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Abstract: To address the narrow convergence basin and high sensitivity to initial guesses of the 

incremental harmonic balance method in the analysis of strongly nonlinear systems, this paper 

develops an enhanced approach that combines a trust region strategy with asymptotic expansion. In 

each incremental step, an artificial asymptotic parameter is introduced, and the nonlinear incremental 

equations are expanded into a series of linear recursive subproblems based on the Hessian matrix, 

enabling order-by-order decoupling of the response components. Furthermore, a trust region algorithm 

is employed as the inner solver to adaptively control the iteration step size, ensuring robustness and 

global convergence in solving each subproblem at each order. Numerical examples demonstrate that 

the proposed method preserves the accuracy of the traditional approach, while significantly widening 

the convergence basin, reducing dependence on initial guesses, and tracing the frequency response 

curve with fewer iterations and less computational time. The method, therefore, provides a semi-

analytical framework with robust convergence and high computational efficiency for periodic response 

analysis of strongly nonlinear systems. 

Keywords: incremental harmonic balance method; trust-region algorithm; asymptotic expansion; 

strongly nonlinear systems; Hessian matrix; periodic solutions 

Mathematics Subject Classification: 37M05, 37M15 

 

  



11949 
 

AIMS Mathematics  Volume 11, Issue 4, 11948–11976. 

1. Introduction 

Nonlinear dynamical phenomena are ubiquitous in a wide range of engineering systems, and 

accurate computation and stability analysis of their periodic responses are of substantial theoretical 

and practical importance [1‒3]. In traditional analytical methods such as the Lindstedt–Poincaré 

method [4,5], the method of multiple scales [6,7], and averaging [8,9], derivations are often 

cumbersome and are typically limited to weakly nonlinear systems. Purely numerical approaches, 

including the Runge–Kutta method [10,11], the finite element method [12,13], and the boundary 

element method [14], can handle strongly nonlinear problems; however, they are often inefficient for 

systematic parametric studies, tracking multiple solution branches, and computing unstable solutions, 

and are sensitive to initial conditions. To combine the insight of analytical methods with the generality 

of numerical methods, Lau and Cheung [15] proposed the incremental harmonic balance (IHB) method. 

This method is a semi-analytical and semi-numerical approach based on the Galerkin procedure and 

Newton–Raphson iterations. By incremental linearization and frequency-domain balancing, it can 

compute periodic responses of strongly nonlinear systems, and their stability can be analyzed via 

Floquet theory [16]. To date, the IHB method has been widely applied in vehicle engineering [17,18], 

civil engineering [19,20], aerospace engineering [21,22], and other fields. 

Despite its broad applicability, two intrinsic bottlenecks still constrain the performance of the IHB 

method in complex, strongly nonlinear systems. First, computational efficiency remains to be 

improved. In classical IHB, the system matrix must be fully reconstructed at each Newton iteration, 

which is costly for multi-degree-of-freedom problems or parameter sweeps. Considerable efforts have 

therefore been devoted to developing efficient algorithms: Lu et al. [23] optimized the Galerkin 

procedure using the fast Fourier transform (FFT); Zhu [24] and co-workers combined Broyden’s 

method with FFT to accelerate the computation of the residual and Jacobian; and Ju et al. [25] 

introduced tensor contraction techniques. For complex structures with large-scale degrees of freedom, 

Hui et al. [26] proposed a decoupling strategy in which IHB is applied only to the nonlinear 

components, significantly reducing the computational scale. Chen et al. [27,28] employed dimension 

reduction and FFT to accelerate Jacobian computation for high-dimensional sparse nonlinear systems 

and introduced automatic differentiation into the harmonic balance framework, thereby eliminating 

manual derivation and enabling the handling of arbitrary nonlinearities. Second, convergence 

robustness urgently needs enhancement. The convergence of IHB strongly depends on the initial guess. 

For strongly nonlinear, nonsmooth, or dynamically complex systems (e.g., self-excitation, hysteresis, 

internal resonance), the method may diverge or converge to nonphysical solutions. To address 

convergence issues, Chen and Liu [29] combined homotopy analysis with IHB to broaden the basin of 

convergence; Zheng et al. [30] introduced Tikhonov regularization to treat ill-conditioned equations; 

Li et al. [31] employed the Levenberg–Marquardt algorithm to enhance iterative stability. Dai et al. 

[32,33] proposed the reconstruction harmonic balance method, which solves the symbolic explosion 

problem of high-order harmonic balance. Subsequently, they combined RHB with recasting techniques 

and extended it to non-polynomial nonlinear systems and quasi-periodic response calculations. 

Notably, integrating optimization algorithms (e.g., backtracking line search [34] and trust-region 

methods [35]) with IHB to improve convergence robustness and leveraging higher-order tensor 

information (e.g., Hessians) [36] to improve iteration performance have become important research 

directions in recent years. 
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Existing improvements have demonstrated various advantages (e.g., high accuracy [27,28] and 

symbolic handling [32,33]; convergence stability [35]), while the proposed TRE-IHB method targets 

a different need: broadening the convergence basin and reducing sensitivity to initial guesses. To this 

end, this paper proposes an enhanced incremental harmonic balance method that integrates asymptotic 

expansion with a trust-region strategy (TRE-IHB). The main contributions are as follows: (1) a 

serialized decoupling framework that expands the nonlinear incremental equations into a sequence of 

linear subproblems using the Hessian matrix, yielding a smoother iteration path; (2) a trust-region 

dogleg solver with a jump–backtracking mechanism that ensures global convergence, reduces 

dependence on initial guesses, and helps escape local minima; and (3) systematic comparisons with 

traditional IHB and TR-IHB, demonstrating that TRE-IHB significantly broadens the convergence 

basin while maintaining accuracy and reducing computational cost. 

The remainder of this paper is organized as follows: Section 2 presents the proposed TRE-IHB 

method in detail, including the incremental–asymptotic expansion procedure, the harmonic balance 

formulation, and the integration with the trust-region dogleg solver. Section 3 describes the stability 

analysis of periodic solutions based on Floquet theory and the adaptive arc-length continuation strategy 

for tracing frequency–response curves. In Section 4, three representative strongly nonlinear systems 

are investigated to validate the accuracy, robustness, and efficiency of the proposed method. Finally, 

the paper concludes with a summary of key findings and an outlook on future work. 

2. Methodology for periodic responses 

Consider a general strongly nonlinear vibration system, whose equation of motion can be written 

as 

𝑴
𝑑2𝒒

𝑑𝑡2
+ 𝑪

𝑑𝒒

𝑑𝑡
+ 𝑲𝒒 + 𝑮(𝒒) = 𝑭 𝑐𝑜𝑠(𝑚𝜔𝑡), (1) 

where 𝒒 = [𝑞1, 𝑞2, . . . . . . 𝑞𝑛]
𝑇  is the system displacement vector; 𝑴, 𝑪  and 𝑲  are the mass, 

damping, and linear stiffness matrices of the system, respectively; 𝐆(𝒒) is the nonlinear force vector; 

𝑭 is the excitation vector; 𝑚 is the harmonic order of excitation; and 𝜔 is the excitation frequency. 

Introduce the time-scale transformation t = . Equation (1) can be rewritten as 

𝜔2𝑴
𝑑2𝒒

𝑑𝜏2
+ 𝜔𝑪

𝑑𝒒

𝑑𝜏
+ 𝑲𝒒 + 𝑮(𝒒) = 𝑭 𝑐𝑜𝑠(𝑚𝜏), (2) 

where 𝒒(𝜏) = 𝒒(𝑡), and the periodicity condition 𝒒(𝜏 + 2𝜋) = 𝒒(𝜏) holds. 

2.1. Incremental–asymptotic expansion procedure 

The first step of TRE-IHB is the incremental-asymptotic expansion procedure. Let 𝒒0 and 𝜔0 

denote the initial solution of Eq (2). Its neighborhood can be expressed in the incremental form as 

𝒒 = 𝒒0 + 𝛥𝑞, 𝜔 = 𝜔0 + 𝛥𝜔. (3) 

By jointly considering Eqs (2) and (3) and performing a Taylor expansion at (𝑞0,  𝜔0) while 

retaining terms up to second order, the quadratic nonlinear incremental equation in matrix form is 

obtained: 
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𝜔0
2𝑴

𝑑2𝛥𝒒

𝑑𝜏2
+ 𝑪𝜔0

𝑑𝛥𝒒

𝑑𝜏
+ (𝑲 + 𝑲nonlinear)𝛥𝒒 + (2𝜔0𝑴

𝑑2𝒒0
𝑑𝜏2

+ 𝐶
𝑑𝑞0
𝑑𝜏
)𝛥𝜔

⏟                                                
Linear part

 

+((𝑰𝑛⊗𝛥𝒒T)𝒉mc𝛥𝒒 + 𝛥𝜔
2𝑴

𝑑2𝒒0
𝑑𝜏2

+ 2𝛥𝜔𝜔0𝑴
𝑑2𝛥𝒒

𝑑𝜏2
+ 𝛥𝜔𝑪

𝑑𝛥𝒒

𝑑𝜏
)

⏟                                            
Quadratic nonlinear part

+ 𝒓 = 𝟎, 

(4)  

𝒓 = (𝜔0
2𝑴

𝑑2𝒒0
𝑑𝜏2

+ 𝑪𝜔0
𝑑𝒒0
𝑑𝜏

+ 𝑲𝒒0 − 𝑮(𝒒0)) − 𝑭 𝑐𝑜𝑠(𝑚𝜏). (5)  

In the above equations, 𝒓  is the unbalanced force of the system; 𝑲nonlinear  is the nonlinear 

stiffness matrix; and 𝒉mc is the Hessian matrix formed by stacking the Hessian submatrices of each 

equation, which can be written as: 

𝒉𝑚𝑐 =
1

2
[
𝜕2𝐺1
𝜕𝒒𝜕𝒒𝑇

;
𝜕2𝐺2
𝜕𝒒𝜕𝒒𝑇

;⋯ ;
𝜕2𝐺𝑖
𝜕𝒒𝜕𝒒𝑇

;⋯ ;
𝜕2𝐺𝑛
𝜕𝒒𝜕𝒒𝑇

] , 𝑲nonlinear =
𝜕𝑮

𝜕𝒒
. (6)  

Introducing an artificial asymptotic parameter 𝜀 allows Eq (4) to be expanded into a power series 

in 𝜀 , thereby decomposing the nonlinear problem into a sequence of linear subproblems that 

progressively approach the true solution and improve the convergence stability of the method. 

Equation (4) is thus rewritten as: 

𝜔0
2𝑴

𝑑2𝛥𝒒

𝑑𝜏2
+ 𝑪𝜔0

𝑑𝛥𝒒

𝑑𝜏
+ (𝑲 + 𝑲nonlinear)𝛥𝒒 + (2𝜔0𝑴

𝑑2𝒒0
𝑑𝜏2

+ 𝑪
𝑑𝒒0
𝑑𝜏
)𝛥𝜔

⏟                                                
Linear part

 

+𝜀 ((𝐈𝑛⊗𝛥𝒒T)𝒉mc𝛥𝒒 + 𝛥𝜔
2𝑴

𝑑2𝒒0
𝑑𝜏2

+ 2𝛥𝜔𝜔0𝑴
𝑑2𝛥𝒒

𝑑𝜏2
+ 𝛥𝜔𝑪

𝑑𝛥𝒒

𝑑𝜏
)

⏟                                            
Quadratic nonlinear part

+ 𝒓 = 𝟎. 

(7)  

Expanding the incremental frequency 𝛥𝜔 and incremental displacement 𝛥𝒒 into power series 

in the asymptotic parameter 𝜀, 𝛥𝒒 and 𝛥𝜔 can be written as: 

𝛥𝒒(𝜏, 𝜀) = ∑𝜀𝑘𝒚𝑘

𝑀

𝑘=0

, 𝛥𝜔(𝜀) = ∑𝜀𝑘𝛥𝜔𝑘

𝑀

𝑘=0

, (8)  

where 𝑀 is the expansion order. Collecting coefficients of like powers of 𝜀 yields a sequence of 

equations: 

𝜀0: 𝜔0
2𝑴

𝑑2𝒚0

𝑑𝜏2
+ 𝑪𝜔0

𝑑𝒚0

𝑑𝜏
+ (𝑲 + 𝑲nonlinear)𝒚0 + (2𝜔0𝑴

𝑑2𝒒0

𝑑𝜏2
+ 𝑪

𝑑𝒒0

𝑑𝜏
)𝛥𝜔0 = −𝒓,

    

  

𝜀1: 𝜔0
2𝑴

𝑑2𝒚1

𝑑𝜏2
+ 𝑪𝜔0

𝑑𝒚1

𝑑𝜏
+ (𝑲 +𝑲nonlinear)𝒚1 + (2𝜔0𝑴

𝑑2𝒒0

𝑑𝜏2
+ 𝑪

𝑑𝒒0

𝑑𝜏
)𝛥𝜔1 

(9) 
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+((𝐈𝑛⊗𝒚0
T)𝒉mc𝒚0 + 𝛥𝜔0

2𝑴
𝑑2𝒒0
𝑑𝜏2

+ 2𝜔0𝛥𝜔0𝑴
𝑑2𝒚0
𝑑𝜏2

+ 𝛥𝜔0𝑪
𝑑𝒚0
𝑑𝜏
) = 0, (10)  

            

 

𝜀𝑘: 𝜔0
2𝑴

𝑑2𝒚𝑘
𝑑𝜏2

+ 𝑪𝜔0
𝑑𝒚𝑘
𝑑𝜏

+ (𝑲 +𝑲nonlinear)𝒚𝑘 + (2𝜔0𝑴
𝑑2𝒒0
𝑑𝜏2

+ 𝑪
𝑑𝒒0
𝑑𝜏
)𝛥𝜔𝑘 

+∑((𝐈𝑛⊗𝒚𝑖
T)𝒉mc𝒚𝑘−1−𝑖 + 𝛥𝜔𝑖𝛥𝜔𝑘−1−𝑖𝑴

𝑑2𝒒0
𝑑𝜏2

                 

𝑘−1

𝑖=0

+ 2𝜔0𝛥𝜔𝑖𝑴
𝑑2𝒚𝑘−1−𝑖
𝑑𝜏2

𝛥𝜔𝑖𝑪
𝑑𝒚𝑘−1−𝑖
𝑑𝜏

) = 0. 

(11)  

By solving the above sequence of linear matrix equations, the total increment is obtained by 

superposition of the incremental solutions at each order, i.e., 

𝛥𝒒(𝜏, 𝜀) = ∑𝒚𝑘

𝑀

𝑘=0

, 𝛥𝜔(𝜀) = ∑𝛥𝜔𝑘.

𝑀

𝑘=0

 (12)  

2.2. Harmonic balance procedure 

The second stage of TRE-IHB is the harmonic balance procedure. After completing the 

asymptotic expansion, harmonic balance is applied to each linear sequence subproblem to transform 

the time-domain equations into frequency-domain algebraic equations. In the incremental harmonic 

balance method, harmonic balance is implemented through the basis-function matrix 𝑺 . Let the 

harmonic truncation number be 𝑁𝑠; the basis-function matrix is: 

𝑺 = 𝑑𝑖𝑎𝑔(𝑪𝑆, 𝑪𝑆, . . . . . . 𝑪𝑆), (13)  

where 

𝑪𝑆 = [1, cos 𝜏 , sin 𝜏 , cos 2𝜏 , sin 2𝜏 , cos 3𝜏 , sin 3𝜏 , . . . . . , cos(𝑁𝑠𝜏), sin(𝑁𝑠𝜏)]. 

Since the periodic solution is composed of different harmonic components, the periodic initial 

solution and the increment 𝒚𝑘 of the 𝑘-th linear matrix equation can be written as 

𝒒0 = 𝑆𝑨0, 𝒚𝑘 = 𝑺𝛥𝑨𝑘 , (14)  

where 

𝑨0 = [𝑎10, 𝑎11, 𝑏11, . . . . . . , 𝑎1𝑁𝑠 , 𝑏1𝑁𝑠 , 𝑎20, . . . . . . , 𝑏𝑛𝑁𝑠]
𝑇
, 

𝜟𝑨𝑘 = [𝛥𝑎10
(𝑘), 𝛥𝑎11

(𝑘), 𝛥𝑏11
(𝑘). . . . . . , 𝛥𝑎1𝑁𝑠

(𝑘) , 𝛥𝑏1𝑁𝑠
(𝑘) , 𝛥𝑎20

(𝑘), . . . . . . , 𝛥𝑏𝑛𝑁𝑠
(𝑘) ]

𝑇
. 
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Substituting Eqs (13) and (14) into the sequence of linear equations and applying the Galerkin 

method yields the frequency-domain equation of the 𝑘-th linear matrix equation: 

𝑲mc𝛥𝑨𝑘 + 𝑹mc𝛥𝜔𝑘 + 𝑹𝑘 = 𝟎, (15)  

where 

𝑹0 = ∫ 𝑺T ⋅ (𝜔0
2𝑴

𝑑2𝑞0
𝑑𝜏2

− 𝑪𝜔0
𝑑𝒒0
𝑑𝜏

− 𝑲𝒒0 − 𝑮(𝒒0) − 𝑭 𝑐𝑜𝑠(𝑚𝜏))
2𝜋

0

𝑑𝜏, 

𝑲mc = ∫ 𝑺T ⋅ (𝜔0
2𝑴

𝑑2𝑺

𝑑𝜏2
+ 𝑪𝜔0

𝑑𝑺

𝑑𝜏
+ (𝑲 + 𝑲nonlinear)𝑺)

2𝜋

0

𝑑𝜏, 

𝑹mc = ∫ 𝑺T
2𝜋

0

⋅ (2𝜔0𝑴
𝑑2𝒒0
𝑑𝜏2

+ 𝑪
𝑑𝒒0
𝑑𝜏
)𝑑𝜏,𝑴mc = ∫ 𝑺T

2𝜋

0

𝑴
𝑑2𝒒0
𝑑𝜏2

𝑑𝜏, 

𝑯mc
(𝑖) = ∫ 𝑪𝑆

T
2𝜋

0

⊗𝒉mc
(𝑖) 𝑺𝑑𝜏,𝑯mc = [𝑯mc

(1); 𝑯mc
(2); 𝑯mc

(3);⋯ ;𝑯mc
(𝑖) ;⋯ ;𝑯mc

(𝑛)], 

𝑅𝑘 =∑(𝐈2𝑁𝑠+1⊗𝛥𝑨𝑖
T)𝑯mc𝛥𝑨𝑘−1−𝑖 +∑𝛥𝜔𝑖𝑴mc𝛥𝜔𝑘−1−𝑖

𝑘−1

𝑖=0

+∑𝛥𝜔𝑖𝑹mc𝛥𝑨𝑘−1−𝑖 .

𝑘−1

𝑖=0

𝑘−1

𝑖=0

 

In the above equations, 𝑹0 is the error matrix, 𝑲mc is the tangent matrix, 𝑹mc is the frequency 

matrix, 𝑴mc is the mass–displacement matrix, 𝑯mc is the Hessian matrix, and 𝑹𝑘 is the sequence 

error matrix. In a single iteration step, during the recursion, the above matrices are constant matrices. 

In each sequence of linear equations, the number of unknowns is one more than the number of 

equations; therefore, the sequence of matrix equations constitutes an underdetermined system. When 

solving a nonlinear system with a known external excitation frequency, the parameter 𝜔  remains 

unchanged, 𝑹mc = 0, and the 𝑘-th sequence matrix equation can be simplified as: 

𝑲mc𝛥𝑨𝑘 + 𝑹𝑘 = 𝟎, (16)  

where 𝛥𝑨𝑘 can be obtained from 𝛥𝑨𝑘 = −𝑲mc
−1𝑹𝑘, and then 𝑨 = 𝑨 + ∑ 𝛥𝑨𝑘

𝑘
𝑖=0 = 𝑨 + 𝛥𝑨 is used 

to update 𝑨 until the convergence criterion ∥ 𝑹0 ∥≤ 10
−10 is satisfied.  

2.3. Coupling with the trust-region dogleg method 

The solution of the 𝑘-th sequence subproblem (16) is formulated as a nonlinear least-squares 

problem: 

arcmin 𝑓 (𝐴) =
1

2
∥ 𝑹 + 𝑹𝑘 − 𝑹0 ∥

2. (17)  

When 𝑘 = 0, 𝑹𝑘 = 𝑹0. At the iterate 𝑨0, the Gauss–Newton local model is constructed as 

𝑚(𝛥𝑨𝑘_candidate) =
1

2
∥ 𝑹𝑘 +𝑲mc𝛥𝑨𝑘candidate ∥

2. (18)  
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In the solution process of the Gauss–Newton local model, △𝑨𝑘_candidate is constrained within 

the trust region, whose radius is 𝛥𝑘. The trust-region dogleg method constructs the search path by 

combining the steepest-descent direction (Cauchy point) and the Gauss–Newton direction. The trust-

region gradient direction 𝒈𝑘, the Cauchy point 𝑺C
𝑘, and the Gauss–Newton point 𝑆GN

𝑘  are given by 

𝒈𝑘 ≜ ∇𝑓(𝑨) = ∇(
1

2
‖𝑹 + 𝑹𝑘 − 𝑹0‖

2) = 𝑲mc
T 𝑹𝑘 , (19)  

𝑺C
𝑘 = −‖𝒈𝑘‖

2 ((𝑲mc
𝑇 𝒈𝑘)

T𝑲mc𝒈𝑘)⁄ 𝒈𝑘 , (20)  

𝑺GN
𝑘 = −(𝑲mc

𝑇 𝒈𝑘)
−1𝑲mc

𝑇 𝑹𝑘 . (21)  

According to the trust-region algorithm [37], when ‖𝑺GN
𝑘 ‖ ≤ 𝛥𝑘, 𝛥𝑨𝑘_candidate = 𝑺GN

𝑘 ; when 

‖𝑺C
𝑘‖ ≥ 𝛥𝑘 , 𝛥𝑨𝑘_candidate = (𝛥𝑘 ‖𝑆C

𝑘‖⁄ )𝑺C
𝑘 ; when ‖𝑺C

𝑘‖ < 𝛥𝑘 < ‖𝑺GN
𝑘 ‖ , 𝛥𝑨𝑘_candidate  is selected 

on the dogleg path (the line segment connecting 𝑺𝐶
𝑘   and 𝑺𝐺𝑁

𝑘  ) at the point satisfying 

‖𝛥𝑨𝑘_candidate‖ = 𝛥𝑘. 

Using Eqs (17) and (18), two measures are introduced, and the ratio of the actual reduction to the 

predicted reduction is computed as follows: 

𝜌𝑘 = (𝑓(𝑨) − 𝑓(𝑨 + 𝛥𝑨𝑘_candidate)) (𝑚(0) − 𝑚(𝛥𝑨𝑘_candidate)) .⁄  (22)  

To ensure the effectiveness of the asymptotic expansion procedure, after each subproblem at a 

given order is solved, the error matrix 𝑅 should decrease, i.e., 

tol𝑘 = ‖𝑹(𝑨 +∑𝜟𝑨𝑘−1

𝑘−1

𝑖=0

)‖ − ‖𝑹(𝑨 +∑𝜟𝑨𝑘−1

𝑘−1

𝒊=𝟎

+ 𝜟𝑨𝑘candidate)‖. (23)  

It should be noted that, according to the principle of asymptotic expansion, when 

‖𝛥𝑨𝑘_candidate‖ ‖𝛥𝑨𝑘−1‖⁄ > 1, TRE-IHB may become unstable and diverge. Therefore, in the 𝑘-th 

trust-region algorithm, the trust-region radius should be the minimum of the trust-region radius 𝛥𝑘 in 

the 𝑘 -th linear matrix equation and ‖𝛥𝑨𝑘−1‖ . In addition, when ‖𝛥𝑨𝑘‖ < 0.01‖𝛥𝑨0‖ , the 

increment 𝛥𝑨𝑘 can be regarded as negligible; at this point, the asymptotic expansion sequence is 

truncated, the expansion order M  in Eq (8) is determined, and the procedure proceeds to the next 

loop. The specific algorithm is given in Algorithm 1. 
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Algorithm 1. Trust-region dogleg algorithm for the 𝑘-th sequence subproblem. 

Date: 𝜌𝑘, 𝛥𝑘, tol𝑘 , 𝛥𝑨𝑘_candidate 

Result: 𝛥𝑘+1, 𝛥𝑨𝑘 

1 if 𝜌𝑘 > 0.75 &&tol𝑘 > 0 

2        𝛥𝑨𝑘 = 𝛥𝑨𝑘_candidate, 𝛥𝑘+1 = min(2𝛥𝑘, ∥ 𝛥𝑨𝑘 ∥); break; 

3 else if 0.5 ≤ 𝜌𝑘 ≤ 0.75&&tol𝑘 > 0 

4        𝛥𝑨𝑘 = 𝛥𝑨𝑘_candidate, 𝛥𝑘+1 = min(𝛥𝑘, ∥ 𝛥𝑨𝑘 ∥); break; 

5 else if 0.1 < 𝜌𝑘 < 0.5&&tol𝑘 > 0 

6        𝛥𝑨𝑘 = 𝛥𝑨𝑘_candidate, 𝛥𝑘+1 = min(0.5𝛥𝑘, ∥ 𝛥𝑨𝑘 ∥); break; 

7 else 

8        𝛥𝑘 = max(0.5𝛥𝑘, 𝛥min); continue; 

9 end 

10 if ‖𝛥𝑨𝑘‖ < 0.01‖𝛥𝑨0‖ 

11    𝛥𝑨𝑘 = 𝟎; break; 

12 end 

To further enhance the capability of escaping local plateaus, a stagnation detection mechanism 

and a jump–backtracking step strategy are introduced. The stagnation indicator 𝛾𝑓 is defined as the 

relative decrease of the objective function over consecutive iterations: 

𝛾𝑓 = (∥ 𝑹0
(𝑛+1) ∥ −∥ 𝑹0

(𝑛) ∥) ∥ 𝑹0
𝑛 ∥⁄ . (24)  

When 𝛾𝑓 > 10
−4 , the iterate 𝑨  and the trust-region radius 𝛥0

(𝑛+1)
  are updated. When 𝛾𝑓 ≤

10−4, the system is considered to be stalled. Depending on the parity of the adjustment count, a jump 

step (expanding the step size along the gradient direction while shrinking the trust-region radius) or a 

backtracking step (returning to the most recent better iterate while shrinking the trust-region radius) is 

alternately executed. The specific algorithm is given in algorithm 2. 

The above trust-region solver is embedded into the solution loop of each asymptotic subproblem 

at every order, which ensures the numerical stability and convergence of the solution for each 

subproblem. 
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Algorithm 2. Jump–backtracking strategy in the trust-region algorithm 

Date:𝛾𝑓 , 𝒈𝑘 , 𝑨0, 𝑛1, 𝛥0
(𝑛), 𝜌0

(𝑛), 𝑨𝑛 

Result: 𝑨𝑛+1, 𝛥0
(𝑛+1), 𝛥max 

1 if ∥ 𝛾𝑓 ∥> 10
−4 

2   𝑨𝑛+1 = 𝑨𝑛 + ∑ 𝛥𝑨𝑘𝑘=0  

3    If 𝜌0
(𝑛) > 0.75 

4      𝛥0
(𝑛+1) = min(2𝛥0

(𝑛), 𝛥max) 

5    else if 0.5 ≤ 𝜌0
(𝑛) ≤ 0.75 

6       𝛥0
(𝑛+1) = 𝛥0

(𝑛)
 

7    else if 0.1 < 𝜌0
(𝑛) < 0.5 

8       𝛥0
(𝑛+1) = 0.5𝛥0

(𝑛)
 

9    end 

10 else if mod(𝑛1, 2) = 0 

11     𝑨𝑛+1 = 𝑨𝑛 −
𝒈𝑘

∥𝒈𝑘∥
(𝑛1 + 1); 𝛥0

(𝑛+1) =
∥𝑨𝑛+1∥

(𝑛1+1)
；∆max= 10∆0

(𝑛1+1); 𝑛1 = 𝑛1 + 1; 

12 else if mod(𝑛1, 2) = 1 

13     𝑨𝑛+1 = 𝑨0;  𝛥0
(𝑛+1) =

∥𝑨0∥

(𝑛1+1)
;  ∆max= 10∆0

(𝑛1+1); 𝑛1 = 𝑛1 + 1; 

14 end 

The three mechanisms above make TRE-IHB less sensitive to initial guesses. First, asymptotic 

expansion decomposes the nonlinear problem into a series of linear subproblems, correcting errors 

step by step and avoiding large jumps. Second, the trust-region solver adaptively limits the step size, 

ensuring convergence even when the initial guess is poor. Third, the jump–backtracking mechanism 

helps the algorithm escape stagnation caused by bad initial guesses. Together, these features 

significantly widen the convergence basin and stabilize the iteration process compared with traditional 

IHB. 

3. Stability analysis of periodic solutions and arc-length continuation 

After obtaining the periodic response of the system, its stability needs to be further analyzed, and 

the branches of the solution curve under parameter variations should be tracked. This section first 

establishes a stability criterion for periodic solutions based on Floquet theory, and then introduces an 
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adaptive arc-length continuation algorithm within a predictor-corrector framework for complete 

tracking of the response curve. 

3.1. Stability of periodic responses 

After a periodic solution is obtained, its stability can be analyzed by applying a small perturbation 

𝛥𝒒. The perturbation equation can be written as: 

𝜔0
2𝑴

𝑑2𝛥𝒒

𝑑𝜏2
+𝜔0𝑪

𝑑𝛥𝒒

𝑑𝜏
+ (𝑲 + 𝑲nonlinear)𝛥𝒒 = 0. (25)  

Equation (25) is rewritten in the first-order state-space form: 

𝑑𝑿

𝑑𝜏
= 𝑸(𝜏)𝑿, (26)  

where 

𝑿 = [𝛥𝒒
𝑑𝛥𝑞

𝑑𝜏
]
T

, 𝑸 = [
0 𝑰

−
𝑴−1(𝑲 + 3𝑲nonlinear)

𝜔2
−
𝑴−1𝐶

𝜔

]. 

𝑸 is a periodic matrix with period 𝑇. For Eq (25), there exists a fundamental solution: 

𝑧𝑘 = [𝑧1𝑘 𝑧2𝑘 . . . . . . 𝑧𝑁𝑘]T, 𝑘 = 1,2, . . . . . . , 𝑁, (27)  

where 𝑁 = 2𝑛. The fundamental solutions can be written in matrix form as: 

𝑍 = [

𝑧11 𝑧12 … 𝑧1𝑁
𝑧21 𝑧22 … 𝑧2𝑁
⋮ ⋮ ⋮
𝑧𝑁1 𝑧𝑁2 … 𝑧𝑁𝑁

]. (28)  

Clearly, 𝒁 satisfies the matrix equation 

𝑑𝒁

𝑑𝜏
= 𝑸(𝜏)𝒁. (29)  

Since 𝑸(𝜏) = 𝑸(𝜏 + 𝑇) , 𝒁(𝜏 + 𝑇)  is also a fundamental matrix solution and can thus be 

expressed as: 

𝒁(𝜏 + 𝑇) = 𝑷𝒁(𝜏), (30)  

where 𝑷 is a nonsingular constant matrix. According to Floquet theory [16], the stability criterion 

depends on the eigenvalues of 𝑷. If the absolute values of all eigenvalues of 𝑷 are less than 1, the 

solution is asymptotically stable; otherwise, the motion is unstable. For further discussion, the period 

𝑇 is divided into 𝑁𝑘 parts. In the 𝑘-th time interval with 𝛥𝑘 = 𝜏𝑘 − 𝜏𝑘−1, the periodic coefficient 

matrix 𝑸(𝜏) is replaced by a constant matrix 𝑸𝑘: 

𝑸𝑘 =
1

𝛥𝑘
∫ 𝑄(𝜉)
𝜏𝑘

𝜏𝑘−1

𝑑𝜉. (31)  
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Finally, the transfer matrix 𝑷 is expressed as 

𝑷 = 𝑍(𝑇) =∏[𝐼 +∑
(𝛥𝑖𝑄𝑖)

𝑗

𝑗!

𝑁𝑗

𝑗=1

] .

𝑁𝑘

𝑖=1

 (32)  

In this paper, the above stability analysis is automatically executed after each periodic solution is 

obtained. In the figures, solid lines (stable) and dashed lines (unstable) are used for distinction. 

3.2. Arc-length continuation 

To overcome tracking failure of the frequency response curve at turning points or branch points 

due to Jacobian singularity, an adaptive arc-length continuation method is adopted to obtain the system 

response curve. This method treats the curve arc length itself as the continuation parameter and 

achieves robust advancement of the solution through a predictor–corrector framework. 

Define the solution vector 𝒙 = [𝜔, 𝑨]T. The distance between two adjacent solution points is the 

local arc length 𝑆𝑖 = ‖𝒙𝑖 − 𝒙𝑖−1‖, and the accumulated arc length is 𝒕𝑖 = ∑ 𝑆𝑘
𝑖
𝑘=1 . If the arc-length 

increment at the current point is 𝛥𝑆𝑖, then the accumulated arc length of the next target point is 𝑡𝑖+1 =

𝑡𝑖 + 𝛥𝑆𝑖 . Using the latest four consecutive solution points 𝑥𝑖−3,  𝑥𝑖−2,  𝑥𝑖−1, 𝑥𝑖  and their 

corresponding accumulated arc lengths, the initial predictor for the next iteration can be extrapolated 

by cubic Lagrange interpolation [38]: 

1

1

3 3

.
ii

i p

i r

r l p i r p
r p

t t

t t

+

+

= − = −


 
− =

 − 
 

 x x  (33)  

Adaptive control of the arc-length step size is crucial to the efficiency and stability of the 

algorithm. In this paper, the step size is dynamically adjusted according to the convergence behavior 

of the previous corrected point: 

∆𝑆𝑖 = 3∆𝑆𝑖−1 𝑛⁄ . (34)  

Where 𝑛 is the number of iterations required for the TRE-IIHB method to reach convergence at 

solution point 𝑥𝑖. This strategy allows a larger step size in regions where the response curve is smooth 

to improve efficiency, while automatically shrinking the step size in regions with large curvature or 

strong nonlinearity to ensure numerical stability. To avoid singularity during the correction process, 

the dominant iterative variable should be selected according to the offset direction of the predicted 

point: 

𝑘𝑥 = max
𝑗
(𝑥𝑖+1,𝑗 − 𝑥𝑖,𝑗). (35)  

If 𝑘𝑥 = 1, the change in the frequency direction dominates; thus, 𝜔 is fixed in this step, and only 

𝛥𝑨 is iterated. If 𝑘𝑥 > 1, the corresponding component in 𝑨 is fixed, and 𝜔 is taken as the iterative 

variable. Accordingly, the system Jacobian matrix 𝑲mc, the displacement increment matrix 𝛥𝑨𝑘, and 

the frequency increment 𝛥𝜔𝑘 are adjusted as: 
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𝑲mc = [𝑲mc(: ,1: 𝑘𝑥 − 1) 𝑹mc 𝑲mc(: , 𝑘𝑥 + 1: 𝑒𝑛𝑑)], 

𝛥𝑨𝑘 = [𝛥𝑨𝑘(: ,1: 𝑘𝑥 − 1) 0 𝛥𝑨𝑘(: , 𝑘𝑥 + 1: 𝑒𝑛𝑑)], 

𝛥𝜔𝑘 = 𝛥𝑨𝑘(: , 𝑘𝑥). 

 

(36)  

The proposed method couples the above arc-length continuation mechanism with the TRE-IIHB 

solver. The complete computational procedure is shown in Figure 1. The flow mainly consists of two 

stages: Stage 1 computes the first four points on the response curve, providing the data basis for cubic 

interpolation prediction, and Stage 2 performs prediction–correction in a loop under adaptive arc-

length control, thereby achieving complete and robust tracking of the system frequency response curve. 

The proposed method couples the above arc-length continuation mechanism with the TRE-IHB solver. 

In this framework, the effectiveness of the predictor relies on cubic Lagrange interpolation. Compared 

with linear or quadratic schemes, cubic interpolation captures the local curvature of the solution branch 

more accurately. With a properly chosen arc-length step iS , the local truncation error is ( )4O S , 

ensuring that the predicted point 1ix +  lies sufficiently close to the true solution, thereby providing a 

high-quality initial guess for the corrector stage. The corrector stage solves for the exact solution using 

the TRE-IHB iteration, with the predicted point 1ix +  as the initial guess. Convergence is declared 

when the residual norm satisfies 10

0 10−R . If the corrector fails to converge within a prescribed 

maximum number of iterations (e.g., 20) or the residual increases, the step size iS  is halved, and a 

new prediction–correction cycle is initiated. This adaptive strategy, together with Eq (34), ensures 

robust tracking of the frequency response curve even near turning points or bifurcations. 

 

Figure 1. Flowchart of the TRE-IHB algorithm. 

TrueFalse
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4. Numerical examples 

The proposed TRE-IHB method is systematically validated through three representative strongly 

nonlinear equations: the Van der Pol–Mathieu equation, the axially moving belt/plate equation, and 

the Bouc–Wen hysteretic equation. The results are compared with those obtained by the Runge–Kutta 

method (RK), the IHB method, and the TRE-IHB method. The comparisons are conducted from four 

aspects (the basin of convergence, number of iterations, convergence process, and computing time), in 

order to comprehensively evaluate the robustness and efficiency of the method. 

4.1. Periodic response of the Van der Pol–Mathieu equation 

The Van der Pol–Mathieu equation is commonly used to describe an oscillatory system with 

nonlinear damping under parametric excitation, and its typical characteristics include parametric 

resonance and limit-cycle oscillations [39]. The dynamical model of the system is shown in Figure 2. 

 

Figure 2. Dynamical model of the Van der Pol–Mathieu equation. 

Its nonlinear equation is 

𝑚
𝑑2𝑞

𝑑𝑡2
− (𝑐1 − 𝑐2𝑞

2)
𝑑𝑞

𝑑𝑡
+ (𝑘1 + 𝑘2 cos(2𝛺𝑡))𝑞 = 0, (37)  

where 𝑐1 is the linear damping coefficient, 𝑐2 is the nonlinear damping coefficient, 𝑘1 is the linear 

stiffness coefficient, and 𝑘2 and 𝜔0 are the amplitude and frequency of the parametric excitation, 

respectively. For convenience in interpretation and computation, Eq (37) is nondimensionalized by 

defining: 

𝜔0
2 = 𝑘1 𝑚⁄ ,𝜔 = 𝛺 𝜔0⁄ ; 𝛼1 = 𝑐1√1 𝑚𝑘1⁄ , 𝛼2 = 𝑐2√1 𝑚𝑘1⁄ , 𝛽 = 𝑘2 𝑘1⁄ , 𝛺𝑡 = 𝜔𝜏1. 

Then, Eq (36) becomes 

𝑑2𝑞

𝑑𝜏1
2 − (𝛼1 − 𝛼2𝑞

2)
𝑑𝑞

𝑑𝜏1
+ (1 + 𝛽 cos(2𝜔𝜏1))𝑞 = 0. (38)  

Let 𝜏 = 𝜔𝜏1. The periodic solution of Eq (38) can be expressed as: 
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𝑞(𝜏) =∑𝑎2𝑖−1 cos(2𝑖 − 1)𝜏

3

𝑖=1

+ 𝑏2𝑖−1 sin(2𝑖 − 1)𝜏. (39)  

First, the periodic response of the system is computed for 𝛼1 = 0.01, 𝛼2 = 0.01, 𝛼3 = 0.05, 

and 𝜔 = 1. These parameter values are adopted from [39]. Figure 3 compares the time histories and 

phase portraits obtained by the fourth-order RK method, the IHB method, and the proposed TRE-IHB 

method. The results of the three methods agree closely, which verifies that TRE-IHB achieves 

computational accuracy comparable to that of the conventional methods for strongly nonlinear systems 

and does not introduce additional errors due to the incorporation of the asymptotic expansion and trust-

region strategy. 

 

  (a)                               (b) 

Figure 3. Periodic response of the Van der Pol–Mathieu equation for 𝜔 = 1 : (a) time 

history; (b) phase portrait. 

To examine the robustness of the algorithms with respect to the initial guess, 3600 points were 

uniformly sampled over the parameter plane spanned by the initial harmonic coefficients 𝑎1 and 𝑎3 

(with the remaining harmonic coefficients set to 0) within the domain [−10, 10] × [−10, 10]  for 

convergence tests. Figure 4 shows the distributions of the basins of convergence for the IHB and TRE-

IHB methods. When 𝑎1 is close to zero, IHB is difficult to converge; its initial guess is prone to fall 

into a physically meaningless zero solution, as shown in Figure 4(a). In contrast, the convergence 

points of TRE-IHB cover the entire parameter plane, as shown in Figure 4(b). This indicates that TRE-

IHB markedly reduces dependence on the initial guess and effectively broadens the basin of 

convergence. This improvement is mainly attributable to the serialized decoupling of the nonlinear 

problem in the asymptotic expansion procedure and the adaptive constraint on the iteration step size 

provided by the trust-region mechanism; together, they prevent incorrect iteration trajectories. 

To further clarify the differences in iterative behavior between the two methods, Figure 5 presents 

the iteration process starting from the same initial point (𝑎1 = −0.5,  𝑎3 = −4.5) . Although both 

methods reduce the residual to a low level within five iterations, their convergence trajectories reveal 

a fundamental difference. In IHB, the residual continues to decrease, but the amplitude of the solution 

vector keeps decaying, and the iteration ultimately converges to the zero solution. In contrast, in TRE-
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IHB, owing to the serialized treatment in the asymptotic expansion and the step-size control of the 

trust region in the first iteration, the update step is more cautious; the residual decreases more gradually, 

while the solution vector retains its nonzero physical meaning, and the iteration then steadily 

approaches the true periodic solution. This confirms that the proposed method can effectively avoid 

the “zero-solution trap” and ensure convergence to a physically meaningful response. 

 

   (a)                               (b) 

Figure 4. Basins of convergence for different initial values 𝑎1,  𝑎3: (a) IHB; (b) TRE-IHB. 

 

   (a)                               (b) 

Figure 5. Iteration process for 𝑎1 = −0.5,  𝑎3 = −4.5  with the other harmonic 

coefficients set to 0: (a) variation of ∥ 𝑅0 ∥ during the iterations; (b) variation of ∥ 𝐴 ∥

 during the iterations. 

The overall performance of the proposed method is further reflected in the parametric sweep. 

Figure 6 shows the frequency-amplitude response curves of the system for different linear damping 

coefficients  , where dashed and solid lines denote unstable and stable solutions, respectively. 

Unlike the Runge–Kutta method, which can capture only stable periodic solutions, both IHB and TRE-

IHB can simultaneously obtain the stable and unstable branches of the system. As   decreases from 

0.05 to 0.01, the response curves gradually contract near 1   and form a closed hysteresis loop. 
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Such strongly nonlinear characteristics impose higher demands on algorithmic stability and step-size 

control. 

It is worth clarifying that the number of points on the frequency-response curve is primarily 

determined by the arc-length step size. Conventional IHB, due to its poor corrector robustness, is 

forced to drastically reduce the step size in strongly nonlinear regions (such as near the hysteresis loop 

in Figure 6) to maintain convergence, resulting in a large number of points. In contrast, TRE-IHB 

introduces a trust-region mechanism and asymptotic expansion, making the corrector much more 

robust. This robustness allows the arc-length controller to proactively take larger steps [Eq (34)] and 

trace the curve with far fewer points. As shown in Table 1, for 0.01 = , TRE-IHB requires only 30 

points (compared with 88 for IHB), and the computing time is reduced from 147.22 to 54.57 s 

(approximately 37%). Therefore, the significant reduction in the number of points is not an arbitrary 

choice of arc-length parameters but a direct manifestation of the improved robustness of the TRE-IHB 

method itself. Together with the reduction in iterations per point, this leads to a clear gain in 

computational efficiency. 

 

Figure 6. Frequency-amplitude response curves of the Van der Pol–Mathieu equation. 

Table 1. Related results for the frequency–amplitude response curves in Figure 6. 

Method 𝛽 Number of points Total iterations Total computing time (s) 

IHB 0.01 88 203 147.22 

TRE-IHB 0.01 30 83 54.57 

IHB 0.02 96 228 169.95 

TRE-IHB 0.02 34 76 48.21 

IHB 0.05 121 264 199.30 

TRE-IHB 0.05 31 73 46.34 
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4.2. Periodic response of the axially moving equation 

Axially moving equations are widely encountered in engineering fields such as rolling processes 

and belt transportation, and their dynamic behavior often exhibits complex features arising from the 

coupling of internal resonance and geometric nonlinearity [40]. Taking an axially moving belt model 

as an example (Figure 7), the axially moving belt has density 𝜌 , cross-sectional area 𝐴 , flexural 

rigidity 𝐷, axial tension 𝑇, span length 𝐿 between two supports, belt width 𝑏, damping coefficient 

𝑐0, transport speed 𝑉0, external load 𝐹0, and excitation frequency 𝜔0. 

 

Figure 7. Schematic diagram of the axially moving belt system. 

To simplify the computation, the following dimensionless parameters are introduced: 

𝑤 = 𝑤0 𝐿⁄ , 𝜂 = 𝐿 𝑏⁄ , 𝜀 = 𝐷 𝑇𝐿2⁄ , 𝐹 = 𝐹0 𝑇𝐿
2⁄ , 𝑡 = 𝑡0√𝑇 𝜌𝐴𝐿2⁄ , 𝑉 = 𝑉0√𝜌𝐴 𝑇⁄ , 

𝜔 = 𝜔0√𝜌ℎ𝐿2 𝑇⁄ , 𝑐 = 𝑐0 𝐿 √𝜌𝐴𝑇⁄ . 

(40)  

Neglecting the displacement in the 𝑦 -direction, the dimensionless equation of motion and 

boundary conditions of the belt are: 

𝑑2𝑤

𝑑𝑡2
+ 2𝑉

𝑑𝑤

𝑑𝑡
+ (𝑉2 − 1)

𝑑2𝑤

𝑑𝑥2
+ 𝜀

𝑑4𝑤

𝑑𝑥4
+ 𝑐

𝑑𝑤

𝑑𝑡
= 𝐹 𝑐𝑜𝑠(𝜔𝑡), 

𝑤|𝑥=0 = 𝑤|𝑥=1 = 0. 

(41)  

Combining the boundary conditions and using the Galerkin method to separate 𝑥  and 𝑡 , the 

nonlinear equation of motion for an axially moving system can be expressed as: 

𝑴
𝑑2𝒒

𝑑𝑡2
+ 𝑪

𝑑𝑞

𝑑𝑡
+ (𝑲 + 𝑲3)𝒒 = 𝒇 𝑐𝑜𝑠(𝜔𝑡). (42)  

Here, the displacement vector 𝒒 = [𝑞1, 𝑞2]
𝑇 represents two transverse modes. The external load 

vector 𝒇, mass matrix 𝑴, damping matrix 𝑪, stiffness matrix 𝑲, and nonlinear stiffness matrix 𝑲3 

are given by: 

𝑴 = [
1 0
0 1

] , 𝑪 = [
𝑐 −

16

3
𝑉

16

3
𝑉 𝑐

] ,𝑲 = [
𝜔1
2 0

0 𝜔2
2],   
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𝑲3 = [
𝑘11𝑞1

2 +
1

3
𝑘12𝑞2

2
2

3
𝑘12𝑞1𝑞2

2

3
𝑘21𝑞1𝑞2 𝑘22𝑞2

2 +
1

3
𝑘21𝑞1

2

] , 𝒇 = [𝑓1; 0]. 

When the axial speed 𝑉 = 0.6, the parameters in Eq (42) are 𝜔1
2 = 9.2388;𝜔2

2 = 72.02, 𝑐 =
0.04, 𝑘11 = 4.11, 𝑘12 = 32.84, 𝑘21 = 32.84, 𝑘22 = 65.69, 𝑓1 = 0.5, all taken from [40]. At this 

time, the natural frequency ratio of the system satisfies 𝜔2 𝜔1⁄ ≈ 3, and internal resonance occurs. 

Let 𝑁 = 5; 𝜏 = 𝜔𝑡, the solution is assumed in the form: 

𝑞𝑖(𝜏) = ∑𝑎𝑖,2𝑘−1 cos(2𝑘 − 1)𝜏 + 𝑏𝑖,2𝑘−1 sin(2𝑘 − 1)𝜏

𝑁

𝑘=1

, 𝑖 = 1,2. (43) 

Figure 8 shows the periodic responses obtained by the fourth-order RK method, the IHB method, 

and TRE-IHB. The time histories and phase portraits given by TRE-IHB agree with those obtained by 

RK and IHB, indicating that the TRE-IHB algorithm is reliable and has accuracy consistent with that 

of IHB. 

 
   (a)                               (b) 

 

   (c)                                (d) 

Figure 8. Periodic response of the axially moving belt/plate for 𝜔 = 5: (a) phase portrait 

of 𝑞1; (b) time history of 𝑞1; (c) phase portrait of 𝑞2; (d) time history of 𝑞2. 
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To quantitatively evaluate the robustness to initial values, convergence analysis is performed over 

the plane spanned by the initial harmonic coefficients 𝑎1,1 and 𝑏1,1 (with all other coefficients set to 

zero), where test points are uniformly sampled in [−10,10] × [−10,10], as shown in Figure 9. The 

convergence points of the IHB method are highly concentrated in a narrow region with small initial 

residuals, exhibiting strong sensitivity to initial values. Due to the trust-region algorithm, TR-IHB 

shows reduced sensitivity to initial values. Building on the trust-region algorithm, the asymptotic 

parameter algorithm in the TRE-IHB method enables correction of the iterative path, resulting in 

convergence points distributed across the entire planar region. 

 

   (a)                               (b) 

 

(c) 

Figure 9. Basins of convergence for different initial values (𝑎1,1,  𝑏1,1 ) under internal 

resonance: (a) IHB; (b) TRE-IHB; (c) TR-IHB. 

When the initial residual is small, with initial harmonic coefficients 𝑎1,1 = 2.88 and 𝑏1,1 = 0.5, 

as shown in Figure 10(a), all three methods converge rapidly. Compared with the current mainstream 

TR-IHB (IHB with a trust-region algorithm), TRE-IHB takes longer iteration steps due to the 

acceleration from the asymptotic expansion. Compared with the IHB method, the residual of TRE-

IHB decreases more smoothly, reflecting the stability of the serialized solution. When the initial 

residual is large, with initial harmonic coefficients 𝑎1,1 = −10 and 𝑏1,1 = −4.4, as shown in 

Figure 10(b), the IHB iterations oscillate and fail to converge [see Figure 11(a)], whereas TRE-IHB 

and TR-IHB achieve convergence to the physical solution after 13 and 26 iterations, respectively, 
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through trust-region control. It is worth noting that, if the jump–backtracking strategy is disabled, the 

algorithm enters a local minimum at the fifth iteration and becomes stalled, as shown in Figure 11(b), 

highlighting the key role of this mechanism in escaping local plateaus and ensuring global convergence.  

   

    (a)                               (b) 

Figure 10. Iteration process for the small-residual case: (a) variation of ∥ 𝑹0 ∥ during the 

iterations; (b) variation of ∥ 𝑨 ∥ during the iterations. 

   

  (a)                               (b) 

Figure 11. Iteration process for the large-residual case: (a) variation of ∥ 𝑹0 ∥ during the 

iterations; (b) variation of ∥ 𝑨 ∥ during the iterations. 

From the comparison of the frequency response curves obtained by the fourth-order RK method, 

the IHB method, and TRE-IHB in Figure 12, the fourth-order RK method can capture only stable 

solutions, whereas TRE-IHB and IHB can simultaneously reveal stable and unstable branches, 

providing a complete picture of the nonlinear response that includes multiple jump points such as 𝑄𝑆1, 

𝑄𝑆2, and 𝑄𝑆3. Near jump points, IHB often maintains numerical stability by drastically reducing the 

step size, which leads to low efficiency and may cause distortion of the curve. In contrast, TRE-IHB 

smooths the solution path via asymptotic expansion and adaptively adjusts the step size through the 

trust-region algorithm, thereby achieving both numerical stability and computational efficiency when 

traversing the jump points. Specifically, the jumps at 𝑄𝑆1  and 𝑄𝑆2  mainly arise from nonlinear 
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hardening and bifurcation of the 𝑞1 mode; the jump at 𝑄𝑆3 and the associated secondary resonance 

peak provide a direct manifestation of nonlinear energy transfer induced by internal resonance. 

The unified framework of TRE-IHB effectively handles these complex jumps arising from 

different physical mechanisms. Table 2 shows that the required sampling points, iteration counts, and 

computing time of TRE-IHB are all only approximately 28% of those of the conventional IHB method. 

This indicates that TRE-IHB offers clear advantages in both robustness and efficiency for strongly 

nonlinear systems with multiple solution branches, abrupt jumps, and internal resonance. 

 

   (a)                              (b) 

Figure 12. Frequency–amplitude response curves: (a) frequency–amplitude response 

curve of 
1q ; (b) frequency–amplitude response curve of 

2q . 

Table 2. Related computational parameters for the frequency–amplitude response curves 

in Figure 12. 

 Number of points Total iterations Total computing time (s) 

IHB 

TRE-IHB 

503 

137 

1449 

458 

658.66 

185.71 

4.3. Periodic response of the Bouc–Wen hysteretic equation 

The Bouc–Wen hysteretic system poses convergence difficulties and stability challenges due to 

the discontinuity of its governing differential equation and its strong nonlinearity. The dynamical 

model of the system is shown in Figure 13 [41], and its nonlinear equations are: 

 

Figure 13. Bouc–Wen hysteretic model. 
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𝑚
𝑑2𝑥

𝑑𝑡1
2 + 𝑐

𝑑𝑧

𝑑𝑡1
+ 𝛼𝑘1𝑥 + 𝑘2𝑧 = 𝑓1 𝑐𝑜𝑠(𝛺𝑡1) + 𝑓2 𝑐𝑜𝑠(3𝛺𝑡1) , 

𝑑𝑧

𝑑𝑡1
=
𝑑𝑥

𝑑𝑡1
− 𝛽1 |

𝑑𝑥

𝑑𝑡1
| |𝑧|𝑛−1𝑧 − 𝛾1

𝑑𝑥

𝑑𝑡1
|𝑧|𝑛. 

(44)  

For convenience in computation, introduce the characteristic frequency 𝜔0 = √
𝑘1

𝑚
  and 

characteristic length L , and define the dimensionless variables as 

𝑞1 =
𝑥

𝐿
, 𝑞2 =

𝑧

𝐿
, 𝜔 =

1

𝜔0
𝛺, 𝜆 =

𝑘2
𝑚𝜔0

2 , 𝜉 =
𝑐

√𝑘1𝑚
, 𝑡 = 𝜔0𝑡1, 

𝐹1 =
𝑓1
𝑘1𝐿

,  𝐹2 =
𝑓2
𝑘1𝐿

, 𝛽 = 𝛽1𝐿
𝑛, 𝛾 = 𝛾1𝐿

𝑛. 

(45) 

By rewriting Eq (44) in matrix form, the dimensionless Bouc–Wen hysteretic matrix equation is 

obtained as 

𝑴
𝑑2𝒒

𝑑𝑡2
+ 𝑪

𝑑𝒒

𝑑𝑡
+ 𝑹𝑭(𝒒,

𝑑𝒒

𝑑𝑡
) = 𝑭, (46)  

where 

𝑴 = [
1 0
0 0

] , 𝑪 = [
𝜉 0
−1 1

] , 𝑹𝑭 (𝒒,
𝑑𝒒

𝑑𝑡
) = [

𝛼𝑞1 + 𝜆𝑞2

𝛽 |
𝑑𝑞1
𝑑𝑡
| |𝑞1|

𝑛−1𝑞2 + 𝛾|𝑞2|
𝑛
𝑑𝑞1
𝑑𝑡

] , 

𝑭 = [𝐹1 𝑐𝑜𝑠(𝜔𝑡) + 𝐹2 𝑐𝑜𝑠(3𝜔𝑡) ; 0]
𝑇, 𝒒 = [𝑞1; 𝑞2]

𝑇. 

 

The nonlinear parameters of the above Bouc–Wen model are 𝛽 = 2, 𝛾 = 8, 𝑛 = 2. The system 

also includes a linear spring with stiffness 𝛼 = 1.667 and a viscous damper with damping coefficient 

𝜉 = 0.1. The parameter 𝜆 is used to adjust the restoring force contributed by 𝑞2, with 𝜆 = 98.33. 

The excitation amplitudes are 𝐹1 = 20,= 10, and the magnitude of the hysteretic force is 𝑹𝑭(1,1) =

𝛼𝑞1 + 𝜆𝑞2. All of the above parameters are taken from [41]. Meanwhile, to eliminate the adverse effect 

of the nonsmooth absolute-value term |𝑞1|  on numerical convergence, a continuous equation is 

constructed for computation, i.e., where 𝜀 is a positive parameter much smaller than 1. This function 

is continuously differentiable over the entire domain, thereby ensuring the continuity of the TRE-IHB 

algorithm. Let the harmonic truncation be 𝑁 = 8. The periodic solution can be expressed as: 

𝑞𝑖(𝜏) = ∑𝑎𝑖,2𝑘−1 cos(2𝑘 − 1)𝜏 + 𝑏𝑖,2𝑘−1 sin(2𝑘 − 1)𝜏

𝑁

𝑘=1

, 𝑖 = 1,2. (47)  

For the external excitation frequency 𝜔 = 3.06, Figure 14 presents the periodic response of 𝑞1 

in the Bouc–Wen hysteretic model. The time histories and phase portraits obtained by TRE-IHB agree 

with those from RK and IHB. Two inner loops are observed in the phase portrait, indicating that TRE-

IHB can handle multi-loop oscillations within one vibration period, and its accuracy is consistent with 

that of IHB. 
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   (a)                                (b) 

Figure 14. Periodic response of the hysteretic model at 𝜔 = 3.06: (a) phase portrait of 

𝑞1; (b) time history of 𝑞1. 

The hysteresis loops and time histories of the hysteretic force in Figure 15 correspond to the 

steady-state response shown in Figure 14. The two sawtooth-like curves in Figure 15 correspond to 

the two small inner loops in Figure 14(a). Due to the multi-loop response, within one period, the 

hysteretic force can be clearly observed to undergo multiple loading–unloading processes, as shown 

in Figure 15(b), which is consistent with the energy dissipation characteristic of hysteresis loops. 

Comparison with the fourth-order RK method and the IIHB method again verifies the accuracy of 

TRE-IHB. 

 

   (a)                                (b) 

Figure 15. Hysteresis curves of the Bouc–Wen model at 𝜔 = 3.06: (a) hysteresis loops; 

(b) time histories. 

To evaluate the robustness of the algorithm with respect to the initial guess, basin-of-convergence 

tests are conducted over the plane spanned by the initial harmonic coefficients 𝑎1,1 and 𝑎2,1 (with 

all other coefficients set to zero). As shown in Figure 16, the convergence points of IHB are relatively 

scattered and mainly symmetrically distributed around the diagonal region. Compared with TR-IHB, 
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the convergence points of TRE-IHB cover almost the entire test region due to the correction of the 

iterative path by the asymptotic parameter algorithm. This indicates that the proposed method 

significantly broadens the basin of convergence. 

 

   (a)                              (b) 

 

(c) 

Figure 16. Basin of convergence of the Bouc–Wen model at 𝜔 = 3.06: (a) IHB; (b) TRE-

IHB; (c) TR-IHB. 

As shown in Figure 17, when TRE-IHB, TR-IHB, and IHB all converge, the residual decay curve 

of TRE-IHB is smoother and more stable and requires fewer iteration steps than TR-IHB, without the 

slight oscillations observed in IHB during the iterations. This is attributed to the asymptotic expansion, 

which smooths the iteration trajectory and accelerates convergence, enabling the algorithm to approach 

the solution more robustly at each update. Figure 18 corresponds to the case where the initial value is 

far from the exact solution. Under this initial value, IHB exhibits persistent oscillations and fails to 

converge. In contrast, TRE-IHB, by means of asymptotic expansion, effectively corrects the iterative 

path within a single iteration step. Compared with TR-IHB, it reduces the number of convergence steps 

by 30%, as shown in Figure 18(a). For TRE-IHB, stagnation occurs in the mid-iteration stage (around 

the 5th and 9th iterations), where the residual reduction becomes flat. When the jump–backtracking 

strategy is not activated, the system cannot converge, and the error remains constant, as shown in 

Figure 18(b). When the jump–backtracking strategy is activated, the algorithm first performs a jump 

step, expanding the exploration range along the gradient direction while shrinking the trust-region 
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radius; then, when the second stagnation occurs, it performs a backtracking step, returning to the initial 

iterate 𝑨0 and following a different iteration path by further reducing the trust-region radius. These 

two strategic adjustments allow the algorithm to quickly escape the local plateau and restore steady 

descent in the subsequent iterations by reducing the trust-region radius, ultimately converging in fewer 

iterations. 

   

  (a)                               (b) 

Figure 17. Iteration process with the jump–backtracking strategy not activated: (a) 

variation of ∥ 𝑹0 ∥ during the iterations; (b) variation of ‖𝑨‖ during the iterations. 

   

  (a)                               (b) 

Figure 18. Iteration process with the jump–backtracking strategy activated: (a) variation 

of ∥ 𝑹0 ∥ during the iterations; (b) variation of ‖𝑨‖ during the iterations. 

The above examples show that TRE-IHB achieves serialization of the nonlinear problem through 

asymptotic expansion, adaptively controls the iteration step size through the trust-region mechanism, 

and performs exploration and recovery under stagnation via the jump–backtracking strategy. These 

features effectively overcome the drawbacks of conventional IHB when dealing with nonlinear 

systems, including a narrow basin of convergence, sensitivity to initial guesses, and susceptibility to 

local plateaus, while markedly improving robustness and efficiency without sacrificing computational 

accuracy. 
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5. Conclusions 

To overcome the inherent drawbacks of the conventional incremental harmonic balance (IHB) 

method in the analysis of strongly nonlinear systems, including a narrow basin of convergence and 

high sensitivity to the initial guess, this paper proposes an improved method that integrates asymptotic 

expansion with a trust region strategy (TRE IHB). The method introduces an asymptotic parameter 

and, based on the stacked Hessian matrix, decomposes the nonlinear incremental equation system into 

a sequence of linear subproblems, thereby achieving order-by-order decoupling. Meanwhile, a trust 

region algorithm is used as the inner solver to ensure global convergence of the iterations. The method 

is validated using three representative examples, namely the Van der Pol–Mathieu equation for 

parametric resonance, an axially moving belt or plate for internal resonance, and a Bouc–Wen 

hysteretic system. The results indicate that the proposed method has the following characteristics: 

(1) Markedly improved convergence robustness. TRE-IHB substantially broadens the basin of 

convergence and reduces dependence on the initial guess. In regions with large residuals or near the 

spurious zero solution where the conventional IHB method tends to fail, the proposed method can still 

converge robustly to physically meaningful solutions. 

(2) High efficiency without loss of accuracy. Through a serialized solution and an improved 

iteration path, TRE-IHB achieves the same accuracy in computing frequency response curves with 

fewer sampling points and fewer total iterations, and the computing time is significantly lower than 

that of the conventional IHB method. 

(3) An effective mechanism for escaping stagnation. To address the tendency of iterations to stall 

in strongly nonlinear analyses, the proposed jump–backtracking strategy can adaptively identify 

stagnation and guide the iterate to escape local basins, thereby markedly enhancing the stability and 

success rate in tracking complex response curves. 

(4) Good generality and portability. The core procedure of the method can be implemented in a 

modular and programmable manner, which facilitates convenient transfer and application to the 

analysis of various nonlinear vibration systems and provides practical engineering value. 

Although the proposed TRE-IHB method offers the above advantages, it still has certain 

limitations. First, the choice of the asymptotic expansion order 𝑀 remains empirical: an excessively 

high order increases computational cost without proportional gains in accuracy, while a low order may 

compromise convergence. Second, the current framework is primarily designed for periodic responses, 

and its extension to quasi-periodic or chaotic motions requires further investigation. Future work will 

focus on the following three aspects: (1) developing an adaptive strategy for selecting the expansion 

order to balance efficiency and accuracy; (2) extending the method to quasi-periodic responses using 

multi-timescale formulations; and (3) integrating model reduction techniques to improve scalability 

for high-degree-of-freedom systems. These efforts will further broaden the applicability of the TRE-

IHB method and enhance its capability for analyzing complex dynamical systems. 
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