l—son)fo(t g™ ”VL( K) T+ bNo,

= YNip = poNiy + biNo .

Multiply both sides by I'(1 — ¢,):

In d Nl n
f (ta = 9)_”””d—9N1(9) dg =T - son)[rNLn (1 “x )
" (5.2)
GNP Ny = N + BN, | |
1+ bN,, YN1n = Ho/N1n N2
Approximate the derivative using differences:
d Ni 1 = Nij .
%Nl(e) ~ %, 0¢€ltjtjpl, j=0,...,n—1.
Consequently,
f d n-1 N, el — Nlj fisl
(t, — )" —N1(0)do ~ _— f (t, — )" do. (5.3)
fo deo’! ; At )
Computation of the preceding integral term is given as:
tj+1(t _ gy dg - (ty =)' 7" = (1, = 1j41)" %"
tj " 1 - ‘pn
Further, consider r = n — j. Thent, —t; = tArand 1, — t;,; = (t — DAz
Lj+1 At 1-¢p
(tn —0)""do = (1 _) p [TH"” —(r- 1)1_“’”] .
L n
Thus, (5.3) becomes
tn d © N — N
(t,— 0" —Ni(0)do ~ y ————L gl —(z — )l (5.4)
fo de’"’ jZ;J ol g | ]
Hence, (5.2) implies
n—1
Ni i — N1 Nin NP
Z 1,j+1 1,j [Tl—t,a,l —(r- 1)1—%] =N, |1 - Ln| ap/VN1,
al'(2 = ¢@n) ’ K 1+ 5Ny, (5.5)

J=0

—YNip— N1y + biNo .

AIMS Mathematics Volume 11, Issue 4, 12011-12042.
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Putting the value of 7 in (5.5), we have

—_

n—

> (N = N[ = 51 = = 1]

T
=

Nl,n) . aONl,npn (56)

= gpnr(2 - ‘pn)[er," (1 B K 1+ le,n

_le,ll_ﬂONl,n+blN2,n]a nz 1.

In light of (5.6), the final discretized scheme obtained for the System (2.2) is given as follows:

—_

n—

(Nojrt = N1 [ = ) = (= j = 1)!#]

Iy
(=]

J

Nl ,n) _ aONl ,npn

= nrz_ n n 1_
el € (’D)[FM’( K 1+ bN,

—YNin — uoN1, + blNz,n],

—_

n—

(sz Noj)l(n= o = (n = j = 1)'#]

~.
Il
(=]

5.7
= (pnr(z - (pn)[’)/Nl,n - alNZ,nPn
- ,UoNz,n - O'Nz,n - blNZ,n]a

(P =P)) 1= )" = (= j= D)™

—_

n—

~
I
(=]

ﬁlaONl,nPn
1+ bNLn

+ﬁ2a1N2,nPn _#1Pn:|’ n> 1.

=@l - )|

5.1. Numerical stability and convergence analysis

Following the approaches in [24-26], we analyze the stability and convergence properties of the
proposed numerical scheme (5.7). We first introduce the following lemma:

Lemma 2. Forany 0 < ¢, < 1 and n > 1, the coefficients
Wi=-Hr—m-j-D" j=0,1,...,n-1
satisfy the following properties:

° a);? >0forall j=0,1,...,n—-1;
® wy > w| > >w, | (strictly decreasing);

n—1
° E a)'; = nl_“’";
J=0

AIMS Mathematics Volume 11, Issue 4, 12011-12042.
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e ' =1foralln>1.

Proof. The positivity follows from the monotonicity of the function f(x) = x'™# (where x = n — j).
For 0 < ¢, < 1, the function x!~# is strictly increasing; hence, (n — j)!#" > (n— j—1)!"%", proving (i).
The decreasing nature of the sequence follows from the concavity of f(x). Property (iii) is obtained by
telescoping summation, and (iv) follows directly from the definition when j = n — 1. O

5.1.1. Stability analysis

We rewrite Scheme (5.7) in an equivalent form. For the first equation, we have:

N , el 2-¢)
Niw=Nig= Y (N = Nty el C o) g (5.8)
=0 “ “o

where R] denotes the right-hand side terms:

—YNip— poNiy + biNoy,.

Nis\  aNi P,
R’f:rNLn(l— 1’)—“0 .

K 1+ bN, Ln
Similar expressions hold for N, , and #, with corresponding right-hand side terms R and R.

Definition 1. The numerical scheme (5.7) is said to be stable in the sense of Lyapunov if there exists a
constant C > 0, independent of the step size At, such that for any two solutions U, = (N, Nou, Pr)
and U, = (N1.2s Noyw, Pn) corresponding to different initial conditions, the following estimate holds:

U, = Ul < CllUp = Goll, Vn>1.

Theorem 4. Assume that the VO function ¢(t) satisfies 0 < @min < @(f) < max < 1 forall t € 1 and
that the right-hand side functions are Lipschitz continuous with Lipschitz constant L > 0. Then, the
numerical scheme (5.7) is unconditionally stable.

Proof. Let U, and U, be two solutions of (5.7) with initial conditions Uy and U, respectively. Define
the error e, = U, — U, = (e}, €2, ¢)).

n>=n

From (5.8) and its analogs, we obtain for the first component:

n-2 w" .

1 1 1 1 Jt+
e, =ey— Z(ejH -e;) o
j 0

wy

Ri(U,) - RI(T,)).

Using Lemma 2, we have v} = n'™# — (n — 1)!"* > 0 and ', /wy < 1. Moreover, the Lipschitz
condition yields

[RI(U,) = R(U,)| < Llle,l,
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where |le,|| = |el| + |e2| + |e3|. Taking absolute values in (5.1.1),

j+1

lexl < leg] + Z<|e,+l| +lefh—=

%F(Z ©n)

0

Lje,|l.

Similar inequalities hold for |e2| and |¢3|. Summing these three inequalities and noting that wy =
(1 — ¢,)n™%, we obtain

n-2 W
j+1 3¢nr(2 - Qon)
leall < 3lleoll +3 ) llej.ill + llel) f; + = Llel.
=0 Wy )

For sufficiently small Az, we can ensure that 3¢,I'(2 — ¢,)L/wj < 1, leading to

n-2
j+1
leall < Cillegll + C2 ) llejoll + llejlh—2
Jj=0 W

where C; and C; are positive constants. Applying a discrete Gronwall-type inequality yields

lleall < Clleoll,  ¥Yn =1,

which completes the proof of unconditional stability. O

5.1.2. Convergence analysis

We now establish the convergence of the numerical scheme (5.7). Let N;(7), N>(¢), and P(¢) denote
the exact solutions of System (2.2), and let Ny ,, N>, P, be the numerical approximations at ¢ = #,,.

Definition 2. Define the global errors at time t, as:
= Nl(tn) - Nl,na Erzl = NZ(tn) - N2,n’ E; = p(tn) - Pn

Lemma 3. Assume the exact solutions Ni, N>, € C*[0,T). Then, the local truncation error of
scheme (5.7) satisfies:
Tl < Cr(Ar)>#m,

where T, = (T}, T2, T;) is the vector of local truncation errors, and C7 > 0 is a constant independent
of At.

Proof. The local truncation error for the first equation is obtained by substituting the exact solution
into the numerical scheme:

n—1
(Nl(tj+l) - Nl(l‘j))w

J=0

- (pnr(z - (pn)[er(tn) (1 -

Ni@)\  aoN\(t)P(t,)
K 1+ bN(t,)

— yNi(t,) — uoNi () + blNZ(tn)]-
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Using Taylor expansions around ¢; and the integral representation of the fractional derivative, we
obtain

T, = O((AD*#") < Cr(A .
Similar estimates hold for T2 and T3, establishing the lemma. m

Theorem 5. Under the assumptions of Lemma 3 and Theorem 4, the numerical scheme (5.7) converges
to the exact solution with order 2 — ¢n.x. Specifically, there exists a constant C > 0, independent of At,
such that:

max ||E,|| < C(Ar)* ™,

0<n<N
where E,, = (E!, E2, E).

Proof. The global error satisfies the following equation derived from subtracting the numerical scheme
from the exact equations:

S \ Ni(t) N
;E;l - Eho't = ¢, 12 - gon)[r (Nl(m (1 - ‘K ) ~ Nin (1 - I; ))

_a Nl(tn)P(tn) _ Nl,n?n
“\1T+oM()  1+D6Ny,

—YE! —oE} + byEX| + T

Similar equations hold for the second and third components. Using the Lipschitz continuity of the
nonlinear terms and the stability result from Theorem 4, we obtain:

IE,Jl < C > Iy foralln > 1.
k=1
Applying Lemma 3,

IE,|l < C Z Cr(AL? < CCrN(AHT 4 < C(Af)F #m!,

k=1

However, this preliminary estimate can be improved using a more refined analysis that accounts for
the summation properties of the coefficients w’. Following the approach in [26], we can show that

IE,|l < C(AD* ™,  VYn <N,
which establishes the desired convergence order. I

Corollary 1. The numerical scheme (5.7) is consistent, stable, and convergent. Moreover, the
convergence order is 2 — Qmax in the discrete L™ norm, that is

max (IN1(t0) = Nial + IN2(8) = Noyl + [P(t,) = Pul) = O((At)z“%’max) '
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5.2. Simulations and discussion

Numerical simulations of Model (2.2) are performed using the parameter values listed in Table 1.
All parameters remain fixed except y and ¢(#), which are systematically varied. The simulations use a
constant step size £ = 0.05 over a time 7 = 12 months.

Figure 2 demonstrates the population dynamics of N, N>, and P for a fixed y = 0.1 and various ¢(#)
values. The curves representing N, N,, and P change according to ¢(#) and then settle into a stable
equilibrium. Biologically, smaller values of ¢(#) imply more intense memory effects manifesting as
prolonged soil moisture deficits across seasons, delayed vegetation recovery, and cumulative nutritional
stress in prey populations.

10° X Halthy prey (A7) dynamics
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Figure 2. Visualization of N, N,, and % for fixed y = 0.1.

Table 2 shows the final state values of the populations N, N,, and P at time ¢ = 12, computed for
a fixed value of the parameter y = 0.1 across different fractional orders ¢(?).

Table 2. Population dynamics with varying fractional orders ¢(¢) at ¢ = 12 months.

@(1) N, final N, final % final
(1) = 0.91] sin(?)| 24,553 1139 4898
() = 0.81] sin(?)| 24,461 984 5639
() = 0.71] sin(?)| 24,333 844 6536
(1) = 0.61] sin(?)| 24,167 718 7631
(1) = 0.51] sin(?)| 23,390 605 8974

AIMS Mathematics

Volume 11, Issue 4, 12011-12042.



12027

Figure 3 presents the population dynamics of N, N>, and P for fixed drought parameter y = 0.2 and
varying fractional order ¢(¢). The drastic decline in healthy prey population from 24,533 for y = 0.1
to 2826 for y = 0.2 points toward a threshold beyond which drought stress dominates the reproductive
potential of the prey population. This corresponds to the ecological concept of a tipping point, beyond
which an ecosystem state shifts dramatically.
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(d)
Figure 3. Visualization of N, N,, and % for fixed y = 0.2.

Table 3 lists the final population values of Ni, N,, and # at t = 12 for a fixed drought parameter
v = 0.2 and different variable orders ¢(7).

Table 3. Population dynamics with varying fractional order ¢(¢) at = 12 months.

(1) N final N, final P final
() = 0.91] sin(?)| 2826 512 2529
() = 0.81] sin(?)| 2397 407 2694
() = 0.71] sin(z)| 1925 308 2862
(1) = 0.61]sin(t)| 1398 212 3026
() = 0.51]sin(?)| 794 117 3169

A comparison of population dynamics for N, N,, and % is provided in Figure 4 for y = 0.1.
The computed values for Ny, N>, and P at r = 12 are 24,048, 649, and 8403, respectively. Based
on the population levels obtained for N, N,, and P, it is evident that in this case, where memory is
incorporated in the system, the population of the prey N is high, and that of the alternative prey N, is
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low, whereas the predator population # is moderate. This suggests that even with VO memory effects,
the system stabilizes at a configuration where one prey species dominates, consistent with competitive
exclusion principles modulated by predator pressure.

4

«10 Population dynamics at ¢(t) = 0.55| sin(t)|
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Figure 4. Comparison of N, N, and P for fixed y = 0.1.

Figure 5 illustrates a comparison of the population dynamics for species N;, N,, and £ when
v = 0.2. We observe that the final populations for all three species are N = 1047, N, = 155, and
P = 3116 when t = 12. A sharp decline in the final populations for all three species is evident when
compared to the y = 0.1 case, in which the final populations for the three species are N; = 24048,
N, = 649, and P = 8403. This demonstrates the high sensitivity of all three species to drought

intensity.

Population dynamics at ¢(t) = 0.55| sin(t)|
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Figure 5. Comparison of Ny, N,, and P for fixed y = 0.2.

Three-dimensional phase portraits and projections of the system for y = 0.2 and various fractional
orders ¢(t) are shown in Figure 6. Overlapping trajectories imply that the qualitative nature of the
system is invariant for the chosen values of parameters, whereas quantitative changes are evident.
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Biologically, this suggests that the predator—prey dynamics are robust to changes in how strongly past
conditions influence the present. A stable ecosystem is maintained across all regimes.
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Figure 6. Phase portrait and side view of N, N; and # aty = 0.2.
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Figure 7. Visualization of Ny, N>, and P for fixed ¢(#) = 0.85|sinz|.

The population dynamics of N, N>, and P for a fixed VO ¢(r) = 0.85|sin¢| and varying vy are
shown in Figure 7. As y increases from 0.1 to 0.5, N| undergoes a catastrophic decline, plummeting
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from 21,369 to a mere 133. Conversely, the alternative prey N,, although also declining, becomes
the relatively more abundant prey species at higher drought levels (y > 0.3). This indicates a
possible reversal of competitive dominance under extreme resource limitation. Under more favorable
conditions, N,, being more drought-resistant, is outcompeted by N;. The predator # remains stable
but could be changing its diet from N;, which is now scarce, to NV,, which is more robust. This analysis
shows that vy, the drought parameter, is not merely a scaling factor but rather plays a significant role in
determining species interactions.

Numerical results for the populations N, N,, and £ at ¢t = 12 are given in Table 4. These values
are computed for the fractional order ¢(7) = 0.85|sin 7| across a range of drought parameters 7.

Table 4. Final population values with fixed ¢(¢) = 0.85 at ¢ = 12 months.

0% N, final N, final P final
0.10 21,369 8563 799
0.20 6643 5063 927
0.30 1621 3070 780
0.40 407 2119 658
0.50 133 1717 582
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Figure 8. Visualization of Ny, N>, and P for fixed ¢(#) = 0.75|sint|.

Figure 8 displays the population dynamics of N, N,, and P for a fixed fractional order ¢(r) =
0.75| sin ¢| and for various values of yv. A comparison with Figure 7 indicates that the dynamics are
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affected significantly by the fractional order ¢(#). There are two main biological differences. First, for
v = 0.1, the dominance of N is higher in the case of ¢(t) = 0.75|sint| (23,183 vs. 3759) compared
to ¢(¢) = 0.85|sint| (21,369 vs. 8563), showing that stronger memory makes a stronger impact on the
competitive advantage of N in the presence of abundant resources. Second, the onset of competitive
reversal is delayed in the case of stronger memory. For y = 0.3, N; and N, are comparable in the case
of (1) = 0.75|sint| (830 vs. 880), whereas in the case of ¢(¢) = 0.85|sint|, N, is dominant (1621 vs.
3070). Thus, stronger memory delays the onset of drought effects and makes N less susceptible to
drought. For y > 0.4, N declines to critically low levels regardless of memory strength.

Table 5 shows the final values of Ni, N,, and P at t = 12 for ¢(¢) = 0.75]| sin?| under different .
These results complement those in Table 4, illustrating the effect of reducing the fractional order.

Table 5. Final population values with fixed fractional order ¢(¢) = 0.75 at ¢t = 12 months.

0% N, final N, final P final
0.10 23,183 3759 1548
0.20 5745 2150 1354
0.30 830 880 955
0.40 104 416 747
0.50 13 303 643

Phase portraits illustrating the dynamics of Ny, N,, and # under fixed VO memory and varying
drought intensities are shown in Figures 9—14. Across all memory regimes, the geometry of the
trajectories remains consistent for a fixed ¢(f), suggesting that the qualitative ecological structure
is independent of drought intensity. Instead, only the quantitative scale, specifically population
sizes, contracts as drought intensifies. Consequently, the system exhibits structural resilience to
environmental changes.

3D Phase Portrait at o(f) = |sint(t)

12000

Figure 9. Phase portrait of Ny, N,, and P at ¢(t) = |sint|.
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3D Phase Portrait at o(t) = 0.95|sint(t)|
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Figure 10. Phase portrait of Ni, N;, and P at ¢(¢) = 0.95|sint|.
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Figure 11. Phase portrait of Nj, N;, and P at ¢(¢) = 0.85|sint|.

3D Phase Portrait at o(t) = 0.75|sint(t)|

Figure 12. Phase portrait of Ny, N,, and P at ¢(¢) = 0.75]|sint|.
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3D Phase Portrait at o(t) = 0.65|sint(t)|

12000

Figure 13. Phase portrait of Ni, N;, and P at ¢(¢) = 0.65|sint|.
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Figure 14. Phase portrait of Ni, N;, and P at ¢(¢) = 0.55|sint|.

5.3. Comparing variable and constant order dynamics

In integer-order models, stability at equilibrium points remains constant over time. However, in the
proposed VO model, as ¢(¢) varies between 0.5 and 1.0, local stability features change seasonally. This
is more realistic for ecological systems because populations often exhibit prolonged stable periods
interspersed with sudden fluctuations. In classical models, memory loss decays at a constant rate
across all time points; in contrast, in the proposed VO model, memory loss varies seasonally according
to ¢(¢). During dry seasons, more memory of past droughts is retained in the system, whereas during
wet seasons, memory loss occurs more rapidly. This provides a more realistic ecological system where
drought legacy effects vary seasonally. Furthermore, in the proposed VO model, the attractor evolves
gradually over time, whereas in classical models, the attractors are static. This offers a more realistic
representation of ecological systems, where slow regime shifts are more likely to occur in ecosystems
rather than a system making a jump to a new state of stability.

6. Neural network methodology and results
We develop a feedforward NN as a surrogate modelling framework for the VO predator—prey system
(2.2). The network serves two complementary purposes. First, it provides an independent validation

of the numerical scheme (5.7) by learning the underlying solution operator. Second, it enables rapid
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prediction of population dynamics for real-time ecological applications once trained.

Training data is generated by numerically simulating the VO system using the scheme (5.7) with
parameters in Table 1 and y = 0.17 over 240 time steps (At = 0.05). This yields a dataset of 240
samples, each consisting of five input features and three output targets.

At each time step t,, the five input features are as follows

e N(t,): current healthy prey population

e N, (t,): current weakened prey population
e P(t,): current predator population

e f,: current time

e ¢(t,) = |sin(t,)|: current fractional order

The corresponding three output targets are the populations at the next time step:

Yo = INi(tas1)s No(tarr), Pltar)]

All input and output data are normalized to the range [0, 1] to enhance training stability and
convergence.

The architecture of the implemented NN was 5-30-25-3. It has five neurons in the input layer
corresponding to the dimensions of the input features. It then has a first hidden layer of 30 neurons
with sigmoid activation, followed by a second hidden layer of 25 neurons also with sigmoid activation.
Finally, it has an output layer of three neurons with linear activation. The training algorithm used is
Levenberg—Marquardt. The dataset is divided into 70% training (168 samples), 15% validation (36
samples), and 15% testing (36 samples). The performance metric is mean squared error (MSE). The
training parameters are a maximum of 1000 epochs, a performance goal of 1 x 107, and a maximum
of 20 validation failures.

Convergence for the NN took place exceptionally in the 10th epoch. The final training MSE,
validation MSE, and test MSE for the model are 9.19x 1077, 9.32x 1077, and 6.70 x 1077, respectively.
Figure 15 presents the detailed training analysis of the 5-30-25-3 feedforward NN. In the left panel of
the figure, the performance history is presented. It is shown that the training of the three datasets is
finished within 10 epochs. Moreover, the convergence of the three data sets is very fast. In the middle
panel of the figure, the final values of the MSE for the three data sets are presented. It is shown that
the test data set results in the minimum value of the error. The dataset distribution on the right panel
illustrates the 70%—15%—-15% split strategy employed.
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Neural Network Analysis for ¢(t) = 1.00|sin(t)]
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Figure 15. Training performance metrics at ¢(t) = | sin(?)|.

We show a detailed visualization of the predictive performance of the NN in Figure 16. The first
column shows the close agreement of numerical solutions and NN prediction for Ny, N,, and . The
second column shows that the prediction errors remain consistently low throughout the simulation.
The third column shows that the error is distributed symmetrically significantly around zero.
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Figure 16. Temporal error, predictions error, and error distributions for Ny, N>, and P.

The NN’s performance remains consistent in various data splits in Figure 17. In the first column,
the plots of RMSE have shown that the level of error remains constant. Population N, has shown
the optimal result with a slight increase in population N,. In the second column, it can be seen that
accuracy is perfect because R* is shown. In the third column, the histograms show symmetric error
distributions near zero.
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Dataset-Specific Performance Analysis
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Figure 17. RMSE, R?, and error distributions for N;, N>, and P.

Figure 18 illustrates the regression analysis of the NN predictions and the truth values. The subplot
represents the prediction and actual values for the population values. Points on the diagonal indicate
perfect prediction. The clustering of all points on the diagonal for all populations in all datasets
indicates perfect prediction accuracy. The overall performance across all dataset partitions indicates
the overall generalization ability of the network and the absence of overfitting.
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Figure 18. Regression plots of NN predictions against true values of N, N,, and P.

The summary of the detailed error analysis of the NN predictions is shown in Figure 19. The left
panel of Figure 19 provides a comparison of all populations in terms of various error measures, which
indicates that V| has the lowest absolute errors, whereas N, has relatively larger absolute errors but
still retains high relative accuracy. The central panel of Figure 19 confirms that all populations have
perfect R* scores of 1, which signifies a perfect linear correlation between the prediction and actual
values. The right panel of Figure 19 represents a comparison of the distribution of the magnitude of
the error to the size of the population, which indicates that all predictions are accurate to a level of
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1% of the population magnitude. The performance across the different dataset splits is summarized in

Table 6.
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Figure 19. Summary of prediction errors for all three populations.
Table 6. Dataset-specific performance metrics.
Dataset Samples Avg RMSE Avg R? Purpose
Training 168 5.5819 1 Network training
Validation 36 4.9941 1 Hyperparameter tuning
Testing 36 4.9388 1 Unseen data evaluation

The NN presented a significant predictive accuracy for all three populations, as detailed in Table 7.

Table 7. Overall prediction performance metrics.

Metric M N, P
RMSE 19114 11.7640 2.5277
MAE 1.3395 8.9323 2.0011
MAPE (%) 0.0145 0.5863 0.5929
R2 Score 1 1 1

The combination of NNs and finite difference has several synergistic benefits, which cannot be

achieved by either of these tools alone:

e The numerical method provides numerical approximations, and it is difficult to validate these
approximations for VO systems of nonlinear equations because exact analytical solutions are
not obtainable. The NN model, by providing its own set of approximate solutions, validates our
numerical method. If both models provide similar results, then our numerical method is validated.

e Once the NN is trained, it takes only milliseconds to obtain approximate solutions for different
sets of parameters, whereas numerical methods take minutes. This enables rapid exploration of

parameter space and real time scenario analysis.
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e The numerical method may not only introduce numerical noise in the results, especially near sharp
transitions, but the NN model, by learning the underlying functional relationship, automatically
removes this noise from the results.

e In our numerical method, it is necessary to compute the convolution weights at every time
step because the VO function ¢(7) is involved. However, after training the NN model on these
computations, it automatically captures the order effects without having to recalculate historical
dependencies.

e Ensemble NNs can provide prediction intervals and uncertainty estimates, which are difficult to
obtain from deterministic finite difference methods alone.

This hybrid method combines the mathematical precision and interpretability of the finite difference
scheme with the computational efficiency, generality, and uncertainty quantification of NNs.

7. Scalability and robustness analysis

A detailed analysis of the scalability and robustness of our method is performed. Several factors
influence the scalability and practical application of our NN-enhanced method to real-world ecological
data.

7.1. Robustness to sparse data

Real-world ecological data sets often suffer from irregular and sparse sampling. We tested our
method by gradually reducing the amount of available data from 100% down to 5% of the original
241 time points and measured the prediction accuracy by using interpolation as a reference method.
As illustrated in Table 8, the prediction error gradually increases with decreasing data availability.
Although the average RMSE of all three populations at 50% (121 points), or half of the original time
points, is 23.1, which represents a slight increase in prediction error, the average RMSE remains at
102.8 even at 20% (48 points) data availability. However, at 10% (24 points) and lower, the prediction
error increases significantly, with RMSE values of 354.4 and 646.6 at 10% and 5% data availability,
respectively. These results imply that our method requires at least 20% of the total time points (48
points) in the time series for reliable prediction.

Table 8. RMSE under varying data availability.

Data available Samples N N, P Average
100% 241 0.0 0.0 0.0 0.0
50% 121 23 61.4 5.6 23.1
30% 72 8.7 95.2 6.8 36.9
20% 48 20.8 264.0 23.6 102.8
10% 24 32.6 1006.1 24.5 354.4
5% 12 83.7 1696.5 159.6 646.6

7.2. Robustness to measurement noise

We evaluated the resilience of the method to noise by adding Gaussian noise at levels ranging from
0% to 30% of the signal magnitude, followed by a simple moving average filter (window size 5) for
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denoising. Table 9 quantifies the denoising robustness. Average RMSE increases from 42.3 at 0%
noise to 146.2 at 5%, 264.0 at 10%, and 380.8 at 15%. Beyond 15%, error escalates rapidly, reaching
558.5 at 20% and 700.5 at 30% noise. The method remains effective up to 15% noise.

Table 9. Denoising performance across noise levels (RMSE).

Noise level Ni N> P Average
0% 6.5 117.3 3.2 42.3

5% 212.9 183.4 42.3 146.2
10% 407.4 296.5 88.1 264.0
15% 635.7 380.1 126.7 380.8
20% 916.3 591.9 167.3 558.5
30% 1265.4 584.1 252.1 700.5

7.3. Computational scalability

We assessed the computational requirements of both the proposed VO model and the NN enhanced
scheme across varying data sizes from 100 to 5000 points. Table 10 summarizes the computational
scaling. Simulation time remains efficient throughout, requiring only 0.0082 seconds for 5000 data
points. The NN prediction time, estimated at 0.05 ms per time step, demonstrates real-time capability
with 250 ms required for predicting all 5000 points. Memory requirements remain negligible at 0.24
MB for the largest dataset. These results confirm that the proposed scheme is highly scalable and
suitable.

Table 10. Computational scaling with data size.

Data points Simulation time (s) NN prediction (s) Total time (s) Memory (MB)

100 0.0079 0.0050 0.0129 0.00
500 0.0005 0.0250 0.0255 0.02
1000 0.0006 0.0500 0.0506 0.05
2000 0.0017 0.1000 0.1017 0.10
5000 0.0082 0.2500 0.2582 0.24

7.4. Neural network training requirements

A major factor in NN-based approaches is the amount of training data required. According to
established guidelines, given the architecture and the number of parameters, which is 1033 in our case,
a minimum of 5-10 times more data samples should be considered for efficient training of the model,
that is, 5165-10,330 data samples. In our case, our current dataset has 240 input—output pairs of data
from our 12-month simulation period with 0.05-month time steps. Our results demonstrate that the
network successfully captures the essential dynamics with this limited dataset.

8. Conclusions

In this research, a mathematical framework for analyzing drought-stressed predator—prey
interactions using VO fractional calculus has been established. The well-posedness and UH stability of
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the proposed mathematical model have been verified by theoretical analysis. A finite difference method
has been presented, coupled with the NN approach for numerical validation. This framework has
important ecological significance, as predator—prey interactions under drought stress have important
ecological implications. The determination of a critical drought stress level, near y = 0.3,
offers quantitative management strategies for drought-stressed ecosystems. The VO fractional-order
analysis shows that memory, represented by ¢(f), plays a significant role in ecosystem resilience,
as more memory leads to greater predator survival but longer recovery times. The VO analysis is
unique compared to classical models analysis, as it includes time-dependent adaptability of real-
world ecosystems under changing environmental conditions. The novelty of the research lies in
the integrated methodology for analyzing nonlinear predator—prey interactions. The proposed NN
scheme demonstrates exceptional accuracy for predicting nonlinear predator-prey interactions and has
validated the proposed numerical scheme. Despite these advantages, there are several limitations to
the proposed mathematical framework. The ecological model assumes spatial homogeneity and relies
on literature-based parameters, and the NN component requires sufficient training data for accurate
predictions. Future work should address these constraints. This study provides a mathematically
sound foundation for understanding drought-induced population shifts and offers practical tools for
ecological forecasting under climate change.
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